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Optimal absorption of acoustical waves by a
boundary. Part I
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February 22, 2018

Abstract

In the aim to find the simplest and most efficient shape of a noise absorbing
wall to dissipate the acoustical energy of a sound wave, we consider a frequency
model described by the Helmholtz equation with a damping on the boundary. For
a fixed porous material, considered as an acoustic absorbent, we find the damping
boundary parameters from the corresponding time-depending problem, described by
the damped wave equation (damping in volume). For the case of a regular boundary
we provide the shape derivative of an objective function, chosen to describe the
acoustical energy. Using the gradient method for the shape derivative, combined
with the finite volume and level set methods, we find numerically the optimal shapes
for a fixed frequency. We show the stability of the numerical algorithm and the non-
uniqueness of the optimal shape, which can be explained by the non-uniqueness of
the geometry providing the same spectral properties.

1 Introduction

The diffraction and absorption of waves by a system with both absorbing properties and
irregular geometry is an open physical problem. This has to be solved to understand why
anechoic chambers (electromagnetic or acoustic) do work better with irregular absorbing
walls. Therefore there is a question about the existence of an optimal shape of an ab-
sorbent wall (for a fixed absorbing material), optimal in the sense that it is as dissipative
as possible for a large range of frequencies, and at the same time that such a wall could
effectively be constructed. In the framework of the propagation of acoustic waves, the
acoustic absorbent material of the wall is considered as a porous medium. This article is
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the first in a series of two. For a fixed frequency of the sound wave, we solve the shape
optimization problem of minimizing the acoustical energy for a frequency model with a
damping on the boundary. The question of optimal shapes for a finite or infinite range of
frequencies is treated in Part II [18].

In the area of the optimization of acoustic performances of non absorbing walls,
Duhamel [10, 1] studies sound propagation in a two dimensional vertical cut of a road
wall and uses genetic algorithms to obtain optimal shapes (some of them are however not
connected and thus could not be easily manufactured). The author also uses a branch
and bound (combinatorial optimization) type linear programming in order to optimize
the position sensors that allow an active noise control, firstly introduced by Lueg [15] in
1934. Abe et al. [I] consider a boundary elements based shape optimization of a non
absorbing two-dimensional wall in the framework of a two-dimensional sound scattering
problem for a fixed frequency (for the Helmholtz equation) using a topological derivative
with the principle that a new shape or topology is obtained by nucleating small scattering
bodies. Also for the Helmholtz equation for a fixed frequency, using the shape deriva-
tive of a functional representing the acoustical energy, Cao and Stanescu [8] consider a
two-dimensional shape design problem for a non-absorbing part of the boundary to re-
duce the amount of noise radiated from aircraft turbofan engines. For the same problem,
Farhadinia [13] developed a method based on measure theory, which does not require any
information about gradients and the differentiability of the cost function.

On the other hand, for shape optimization problems there are a lot of theoretical
results, reviewed in Refs. [3, 9], which rely on the topological derivatives of the cost
functional to be minimized, with numerical application of the gradient method in both
two and three dimensional cases (in the framework of solid mechanics). In this area,
Achdou and Pironneau [2] considered the problem of optimization of a photocell, using
a complex-valued Helmholtz system with periodic boundary conditions with the aim to
maximize the solar energy in a dissipative region.

For acoustic waves in the two-dimensional case, optimization of the shape of an ab-
sorbing inclusion placed in a lossless acoustic medium was considered in Refs. [20, 21].
The considered model is the linear damped wave equation |9, [5], which we also consider
in Part IT [18]. Using the topology derivative approach, Miinch et al. consider in [20] 21|
the minimization of the acoustic energy of the solution of the damped wave equation at
a given time 7' > 0 without any geometric restrictions and without the purpose of the
design of an absorbent wall.

See also [4] for the shape optimization of shell structure acoustics.

In this article, we study the two-dimensional shape optimization problem for a Helmholtz
equation with a damping on the boundary, modeled by a complex-valued Robin boundary
condition (see system (3] and Fig.2]). The shape of the damping boundary is to be found,
in the aim to minimize the total acoustical energy of the system. The noise source can be
imposed as a source term in the equation and/or by a Dirichlet boundary condition (on
the boundary opposite to the absorbing wall), which models a noise coming from a road.
As for acoustical cavities, the domain of computation is limited on its top and bottom by
boundaries with Neumann boundary conditions.

In Section [2, we introduce the frequency model and its time-dependent analogue with
a dissipation on the boundary. We analyze its dissipative properties and give the well-



posedness results, due to [6, 14, 12| 3], useful for our shape optimization problem. We
compare the model with dissipation by the boundary to the corresponding model with
a dissipation in the volume, described by a damped wave equation in which the values
of the coefficients for a given porous medium are given as functions of its macroscopic
parameters (as porosity, tortuosity and resistivity to the passage of air), as initially pro-
posed by [16]. In particular, in Theorem @ proved in Appendix [Bl we propose a possible
way to find the complex parameter in the Robin boundary condition of the former model
that best approximates the latter. All numerical calculations, in particular in Section [@]
are performed for a porous material named ISOREL, frequently used in building isolation
(see [A]).

In Section Bl for the case of a regular boundary in the classical framework of shape
optimization, for any fixed frequency we obtain the existence of an optimal shape.

For the case of a regular boundary we provide in Section 4 the shape derivative of an
objective functional chosen to describe the acoustical energy. Using the gradient descent
method for the shape derivative, combined with the finite volume and level set methods
introduced in Section Bl we find numerically the optimal shapes for a fixed frequency. In
Section [6 we show the stability of the numerical algorithm and the non-uniqueness of the
optimal shape, which can be explained by the non-uniqueness of the geometry providing
the same spectral properties.

2 The model: motivation and known properties

To describe the acoustic wave absorption by a porous medium, there are two possibilities.
The first is to consider wave propagation in two media, typically the air and the wall,
which corresponds to a damping in the volume. The most common mathematical model
for it is the damped wave equation [5, 0]. The second possibility is to consider only
one lossless medium, the air, and to model energy dissipation by a damping condition
on the boundary. In both cases, we need to ensure the same order of energy damping
corresponding to the physical characteristics of the chosen porous medium as its porosity
¢, tortuosity «aj, and resistivity to the passage of air o [16].

Thanks to Ref. [I6], we can define the coefficients in the damped wave equation (the
case of the absorption in volume) as functions of the above mentioned characteristics.
More precisely, for a regular bounded domain © C R? (for instance 92 € C') composed
of two disjoint parts 2 = g U ); of two homogeneous media, air in )y and a porous
material in €2 , separated by an internal boundary I', we consider the following boundary
value problem (for the pressure of the wave)

E(x)P?u+ a(x)Opu — V - (u(x)Vu) =0 in Q,
Slpxon =0, [ulr = [uVu-nlr =0, (1)
uli=0 = uola,, Oruli=o = uilg,,

with £(z) = %, a(z) =0, p(z) =1 in the air (i.e. in Q) and
0

€@ =22, ae) =02, () =2

2 )




in the porous medium (i.e. in €2 ). The external boundary 02 is supposed to be perfectly
rigid (Neumann boundary condition), and on the internal boundary I" we have no-jump
conditions on u and pVu -n, where n is the normal unit vector to I'. Here, by ¢
and pg are respectively denoted the sound velocity in, and the density of the air, and
by v, = 7/5 the ratio of specific heats. The damped character of the wave propagation,
described by model (), can be illustrated by the decreasing properties of the energy due
to the damping term a(x)u; having its support in € :

% % ( /Q [€(0u)? + (Wu).w}dx> = — /Q 1 a(9yu)?da. 2)

This model is numerically solved in Part II [I8] Subsection 4.1.

But instead of the absorption in volume, especially for the sake of a simpler numerical
treatment of the shape optimization, we consider the following frequency model of the
damping by the boundary. Let Q be a connected bounded domain of R? with a Lipschitz
boundary 0f2. We suppose that the boundary 0f) is divided into three parts 00 =
FpUTNUT (see Fig. 2 for an example of €2, chosen for the numerical calculations) and
consider

Ju Ju (3)

{ Au+w?u= f(z), x€Q,
o + a(z)u = h(x) onT,

= I'p, =—=0 'y,

u=g(x) onTp o on I'y

where a(x) is a complex-valued regular function with a strictly positive real part (Re(a) >
0) and a strictly negative imaginary part (Im(a) < 0).

Remark 1 This particular choice of the signs of the real and the imaginary parts of «
are needed for the well-posedness properties and the energy decay of the corresponding
time-dependent problem. In addition, as the frequency w > 0 is supposed to be fixed, «
can contain a dependence on w, i.e., a = a(x,w).

Problem (3)) is a frequency version of the following time-dependent wave propagation
problem, considered in Ref. [6] for g =0 on I'p:

O — Du =~ f (1), (1)

U|t=0 = Uo, atu|t:0 = Uz, (5)
ou

ule, =9, 5> o 0, (6)

ou  Im(a(z)) B

5 » 0w+ Re(a(z))u|r = 0. (7)

To show the energy decay, we follow Ref. [6] and introduce the Hilbert space Xy(2),
defined as the Cartesian product of the set of functions u € H*(€2), which vanish on T'p
with the space Ly(2). The equivalent norm on Xy(€2) is defined by

(w0 = [ (Vo + o) da+ [ Refa(a))lufdo



with the corresponding inner product

((u1,u2), (v, v9)) = /

(Veu1 Vv + ugvy) do + / Re(a(z))uivdo. (8)
Q

r

The advantage of this norm is that the energy balance of the homogeneous problem ({4))—([7)

has the form 5

00 (10,000)Fgey) = = [ Tmao)) o,

Therefore, for Im(a) < 0 on I', the energy decays in time.

For the case of a smooth boundary 92 (at least Lipschitz), we have the well-posedness
of both models. Thanks to Ref. [6], for all f € L*(Q), (uo,u1) € Xo(Q) there exists a
unique solution (u,u;) € C(]0, 00, Xo(£2)) of system (@)—(7) under the assumption that
Re(a(x)) > 0 and Im(a(x)) < 0 are continuous functions.

For the frequency model (B) we introduce the space

V(Q)={uec H(Q)|u=0o0nTp} 9)

with the norm
Julfy = [ IVaPde + [ Refa)fuldms
Q r

and we have the following well-posedness result:

Theorem 1 (Gander et al. [T]|], Evans [12])Let Q@ C R"™ be a bounded domain with a
smooth (at least Lipschitz) boundary 00 =Tp UL N UT . Let in addition Re(a(z)) >0,
Im(a(x)) <0 be smooth functions (at least continuous) on T'.

Then for all f € L*(Q), g € HY>(T'p) and w > 0 there exists a unique u € H' ()
solution of problem (3) with h = 0, continuously depending on the data: there exists a
constant C' > 0, not depending on f and g, such that

ey < € (I laziey + gl ) -

In addition, if, for m € N*, 9Q € C™2, f e H™Q) and g € H™5(Tp), then the
solution u belongs to H™2(Q).

For the adjoint problem, i.e. with g =0 and h, the trace of an element he V(Q),
the Helmholtz problem (3) has a unique weak solution u € V(Q) for all f € L*(Q) and
h e V(Q) in the following sense: for all v € V(1)

—/Vu~V17dx—|—w2/u@dx—/auﬁdmd:/f@dx—/h@dmd. (10)
Q Q r Q r

Moreover, the solution u continuously depends on the data: there exists a constant
C >0, independent of f, h and the values of o, such that

lullvioy < € (Il + Ibllvioy) -

In addition, if, for m € N*, 80 e C™?2 fe H™Q) and h € H™(Q) NV (Q), then
the weak solution u belongs to H™(Q) NV (Q).

5



Air | €|Air

Figure 1: One medium for the absorption on the boundary (left) and two media for the
absorption in the volume (right).

In order to relate the model with a damping on the boundary and the model with
a damping in the volume (see Fig. [I]), we propose in Theorem [] (see the supplementary
materials for the proof) a way to identify the parameter « in the Robin boundary condi-
tion that provides the best approximation (in some error minimizing sense) of the latter
model by the former, in the case of a flat boundary T".

3 Shape design problem

We consider the two dimensional shape design problem, which consists in optimizing the
shape of I" with the Robin dissipative condition in order to minimize the acoustic energy of
system (B). The boundaries with the Neumann and Dirichlet conditions I'p and T'y are
supposed to be fixed. We denote by €}y and I'y the domain and the boundary respectively
of the initial shape before optimization. The optimization step modifies the initial shape
of I'y to I' = (Id + 0)I'y, according to the map = € I'g — (x4 0(x)) € I' and following
the vector field # € W1°°(R% R?). Here Id is the identity map =z € R* — x € R?,
Whoo(R?,R?) is the space of Lipschitz functions ¢ from R? to R?, such that ¢ and V¢
are uniformly bounded in R?. Using the notations |- gz for the Euclidean norm in R?
and |- |gex2 for the matrices Euclidean norm on R?, we define the norm on W1 (R? R?)

by

| @llwrcomer2) = SUHE (|o(2)|r2 + [Vo(T)|r2x2) .
z€R2

Hence (W'>°(R? R?),]| - |lwi=m®2r2) is a Banach space. Following Ref. [3], p. 127, we
also define for a fixed open set D with a Lipschitz boundary the space

Cp(Q) = {Q C D C R*| 30 € WH*(R* R?), [|0]|wrc(mere) <1
such that Q = (Id + 0)Q0}.

Actually, as only a part of the boundary (precisely I') changes its shape, we can also
impose that the changing part always lies inside of the closure of a fixed open set G with
a Lipschitz boundary: I' C G (see the example of Fig.2)). The set G forbids T' to be too
close to I'p, what makes the idea of an acoustical wall more realistic. Thus, we define

the space
C(0) = {2 € Cp(Q)| T C G}. (11)



N Q
I'p 7/ e
D

I

Figure 2: Example of a domain € in R? with three _types of boundaries: I'p and I'y
are fixed and I' can be changed in the restricted area G. Here QUG = D and obviously
QcCD.

