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Results with a locally refined MAC-like scheme —
benchmark session

Eric Chénier, Robert Eymard and Raphaele Herbin

Abstract We recall the extension of the Marker and Cell (MAC) scheme for locally
refined grids which was introduced in [3] and present the results obtained on the lid
driven cavity test.

Key words: MAC scheme, locally refined meshes
MSC (2010): 65M08, 65N08, 35Q30

1 An extension of the MAC scheme on generalized meshes

The well known Marker-and-Cell (MAC) scheme [6] was originally designed on
conforming rectangular meshes. An extension of the MAC scheme was proposed
in [4] to deal with non-conforming rectangular meshes with hanging nodes, which
include locally refined meshes. We test here the resulting scheme, which we shall
denote by LR-MAC scheme in the sequel, on the lid-cavity test with a corner refine-
ment. Let us first recall the general principle of the LR-MAC scheme. Let Q be an
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open bounded set of R?. The weak formulation of the steady—state Navier-Stokes
equations with homogeneous Dirichlet boundary conditions posed on €2 reads:

u= (u<")),-:1,_,_,d € H} (_Q)d,divu =0a.e.in 2,
pELZ(Q)with/ p(x)dx =0,
Q
/ Vu(x) : Vo(x)dx+ 1 / ) - V)u(x) - v(x)dx
/p Ydive(x)dx = /f (x)dx, ¥v € H} (),

ey

some forcing term and where Vu(x ZVu v (x) forae. x € Q,

and all u,v € H(% (2)“. The coefficient y is str1ctly p0s1t1ve in the general (nonlinear)
case and is set to O to obtain the linear Stokes problem.

We consider a mesh of Q denoted by .#, called the pressure mesh, such that all
internal edges (2D) or faces (3D) (from now on, we only use the word “face”, in 2D
or 3D) have their normal vector parallel to one of the basis vector e of the space
R?, for some k = 1,...,d. In other words, all internal edges must be orthogonal
to one of the reference axes. Note that on the other hand, the external faces, that
is the faces of the mesh lying on the boundary 9 need not be orthogonal to one
of the reference axes: they are only assumed to be planar. So domains with tilted
boundaries may be meshed with such grids, and in the case of curved boundaries,
it is possible to use local refinement close to the boundaries (see [3]). Note that the
locally refined meshes of the FVCAS benchmark satisfy the above constraint on the
internal faces as shown in Figure 1, which provides an example of pressure mesh
(black lines in left or right figures).

For all K € .#, we denote by &k the set of all internal faces of K (therefore, the
faces of K which are on dQ are not elements of &%), and we define the set & as
the union over K € .# of all the sets &x. It is assumed that a given interior edge o
is entirely included in an interface between two cells, say K and L; we shall write
o € K|L. Note that K|L is allowed to contain several faces of the mesh; this may for
instance happen in adaptive mesh refinement (and de-refinement) procedures. We
then introduce the set &) as the subset of & which contains all the internal faces
whose normal is parallel to the basis vector e®). For any o € &, xs denotes the
center of gravity of ©.

In order to get a discrete variational MAC-like scheme, we consider, for any k =
k) _

.,d, the set of internal points 7" = (X5)scz® and a given family of external

points "// ¢ containing at least all the vertices of (2.
The diffusion term is discretized by a linear finite element approximation. To
this purpose, we introduce a Delaunay triangulation .7 *) of Q whose vertices are

AY %(k)_ Such a triangulation of €2 is a set of simplices: triangles in 2D, tetra-

int Xt
hedra in 3D. Each simplex has d 41 vertices which belong to “1/H<1]:) U 7@5{? The
triangulation is assumed to satisfy the Delaunay property, which means that the in-
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terior of the circumcircle (in 2D) or of the circumsphere (in 3D) of any simplex

T € 7™ does not contain any element of 7/11(1? U “//ei’? Examples of Delaunay trian-
gulations constructed from the edge mid-points are illustrated in Figure 1 (left part
for the horizontal velocity, right part for the vertical velocity).

We then denote, for any ¢ € & (k), the function éc(,k), which is continuous, piece-
wise Pl onany T € .7 (%), and whose value is 1 at the point x5 and O at points x4
for any o’ € &%)\ {c}.

Let {Vék),c € &M} be the Voronoi mesh associated to the family (x¢) cesl)s
defining the Voronofi cells as follows:

Vék) = {x e Q,d(x,x5) <d(x,x5),0" € £¥\ {c}}, Vo € £¥.

