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Fully Automatic Lesion Localization and
Characterization:
Application to Brain Tumors using Multiparametric
Quantitative MRI Data
Alexis Arnaud, Florence Forbes, Nicolas Coquery, Nora Collomb, Benjamin Lemasson, and Emmanuel L. Barbier

Abstract
When analyzing brain tumors, two tasks are intrinsically linked, spatial localization and physiological characterization of
the lesioned tissues. Automated data-driven solutions exist, based on image segmentation techniques or physiological parameters
analysis, but for each task separately, the other being performed manually or with user tuning operations. In this work, the
availability of quantitative magnetic resonance (MR) parameters is combined with advanced multivariate statistical tools to design
a fully automated method that jointly performs both localization and characterization. Non trivial interactions between relevant
physiological parameters are captured thanks to recent generalized Student distributions that provide a larger variety of distributional
shapes compared to the more standard Gaussian distributions. Probabilistic mixtures of the former distributions are then considered
to account for the different tissue types and potential heterogeneity of lesions. Discriminative multivariate features are extracted
from this mixture modelling and turned into individual lesion signatures. The signatures are subsequently pooled together to build
a statistical fingerprint model of the different lesion types that captures lesion characteristics while accounting for inter-subject
variability. The potential of this generic procedure is demonstrated on a data set of 53 rats, with 36 rats bearing 4 different brain
tumors, for which 5 quantitative MR parameters were acquired.
Index Terms
Perfusion imaging, Magnetic resonance imaging (MRI), Animal models and imaging, Computer-aided detection and diagnosis,
Probabilistic and statistical methods, Automatic segmentation, Automatic characterization, Brain tumor, Quantitative multiparametric MRI, Mixture model, Anomaly detection, Radiomics, Fingerprint model.