To introduce the class of admissible domains, on which we minimize the acoustical
energy of system (3]), we define [3 22] the quasi-distance d(2, ) on C(€)

d(Q, Qo) = TeTI%“Igfflo):Q(HT - Id||W1,oo(R27R2) + ||T_1 — Id||W1,oo(R27R2))

with the following space of diffeomorphisms on R?:
T ={T| (T — Id) € WH*(R?,R?), T~! — Id € W"*°(R? R?)}.

Typically T' = Id + 0 with ||0||w1emerey < 1. If dy(€0,Q2) is the Hausdorff distance
between €y and 2, we know [22] that dy (€, Q) < d(€Q,2). Hence, in what follows,
our purpose is to minimize the acoustic energy in ) over all admissible shapes I', keeping
constant the volume of the initial domain €2y, i.e. we want to minimize

J(Q,u):A/|u|2d:p+B/|Vu|2dx+0/|u|2da (12)
Q Q r

for the domains Q € U,4(€2) from the admissible class of domains

Uad($20) = {2 € C(Q0)|d(€2, Q) <

< % I'pUTy C O, /daz _Vol()} (13)

Q
with Vol(£20) = |Q] = fﬂo dz, A>0, B>0, C >0 positive constants for all fixed
w > 0. In what follows we also suppose that A, B and C' are regular functions of w:

Example 1 Let Re(a(w)) be independent on x. If J is the acoustic energy of the
Helmholtz problem (3), we typically have A =1, B =C =0 or equivalently, thanks to
the variational form, A=0, B = é , C= Re(a(w))

w2

In the definition of U,; we take d(2, ) < % , according to Lemma 2.4 in Ref. [22] in the
case n = 2 and k = 1. The restriction that all admissible domains €2 € U,; have the



fixed parts I'p and 'y in their boundaries is taken into account in the parametrization
of Q = (Id+ 6)Q by the vector field 6. It is sufficient to impose § = 0 on I'p U Ty,
meaning that only the part I' of the boundary may vary. In order to keep the volume
constraint, instead of Eq. (I2]) we can also consider the objective function

T ) = (/m&u+3/mm&u+c/mﬁw+mwmm—vwnm{ (14)

where p is some (large) positive constant penalizing the volume variation.

Following the approach of F. Murat and J. Simon [22], also explained in Ref. [17], we
have, using the continuity of u and J as functions of Q [17], the existence of an optimal
shape:

Theorem 2 Let g C D be a domain with a Lipschitz boundary 0y such that I'p U
Iy C 0, Uu be defined by (13) and w > 0 be fized. For the objective function
J(2), defined in (I3), the shape optimization problem infocy,, ) J(2) has at least one
minimum point (there ezists at least one optimal shape T').

See also Ref. [7] for a free discontinuity approach to a class of shape optimization
problems involving Robin condition on a free boundary.

4 Shape derivative

Following the ideas in Ref. [3], we provide two types of derivation of .J; with respect to
the shape of €2: the first method is a formal derivation of the Lagrangian, associated with
the optimization problem, which allows in the simplest way to obtain formula (I6]) below,
but does not allow to prove it rigorously. To have a rigorous proof, as it is explained in
Ref. [3], we need to use a direct derivative approach, involving the Eulerian derivative
with respect to the domain, which is much more complicated. Both methods give the
same formula (I€]). Let us start by introducing the definition of the shape derivative of a
function (see Ref. [3]). Without lost of generality, we always consider the two dimensional
case (n=2).

Definition 1 (Shape derivative) The shape derivative of a function K(Q2) : C(Qq) —
R at Qg is defined as the Fréchet derivative in W1H>°(R? R?) at 0 of the function 0 —
K (Id+0)(Q), i.e.,

K (Id+6) (Q0) = K(Q0) + K(Q0)(6) + 0(6) with Tim 12O=@)

—0,
0—0 ||9||W1 120 (R2,R2)
where K'() is a continuous linear form on W1 (R? R?) .

As in Ref. [3], let us introduce the Eulerian derivative (or shape derivative), denoted

by U.

Definition 2 (Eulerian derivative) Assume that x belongs both to the initial domain
Qo and to the deformed domain Q@ = (Id + 0)(€) . A continuous linear form of 0 €

8



Whoo(R?,R?) , denoted by U(0,z) , is called the Eulerian derivative, if it is defined by the
eTpPression.:

u((Id+6)(Q), ) = u(Qo,z) + U0, z) + 0(#), with lim NoO)llz=@2)

—0, (15
0—0 ||9||W1 oo(RQ RQ) ( )

e., U is the directional derivative of w in the direction 6.

We recall two important results from Ref. [3], which we use to compute the shape deriva-
tive of the objective functions J and J; .

Lemma 1 (G. Allaire [3] Remark 6.29 p. 138) Let Qq be an open bounded smooth
domain in R?. Let u(Y) be a function from C(Qp) to LY(R?). Then the function K
from C(Q0) to R, defined by
k(@) = [ u(@ds
Q
is differentiable at Qo and for all § € W°(R?* R?), we have
K{(Q0)(0) = / (U(0) + div(u(2)0)) d.
Qo
Similarly, if 4(0) is derivable at 0 as function from C'(R* R?) to L'(0%), then
KQ(Q):/ u(2)ds
00
is differentiable at Qo and, for all § € C'(R?* R?), we have

K(0)(6) = /6 . (U(B) 40 (8“8(30) + Hu(QO)>) ds.

We prove the following theorem:

Theorem 3 Let €y be a bounded domain in R? with a connected boundary 0y € C?,
divided in three disjoint parts 0Qy =ToUTpUTN . Let Q € C(Qy), defined in (I1]), and
such that 0Q =TUTpUTy with T = (Id+0)Ty (6 € W*>*(R?,R?) and ||0]| <1). Let
u(Q0) € H3(Q) be the solution of problem (@) in Qo with g € H3(I'p) and f € H'(R?)
(see Theorem [1l). Then the shape derivative of the objective function Ji, defined in
Eq. (14), is given by

J1(90)(6) = / (6-n)(~V)ds, (16)

where by the velocity —V is denoted

= (AJul® + B|Vul?* + 2B|al*|u|* — 4CRe(a)|ul* + CH|u|?)
+ Re (—Vu -Vw + wuw — fw — aHuw + 2a2uw)
+ 2 (Vol(2) — Vol(Qy)) (17)
with n the exterior normal vector on 'y, H the curvature of the boundary I'y, and

w € V(Q) (V(Q) is defined in Eq. (3)), the unique solution of the adjoint problem (see
Eq. (22)) corresponding to wu .



4.1 Formal proof of Theorem [3] using the Lagrangian

Since the data of the problem and the solution u are complex functions (except w which
is a positive constant), let us separate the imaginary and real parts, adopting the following
notation: u = ug+iuy. Thus, the boundary value problem for the Helmholtz equation (3]
takes the following form:

Aug +wug = fr(r) x€Q, (18)
0 0
ug = gr(x) on Ip, % =0 on Iy, %—i—algulg—alulzo onT,
n n
Auj +wur = fi(x) x€Q, (19)
Our

9
—0 onTy, M4 aup+tagu =0 onl.

on

ur = gr(z) on Ip,

on

The objective function is considered as a function of the real and the complex parts of u:
() :A/ (Jurf® + Jurl?) dz + B/ (Vurl + [Vus ) da
Q Q
+ C/ (Jurl® + ur|?) ds.
r

We write down the variational formulations for (I8) and (I9) and substract them to
obtain for all (wg,w;) € V(Q2) x V(Q)

- / ((agur — aqur) wr — (ayug + agur) wr) ds
I

+/ (VU[VU}[ - VURV'UJR + w2 (URU}R — UI’UJ]) + f]’w] — waR) dx = 0. (20)
Q

We define (see [3] p. 152) the Lagrangian of the optimization problem as the sum of
the functional J and the variational formulation (20])

L(Q, ug, ur, wg, wy) = A/Q(|u3\2 + |ur|?)dz

+ B/Q(|VuR|2 + |Vur|?)da + C/r (Jurl® + |ur?) ds

+/Q (VuVwr — VupVuwg + w? (upwg — wjwr) + frwg — frwg) do

— /F ((cgur — aqur) wr — (ayug + agur) wy)ds, (21)

where ug, u;, wg and w; are in V(). The conjugate problem can be found from the

system
oL oL
<87R7wR>_07 <a—u17wl>_07

10



with

oL
<—, 1/1R> = /(QAUR?/JR + 2BVupVip — VwrVig + w?wpibp)de
Q

auR

— / (CYRU}R — QW — QCUR) wRdS
r

and

oL
<8—u1’ @/)I> = /Q(QAUIQ/JI + 2BVu; Vi + VwVipr — w?wpibr)de

+ / (aywr + agwy + 2Cur) Yrds.
r

This is the variational formulation of the following adjoint problem:

(

Awg + wrwp = —2(Aur(Q) — BAur(Q)) z € Qo,
Owg
dwp on
B + agrwgr — aqw; = —2Blagugr(Q) — arur(20)] + 2Cur(Q) on Ty,
Awr + wwr = 2(Aur(Qo) — BAur(Qy)) x € Q,

wry=0 onlp, Oy

on
0
% + arwg + apwr = 2B(agur(Q) + arur($d)) — 2Cur(p) on Lo.
\

wr =0 onI'p, =0 on Iy,

(22)

=0 on Iy,

We notice that the adjoint problem (22]) can be more compactly rewritten for the complex-
valued functions w € V() (w = wg +iwy ), u(Q) and a:

Aw + w2w = -2 (Aﬂ(Qo) — BA@(QQ)) S QQ,

ow
15):0 on I'p, %:O on [y, (23)
8—7: + oaw = —2Bau(Qy) + 2Cu(Y) on I.

Hence, thanks to [3] Proposition 6.22 on p. 134 and Proposition 6.24 on p. 135, J'(€2)(6)
is given by the derivative of (2I]) over :

oL
00

= / 0 - n (Alu|* + B|Vu|* — 2CRe(a)|ul* + CH|u|?) ds
T'o

J'(€20)(6)

Qo, up, ur, wr, wr) ()

+ / 0 - nRe (—Vu -V + w?uw — fw — aHuw — a%) ds, (24)
Io n

where n is the outward normal on I'y and H is the curvature of I'y. Using the boundary
conditions and adding the volume constraint, we directly obtain ([I6l).

11



4.2 Rigorous proof of Theorem [3

Since I'p does not move in our assumption, and thus, the value g does not have any
influence on the shape derivative J'(€2), in what follows,; in the aim to simplify the
notations, we take g =0 on I'p.

Let us follow the proof of Theorem 6.38 pp. 145-146 of G. Allaire [3] (see also on
p. 144 the proof of Corollary 6.36).

Thanks to Lemma [I], we find the shape derivative of J as

J'(Q0)(0) = /Q div (0 (AJu(Qo)[2 + B|Vu(Q)]?)) dz

+ C/FO 0-n (%ﬁ‘))‘g + H|u(QO)|2) ds +2C /F Re(a(Q)U)ds

+/ (2ARe(u(Q2)U) 4+ 2BRe(Vu () - VU)) dx
Qo

Au($2)|

2
= [ o (@ + mvuenp + D L caugn) as
To

+ / Re (243(Q0)U + 2BVa(Q) - VU) dz + 2C / Re(@(Q0)U)ds, (25)

0

where U is the Eulerian derivative. We need now to precise the real part of the variational
formulation for the adjoint problem (see system (23))) taking U as the test function:

Re (/ VwVde—wQ/ wUd:L’+/ awUds)
Qo Qo To

- / Re (2A(Q0)U + 2BVa(Q)VU) dz + 20 / Re(@(Q)U)ds.  (26)

0

We notice that in the right-hand side (as the source terms) of (26) we have all integrals
from (25) involving U .

Thanks to the regularity of the boundary 92, the elements of H'() can be con-
sidered as the restrictions of the corresponding elements of H'(R?). Thus, we can refor-
mulate the variational form ([I0) by “find u(Q) € V(R?), such that for all v € V(R?) it

holds
—/Vu-Vvdx+w2/uvdx—/auvda:/fvd:p.”
0 Q r Q

We derive the last equality in 2y, using Lemma [Il and the facts, that § =0 on I'p and
'y . Hence, we find that «'(€)(f) = U, the Eulerian derivative of u, verifies for all
v E V(Qo)

/ (—VU-V@—i—wQUE)dx—/ aUtds
Qo

To

:/ Q.n<Vu-Vﬁ—w2u5+fﬁ+aHu5+aa(8ug))ds. (27)
T'o

mn

In particular (27) holds for v = W, with w the weak solution of the adjoint problem (23]).

12



Hence, from (27) with v = w and from (26]) we find
/ Re (2A4u(0)U +2BVu(§y)VU) dx+/ 2CRe(u(2)U)ds
Qo F0

= /FO 0 - nRe (—VU(QO) -V + w?u(Qo)w — fw — aHu(Q)w — QW) ds.

Finally, by inserting the above formula into (23] and using the following equality inferred
from the Robin boundary conditions for u and w on Iy:

aV(uw)-n =a(wVu-n+uVw-n) = —2’uw — 2B|a*|ul* + 2Calul?,
we obtain that

J'(Q)(0) = / 0 - n (Alu(Qo)]* + B|Vu(Qo)|* + 2Blal?lu()]?

1)

—4CRe(a)|u(Q) > + CH|u(0)]?) ds
+ / 0 - nRe (—Vu(Q) - Vw + w’u(Qo)w — fw — aHu(Qo)w + 20°u(Qp)w) ds.