The Voronoi mesh construction in the case of the pressure and Delaunay meshes

shown in Figure 1 is shown in Figure 2. Note that the Voronoi cells Vék) shown in this
figure do not all satisfy Vék) C Q. This does not prevent from the convergence of the
scheme since this only introduces a vanishing error in the nonlinear convection term
defined below. We finally denote by 2 the collection of all the space discretization
data.

We define H () as the set of piecewise functions constant on the pressure cells
K € A/, the set Héak) (L) of piecewise constant functions on the dual grid cells Vg,
for 6 € &W); this discrete set is the space of functions meant to approximate the k-th
component of the velocity. We then denote by H £(£) the set of all v = (v<k) Jk=1,...d

with v%) ¢ Hiﬂk) (). We then define:

= ¥ el e HY(Q), @)

ce&k)

we denote by ¥ = (W‘))k:lwd, and we define the norm

&= ||VV||L2(Q)d><d, Vv e He(Q). 3)

The piecewise constant discrete divergence of v € H £(£2) is the function div_,v €
H () defined by:

VK € #, Vv e Hg(Q),

1 d

divv(x) =divgy=—Y Y |o|vks, forac xcK,
|K| k=10€eék

where vk ¢ = Vonik o - " )

In order to complete the scheme for the Navier-Stokes equations, we need to
give a discretization of the nonlinear term b(u,v,w) = [, (u(x) - V)u(x) - v(x)dx. To
this purpose, we introduce a discrete trilinear form bs defined on (H 4(2))4. We
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Fig. 2 The Delaunay triangulation and the Voronof cells (left: horizontal velocity, right: vertical
velocity).

begin by defining some interpolation operators between H(Q) and (H ,(Q)).
For v € Hs (), we define ITgv by its components (ITgv)*) :

1

(Ix)¥ = —— Y olvek=1,....d, (5)
Loesw 1ol 0

and IT v € H ,(Q) = (H4(Q))¢ as the piecewise constant function equal to
(ITgv) on each cell K. We then define ITgv € Hg(Q) as the following piecewise
constant function on the Voronoi cells:

1
Héﬂw: Z E(HKW—FHLW)IVW

OE&int

oekK|L

where 1y, denotes the characteristic function of V;, that is 1y, (x) = 1 if x € Vs and
0 otherwise. For v € H (), we define its discrete gradient Vgv € H#(€2) by:
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t .
Vev = (8;1)\2,...,86251)\1) , with aéf)v: Z dov 1y,
cesld)

; —
and dgv = {(VL_VK)‘Z7 if 0 € &y, 0 €K|L,
oV =

(6)
0, ifo S gexta

where 0 € K—|Iimeans that 6 € K|L C &®) forsome k=1,...,d and ng - e*) = 1.
With these definitions, the following discrete duality properties hold:
Vp € H v € (H)(Q)), [ p()div. Pev(x)dx = [ plx)divw(x)dx,
Vue Hg Vg€ H 4(R2) [oq(x)div sudx = — [o Veq(x) - u(x)dx.
We then define the following trilinear form be on (H £(2))3 by:

bg(u,v,w):/ (u-Ve)ILyv- I ew dx, for u,v,w € Hg(Q) @)
0

where, for any v € H 4(Q),
u V(g Z Z uac?c,v IVG )
i=lgegl)

In particular, the trilinear form bs thus defined satisfies bs(u,v,w) = 0 for any
u,veH ,(Q)s.t div,u=0.

The LR-MAC scheme for the Navier-Stokes equation (1) then reads:

Findu e He(Q2) and p € H 4(Q) s. t.

Y. IKlpx =0, (8)
Ke#
div_4u(x) =0, forae.x € Q. (8b)
v / Vu(x) : Vv(x)dx— / p(x)div o v(x)dx+ % b (u,u,v)
Q0 Q
- / fx)-v(x)dx, Vv e He(R).  (8¢)

Note that the scheme (8) is strictly equivalent to the classical MAC scheme in
the case of the (linear) Stokes equations and a regular Cartesian grid. In the case of
the Navier-Stokes equations, however, the nonlinear convective term has a stencil
which is wider than the classical MAC scheme, whose convergence is proved in
[5]; a version of this latter scheme for locally refined meshes using a multi-point
flux approximation scheme for the Laplace operator is available in the software
CALIF3S [1] developed at IRSN.
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2 Numerical results on the lid driven cavity benchmark test

2.1 General comments on the results

We now give the results obtained with the LR-MAC scheme described above in
the case of the lid driven cavity test of the FVCAS8 benchmark, considering the
meshes of the family “mesh_ref” (the coarsest one is shown in Figure 1). Here we
rely on the fact that the LR-MAC scheme can handle this case with hanging nodes
(this is not directly the case for the standard MAC scheme, nor for standard finite
element schemes). Note however that there are several schemes for the Stokes and
Navier-Stokes problems which are not directly suited to such meshes but which
can nevertheless be applied on conforming submeshes of the initial mesh, so that
it is difficult to exhibit a clear criterion stating whether a scheme can be used on a
given grid. We nevertheless observe that the LR-MAC scheme directly provides the
mass fluxes on the initial refined mesh, since these fluxes are exactly the discrete
unknowns of the scheme, together with the pressure in each cell of the initial mesh,
so we guess that the LR-MAC scheme may be one of those showing the lowest
number of unknowns on a grid of this type.