I. I NTRODUCTION

M

AGNETIC resonance imaging (MRI) is the recommended imaging modality for brain tumor analysis (De Angelis [1],
Drevelegas and Papanikolaou [2], Wen et al [3]). Several sequences may be obtained from a single MRI exam. When
diagnosis is required, the radiologist is then left with a potentially large number of information sources but relatively few
analysis tools. In this work, we propose an automated data driven tumor identification procedure where identification includes
both localisation (segmentation) and characterization (signature). Segmentation is an intermediate Region-Of-Interest (ROI)
determination step to produce tumor signatures that provide representations of the observed lesions with respect to their tissue
composition. These compositions being characterized by various physiological parameters in good accordance with the expected
tissue types. The construction of such signatures is made possible by the availability of so-called quantitative MRI. Quantitative
MRI refers to maps of meaningful physical or chemical variables that can be measured in physical units and compared between
tissue regions and among subjects. The use of such quantitative data has emerged more recently (see e.g. [4] and the journal
issue on quantitative Brain MRI [5]). Most clinical MRI acquisitions rely on so-called weighted images, whose contrast is
determined by a combination of different factors, tissue or experiment dependent. To detect pathology, conventional intensitybased MRI (e.g. Menze et al [6]) relies on differences in signal intensities which are not specific to the underlying biological
state. Nevertheless, the term quantitative is often used when numeric values of signal intensities are measured and used for
tissue segmentation and classification. We consider here a more stringent definition of the term quantitative as described in
[5]. An important and promising aspect of quantitative MRI is the possibility to perform a meaningful analysis beyond a few
global features such as mass diameter, the occurrence of an edema or of contrast enhancement. In addition, as the number and
relevance of images increase, the sources of variability, such as inter-operator difference or subjectivity, should be carefully
minimized but most current clinical practice lacks quantitative and reproducible assessment (Hectors et al [7], Menze et al [6],
Weltens et al [8]).
Several attempts, although less numerous than in conventional MRI analysis, have been made to analyze multiparametric
quantitative MRI data to probe the information content of lesions. They usually consist of two steps, localization and characterization whose variability and accuracy can be controlled in two main ways respectively, through automated ROI selection
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and through quantitative feature extraction standardization. Most approaches focus on one or the other aspects: segmentation
approaches are usually based on a few standard MRI maps, while more advanced feature extraction techniques commit to a
preliminary manual ROI delineation. Coquery et al [9] propose to analyse 6 MR parameter maps and to identify different tissue
types by looking for groups of voxels with similar parameter values. Voxels in manually segmented ROIs are clustered using a
6-dimensional Gaussian mixture model. The number of components (clusters) is chosen according to the Bayesian information
criterion. Similarly, Boult et al [10] use manual segmentations followed by a k-means clustering of 3 MRI parameters maps to
determine intra-tumoral tissue types whose relevance is assessed by comparison to histology data. In contrast, studies that focus
on automated segmentation are generally faced with the issue of automatic lesion classes isolation. Unsupervised segmentation
produces a partitioning into several classes with no clear semantic sense. Classes across different segmentations may not always
represent the same tissue, complicating its biological interpretation. As an illustration, the intra-tumoral segmentation technique
proposed by Katiyar et al [11] is restricted to a single tumor type localized and known in advance. These studies highlight
the potential of conducting robust analysis from multiparametric quantitative data, but one common limitation is the number
of tuning operations left to the user. Manual delineations have been already mentioned as an essential step, but most statistical
inference procedures also rely on parameters that have to be set in advance such as the number of components in a mixture
or the type of mixture distributions. Other limitations of the previous studies are that they do not account for dependencies
between parameters or use multivariate Gaussian models because of their tractability in arbitrary dimensions and despite some
observed parameter distributions have non Gaussian shapes [9]. In addition, the diagnosis ability of these approaches is not
fully evaluated.
Therefore, there is a need for fully automated methods that can analyze multiple quantitative MR data in a reproducible
way that correlates well with expert analyses.
A first challenge is the design of multivariate models that can capture non trivial interactions between physiological parameters
while remaining tractable. The effort has to be put on the distributional modelling of the observed parameters whose deviation
from standard Gaussian shapes may be of high significance. Similarly, extreme values of some of the parameters should be
adequately modeled as important information may lie in the tails of the distributions rather than in their central part. For
example, in human patients, glioblastoma are evaluated based on the high CBV (Cerebral Blood Volume) hotspot [12]. CBV
values twice higher than that of normal appearing white matter are considered as originating from aggressive tumor tissue.
To capture such non trivial interactions between multiple parameters, the usual multivariate Gaussian distributions but more
generally the so-called elliptical distributions (Gaussian, multivariate Student, Laplace distributions, etc.) are limited by the type
of elliptical shapes they allow. Observed physiological parameters seldom fit into such elliptical shapes (see Figure 1 below).
Alternatives distributions, with a large variety of shapes, exist such as those using copula modelling [13]. Unfortunately copula
models become rapidly intractable when more than 2 parameters have to be jointly modeled. When more than 2 parameters
are available, it is important to design models that are both flexible in shapes and tractable in higher dimension. This is the
case of the multiple scale t-distribution (MST) introduced in [14] which goes far beyond the standard Student distribution in
terms of possible (not restricted to elliptical) shapes.
In addition to an accurate account of multiple parameters interactions, a second challenge is to perform accurate lesion
localization. There are many ways to achieve lesion localization. The relevance of each of these ways depends on the
available data. In this study we consider a weakly supervised case in which a moderate number of healthy (or control)
subjects are available and identified as such. This automatically excludes deep learning methods that require a large amount
of labelled voxels. Indeed, so far the most striking successes in deep learning have involved discriminative models and
supervised classification tasks (see [15]–[17] and references therein). Models that have unsupervised learning capability with
less requirement on ground truth labels are needed. Generative Adversarial Networks (GAN) [18] are unsupervised models that
have been applied to natural images but have not been yet really assessed in a medical imaging context. Data augmentation
and transfer learning, or the use of pre-trained networks, are promising directions of research but not quite mature yet. To our
knowledge, there exists no pre-trained network or architecture for quantitative multi-modal medical images. Learning efficiently
from limited data is still an important area of research. We believe more traditional unsupervised techniques are still useful to
solve unsupervised tasks and to produce some proxy to the manual segmentations that are needed for neural networks. Among
unsupervised segmentation methods, the vast majority of methods are clustering methods. But these are fully unsupervised and
do not make use of the availability of a set of healthy subjects.
In our approach, we rather consider a novelty detection approach based on the identification of lesioned voxels as outliers
with respect to a previously built reference model. Outlier detection can also be performed using a clustering approach (as in
Van Leemput et al, 2001 [19], Gebru et al, 2016 [20] or Cuesta-Albertos et al, 2008 [21]) but most proposed methods are
designed for only a few images per subject, usually less than 3. Detecting outliers in one dimensional data is less challenging
than in multivariate data. In the multivariate case, the use of symmetric distributions may not be satisfying: the amount of
outlying data has to be the same in each dimension, and this has no reason to occur in multi-contrast MRI data [22]. The
proposed use of the MST distribution addresses specifically this problem. This is illustrated in Section III with statistical tests
that reject Gaussianilty in both the healthy and pathological data cases. At last, one inconvenient of clustering approaches is
that they usually require to use an atlas and to fix some sort of hyperparameters indicating for instance the expected number
of outliers. In our novelty detection approach, we also have to set thresholds to distinguish intra-lesion classes but we propose
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a data driven way based on model selection tools (for the determination of the number of classes) and extreme value theory
(for the characterization of the thresholds as quantiles).
The approach proposed in the paper differs from existing work in various aspects. The use of flexible multivariate MST
distributions allows to accumulate information from several (more than 3) physiologically meaningful parameters and therefore,
successively 1) to build an accurate reference model from control subjects; 2) to perform automated lesion localization via
novelty detection based on all imaged parameters but without the need of an atlas and hyperparameters tuning; and 3) to
determine intra-lesion segmentations that can be turn into signatures and used to discriminate between different tumor types.
The whole procedure is described in Section II and summarized in Figure 2. In Section III, its performance is illustrated on
an independent evaluation data set.

Fig. 1. Two observed physiological parameters: T2 vs AUC parameters for rats with C6 tumors. T2 and AUC values are plotted for each voxels in the tumors
ROIs, illustrating skewness and different tail weights in the T2 and AUC directions. As expected, the permeability (i.e. AUC) measured in C6 tumors exhibits
a large variability.