Now, if we add to the objective function the volume constraint with the Lagrange coeffi-

cient p (see (I4)
JU(Q,u) = J(Q,u) + p (Vol(Q) — Vol(Q))?,

the shape derivative of the objective function J; is given by
T(80)(6) = 7(©0)(6) + 20 [ 6-n (Vo) — Vol(8)) s,
T'o

which concludes the proof of Theorem [3l

5 Shape optimization algorithm

We want to solve numerically, using the gradient descent method, the following minimiza-
tion problem: for w > 0 and Qg given, find Q°P' € U,y(\, ), such that
J1(QPY) = i J1(92).
) = gy B

We notice that if the velocity V', defined in Eq. (I7 follows the outward normal direction,
or equivalently, if 6 -n =V, then Eq. (I8 implies that

J1(Q0)(0) = —/ Vids < 0,
To
which ensures the decreasing behavior of the objective function. To calculate it, we need
to know wu, the solution of the Helmholtz equation in £y, but also w, the solution of
the adjoint problem and the curvature H . Inspired by Refs. 3, 24], 25], we construct a
shape optimization algorithm composed of the following steps:

13



(i) Solving the Helmholtz (3]) and its adjoint (23] problems by a cell-centered finite
difference scheme on a square Cartesian mesh covering (2.

(ii) Calculating the velocity V of the Robin boundary I', based on formula (I7), and
then extending this velocity in the direction of the normal vector on the whole
domain D, or at least around the Robin boundary.

(iii) Solving the level set equation to obtain a new shape.

If Jj(2)(#) > 0, then € is an optimal domain, and the algorithm stops. In order to
describe the shape of the domain, we use a concept of level sets. More precisely, the level
set function 1 of the domain 2 C D is defined by

Y(x)=0 iff ze€ (00N D),
Y(z) <0 iff zeQ,
Y(x)>0 iff ze(D\Q).

The level set method, initially devised by S. Osher and J-A. Sethian in Ref. [24], allows,
not only to define implicitly the domain, but also to follow easily the propagation of
the boundary during the evolution process. Let us take into account a particle z(t) on

the boundary, which propagates in time, hence it has the zero-level set all time, 1i.e.,
¥(x(t),t) = 0. By the chain rule, it yields that

e+ a(t) - Vi (x(t), 1) = 0. (28)

If V is the velocity in the outward normal direction of the boundary, i.e. 2'(t) -n=V,

with n = Ig—w then from Eq. (28 we obtain a so-called level set equation

Y|’
Y+ VIV =0, (29)

associated with the initial condition v|,—g = 1o(x), defined by the signed distance func-
tion

o(x) = £dist[z,T], x € D. (30)

In the last formula, I' is the Robin boundary, and the sign plus (or minus) corresponds
to outside (or inside) of the domain . This equation is of Hamilton-Jacobi type, and
in what follows we call it the Hamilton-Jacobi equation. Let us notice, that we need to
calculate the solution of he Hamilton-Jacobi equation (29) not only in €, but in D,
and thus, we need to know V for all z € D. Hence, knowing initially V' only in 2 by
formula (I7)), we need to extend it to all D . More precisely, to calculate numerically —V
on 2 (see Eq. (IT)), we first find numerically the solutions u of the Helmholtz problem (3]
and w of the adjoint problem (23]) and then evaluate Vu and Vw. The curvature H
is calculated, on the basis of the level set function 1, by the following equality

Vlb . ¢yy¢§ - 2%%%;; + wﬂ%

H=V. -
(Vi) (¢g+¢§)3/2

14



Once we know V in Q, we extend it outside of the domain [23, 25], solving until the
stationary state the equation

¢t + Bz, y)Ve-n =0,

with the initial condition ¢(t = 0) equal to V inside the domain € and zero elsewhere.
Here n is defined everywhere in D by % and [ is zero or one corresponding to inside
or outside of the domain 2.

The mesh, used to solve the Hamilton-Jacobi equation, is coarser than the mesh used
to solve the Helmholtz equation. We use an upwind scheme for solving the Hamilton-
Jacobi equation [23, 25] and discretize Eq. (29) as follows

wn+1 _ n

UTt” -+ [max (‘/7;_]'7 O) v+ + min (‘/iju O) V_} = 07 (31>

where

n Cr 2 . r 2 Ly 2 . by 212
V™ = [maX(D O) + min (Du 0) +maX(D-y 0) +m1n(Duy O)} ,

ij ij ij iy

_ br 2 : e 2 Hy 2 : —y w2112
\% :[maX(D~ O) +m1n(D 0) +maX(D- 0) +m1n(D~ O)} ,

ij ij ij iy

-z +z _
Dij Ax ) Dij - Ax )
S Al G Rt U et S L B U¥ e B U CF )
) Ay ) 1) Ay 9

and |0 = 1o is the signed distance function, defined in (B0). Scheme (3I)) is stable
under the CFL condition

At < Ar (32)

— max(V(z,y))v2

with a space-step Az = Ay.

6 Numerical experiments

For all numerical tests, presented below, we consider the rectangle D = [0,3] x [0, 1],

and suppose that D always contains the domain 2, on which we solve the Helmholtz

equation. The boundaries I'y and I'p are fixed, as it is shown on Fig. 2 and T" is the

moving boundary inside of G = [2,3] x [0,1]. The initial Qy =]0,2[x]0,1[ has a flat

boundary I'y fixed at © = 2. The characteristic lengths of €y are { =1 and L = 2/.
The Helmholtz equation is considered with a wave number k = % , 1.e,

Au + Ku = —f,

where ¢y is the sound speed in the air. We take

=0, QZU\}%GXP (_(9—2;2/2) )
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with ¢ = 1 in the Helmholtz boundary value problem. For the chosen o, the smallest
wavelength, excited by ¢, is A = g . The parameter « in the Robin boundary condition
depends on the value of the frequency w. It is calculated for ISOREL, using a mini-
mization of the difference between the solution of the problem with a volume dissipation
(described by a damped wave equation) and the solution of the problem with the bound-
ary dissipation for the flat shape of T' (see Theorem @land Fig.[Il). We solve the Helmholtz
boundary value problem on the fine mesh with the size h = 6% , and we perform the level
set approach for the optimization algorithm on the coarse mesh of the size kK = 2h = é
(in the aim of a penalization of too much complicated shapes of I"). However, we notice
that k < \.

Let us illustrate the stability properties of the optimization algorithm.

'"'f" ””ﬂ |
(I O I
(AT Y (TN :
(a) €f (b) €3 ) 2% (d) Qg

Qopt (C

o
w

S
N

o

opt
107°° ——J + 1 (vol, - vol)? 107°° ——J + p (vol, — vol?||
——J ——J
10 0.8 10 0.8 N
o 2 4 6 8 10 12 o 2 4 6 8 10 12
0.01 0.01
—o—Vol — voI0 —o—vol - voI0
. \/\/\/\/\ 0 \/\/\/\N
V0T 6 8 10 12 T 6 8 10 12
iteration iteration
(f) Convergence starting by Q3 (g) Convergence starting by Q8

Figure 3: The values of |u|? are presented on two initial and optimal domains for the
fixed frequency wy = 3170. From the left to the right: the initial domain €2 and
the corresponding optimal domain Qg% = Qf, , the initial domain €, taken in a small
neighborhood of Q¢ and the corresponding optimal domain Q¥ . = Q},. We see that
Qg is in a small neighborhood of Q° ~ (the shapes of T and T are almost the same).
The values of J are also almost the same: J(Q2,)(wo) ~ 0.1458 and J(Q,)(wo) ~
0.1458 . As compared to the flat shape Qy = [0,2] x [0, 1], for which J(p)(wo) = 4.286,
we have J(€)(wo)/J(€28,)(wo) = 27.492, hence the optimal shapes dissipate the energy
27.5 times better than the flat one. The bottom pictures show the convergence of the
optimization algorithm for two cases of initial domain: for Q% in the left and for Q in

the right.

We fix the frequency wy = 3170, which is a local maximum of

J(9)(w) = / jufde,
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calculated for Qg =]0,2[x]0,1[ in a range of frequencies, for instance, w € [3000,6000] .

This time we chose A =1 and B = C =0 for the simulation of the acoustical energy.
If we start the optimization algorithm one time from )y = f and the second time

from Qg = Qf, such that dH(Qg, Qf) < ¢ is mall enough, then the optimal shapes Q%

and Q0 ot are “almost the same”, i.e. there exists C' > 0, depending only on ¢, such that

the dlstance

Qb

dH(Qgpw opt) < C(E)dH(Qg7 Qg)

is also small enough. Hence, [J(Q%,)(wo) —J(Q25,;)(wo)| < 1 is also small enough by the

continuity of J as a function of the domain; see Fig. Bl for the numerical example.

opt

) initial Qﬁ"“ Qggg (c) initial QF

02,

§ ——J + jt (vol, — vol)?® 10 ——J + 1 (vol, - vol)®
10° | od
1077
‘ ‘ - ‘ ‘ PN
0 5 10 15 20 0 5 10 15 20
0.05 0.02
\ —s—vol - voI0 ’ —s—vol — voIO
&W 1 WW 1
-0. ‘ s s ~0.02 s ‘ ‘
0050 5 10 15 20 000 5 10 15 20
iteration iteration
(f) Convergence starting by Qfa* (g) Convergence starting by 5

Figure 4: The values of |u|? are presented on two initial and optimal domains for the
fixed frequency wy = 3170. From the left to the right: the initial domain Q82 and the
corresponding optimal domain Q2 | the initial domain €2, significantly different to (2t

opt
and to Q% taken with characteristic geometric scales which are almost the same as for
Qg‘gg, and the corresponding optimal domain €2 ;. We see that Qﬂpt is not in a small

neighborhood of €5 (the shapes of I'* and I'* are really different). But the values of
J for wy = 3170 are also almost the same: J(Q82%) = 0.1654 and J(92,,) = 0.1659.
Let us also notice, that, as for the question of Mark Kac “Can one hear the shape of
a drum?”, we don’t have the uniqueness of the optimal shape I', since different shapes
can have the same spectrum and be identically efficient in the dissipation of the energy in
the fixed range of frequency. Fig. [l illustrates the case, when the initial shape €y = €2
is not in a small neighborhood of 7, and the characteristic geometric scales of €5 are
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[9)]
T
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-g gptlmal
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—_
T
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A
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Figure 5: The objective function J as a function of w for the flat shape 2y, for the
optimal shape Q' (see Fig. H)) and for the optimal shape Q¢ . (see Fig. ).

opt opt

almost the same as for €27 . For this choice of €)f we obtain that € is not in a small
neighborhood of QI but we still have |J(Q5,,)(wo) — J(02%)(wo)| < 1. Moreover,
Fig. [}l shows, that the values of the functional |J(€2)(w) — J(28,;)(w)| < 1 are almost
the same for all w in a rather large neighborhood of wy .

Fig. [ also shows that the minimization process for one given frequency (here wy =
3170, corresponding to the middle peak of J(Q1%)) is very efficient, but it creates peaks
at other frequencies, and so, we need a strategy to find the most efficient shape, able to

dissipate the acoustical energy in a large range of frequencies.

7 Conclusion

We showed that the problem of finding an optimal shape for the Helmholtz problem with a
dissipative boundary has at least one solution. We developed an algorithm and numerical
methods allowing to calculate optimal shapes numerically. Our numerical results show
the necessity of the next step, which is to consider the question of how to find the simplest
and most efficient shape of a noise absorbing wall to dissipate the energy of a sound wave
in a range of frequencies. It is the subject of Part IT [18].

A Approximation of the damping parameter o in the
Robin boundary condition by a model with dissipa-
tion in the volume

Theorem 4 Let Q =|—L, L[ x |—¢, 4] be a domain with a simply connected sub-domain

Qo , whose boundaries are | — L,0] x{¢}, {—L} x |—¢,¢[, | — L,0[ x{—{} and another
boundary, denoted by T, which is the straight line starting in (0, —{) and ending in (0,¢).

18



In addition let €y be the supplementary domain of Qo in 2, so that T is the common

boundary of 2y and 2y . The length L is supposed to be large enough.

Let the original problem (the frequency version of the wave damped problem (])) be

—V - (noVug) — w?éouo = 0 in Qy,
-V (mVul) — w2§1u1 =0 m Ql,

~ at
& =84 <1+§1—w)’

together with boundary conditions on T’

with

up =uy and poVug-n = puVuy - n,

and the condition on the left boundary
uo(—L,y) = g(y),
and some other boundary conditions. Let the modified problem be
— V- (oVug) — wéous =0 in Q
with boundary absorption condition on T’
oVug - n + aus =0

and the condition on the left boundary

uz(—L,y) = g(y).

(36)

(37)

(38)

(39)

Let ug, uy, us and g be decomposed into Fourier modes in the y direction, denoting by
k the associated wave number. Then the complex parameter o , minimizing the following

eTpression
Alluo = u2l[Z2q) + BIIV (o — u2)| |20

can be found from the minimization of the error function

where e, are given by

ex(a) = (A + BIk) (g {12 [L = exp(=2AL)]

+|n|? [exp(2X0L) — 1]} + 2LRe (x77))

A
+ 370 {IxI* [1 — exp(=2XoL)] + |n|* [exp(2X\oL) — 1]} — 2BAZLRe (x7))
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if k% > i—gw2 or

l

ex(e) = (-4 BIE) (LONP + 1) + - m (a1 - exp(-2000)]) )
B[ (12 + [8f?) + iAol {7 [1 = exp(~200L)])

if k%< %uﬂ , in which

f(z) = (Mopo — ) exp(—AoL) + (Ao + ) exp(Ao L),

. Aofto — A1 _ Aofo — @
i) = (T - 2T )

Xotto + Atpr Moo +
ko) = _
k) = o < fOum) f@ ) |

Ao = /K2 — w2 gf k2> foy)2
10 — po (40)
Ao =iy /w2 — k2 gf k< Sy
1o Ho

Since the minimization will be done numerically and since the sequence (z,—z,z —
z,-+-) = z(exp(i(jAx)/Ax)) is the highest frequency mode that can be reached on a
grid of size Ax, then, in practice, the sum may be truncated to

eas(a) = Z ex(a).