In our implementation, the nonlinear system is solved using the Newton method
(using under-relaxation as long as the solution is far from convergence), without any
optimization procedure, using LU factorization for the resulting linear systems. The
number of iterations is of order 10 for the coarsest mesh and 20 for the finest mesh.
In Table 1, we provide some indication of the complexity of the computations:

. in the first column, we precise the mesh used,

. in column “nuu”, we give the number of velocity unknowns,

. in column “npu”, we give the number of pressure unknowns,

. in column “nlin”, we give the total number of unknowns,

. in column “nnzut”, we give the number of nonzero entries of the Jacobian matrix,

. in column “nnzutresol”, we give the number of nonzero entries of the LU factor-
ization of the Jacobian matrix.

AN N AW =

mesh nuu npu nlin = nuu + npu nnzut nnzutresol
refl 72 40 112 1558 2732
ref2 304 160 464 6949 24 686
ref3 1248 640 1 888 29 250 208 254
refd | 5056 2 560 7616 119 785 1704 422
ref5 | 20352 | 10240 30592 484599 | 13774257
ref6 | 81664 | 40960 122 624 1954372 | 110960 777
ref7 | 327 168 | 163 840 491 008 7841053 | 887 641 033

Table 1 Complexity table on locally refined meshes.
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2.2 Case v=1/100
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Fig. 4 Velocity profiles for v =1/100
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We observe that for the case v = 1/100, the convergence seems to be achieved
with the finest grid.

mesh # | Xmin Ymin Yhin Xmax Ymax Wmax
1 0.500 0.750 —8.368-1072 0.938 6.25-1072 3.774-107°
2 0.625 0.750 —9.273-1072 0.938 6.25-1072 1.537-107°
3 0.625 0.750 —9.899-1072|6.25-1072 6.25-1072 1.564-107°
4 0.625 0.750 —0.102 0.945 6.25-1072 1.249.1075
5 0.609 0.734 —0.103 0.941 6.25-1072 1.259-1075
6 0.609 0.617 —0.103 0.943 6.25-1072 1.269-1075
7 0.617 0.738 —0.103 0.942  6.152-1072 1.272-107

Table 2 Stream function table : Lid driven cavity - Locally refined meshes - v = 1/100

Mesh # ]y [ 0.0000 0.0625 0.1016  0.2813  0.5000  0.7344  0.9531 0.9688 1.0000
1 0.0000 —0.0538 —0.0722 —-0.1408 —0.1274 0.0858 0.7504 0.8339 1.0000
2 0.0000 —0.0410 —0.0626 —0.1407 —0.1617 0.0074 0.6644 0.7767 1.0000
3 0.0000 —0.0396 —0.0606 —0.1457 —0.1907 —0.0053 0.6843 0.7737 1.0000
4 0.0000 —0.0413 —0.0634 —0.1541 —0.2038 0.0001 0.6862 0.7909 1.0000
5 0.0000 —0.0419 —0.0642 —0.1568 —0.2077 0.0033 0.6908 0.7917 1.0000
6 0.0000 —0.0420 —0.0644 —0.1575 —0.2088 0.0040 0.6910 0.7919 1.0000
7 0.0000 —0.0420 —0.0644 —0.1576 —0.2090 0.0041 0.6910 0.7919 1.0000

Table 3 Hor. velocity y — u(0.5,y): Lid driven cavity - Locally refined meshes - v =1/100

Mesh # | x | 0.0000 0.0703 0.0938 0.2266 0.5000 0.8594  0.9453  0.9609 1.0000
1 0.0000 0.0683 0.0912 0.1149 0.0083 —0.1655 —0.1032 —0.0738 0.0000
2 0.0000 0.0864 0.0978 0.1427 0.0487 —0.2049 —0.1334 —0.1096 0.0000
3 0.0000 0.0916 0.1157 0.1629 0.0518 —0.2226 -0.1074 —0.0773 0.0000
4 0.0000 0.1004 0.1224 0.1746 0.0554 —0.2296 -0.1075 —-0.0781 0.0000
5 0.0000 0.1031 0.1255 0.1783 0.0570 —0.2327 —0.1084 —0.0779 0.0000
6 0.0000 0.1034 0.1262 0.1791 0.0574 —0.2335 —-0.1085 —0.0780 0.0000
7 0.0000 0.1035 0.1264 0.1793 0.0575 —0.2336 —0.1085 —0.0780 0.0000