_nmw L L
k=" m€Z,—zz <<z

where

\%

For the equations (33)—(34), we use the same coefficients as for problem (Il) and take the
values corresponding to a porous medium, called ISOREL, using in the building isolation.
More precisely we assume: ¢ = 0.7, 7, = 1.4, 0 = 142300N.m™*.s, py = 1.2kg/m?,
ap = 1.15, ¢y = 340m.s™!. Using the function fminsearch (in Matlab), we find the
value of « presented in Fig. [Al

Remark 2 Fig. [Al allows us to compare the difference between two considered time-
dependent models for the damping in the volume and for the damping on the boundary.
We see that Re(a) is not a constant in general, but for w — +oo Im(a) is a linear func-
tion of w. In this sense, the damping properties of two models are almost the same, but
the reflection is more accurately considered by the damping wave equation in the volume.

B Proof of Theorem {4

Proof. First of all,
e(a) == Allug — uz|[72(q,) + BIIV (w0 — u2)|[22(0)

can be decomposed as a sum of ep(«)



Imag(a)

— 47
o
oy
2,
% 1 P 3
w x 10"

(c) error

Figure 6: The real (top left) and imaginary (top right) parts of « and the sum of the
errors ea, (in the bottom) as function of frequencies w € [600, 30000] calculated for the
ISOREL porous material.

with
ex() = Alluo s — uapl| 72 r,0p + BlIV (wor — wai)|[720- 1.0

where we have decomposed decomposed ug, u; and us into modes in the y direction,
denoting by k the associated wave number.
The mode wug ) solves

Ol o — <k2 - @wQ) ugr = 0,
Ho

and thus
up k() = Agexp(Aox) + By exp(—Aoz), (41)

where )\ is given in Eq. (40).
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The mode wu, j solves

Oyl Jy — <k2 — éw?) U =0,

K1
and thus
uyg(x) = Ay exp(Ax) + By exp(—Aiz), (42)
where )
A2 = k2 — (1+ﬂ) SHE
! Siw ) ’
so that

o R e R )
A = ——a | k2 — 2202+ B2 — 2202 ) + [ =
: V2 H1 \/ H1 H1
( S & 2 aw\ 2
oy St (1 - ) ()
V2 \ 1 \/ H1 H1

For large L, since Re(A;) > 0, the value of A; tend to 0, so that we may neglect the
first contribution in the right-hand side of ([42)). Consequently we consider the expression

uy k() = By exp(—A12). (43)
Continuity conditions (35]) and expressions (@Il and ([43]) imply the following relations
Ao+ Bo=Bi , podo(Ao — Bo) = —puAi B,

from which we infer that

B _ Aofto + A1
0= v —— Ao,
Aopto — A1
and thus \ \
Ho + Al
() = Ag lexpNoz) + 20T AL o (— Moz
0k(2) o |exp(Ao) Noflo — Min p(—Aoz)

The decomposition of the boundary condition (36) into Fourier modes implies that ugx(—L) =
gx , which gives the final expression

[(Nopto — Arpa) exp(Aox) + (Xopto + Arpin) exp(—Aoz)]
[(Nopto — Arper) exp(=AoL) + (Aopto + Arpr) exp(AoL)]

o k() = g (44)

Let us now turn to the expression of wusy . Since the equation (37) is the same as that
verified by wg, both solutions have the same general form:

ug k() = Agexp(Aox) + By exp(—Aoz).
The Robin boundary condition (88) on I' implies that

MO)\O<A2 — BQ) —+ Oé(AQ -+ Bg) = O,
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which means that

Aofto + @

ug k() = As |exp(Aox) + pWp—

exp(—Aox)

Application of the boundary condition (39) implies the final expression

[(Aopo — ) exp(Aoz) + (Aopto + @) exp(—Aoz)]

za() = g1 [(Aopo — ) exp(—=AoL) + (Moo + ) exp(AoL)] (45)
Using (44)) and (45), we have that
(o — u2k)(2) = X(k, ) exp(Aox) + n(k, ) exp(—Aoz), (46)

where the coefficients y and 7 are computed from (44]) and (@3]). In order to compute
the L? norm of this expression, we must first compute the square of its modulus (by 7
is denoted the complex conjugate of 7):

s — s (2) = [Pl expQon)? + [nf?] exp(~Aoa)]? + 2Re (xmexp(ozioxp(—Aor) )
Note that, according to the values of k, the expression above may be simplified into
|uo s — uai|*(2) = [x|* exp(2X0) + [n]* exp(—2Xox) + 2Re (x77) ,

if k2> E—EWQ, or

ok — uakl*(x) = x> + [n|* + 2Re (x77 exp(2Xo7)) ,
if k? < %wz. Thus, we have for k2 > %wz

0
1
/ o g — gl *(z)dz = TN {IxI*[1 = exp(=2XoL)] + [n|* [exp(2AoL) — 1]}
L

+ 2LRe (x7)

or, for k% < %wz,

0 .
7
/ |uo, — uak|*(x)da = L(|x|* + n|*) + )\—Olm {xn[1 — exp(=2XoL)]} .
~L
Now, we also have to compute the L? norm of the gradient of (ugj — usy). Noting

that )
V(ugr — ugg) = < (o — Uzk) ) ’

Z']'{J(’LLQJC — 'U/Q’k;)
it holds that
|V (uox — U2,k>|2 = |k|2\uo,k — U2,k|2 + [0 (up x — U2,k)\2-

With the expression (4d), it follows that
|00 (w0, — wz)[* = [Mol* [[x[* exp(2X0z) + [1]* exp(—2Aoz) — 2Re (x7)] ,
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if k2> 042 or

Ho

|0 (to e — u2k)|> = [Ao|® [IXI* + [n]* — 2Re (x77 exp(2X02))]

if k? < %MZ, and thus

[ 10 tu0x ~ wa)Pla)de = 52 [P (1 = exp(~20L)] + Inf exp(20aL) 1}

—L
— 2\0LRe (x7)

if k2> 8002 or if k2 < 042
1o Ho

0
/ |0s (w0 — wz)[*(w)da = LIXo|* (IXI” + [n]*) + idoIm {x77 [1 — exp(—~2XoL)]}.

—L

Therefore, we can find « as the solution of the mentioned minimization problem. [
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Abstract

In the aim to find the simplest and most efficient shape of a noise absorbing wall to
dissipate the energy of a sound wave, we consider a frequency model (the Helmholtz
equation) with a damping on the boundary. Once the well-posedness result is proved
in the class of bounded n-sets (for instance, locally uniform domains with a d-set
boundary, containing self-similar fractals or Lipschitz domains as examples), the
shape optimization problem of minimizing the acoustical energy for a large range of
frequencies is considered. Introducing the notion of € -optimal shapes, we prove that
for the energy dissipation on a finite range of frequencies, the most efficient shapes
belong to a class of multiscale Lipschitz boundaries, and for an infinite frequency
range, belong to a class of fractals. The theory is illustrated by numerical results.

1 Introduction

This is the second part of studies about the question of the simplest and most efficient
shape of a noise absorbing wall to dissipate the energy of a sound wave. Knowing from
Part I [23] the existence of an optimal shape for a fixed frequency of a two-dimensional
shape optimization problem for a Helmholtz equation with a damping on the boundary,
we are interested in the same question for a frequency range.

We start in Section 2l by the well-posedness results of the Helmholtz model introduced
in Part I [23] with dissipative boundary Robin conditions in a large class of bounded
domains (see Theorems [l 2land Theorem [3), containing Lipschitz domains and von Koch
fractals as two particular cases.

In Section [B] to obtain an efficient wall shape for a large range of frequencies, we
define e-optimal shapes. Knowing empirically that for the efficient energy dissipation of
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an acoustic wave, its wavelength A\ must be related with a geometric scale of the wall, we
confirm this fact numerically by calculating the impact of the different geometric scales
on the energy dissipation in time (see Fig. [3] which confirms a guess that the wall length
scale must be of the order of A\/2). The optimization algorithm developed in Part I [23]
confirms that the optimal shape has its largest scale length of the order of A/2 (see
Subsection L1l and Fig. [).

Moreover, using the fact that a wave with a wavelength A does not fit into a shape
that has a characteristic scale much smaller than its wavelength (smaller than \/2),
we prove in Section [3 that it is not possible to obtain the “most efficient” shape for
energy dissipation (an e-optimal shape with a minimal € > 0) for all frequencies without
different geometric scales. Actually, for an infinite frequency range, such efficient shapes
are fractals. In Section we obtain numerically an ¢ -optimal shape for a large range of
frequencies. This shape is multiscale, and we show that if we keep only the largest scale,
the new shape has the same good dissipation properties as the optimal one in the low
frequencies corresponding to the chosen scale length, but is no more efficient in higher
frequencies, for which the deleted geometry scales where important.

2 Well-posedness of the Helmholtz equation with a dis-
sipative Robin boundary condition on a d-set

We extend the well-posedness result of Theorem 2.2 of Part I [23] for the frequency model
to a more general class of boundaries, named Ahlfors d-regular sets or simply d-sets [1§],
using the functional analysis on (e, d)-domains [17, [I8] 26], also called locally uniform
domains [I6]. Let us define the main notions [2].

Definition 1 (Ahlfors d-regular set or d-set [18], 26, 19]) Let F be a Borel sub-
set of R™ and mg be the d-dimensional Hausdorff measure, 0 < d <n, d € R. The
set F' s called a d-set, if there exist positive constants ¢y, co > 0,

art <mg(FN Bu(z)) <cor?, for Yo eF,0<r <1,
where B,(x) C R" denotes the Euclidean ball centered at x and of radius r .

Definition 2 ( (¢,d)-domain [17, 18|, 26]) An open connected subset Q@ of R™ is an
(g,0) -domain, € >0, 0 < < oo, if whenever (z,y) € Q* and |x —y| <&, there is a
rectifiable arc v C Q with length () joining x to y and satisfying

2. d(z,00) > elz — z|||?;:;|| for z €.
It is known [26] that all (¢,d) domains in R"™ are n-sets (d-set with d =n):
Je>0 VzeQ, Vr€l0,0[n)0,1] u(B.(z)NQ) > Cu(B.(x)) =cr™,

where p(A) denotes the Lebesgue measure of a set A. This property is also called the
measure density condition [I2]. Let us notice that an n-set {2 cannot be “thin” close
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to its boundary 0€). At the same time [20], if ©Q is an (g,0)-domain and 0Q is a
d-set (d < n), then Q = QUIN is an n-set. In particular, a Lipschitz domain
is an (g,0)-domain and also an n-set [26]. But not every n-set is an (e, d)-domain:
adding an in-going cusp to an (g,d)-domain we obtain an n-set which is not an (g,0)-
domain anymore. Self-similar fractals (e.g., von Koch’s snowflake domain) are examples
of (g,00)-domains with a d-set boundary [8, 26] for d >n —1.

To extend the usual variational formulations introduced in Refs. [5, [11] to d-set type
fractal boundaries, we use, as in Ref. [2], the existence of the d-dimensional Hausdorff
measure mg on 02 (see Definition [I]) and a generalization of the usual trace theorem and
the Green formula in the sense of the Besov space Bé’z(ﬁQ) with S =1—22>0 (for
the definition of the Besov spaces on d-sets see Ref. [I8] p.135 and Ref. [26] or Appendix
in Ref. [4]). Note that for d =n — 1, one has 8 =1 and BY*(9Q) = Hz2(99).

Let us start with the generalization of the notion of the trace:

Definition 3 (Trace operator) For an arbitrary open set Q of R™ | the trace operator
Tr is defined [18, 16, 21/ for uw € L} (Q) by

loc

1
T =lim——— d
ru(x) rl—r>I(l) m(Q N Br(l')) /QOBT(:B) U(y) .

where m denotes the Lebesque measure. The trace operator Tr is considered for all x € Q
for which the limit exists.

Henceforth, the boundary 0 is a d-set endowed with the d-dimensional Hausdorff
measure, and L(0S2) is defined with respect to this measure as well. Hence, the following

Theorem (see Ref. [2] Section 2) generalizes the classical results [22, 24] for the Lipschitz
boundaries Of2:

Theorem 1 Let Q be an admissible domain in R™ in the sense of Ref. [2], i.e. Q is
an n -set, such that its boundary 0X) is a compact d-set, n —2 < d < n, and the norms

I ey and || flloye) = I lla@ + 1 allrae) with
1 -1 1
Jralw) = suprtinf T /Br(xm [/ (y) = eldy
are equivalent on H'(Q). Then,
1. HYQ) is compactly embedded in L¥¢(Q) orin Ly(Q) if Q is bounded;

2. Trq : HY(R™) — HY(Q) is a linear continuous and surjective operator with linear
bounded inverse (the extension operator Eq : H(Q) — H'(R") );

3. for B =1—(n—d)/2 >0 the operators Tr : HY(R") — Ly(99Q), and Traq :
HY(Q) — Ly(09Q) are linear compact operators with dense image Im(Tr) = Im(Trpq) =
B;’z(ﬁQ) and with linear bounded right inverse (the extension operators) E : B;’z(ﬁQ) —

HYR") and Eaq : B3*(0Q) — H(Q);



4. the Green formula holds (see also Refs. [21, 7] for the von Koch case in R? ) for all
uw and v from HY(Q) with Au € Ly() :

ou
/QvAud:L’—l-/QVv.Vudx: <%7Trv>((82’2(89))’,32’2(89))7 (1)

where the dual Besov space (32’2(89))’ = BE;(@Q) is introduced in Ref. [19)].

Remark 1 Theorem [ is a particular case of the results proven in Ref. [2], thanks
to Refs. [12, 17, 18, 19, 26)].

We also notice that in the framework of the Sobolev space H' and the Besov spaces
B;Q with B < 1, as here, we do not need to impose Markov’s local inequality on OS2
(see Ref. [18] p.39), as it is trivially satisfied (see Ref. [20] p. 198). If we work with
more reqular spaces, H* with k > 2, k € N*, we need to add the assumption that
00 preserves Markov’s local inequality: for every fized k € N* | there exists a constant
c=c(Vin, k) >0, such that

max |VP|§E max__|P|
O0NBy(z) T 90NB, (x)

for all polynomials P € Py and all closed balls B,(x), x € 02 and 0 <r <1.
For n =2, if Q is a bounded connected domain, then, thanks to [17] and [12] (see
also Proposition 1 in Ref. [2]), Q0 is an (g,0) -domain.

In this framework we prove the following theorem

Theorem 2 Let Q) be a bounded domain in R™ satisfying the conditions of Theorem [1l
(for instance an (g,6) -domain) with a closed d-set boundary 02 = I'p ULy UT with
n—2<d<mn. By mq is denoted the d—dimensional Hausdorff measure on 02 (see
Definition (). Let in addition Re(a(z)) > 0, Im(a(x)) < 0 be continuous functions on
I' and

V(Q) :={ue H(Q)| Tru|r, =0}

be the space with the norm ||ullv) = +/(u,u)v@) associated to the following inner
product

(u, )y (@) :/QVmquvdij/FRe(a(:c))uvda. (2)

Then for all f € Ly(2) and g € BE’Q(TD) (with 3=1-"%>0) and w >0 there
exists a unique u, such that (uw—g) € V(2), and u is the solution of problem

Au+w?u= f(z) z €,

u Ju (3)
u=g(z) onlp, 8_:0 on 'y, 8—+a(x)u:0 on T,

n n

in the following weak sense: for all v € V(Q)

/Vu -Vodr — w2/u6dx+/auﬁdmd = —/f@da:. (4)
Q Q r Q
4



The weak solution u continuously depends on the data: there exists C' > 0, not depending
on f and g such that

lullisiey < C (Il + 9ll 22 ) (5)

Proof. Let us focus on the proof of the second point in Theorem [2, 7.e. on the well-
posedness of the Helmholtz system (3]). Thanks to the continuity of the trace operator
Tr : H'(Q) — Lo(T'p), the space V() is a Hilbert space with the inner product of
H'(Q). As T is a part of a compact boundary 9, the norms |||/ 1) and ||-|jv) are
equivalent on H'(2) (by (3) from Ref. [2]). Thus, the space V(£2) is also a Hilbert space
with the inner product, defined by (2)). First, we consider the boundary value problem
for the Laplacian (w = 0). We define a sesquilinear form a(-,-) and an anti-linear form
on V() respectively by

a(u,v) = / Vu - Vodz + / auvdmg, (v) = / fodz.
Q r 0
We are looking for the weak solution u € V(£2) of the following variational problem
Yo e V(Q), a(u,v)=1Iv).

We apply the complex version of the Lax-Milgram theorem on V(£2). The coercivity and
the continuity of the form a(-,-) are immediate. Thanks to the boundness of . the
Poincaré inequality holds on V' (£2) and allows us to show the continuity of [:

L) < [ fllze@lvllz2) < CE)N fllz@)llvilvie-

Using now Theorem [T}, which ensures that the extension operator H'(2) into H!'(R") is
continuous and that the embedding H'(Q2) to L*(Q) is still compact, we conclude that,
as in the usual case of a regular boundary, the operator —A with the boundary conditions
imposed in the weak sense (see Eq. (])) has a discrete spectrum and a compact resolvent,
i.e. there exists (A, U, )nen such that

Vo € V(Q) (up 0)vioy + i /

r

Im(a)u,vdmg = )\n/ u,vdz. (6)
Q

Now let us prove that a real number w? is not an eigenvalue of —A. Suppose the
converse: there exists an eigenfunction u € V(f2), such that (6) holds for A = w? € RT.
Therefore, it also holds for v = u and implies that [, Im(a)|u[*dmg = 0. As Im(a) <0,
it implies, that Tru|r = 0 and consequently, by the weak Robin condition on I', g—:ﬂp =0
in the distributional sense

Vv € H(Q) / Auvdr = —/ Vu - Vudz.
0 0

Then u = 0, which follows from the uniqueness of the solution to the Cauchy problem

for A + w? with the Cauchy data on T' (see [I0] Theorem 1.1 with the proof using the

connected property of 2 on p. 11 and Theorem 1.2 on p. 12, which can be directly adapted

to the case of a domain ) with a d-set boundary satisfying the conditions of Theorem [I).

Consequently, the Helmholtz system (3] is well-posed for all w € R in the weak sense

of (). Thus, as a corollary of the Fredholm theorem, we also have estimation (H). O
We finish this section by a direct corollary of Theorem 2.2 [23] and Theorem

5



Theorem 3 Let ) be a bounded domain in R"™ satisfying the conditions of Theorem [
with a closed d -set boundary 0 = T'pUlNUD (n—2 < d < n ). By my is denoted the d -
dimensional Hausdorff measure on 092 (see Definition[d]). Let in addition Re(a(x)) >0,
Im(a(x)) <0 be continuous functions on T'. Then the following problem

(7)

ou ou
u=0 onlp, 8_n:0 on Ty, o
has a unique weak solution w € V(Q) for all f € L*(Q) and h € V() in the following

sense: for all v € V(Q)

Au+w?u= f(z) z €,
+a(z)Tru=Trh(z) onT,

/Vu-V@dx—wQ/uﬁdx—i—/aTruTr@dmd = —/f@da:—i—/TrhTrz‘;dmd. (8)
Q Q r Q r

The weak solution u continuously depends on the data: there exists C' > 0, indepen-
dent of f and h, such that

lullvie) < C (1fllz2@) + Ihllvie) - (9)
In particular, for all fired w > 0 the operator
B : L*(Q) x L*(T) — V(R), defined by B(f, Trh) = u
with w, the weak solution of problem (), is a linear compact operator.

Proof. The linearity and the continuity of B are evident and equivalent to estimate (0.
Let us prove that for any fixed w > 0 B is also compact (see also Ref. [2] for the real
Robin boundary condition). Indeed, let (f;, Trh;) — (f,h) in Ly(2) x Lo(I') . Taking
for all j € N u; = B(f;,Trh;) and u = B(f, Trh), by the linearity and the continuity

of B it follows that w; V. Knowing in addition that Tr : V(2) — Ly(I') and the
inclusion of H'(Q) in Ly(Q) are compact (see Ref. [2]), with the choice of v = u; in the
variational formulation (8) we find

;113 () = w?lluili2q) —i/Ima|Truj|2dmd—/fjﬂjdx+/Trthrujdmd, (10)
r Q r
and hence,

lm ||u; |3 :w2HuH%Q(Q) —i/Ima|Tru\2dmd—/fﬂdx—i—/TrhTrudmd
r Q r

j—+oo
= ||U||%/(Q)

Having both u; — u in V() and |lu;llv@) — ||ullv implies that u; — u in V()
and hence B is compact. Since the norm ||u||%,(m on V() is equivalent to the norm

lullF = AllullZ,@) + BIVulzy) + Cllullzyw):
the operator B is also compact with respect to this norm. [
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3 Shape design problem for a range of frequencies

From Section 3 of Part I [23] Theorem 3.2, we know that for all fixed w > 0, if 9
is Lipschitz, then there exits an optimal shape Q%" € U,4(€)), minimizing the acoustic
energy

J(Q)(w):A(w)/g|u|2dx+B(w)/ﬂ|Vu|2dx+0(w)/r|u|2dcr (11)

on all admissible shapes of I', keeping constant the volume of the initial domain €y. We
recall the definition of the admissible class of domains [23] included in a fixed Lipschitz
domain D and containing I' in a fixed open set G in D

Uaa(Q0) = {Q € C(Qo)] d(Q2, Q) < %, 'pul'y C 09, / dz = Vol(Q)}, (12)
Q

where C(Q) = {Q C D|I' C G and 30 € W'(R% R?), || lw1.o®epz < 1 such that
Q = (Id + 60)Q}. In what follows we also suppose that A, B and C are C' positive
functions of w. In the definition of U,(€) we take d(€2, ) < % according to Lemma
2.4 in Ref. [25] in the case n =2 and k = 1. Here, by [I} 25], d is the quasi-distance
d(2,90) on C(). If du(£,9) is the Hausdorff distance between €2y and €, we
know [25] that dg (2, 2) < d(Q0, ).

Let us notice that a bounded domain with a Lipschitz boundary is a particular case
of the (e,d)-domains and hence the optimal shape domain is also an (e, d)-domain. For
practical reasons, it is more realistic to find “the simplest” optimal shape, thus the general
fractal or (e,d)-domains case is not really of interest. In addition, in most practical
situations we need to find “the simplest” optimal shape not only for a fixed frequency, but
for a large frequency interval [wg,ws], such that walls with such a shape could actually
be manufactured. Hence, in the aim to find the simplest shape, efficient for the energy
dissipation in a range of frequencies, we introduce the definition of an ¢-optimal shape:

Definition 4 (e-optimal domain) The domain Q* € U,q(2o) is called an e -optimal
domain for the range of frequencies |wo,w], if for all w € [wo,w:] it holds

| min J(Q)(w) = J(Q7)(w)] <e,

QeUq4q(Q0)

where by J(Q*)(w) is denoted the value of the functional J, calculated for the domain
OF at the frequency w .

Remark 2 To validate the notion of c-optimal domain, let us verify that for a fixed
e >0, if QF is optimal for w*, there exists an interval [wo,w:|, such that w* € [wo,wr],
for which Q0 is € -optimal. Actually, we notice that

e u depends continuously on w and €);
o for a fized frequency, J is continuous as a function of €2 ;

e as the functional J is continuous with respect to w € RT |, we have:

Vn >0 35(n)>0:|w" —w| <d = [J(Q) (W) = J(Q)(w)| < n;

7



o Jnin(w) :=mingey,, J(Q)(w) is a uniquely defined continuous function of w :

Vi >0 303(7) >0 |w —w| < = \Q min  J(Q)(w) — J(Q")(w")| <.

CUqaa(Q0)

Therefore, for a fized ¢ > 0, we choose n = 1 = 5, there exists d(c) > 0 (actually,
0 = min(dy, 02) ), such that, if |w* —w| <&, we have

min - J(Q)(w) = J(Q)(w)]

QCUqa(0)

< |, min J(E)(w) = Q)W) + Q)W) = J(Q) W) < =
CUqa(0)

Since wall performances depend on the sizes of its components compared to the wave-

lengths of the source, we firstly introduce, according to the physical meaning and numer-

ical results from Section [L1], the following definition of a “much smaller” wavelength and

of “a much higher” frequency:

Definition 5 Let wy > 0 be a fized frequency. A frequency ws is called a much higher
frequency for wi, ws > wy, if we > 2wy . Consequently, for the wavelengths: Ay < A\q
(Ao is much smaller than A1 ), if Ay < ’\—21 Conversely, the wavelength X is called
comparable to Ao, if X €]22, 2.

Next, let us define the notion of the characteristic geometry size of a domain Q (or T,
since only the boundary I" with the Robin boundary condition can change its shape).
If T starts at a point xg € 0€) and ends at a point zp € 9€), we consider 7y, which
connects the points xp and zp by a straight line. For z = (2!, 2?) € R?, we suppose
that the first coordinate axis x' follows = and the second coordinate axis z? follows
its normal direction. Since, the boundary I' belongs to a fixed area G, chosen in the
beginning, the largest geometrical size of T' parallel to 2% depends on the chosen G'.
Thus, we do not consider the geometries with parts having a length along the axis '
much smaller than the length along 2, and we are especially interested in the shape sizes

projected on z!.

Definition 6 (Shape lengths of Q) Let the boundary T' be a C* boundary of Q start-
ing from the point xp = (x%,0) and ending in vg = (1},0) and o be the straight line
(o = 0) connecting these two points (see Fig. [ for an example). We suppose that T
can be locally defined by the graph of a C' function (each time denoted by f, f(x) =0
for v €T ). By x; = (x1,0) (i =1,...,N ) are denoted the intersection points of T' with
Yo, ordered by the first coordinate from left to right

Ty =25 <3 <Ty<...<Ty < Tp=Tnip (13)

for which in any neighborhood V' of x; there exists x € I' such that %f(a:) = 0., f #0.
Here n = (0,1) is the unit normal vector to 7o . These points define the deviation parts
of T' compared to the straight line 7o (see the filled regions on Fig. [l and Fig.[2). Thus,
we define the “horizontal” lengths

hi =z} —x} 4| for i=1,...,N+1.

8



Let, for x € ~y, m(x) be the number of intersections with T' of the vertical line,
passing by the point x , denoted by L(x) .

If on a part of T, limited by two lines L(x;—1) and L(z;), the relation f(x) = 0
defines a bijection between x' and x?, i.e. for allx € vy with x* €|xl |, z}[, m(z) =1,

we write 2 = g(z') and we define on |z} |, x}[ (see Fig.[d)

Gup(z') = max(0, g(z))  and  giow(z') = min(0, g(z")).
Thus, we find the “vertical” lengths for each of such geometrical parts, by setting

vi= sup gup(!) = gw(z) = sup [g(ah)],
zlefzl_ 2l zlefzl_ 2l
and form the couples (h;,v;) .