Table 4 Ver. velocity x — v(x,0.5): Lid driven cavity - Locally refined meshes - v = 1/100

2.3 Case v =1/400

We observe that for the case v = 1/400, the convergence seems to be achieved with
the finest grid.
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Fig. 6 Velocity profiles for v = 1/400

2.4 Case v =1/1000

We observe that for the case v = 1/1000, the convergence seems to be achieved with
the finest grid, which is confirmed by the very good agreement with the literature
[2], both for the extreme stream values and the velocity profiles along the midlines.
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mesh # | Xmin Ymin Ymin Xmax Ymax Vmax
1 0.500 0.750 —6.762-10°2[0.938  0.188  4.425-10° %
2 0.625 0.625 —8.287-1072{0.938 6.25-107%2 7.276-107°
3 0.563 0.625 —9.625-1072 | 0.891 0.125 4221074
4 0.563 0.625 —0.107 0.883  0.125  5.895-107*
5 0.563 0.609 —0.112 0.887  0.125  5.895-10*
6 0.555 0.609 —0.114 0.887  0.123  6.397-107*
7 0.555 0.605 —0.114 0.886  0.122  6.432-10*

Table 5 Stream function table : Lid driven cavity - Locally refined meshes - v = 1/400

Mesh#|y 0.0000 0.0625 0.1016 0.2813 0.5000 0.7344 0.9531 0.9688 1.0000
1 0.0000 —0.0789 —0.0967 —0.1507 —0.0598 0.0881 0.7263 0.8179 1.0000
2 0.0000 —0.0875 —-0.1322 -0.2194 —-0.0722 0.1080 0.5509 0.7012 1.0000
3 0.0000 —0.0681 —0.1075 —0.2510 —0.1178 0.1302 0.5392 0.6189 1.0000
4 0.0000 —0.0799 -0.1266 —0.3000 —0.1195 0.1494 0.5345 0.6782 1.0000
5 0.0000 —0.0895 —0.1413 —0.3211 —0.1158 0.1589 0.5583 0.6844 1.0000
6 0.0000 —0.0918 —0.1450 —0.3268 —0.1152 0.1616 0.5608 0.6865 1.0000
7 0.0000 —0.0924 —0.1459 —0.3282 —0.1151 0.1623 0.5614 0.6871 1.0000

Table 6 Hor. velocity y — u(0.5,y): Lid driven cavity - Locally refined meshes - v = 1/400

Mesh#|x 0.0000 0.0703 0.0938 0.2266 0.5000 0.8594 0.9453 0.9609  1.0000
1 0.0000 0.0562 0.0750 0.1068 0.0306 —0.1812 —0.0915 —0.0654 0.0000
2 0.0000 0.1226 0.1342 0.1804 0.0624 —0.2731 —0.2555 —-0.2187 0.0000
3 0.0000 0.1374 0.1681 0.2273 0.0650 —0.3402 —0.2385 —0.1840 0.0000
4 0.0000 0.1755 0.2053 0.2747 0.0551 —-0.4137 —-0.2119 -0.1474 0.0000
5 0.0000 0.1931 0.2246 0.2962 0.0528 —0.4428 —0.2292 —0.1571 0.0000
6 0.0000 0.1972 0.2299 0.3018 0.0523 —-0.4510 —0.2334 —0.1605 0.0000
7 0.0000 0.1984 0.2313 0.3033 0.0521 —0.4531 -0.2344 —0.1613 0.0000

Table 7 Ver. velocity x — v(x,0.5): Lid driven cavity - Locally refined meshes - v = 1,/400

mesh # | Xmin Ymin Ymin Xmax Ymax Ymax

1 0.750 0.750 —5.546-1072 | 0.875 0.188 4.645-1073

2 0.500 0.625 —6.945-10720.938 0.188 9.432-10~*

3 0.563 0.563 —8.933-1072|0.906 0.109 6.659-10~*

4 0.531 0.563 —0.104 0.867 0.117 1.535-1073

5 0.531 0.563 —0.114 0.863 0.113 1.657-1073

6 0.531 0.563 —0.118 0.863 0.111 1.712-1073

7 0.531 0.566 —0.119 0.864 0.112 1.725-1073
Xmin Ymin Ymin Xmax Ymax Ymax

[2] | 0.53125 0.56543 -0.11892 | 0.86328 0.1123 1.7292-1073

Table 8 Stream function table : Lid driven cavity - Locally refined meshes - v = 1/1000