We now consider mazimum intervals (¢} p, x5 5] Clag, [ on which m(x) > 1, (i.e.
if v =xjp—¢ or x =1} g+e for all sufficiently small € > 0, then m(x) = 1) and define
on [z} 5,2} 5] functions gp(z') and gp(z1) taking respectively the value of the first and
the last intersection of L(x') with T following the normal direction to v n = (0,1).
Then we define on [v} g, T} ]

fup(xl) = max(0, gp(2")) and fiow(z") = min(0, gg(z')).
Therefore, we set

W= lie =Tk o= s |fup(e) = (@)
21 €[e] ] ]

and we form, as previous, by the couples (h%,v}).

VR
Going into smaller geometrical details, on each bijection interval [z}, z} || with m(x) =
1 we consider all points & for I =1,...,K around which 0,1g(Z}) changes its sign. K

is necessairily an odd number. Let us set To = x;—1 and Tx, 1 =x;. If K>3 (i.e. the
derivative changes its sign more than twice between x;_1 and x; ), then we set (as K is
odd, then K +1 is even)
5 - - - K+1
= - Bl = swp gl fori=1... B
xle[fé(z—w%ﬂ

To avoid difficult notations, the obtained sequence

(his vi)i=1..n U (R}, 07) j=1..5+ U (hy, 51)1:17___7%
is still denoted by (hi, v;)i=1..N -

If there exists © € vy, such that x' €|z}, x| for a fived i in the subdivision (13)
and m(x) > 1, then the corresponding part of T, given by f, does not define anymore
a bijection g between x' and x* for x' €|xp, i 1[. Let us consider the union of the
joint intervals Jxj, xl [ (k> 1) on which the graph of f is not bijective. Then, going
from the left to the right on T' inside of the area delimited by L(xy) and L(zqyg), we
find points y; € I' (j € N), such that

D2 f(y;) =0 and y; # yj -

9



Hence, we define the horizontal lengths hyy; = |y]1-le — yjl| To define the vertical lengths
we say that a curve in the found bijection area is the lower geometrical part f;, iof it
corresponds to an odd numbering in the intersection list of L(x) with T' (e.g. fist and
third intersections will be denoted f; ) and is the upper part f, , if it corresponds to an even
numbering in the intersection list of L(x) with T (e.g. second and fourth intersections
will be denoted f, ), see Fig.[Ad Therefore, we define hny; as || fu— fillcy in the bijective
compact segment I, constructed using the points x; and the projections on o of points
Ys -

For each bijective interval inside of |z}, xj [, actually between all couples of points
(yj—1,Y;), we also find, as for the bijective case, all points g, for k = 1,..., K, for
which Oy f(Z,) = 0, and, in the case of K > 3, we add hy, = |j}, — ooyl and

Ok = fu = fillogay, a4,
Repeating the above procedure for all intervals (or more generally, for all unions of
joint intervals) on vy, where at least in one point m(x) > 1, we construct the sequence

(hi, vi)ien , finite or not. Now, for each i we compare h; and v; :

) for k=1,..., % to the sequence (hi, Ui)i:l...N-

1. if v; <€ h;, then d; :== h; (the fragment is a quasi-plane),

; . hitv
2. if v; and h; are comparable, then d; :== %
The case h; < v; 1s forbidden by the assumption and by the choice of the open set G .
The lengths (d;)ien are characteristic lengths of each element of ' compared to ~y and
are called the shape lengths of €2 .

Definition 7 (Characteristic geometric size of Q) Let (d;)ien be the sequence of
shape lengths of ). Independently of the fact that it is finite or not, there exists the
length d = max; d; , which is called the largest geometric size of ). If the length of T' s
finite, then the number of its shape lengths N s finite too, and there exists the minimal

geometric size dpyin = '_r{ﬁnN d;. Hence, let (d;)ien be ordered decreasingly as
d:dozdlzdgz..., dz—)OZf’L—>+OOO’f’dN:dmmlfN<OO

The sequence (d;) defines the distribution of geometrical sizes of I'. Let Vol(vo) be the
length of 7o : Vol(v) = |tg—xp|re . A positive number £,(Q) (k € N) is a characteristic

geometric size of 0 number k if there exists K (k) > 2F [%} shape lengths of )

d d
d;, € } sy W{ﬂ [dmin, d] (m =0,...,K(k)) such that {;(Q) = —— d;, .

If k=0, 6(Q), denoted in what follows by £(2), is the largest characteristic geometric
size of Q. If k € N s such that 2;% < dpin < 2,%1 , then the corresponding (i (£2),
denoted in what follows by umin(QY) , is the smallest characteristic geometric size of 2.

Let us also formulate the physical principle:

10



Figure 1: Example of the definition of horizontal shape lengths of I' by the construction
introduced in Definition [6l Here we have 6 intersections of I' with 79 and 6 additional
points y; in the region |xi,zi[, where there are points = € 7y for which m(z) > 1.
The segment [rh, x1] contains the projections of 5 points #;, in which the tangential
derivative of f parallel to vy is equal to zero, O, f(z) = 0. The maximum interval
[ys, 4], where m(x) > 1, gives the length hj. Therefore, the sequence of the horizontal
shape lengths is given by h; for i =1,...,11, A} and hy for I =1,2,3. The intervals, on

which T' can be described by a bijection for z! € [yd,yi], are [z3, 1], [zi,vi], (s, vi],

i val, i val, Wi, vels e, val, [ys, =]

Jfu
fi e
a2 a2 2
. 2
v o
1 2 B AN ts‘ 2 2.

. 2 v
g L

Figure 2: The choice of f, and f; for each interval, where I' given on Fig. [Ilis defined
by a bijection.

Assumption 1 (Physical principle) Let wy = ?\—Z and ), be a domain with the

unique characteristic geometric size () = lpin(Qyy) = 22

o A wave with a wavelength Ao does not fit into a shape of characteristic scale much
smaller than Ao : there exists Amin > 0 (Amin < Ao ) such that

YA €]0, Amin]  J(20)(wo) = J(Q,) (wo) = J () (wo),

11



where by Q for A < Ao is denoted a domain constructed from 2, by adding to

'y, smaller scales of the characteristic size % .

e [f the wave interaction with the dissipative media increases, then the energy of the
wave decreases. More precisely, let Q be a domain with £(2) = (), Cmin(2) K
Conin (o) and dp (2, Q) < Lmin(2) . Then the domain Q has two different scales:
Q) and Ly (). Actually, we suppose that the boundary T' of the domain § is
obtained by adding to T'y, smaller scales. Adding a scale to the boundary of 1y, , we
increase the wave interaction with the dissipative part of the boundary. Therefore,
the energy J(2)(wo) can only decrease, as compared to J(S2y,)(wo), or stay equal
(in the case when the wave does not fit into the smallest parts of the boundary see
above). Thus, if Q3 is an optimal domain for the frequency wq , then we have

J(€5,)(wo) < J(Q2)(wo) < J(€2x,) (wo)-

We also use the following hypothesis, coming from the empirical physics and confirmed
by the numerical results in Section [4.1k

Assumption 2 Let Q* be an optimal domain for w* > 0 with n (n € N) characteristic
geometric scales (£;(2*))j=0,..n—1- Then there ezists jo (0 < jo < n—1), such that
o) =%

In the framework of € -optimal shapes, the physical principle with Definition [0l directly
ensures

Proposition 1 1. Let Q* be an optimal domain for w* > 0 with n (n € N) char-

acteristic geometric scales, such that (; () = )‘7 with 0 < jo < n—1, as in

Assumption 3. Then any Q € Uu(€Qy) with the same characteristic geometric
scales as 2 up to number jo :

Vi=0,....750 ¢;()=2¢(),
and dg(2,Q%) < ’\7: , 15 also optimal on w* :
J()(W") = Jmin(w") = J(Q7)(w").
2. Let € >0 be a fized real number and Q € Uyq(Qo) (see Eq. {I3)) for the definition

of Uaa($20) ) be an e -optimal domain on a range of frequencies [wo,w;] with the
smallest characteristic geometric size:

A
lrnin () = B for some X € [A1, o).
If Q° € Uyy(Qo) is a domain, such that

JjeN:  6(Q) = luw(Q)  and dy(Q°,Q) <

R

then Q° is also e -optimal on |wy,wq] (with the same ¢ ).
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Proof. Let us prove the first point. Without loss of generality, let us suppose Q* is
such that jo = n — 1, i.e. () = )‘7 Thus, if Q has additional characteristic
geometric sizes {; < 4 (j > n) with dy(Q,Q%) < 2°, then by Assumption [ the
greater interaction of the wave with the dissipative boundary implies the non increasing
of the energy J(Q)(w*) < J(Q*)(w*). But, since Q* is optimal on w*, we also have
J(2)(w*) = Jpin(w*) < J(Q)(w*). Consequently, J(2)(w*) = Jmin(w*), which ensures
that € is optimal on w*. Therefore, to be optimal on a fixed frequency w*, it is sufficient

to be optimal for the geometric sizes with ¢ = 2~ all sizes much smaller than 2~ (in the

sense of dy(Q*,Q) < )\I) do not change the opgimal property at one frequencyonint.
Let us prove the second point. Since  is e-optimal on |wg,w;], we have: for all

w € [wo,w1] [J(Q2)(w) — Jmin(w)| < €. If we keep this scale and add characteristic scales

much smaller than \/2, such that dy(02°,Q) < 2, then it holds Jym(w) < J(Q2°)(w) <

J(2)(w). From this inequality, we directly have
/() (w) = J(Q) ()] < [J( Q) (W) = Jmin(w)] <,

i.e., since the adding of small characteristic scales does not change the properties to be
optimal on w, it also does not change the property to be not further than e from the
optimal domain. Hence, the properties of € -optimality still hold for 2° with the same ¢.
O

Remark 3 Thanks to the first point of Proposition [, in what follows, for a solution of
mingep,, J(Q)(w) we always take Q with €, (Q) =3 (for A =2m/w ) (i.e. we consider
the “simplest” such € in terms of characteristic scales).

Definition 8 (n-times wavelength preserving optimal domain) Let Q,, be a fized
wnitial domain with at least Lipschitz boundary, Ao = i—z < % for a fized wy > 4w and

n>1, neN. The domain QP € U,q(y,) is called an n -times wavelength preserving
optimal domain based on €2y, for the frequency wy, if there exists

>

Ap < ooi <A< .o <A <X, suchthat Vk=1,....,n X\ <22,

\)

and Q' = Q) is a solution of the following minimization problem (see Eq. (I2)) for the
definition of the admissible domains)

J (2, ) (wy) = inf J(2)(wy),

QCUaq(Q,, ), du (2,05, )<22
where for k=1,...,n—1 the domains 1y, are solutions of the minimization problems

A
QCULa(Qx;,_ 1) da(,Qn, )<

Remark 4 We know that dg(Qy,, Q) < d(Qy,, Q). In Definition [§ we have supposed
that the largest wavelength Ao < % (or the smallest frequency wy > 4w ) in the aim to
ensure dg (S, ) < 2 < . where  comes from the condition from Lemma 2.4 in
Ref. [25]. The additional restriction dp(S2y,,Q,_,) < %“ keeps the new set of the admis-
sible domains closed by the Hausdorff convergence and, thus, we still have the existence

of an optimal shape in this class [T, [25].
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Proposition 2 Let Q" be an n -times wavelength preserving optimal domain based on
a domain Q,, with Ty, € C® for the frequency wo > 4m (thus 2X\g < 1). Then Q%' €
Uaa(Qyy) with dp(Qyy, Q') < 22 and Q' has at least n multiscale characteristic shape
lengths

Moreover,

1. for n>2, every Qy,, k=1,...n—1 is an (n — k) -times wavelength preserving
optimal domain based on the domain 2y, for the frequency wy,

2. forall k=1,...,n, Q) has the characteristic geometric sizes of Q,_, and {; =
Emzn(QAk) = %7

3. if 0y, s an € -optimal domain on [w,,wy] (we >0, wy € [Wa,wp] ) With lmin(Qy,) =
% and wy < 2wy, then for n > 1 all domains Q,, (k=1,...,n) are €-optimal
on [wa,wp] (with the same € ).

Proof. Firstly, we notice that for all n > 1

1 A 1 1
di (2, Q%) < 1(A1+...+An) <2 <1+§+...+ Qn_l)

U S WU R A
1) 8 )4 =

Application of Assumption [Il and Proposition [ finishes the proof. Actually, point 2 is
also a direct corollary of Assumption 2l More precisely, for point 3, we have that for all
kE>1

Ak Ao Ap

dg(2y,,2 < —=< <=2

H( Ak Ak—l)—4—4_2k—4’
with €;(2y,) = luin(,) (0 < j < k) by point 2. Thus, if for all k > 1 2% < 2
(i.e. for A\p > % ), by Proposition[l], ), is ¢-optimal on the interval of ¢-optimality of

Oy, . O

Definition 9 The interval [wo,w:| is called the maximum interval of
e -optimality of a domain S, if for all w €Jwg,wi[ Q is e -optimal on w, but no more
on wy NoT on wi :

Vw €lwy,wi[ [J(Q)(w) — Jmin(w)| < &, but |J(2)(w;) — Jmin(wi)| > € (i = 0,1).

Now, we give the following theorem for the existence of an e-optimal domain for a
fixed range of frequency for problem (7)), i.e. with ¢ =0 on I'p:

Theorem 4 Let [wy, Wmax| with wy > 47 and wpax < 400 be a fized frequency interval,
and Qo be a fized reqular domain in R* (T € C?) with €(Qg) = Ly (Qo) = 22 .
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Define N = [log2 “;“—g"} Jor Wmax < 00. For all w € [wy, 00| consider

Imin(w) = inf  J(Q ,

(@) =, ot TOw)
the minimum of the acoustical energy for the Helmholtz problem (1) with f, h and «
smooth functions of w (of the class C* ), such that for all fired w > 0 they satisfy the
assumptions of Theorem[d and in the high frequency limit verify for w — 400

: h :
% — 0 in Ly(D), v 0 in V(D), Rea = ¢, > 0, |Ima| — ¢, (14)

where c; 1s either a strictly positive constant or +oo.

Then Jmin(w) — 0 for w — +o0o and there exists €* > 0, depending on wy, such
that for all € > €* there exists a domain g € Uaa() with % < ﬁmin(flo) < 4(Q),
which is € -optimal on a mazimal interval [wo,wi| with wy > 2wy (see Definition[9).

Moreover, there exists €y > €*, depending on wy and wmay , such that for all € > g

there exists an € -optimal domain Q* on [wy, Wmax| such that dH(QO, ) < )‘740 and

1. for Wmax < 00, O € Uya(Q) with at least N characteristic scales €,(2*) < 22
for k=1,...,N — 1, where {x(2*) = lpin (%) ;

2. for wmax =00, Q* is a fractal domain (an (e, 00) -domain), obtained as a limit for
N — +oo of the finite case, with (;(2*) < 2?21 for k € N*.

Remark 5 From the theory of the transparent or absorbing boundary conditions, it is
known that the increasing of |Ima| corresponds to the increasing of the wave absorption by
the boundary T, while the coefficient Rea: corresponds to the reflection by T". Intuitively,
if h =0, the condition % + (Rea — i|lma|)u = 0 is satisfied by the wave el =
e~ Realzlg=ltmallzl —yhere the term e ™ecl®l gives the propagating wave and the second
term give the exponential dissipation, growing with the modulus of Ima .

Proof. Theorem [3 with condition (I4]) ensures that J,,,(w) — 0 for w — +o0o. Let
us prove it for a fixed admissible domain €. Let us again consider (I0) taking a frequency
sequence (wj);en+ such that w; — 400 and denoting by wu; the solution of problem (§)

with w = w;. Thanks to the compactness of the trace operator Tr [2], from (I4)) it follows
that for j — 400 ng” — 0 in L*(T"). From (I4)) we also have % — 0 in L*(Q). In
J

addition, if the sequence (||u;llv(@))jen+ is bounded, then Z|lu;llv) — 0. Since for
J

all admissible € (which are bounded!) we have the homogeneous Dirichlet condition
on I'p, then for all 2 the Poincaré inequality holds, ensuring also the boundedness of
(il z2 (@), en ) :

w5117 ,0) < Callusllfq)-

Thus, taking the real part of (0]

1 1 1 —
2 2
; = — ||u; + — | Re(fu;)dr — — | Re(Trh;Tru;)dmy,
||u]||L2(Q) 2||u]||V(Q) jQ/Q e(fju;)dzr JQ/F e(Tr h;Tru;)dmy

J
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we can passe to the limit on j and obtain that ||uj||%2(m — 0 for j — +o0.

Hence, let us prove that the sequence (||u;|lv))jen- is bounded. By the linearity of
the Helmholtz problem, for all j € N we set u; = u{ + u?, where u{ is the solution of
the Helmholtz problem with Trh; = 0 on I' and u;‘ is the solution of the Helmholtz
problem with f; =0.

Let us show that Hu v — 0 for j — 4+o00. Since h; = 0, the variational formula-
tion becomes: for all ¢ € V(Q)

(ul,9);vie) — wi(ul, @) 12y + iIm oy (Trul, Tr @) 2ry = —(f5, 6) 12()
where for all j € N we have defined the following equivalent inner products on V' (Q):
V(v,w) e V() x V(Q) (v,w)jvi) = (Vv,Vw)r2q) + Rea;(Trv, Trw) 2.
Since by (I4) Reaw — ¢, > 0, the limit inner product is also equivalent and is denoted by
V(v,w) e V() x V(Q) (v,w)e v = (Vv,Vw)r2q) + ¢ (Trv, Trw) p2(ry.

The case ¢, = 0 is allowed thanks to the validity on V() of the Poincaré inequality.
Thus, there exists a sequence (c;) ey of strictly positive real numbers such that ¢; — 1
for j = +oo and ¢;||ulleo,v) < [Jullj v forall ue V(Q).

Hence, for all j € N the Riesz representation Theorem ensures the existence of a
linear bounded operator A; : L*(Q) — V() such that for v € L*(Q)

Vo e V(Q) (v,9)2@) = (A0, 0)jv@)
As in addition, there exists a linear bounded operator A : L*(Q) — V() such that for
v e L*Q)

Vo e V(Q) (v,0)r20) = (AV, 9)ov(@)

by (I4) A; — A for j — +o0, i.e. the sequence (||4;]|)jen is bounded. By the analogue
way, using the Riesz representation Theorem we also define a linear bounded operator

A; - L3(T) = V() such that for v € V(Q)

Vo e V(Q) (Trv,Tré)rem) = (A;(Trv), ¢); v

Indeed, it is sufficient to notice that for a fixed v € V() the form ¢ : ¢ € V(2) —
U(¢) = (Trv, Tr¢)2(ry € C is linear and continuous on V(€2):

‘(Trv Tr ¢) r2r } < | Tr vl 2yl Tr @l 20y < Cllol5v ()

thanks to the continuity and the linearity of the trace from V() to L*(Q). Moreover,
as for (A;), the sequence (||A;]|);en is bounded.

Thus, if S is the compact operator of the inclusion of V(Q) to L*(Q), then the
variational formulation can be rewritten in the following form:

o € V(Q) ((Id—wid o8 +ilma;d; o Tr)u], gb)j vy = A B
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For all j the operator T; = A; 0.5 — zm:}#flj oTr: V(Q) — V() is obviously compact
by the composition of the continuous andjcompact operators, thus the image of Id— waJ
is closed in V(). Knowing that for (h;, f;) = (0,0) there exists the unique solution
uj = 0 for all j (since |[Imay| > 0 for all j), we have that Ker(/d — wiT;) = {0}.
Since in addition Im(/d — wiT;) = V(Q), d.e. for all g; € V(Q) there exists a unique
solution u{ € V(Q) (see also Theorem[B)), the linear operator (Id—w3T;)~" is well defined

and is also a linear continuous operator, by the Banach Theorem. Thus, for bounded or
| Im o |

unbounded sequence (||7}|)jen depending on the limit properties of =5+ for j — +o0,
J
we obtain
1 1A 115122
I I A LEELLlD) it j
|| < —J|uill; < =0 i = e
I lloe.vier < s v ¢l e 1d = T3] ’

We also notice that the sequence (||25/d —T}]|);jen does not converge to 0 for j — +o00.
Indeed, if for j — 400 ||Zz1d — Tj|| — 0 it implies that ||T}|] — 0. Knowing that by
their definitions A; — A # 0 and /ij — A # 0, we find that if —hzgj — 0 or 400

J
then [|T}|| -+ 0. Hence there is only one possibility, since Imca; < 0 for all j, that is
—Im%  converges towards a strictly positive constant ¢, . In this case, if ||T}| — 0, then
w3 J
the limit operator Ao S + icaAoTr = 0. This implies that —icqAoTr = Ao S, or
equivalently

\V/(Qb, u) S V(Q) X V(Q) (u7 ¢)L2(Q) = _'L.Ca(Trua Tr ¢)L2(F)~
Thus, if we take u = ¢ in V() we find

Yo € V(Q)  6ll12) = —icall Tr $ll72r),

which for ¢, > 0 gives a contradiction. Therefore, independently on the limit of —In:}g :
J

the norm ||Z5/d — T}|| does not converge to 0 for j — +oc.
i

In the similar way, when f =0, for all j € N the solution u” in V() satisfies the
following variational formulation:

Vo e V(@) ((Id—w?A;oS+iTma;d; o Tr)ul, o) vy = Ao TNy 0 v,
VE

Hence, as previously, we have

1 < I A v

Hu;'LHoo,V(Q) < _HU?H]‘,V(Q) <

— 0 if j = 400,
2 e[ H1d—T;]

as soon as ”h’ﬂi‘{(m — 0 independently on the boundedness properties of (||T}]|);en -

Consequently;, Vs;e have proved that uw; — 0 in V() for j — 4o0o. In Theorem @
we impose the decay conditions (I4) on the domain D, since it is fixed and contains
all admissible €. Thus, by the continuity of the trace V(D) — V(Q), conditions (I4)
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ensure the damping of the acoustical energy (see also Example 3.1 in Ref. [23], from where

J(Q)(w) = Zllullf )
J(Q)(w) = ||u||%2(ﬂ) — 0 as w — +oo.

Hence, the same is true for Jpi,(w).

Let us now prove the existence of an ¢-optimal domain QO € Uuq(20) on a maximal
interval [wo,w;] with w; > 2wy for a sufficiently large . This question is related to
the approximation of a continuous function on a compact, here Jy,(w) on [wg, 2wp], by
its value in one point. Thanks to Remark [2, for all £ > 0 there exists d(¢) > 0 such
that for all w satisfying |w* — w| < §, a domain Q*, optimal for w*, is e-optimal on
Jw* — 6,w* 4+ d]. Thus, taking w* = 3% , the question is to find the minimal ¢ that will
provide ¢ > .

As Jpin(w) is a continuous function on the compact [wy, 2wp| , there exists a frequency
Wy € [wo, 2wp] giving the value

1
Jmin (W) = = ( max Jpin(w) + min Jmin(w)) )

2 [wo,?wo] [wo,?wo}
Therefore, if Q* is optimal on wf, i.e. J(2°)(w§) = Jmin(wg) , then for all
&> [[Jmin(@) = Jmin (Wo) | o(wo.200)) + [17(27) (W) = J(Q)(wp)ll (o 200 =267 (15)

the triangular inequality shows that the domain Q* is e-optimal on [wg,2we] with a
maximal interval of e-optimality [wp,w;] D [wo, 2wp] -

Obviously, if we minimize the distance ||.J(£2*)(w) — J(2*)(w§) || o(jwo,200) 0N the set of
optimal domains for wg, we have

inf || (") (w) = J(Q) (wolll oo 2w0l) 2 | Tmin(w) = Jmin (w5) [, 200)
1

= —| max Jyn(w) — min Jpn(w)| =7,
\Mw (w) Join (w)]

and hence by (IH) €* cannot be less than 2r, which gives a limit for the precision. For
instance, for ro < r there does not exist wg € [wo, 2wp] , such that

| Jmin (W) = Jmin (W)l 0((wo,200) < To-

If Jiin(w) is constant on [wp, 2wp|, then the limit precision r becomes equal to zero:

1 2wo
Yw € [wo,2wo]  |Jmin(w) — —/ Jmin(w)dw| = 0.

Wy wo

The converse is also true: if for all € > 0 a fixed domain Q* is e-optimal on a compact
interval [wg,wp], then Jyi,(w) is constant on [wg, wy)] .

Hence, we have the desired existence of an e-optimal domain Qo € Uua(€) on a
maximal interval [wp,w;] with w; > 2wy for a € > ¢* > 2r. By Assumption 2] and
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Remark 3] Emin(flo) =5 = )‘—20 , which is, by its definition, less or equal to )‘—20 and larger
0
Ao

or equal to 2.
Now, on frequency intervals of the form [2w, 2¥*1w,] let us consider the correspond-

ing limit precisions

max  Jypn(w)—  min Jyin(w)].

1
T (= =
2 |[2kwo,2k+ )] [2kwo, 2R+ 0]

Since Jyin(w) — 0 for w — 400, i.e. Jp;, converges towards a constant value, thus
r, — 0 for k — +oo. Hence, it is easier to approximate Ju;, (with more precision)
for high than for low frequencies. Consequently, there exist a finite number K € N of
frequency ranges of the form [2Fwp, 2""1w] and kg € N, such that if ry, = max;—; g7
is the minimal precision on these K intervals, then for all k& > kq the limit precisions in
higher frequencies are better: 1, < ry, .

Therefore, taking ¢, large enough, such that 9 > 21y, > 0 and g9 > €*, to prove
the theorem it is sufficient to show that there exists a sequence (€2,)n=1,.nv—1 C Uad(QO) ,
such that

1. for all w € |wg,2"wp] (n < N —1), the domain (2, is ¢-optimal with characteristic
scales £(Q2,) < 2;\% for k=1,...,n, where £,(£2,) = Crnin(Qn) ;

2. there exists €*, which is equal to Qy € Uad(Qo) if N < 400 and which is a
fractal (an (£,00)-domain) if N = +oco with (,(Q*) < 5% for k € N*, such that

Q, = Q* in the class of locally uniform domains (see Definition ), which means:

Vw € [wo,Wmax[ Y7 >0 IM(w,n) >0: ¥Yn > M(w,n)
|J(€0n) (w) = J () (W) <,

and finally conclude that this Q* is e-optimal on [wg, wWmax[ (by point 1):
Vw € [wo, Wmax|  [J() (W) — Jin(w)] < €.

Let us fix € > ¢(. For instance, a sequence of n-times wavelength preserving optimal
domains ), based on € for the frequency wy verifies properties 1-2 above. Indeed, we
have constructed a domain ) € Uaa(£2) with Emm(flo) = )‘—20 € [)‘740, %], such that it is
¢-optimal on a maximal interval [wo, w¢[D [wo,2wo] . Let now, Q; € Uag(Q) be optimal
on wj € [2wy, 4w, such that

. 1 ) A oA Al
Jmin(Wy) = = ( max Jyin(w) + min Jmin(w)) and  dg(Q,) < —.