2.5 Case v =1/5000

We observe that for the case v = 1/5000, the convergence seems to be nearly
achieved with the finest grid. Note also that the location of the points at which the
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Fig. 8 Velocity profiles for v =1/1000

extremum values are obtained is close to be converged, which is confirmed by the
very good agreement with the literature [2].
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Mesh #]y [ 0.0000 0.0625 0.1016  0.2813 _ 0.5000 0.7344 0.9531 0.9688 1.0000
1 0.0000 —0.0923 —0.0987 —0.1200 —0.0119 0.0696 0.6968 0.7983 1.0000
2 0.0000 —0.1540 —0.2176 —0.1768 —0.0245 0.1164 0.4824 0.6557 1.0000
3 0.0000 —0.1618 —0.2213 —0.2139 —0.0434 0.1464 04294 0.4879 1.0000
4 0.0000 —0.1535 —0.2308 —0.2614 —0.0611 0.1645 0.4148 0.5639 1.0000
5 0.0000 —0.1880 —0.2793 —0.2736 —0.0612 0.1808 0.4590 0.5710 1.0000
6 0.0000 —0.1984 —0.2948 —0.2786 —0.0618 0.1865 0.4686 0.5781 1.0000
7 0.0000 —0.2013 —0.2990 —0.2799 —0.0620 0.1881 0.4714 0.5802 1.0000

y [0.0000 00625 0.1016 02813 05000 0.7344 09531 0.9688 1.0000

[2] [ 0.0000 -0.20227 -0.30029 -0.28040 -0.06205 0.18861 0.47239 0.58031 1.0000

Table 9 Hor. velocity y — u(0.5,y): Lid driven cavity - Locally refined meshes - v = 1/1000

Mesh # | x [ 0.0000 0.0703 0.0938 0.2266 0.5000 0.8594  0.9453  0.9609 1.0000
1 0.0000 0.0543 0.0724 0.0856 0.0223 —0.1449 —-0.0384 —0.0274 0.0000
2 0.0000 0.1515 0.1583 0.1735 0.0280 —0.2281 —-0.2609 —0.2313 0.0000
3 0.0000 0.1805 0.2126 0.2434 0.0365 —0.2754 —0.3803 —0.3526 0.0000
4 0.0000 0.2367 0.2678 0.2921 0.0269 —0.3798 —0.3587 —0.2761 0.0000
5 0.0000 0.2781 0.3123 0.3216 0.0259 —-0.4140 -0.3903 —0.2773 0.0000
6 0.0000 0.2911 0.3275 0.3306 0.0258 —0.4232 —0.4048 —0.2892 0.0000
7 0.0000 0.2950 0.3316 0.3331 0.0258 —0.4256 —0.4089 —0.2925 0.0000

X

0.0000 0.0703

0.0938  0.2266

0.5000  0.8594

0.9453

0.9609

1.0000

(2]

0.0000 0.29622 0.33290 0.33398 0.02580 -0.42634 -0.41018

-0.29330 0.0000

Table 10 Ver. velocity x — v(x,0.5): Lid driven cavity - Locally refined meshes - v = 1/1000

mesh # | Xpin Ymin Ymin Xmax Ymax Wmax
1 0.750 0.750 —2.454-1072 0.875 0.375 7.521-1073
2 0.500 0.438 —3.16-102 0.938 0.219 3.905-1073
3 0.563 0.563 —6.533-10"2|6.25-1072 0.125 6.008-1073
4 0.531 0.531 —8.587-10726.25-1072 0.188 2.828-1073
5 0.516 0.531 —0.103 0.813  7.813-1072 2.847-1073
6 0.516 0.539 —0.116 0.807  7.422-1072 2.996-103
7 0.516 0.535 —0.120 0.805  7.324-1072 3.054-1073

Xmin Ymin Ymin Xmax Ymax Ymax

[21] 051465 0.53516 -0.12191 | 0.80566 0.073242 3.0694-103

Table 11 Stream function table : Lid driven cavity - Locally refined meshes - v = 1/5000

3 Conclusion

Our results show that the LR-MAC scheme used here provides numerically con-
verging results. An advantage of the LR-MAC scheme is its relatively small number
of unknowns (as for a standard MAC scheme, only normal velocities at the faces of
the pressure mesh and one pressure per cell are required).
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