2 [20.10 ,4w0] [Qwo Awo} 4

Thus, €; is a 1-time wavelength preserving optimal domain based on Qo for the fre-
quency wy (see Definition [§). Consequently, by point 3 of Proposition 2, the domain
Q s e-optimal on [wg, 2we] and by the optimality on the frequency wj and by the
fact that € > 2r;, €, is also e-optimal on [2wp, 4wo| . Hence, (), is e-optimal on
[wo, 4wp] . Taking each time optimal domains on the frequencies wj; with the restriction
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dH(Qk, Qk,l) < %, we obtain a sequence of n-times wavelength preserving optimal do-

mains (€2,),—1,..~—1 based on Q, for the frequency wqg. Proposition 2] ensures point 1
and that Q* = Qn_; if N is finite.

For N = 400 we have for all n € N dg( An, Qn+1) < iQ;\il, and thus, independently
of n € N, by Proposition [2] dH(QO,Qn) < %. For all n > 1 the domain §, € Uad(QO)
is e-optimal on [wy, 2"wo] with d(Q,Qni1) = 0 for n — +oo. Hence point 2 holds
by construction and also by the compactness results of Ref. [25] (Theorem 5.1 p. 205 and
Theorem 2.4 ii) p.59). O

Remark 6 To be coherent with numerical results of Section [f], Theorem [{] is given in
the two-dimensional case. But, thanks to the general properties of the wave propagation,
the physical principle in Assumption [l obviously holds for the three dimensional case too,
which directly implies Theorem [4] also for three-dimensional domains: to be the most
efficient to dissipate the acoustical energy in R% or R?® for almost all frequencies, the
boundary T' must be fractal.

4 Numerical experiments

All numerical tests presented below are performed in the same conditions as described in
Section 6 of Part I [23].

4.1 Illustrations for Assumption 1] and Theorem (4

Time dependent energy decay We consider the three cavities = QU Q; =
10, 1[x] — 2, 2[, partially shown on Fig. Bl with two homogeneous media, air (lower part)
and a porous material (upper part), separated by an internal boundary I';, i = 0,1,2.
To preserve the volume of each medium and to model the increasing irregularity of the
interface, as compared to the plane I'y (at y = 0), we choose I'; and I'y as the first two
fractal generations of a symmetric element. The external boundary 0f2 is supposed to be
perfectly rigid (Neumann boundary condition). Air is considered as a lossless medium,
and the porous medium (ISOREL) is considered as a dissipative homogeneous medium.
As it was mentioned in [23|, using the ideas of Hamet [I3]|, we can describe the wave
propagation in the porous material by a damped wave equation involving the physical
characteristics of the material: the porosity ¢, the tortuosity «j, and the resistivity to
the passage of air ¢. Denoting by ¢y and py the sound velocity and the density in the
air, and by v, = 7/5 the ratio of specific heats, the equations of wave propagation in 2
are given by

E(2)0%u + a(z)0u — V- (u(x)Vu) =0 in Q= QU Qy, (16)

with &(z) = %, a(z) = 0, p(z) = 1 in the air and &(z) = %, a(x) = o e ,
0 0

Zpocn
[

w(xr) = o in the porous medium. Equation (I6]) is supplemented with the following

no-jump conditions through I';

[U‘]Fi = [:uvu ' n]ﬂ =0
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Figure 3: Pressure contours at ¢ = 0.01 in cavities with an internal boundary of different
Minkowski fractal generations (from left to right and top to bottom: I'y (flat), I'; and
[y ) and the corresponding energy damping. The size of the mesh is 128 x 512.

and with an initial data chosen as a Gaussian, centered in a fixed point zq = (0.75, —1.5)
of QO :
1 _Jz—gxg|?

e 22 | Owuli— =0,
5\/% t|t0

where § = 0.1. Such a choice of ¢ ensures that supp(u|,—¢) is extremely small outside
Q. Equation (I6) is the wave equation in the air (¢ = 0), and is the damped wave
equation [3, 9] (a # 0) in the porous medium. This provides the energy decay (see [23]
section 2):

U|t:0 =

o ( /Q [E(0u)? + (wu)-vu}dx> . /Q o). (17)

We discretize Eq. (I0) in a way which mimics the energy dissipation (7)), and which is an
adaptation to damped acoustic waves of the finite volume method presented in Ref. [15].
Let u} be the discretized pressure in the control volume ¢ at time nAt, then we write

ultt =2l 4ttt ! .
U 2w i My i) -0,
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so that the energy like functional E"+1/2 .= %(fﬂ ( Hl_“ ) dz + [, pVu” Vu"“dx)

is damped as
1

n+l _ ,nm—12
- (EnY2 _ pre1/2y _/ (%) de.
A ) o '\ 2A¢ v

Fig. [8l shows that an irregular shape of the internal boundary can significantly increase
the dissipation properties of the porous medium (I'y» as compared to I'y). The energy
damping by I'y, compared to the damping performances of T'g, is much better and we
notice that the wavelength A\ of the wave, created by the initial data, is comparable (twice
bigger) to the characteristic length scale size of the geometry I';. At the same time, the
small difference in the energy decays corresponding to the internal boundaries I'y and
[’ confirms the hypothesis of Assumption [I: the wave does not penetrate in the smallest
geometry parts of size A/8, but the wave still keeps a good penetration for the scales of
the order A/2 as for I';. This finally implies that the shape of the internal boundary
does not need to be “too complicated” for being an efficient acoustic absorbent for a fixed
frequency.

Frequency optimization results For all numerical tests, presented below, we consider
the rectangle D = [0,3] x [0, 1], and suppose that D always contains the domain 2, on
which we solve the Helmholtz equation. The boundaries I'y and I'p are fixed, and T" is
the moving boundary inside of G = [2,3] x [0,1]. The initial Qy =]0,2[x]0, 1] has a flat
boundary I'y fixed at x =2.

First we calculate the values of J

J(Q)(w) = / fuf2dz +/ VuPdz + Re(a) / luf2ds
Q Q r

for a range of frequencies for the flat shape Qq, for instance for w € [2400,4000]. Let us
fix a frequency wy = 3170, corresponding to a local maximum of J. For this fixed wy
we have a = 23.7699 — 24.8367: (see SM of Part I [23]).

Then we perform two numerical tests, taking different initial domains {2y in the shape
optimization algorithm: the flat geometry of I' (see Fig. H)) and a non-flat I (see Fig. [
with the smallest characteristic geometric size £, (£29) much smaller than the Wavelength

A= <. The optlmal shape on Fig. @ has a mean value of shape scale length of order £ 1
i.e. E(Qw) = 2. The optimal shape Qo = Q. on Fig. Bl keeps the largest characteristic
geometrical size of order 3 (L) = 2) and for smaller scales Q5 is in a small
neighborhood of Qffat.

Fig. [l illustrates Point 1 of Proposition I} €27 differs from Qﬂpt only through small
scale details and both are optimal at wy. In addition, Fig. [0l shows the existence of a
frequency interval [wq,ws], including wy = 3170, for which the optimal shapes Qﬂpt and
5, are e-optimal by the continuity of the functlonal Jiin wp .

4.2 Optimized “simple” wall for a large range of frequencies

In this subsection, we are searching an ¢-optimal shape of the wall (), minimizing the
acoustical energy J(Q)(w) = [, |u[*dz in a large range of frequencies with the simplest
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Figure 4: From top to bottom values of |u|? and |Vu|* on the domains (from the left to
right) Qg (with the flat T'), Q5, Qg and Q6 respectively with the same scale of colors
in each row. The domain )y is the initial shape and the domain {25 is the optimal
shape for w = 3170.

possible design. Let us fix the range of frequencies for the energy dissipation: w €
(3000, 6000] .

As in Section Bl we fix the frequency wg = 3170 of a local maximum of J on
Qgar =0,2[x]0,1[. We perform the shape optimization algorithm for this frequency,
taking as the initial shape €2y, given on Fig. [, and we obtain €, optimal at w = 3170.
Noticing that all local maxima of J(€2;) are smaller than the local maxima of J(gay)
(see Fig. §), we choose €; as the initial domain and restart the optimization algorithm,
minimizing in the neighborhood of Q; the sum of functionals 37;_, J(2)(wy), where
wp = 3410, wy = 4025 and ws = 4555 are the local maxima of J(€;). This minimization
gives the optimal shape €2, such that

1. €y is e-optimal in the neighborhood of wy for £ =0,1,2,3;
2. all local maxima of J({2) are smaller than the local maxima of J(€)).

Choosing wy = 3625 and ws = 4240, corresponding to the local maxima of J(£2),
we take () as the initial domain and restart the optimization algorithm, minimizing
J(2)(ws) + J(Q)(ws) to obtain the optimal shape 23, such that

1. Q3 is e-optimal in the neighborhood of w; for £ =0,...,5;
2. all local maxima of J(€23) are smaller than the local maxima of J(€).

We iterate this process up to {2s and we are stopped by the restriction that I' must be
contained by the area G = [2,3] x [0,1].

The shape of () contains multiscale details, which ensures the dissipative perfor-
mances of the wall in a large range of frequencies (see Fig. §). Thinking about the
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Figure 5: From top to bottom values of |u|* and [Vu|* on the domains (from the left to
right) QO , Qg , Q5 and 910 respectively with the same scale of colors in each row. The
domain ) is the initial shape and the domain Qi is the optimal shape for w = 3170.

demolding process of wall construction, we simplify the geometry of ()5, deleting the
multi-scales and keeping only the largest characteristic scale of g (see the domain 27
(generated by hand) on Fig. [[). As we can see from Fig. [0 since we have kept almost
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Figure 6: The objective function J as a function of w for the flat shape €, = Qfat

given by the line with circles, for the optimal shape (214 = Qﬁgg (see Fig. M) given by
the line with squares, and for the optimal shape €, = Q% (see Fig. [) given by the
line with stars. The optimal domains Q2 and QF are J(Q)(wo)/J () (wo) = 27.5

times better for the energy dissipation than the flat shape €.

(a) QO (b) Ql (C) QQ (d) Q3
(e) S (f) Qs (2) Q6 (h) Q7

Figure 7: Shapes, which are used in the optimization algorithm process: from left to right
in the top line- € (the initial shape), Q, k£ = 1,2,3, and from left to right in the
bottom line - €, k = 4,5,6,7. The domain €2; is generated manually in the aim to
simplify 2 (the final e-optimal shape).

unchanged the largest characteristic geometric size ¢(£2g) =~ ¢(£27), the energy dissipation
is almost the same in the corresponding range of frequencies (see red and green lines for
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Figure 8: The values of the objective function J(£2) (A=1,B =0,C =0) for the flat
shape as a function of w € [3000,6000] are presented by the line with circles, the values
of J(€1) (see Fig. [ for the shape of €);) are presented by the line with squares, of the
values J(€3) by the line with stars, those of J(£23) by the line with empty rhombus,
those of J(€24) by the line with arrows, those of J(€25) by the line with full rhombus,
and those of J(€) by the black dashed line.

[3000,3700] on Fig. [@). As all smaller scale details have been deleted, the shape of €
is not as good as the shape of € to dissipate higher frequencies (see lines with squares
and stars for [3700,6000] on Fig.[)). Hence, Fig. @ shows that the compromises between
two desired properties “to be the most dissipative” (as € here) and “to be simple to con-
struct” (on the example of €)7) is not too bad, especially if we know the most important
frequencies to dissipate.

5 Conclusion

The well-posedness of the Helmholtz equation with a damping on the boundary was
obtained in the class of n-sets, which generalizes the case of Lipschitz boundary to d-
sets, including fractals for n—1 < d < n. In the framework of a noise barrier optimization,
we have introduced the concept of ¢-optimal domains and have shown that for an efficient
dissipation of the energy in a large band of frequencies, the ¢-optimal domain must have a
multiscale boundary geometry. More precisely, we have proved that an ¢ -optimal domain
for all frequencies exists and, to be the most dissipative, it has a fractal boundary with a
characteristic scale for a fractal generation \/2. We have illustrated the theoretical results
by numerical examples. With the purpose to find the most efficient and the simplest &-
optimal domain, easy to construct, we show numerically that if we simplify the obtained
¢-optimal shape, by deleting the smaller scales of the geometry, the new shape is efficient
in the frequencies corresponding to its characteristic geometry scale length, but no more
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Figure 9: Comparison of the dissipative properties of the flat shape (g, , the optimal (24
and of its simplification ;. The values of J(Qgat), of J(Q6) and of J(Q;) (A=1,B=
0,C = 0) as functions of w € [3000,6000] are given by the lines with circles, squares
and stars respectively. Examples of the energy distribution for three values of frequencies
illustrating the three typical cases: J(€%) =~ J(€27), J(%) < J(€27) and J(€2;) has its
local maximum, are given in Appendix [Al

efficient in the higher frequencies.
A Complement to Section

Figs. [OHI2] show the energy distribution for three values of frequencies illustrating
the three typical cases: J(Q) = J(27), J(Q%) < J(£27) and J(£27) has its local maxi-
mum (see Fig. [).

0.8 ! 4
0.6 & 3
0.4 ' 2
0.2 | 0.1
o 0

(a) |u(Qpar)]? () | (96 |2 ()

o o o

Figure 10: Energy distribution in g, , (26 and €2; respectively for w = 3235, cor-
responding to the case, when J(§2) ~ J(§27) are almost the same (precisely J(£26) =
0.2841, J(Q;) = 0.2829)
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Figure 11: Energy distribution in g,;, €26 and 2; respectively for w = 3495, corre-
sponding to the case, when J(Q) = 0.4767 and J(§27) = 0.5077 take slightly different

values.
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Figure 12: Energy distribution in g, , 26 and €27 respectively for w = 3415, the
frequency, which yields a local maximum of the objective function on the domain ;.
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