II. P ROPOSED AUTOMATIC AND DATA - DRIVEN PROCEDURE

I

N the following developments, a generic and automatic data-driven procedure is described and its performance to segment
and diagnose brain tumors without any high level expert or spatial knowledge is illustrated. The proposed procedure requires
the availability of a dataset made of two sets of voxels: one from healthy subjects and one from pathological subjects for
which the pathology (e.g. tumor) type is known. The considered features come from multiparametric quantitative MRI data
that provides in each voxel a vector with several measures computed during the MRI session. Quantitative MR measures are
considered, in particular, to be as independent as possible of the MRI scanner or the study center (Tofts [23]). In contrast to
conventional MRI, image preprocessing issues such as bias field correction, resolution, etc. are less critical because parameters
maps can be built so as to avoid most of these complications. For instance, in quantitative imaging, intensity bias is taken
care of during the computation of parameter maps. In addition, the kind of data we consider here are acquired using the same
geometry and at the same spatial resolution.
The proposed procedure consists then of five steps: i) a first mixture model is fitted to the healthy subjects voxels; ii) this
reference model is used to detect voxels which exhibit abnormal MR features with respect to the reference model, in the healthy
and pathological subjects; iii) a second mixture model is fitted to the detected abnormal voxels and yields a clustering of these
voxels into several classes; iv) the proportions of these classes in each subject are used as a signature of the pathology and
a discriminative (fingerprint) model is learned that can distinguish between different pathology types; v) an additional spatial
post-processing can be carried out to remove some spatial artifacts and refine the pathology signatures.
A. Reference model
Starting from a set of reference, typically healthy subjects, the goal is to construct a statistical parametric model of the MR
parameters associated to these subjects. Each reference subject is associated to a number M of co-localized MR parameter maps
that provide for each voxel v a M -dimensional vector of parameters denoted by yv . All voxels from all subjects are gathered
into a single set of voxels denoted by VH . The considered data set of M -dimensional vectors, pooling all vectors together, is
denoted by YH = {yv , v ∈ VH }. To characterize the distribution of these MR parameters, we consider a multivariate mixture
model to account for the potential heterogeneity in the parameter values due to the presence of different tissue types. This
corresponds to cluster the data YH into a number of groups (clusters) of similar parameter vectors and to model each group
with a parametric distribution. In practice, in each dimension, the data are standardized to avoid scaling effects between MR
parameters. This standardization is made at the whole dataset level and not for each subject individually.
In Coquery et al [9], a Gaussian mixture model is used assuming that each group is distributed according to a Gaussian
distribution. However, the observed physiological parameters do not necessarily exhibit a Gaussian shape. Also Gaussian distributions are known to be sensitive to outliers whose occurrence may severely bias the estimation. As a more robust alternative,
heavy tail distributions have the ability to accommodate potential outliers. In this paper, we consider such distributions and
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Fig. 2. Construction of a model to automatically localize and characterize lesions. Starting from subjects labeled as healthy or pathological, the procedure is
made of 5 main steps.

in particular multiple scale t-distributions (MST) introduced in Forbes and Wraith [14] that generalize the standard Student tdistribution. MST distributions allow the assignment of outlying parameter values to clusters without degrading the location and
scale of the clusters. One advantage of the MST distribution over the standard t-distribution is a varying amount of tail weight
in each dimension resulting in a much greater variety of distributional shapes. The mixture of MST distributions (MMST) that
best fits the observed data YH is estimated using an Expectation-Maximization (EM) algorithm as described in Forbes and
Wraith [14]. This requires to set the number of groups in the mixture. This number, denoted by KH , is chosen automatically
from the data following a model selection approach. More specifically, we use the so-called slope heuristic (Baudry et al [24])
that generally provides a clear selection (see supplementary materials for more details). The clustering EM algorithm results
in KH clusters, each represented by a multivariate M -dimensional MST distribution. Each distribution summarizes the MR
features of a group of voxels and can be seen as a word in a dictionary of healthy or reference clusters. A by-product of the
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EM algorithm is that each voxel has a probability to be assigned to each cluster. The set of these membership probabilities can
be seen as the signature of the voxel in the coding provided by the dictionary, the whole dictionary being itself summarized
by the probability distribution function (pdf) of the estimated MMST model, namely
fH (y)

=

KH
X

πk MST (y; ψk )

(1)

k=1

where MST (y; ψk ) denotes the MST pdf with parameter ψk and proportion πk learned from YH . The pdf in (1) is referred
to as the reference model and will be used in the following anomaly detection step.
B. Anomaly localization
Considering a set of pathological subjects, the goal is to identify in each of them the lesioned voxels in order to provide
a delineation of potential lesions. As lesions generally exhibit MR parameter values different from healthy tissues, lesion
localization and delineation is recast into a novelty detection task. For a precise localization, mere visual inspection may not be
enough and may be tedious when the number of available MR parameters increases. As before, the voxels of all pathological
subjects are gathered into a set VP of voxels and the corresponding set of MR vectors is denoted by YP = {yv , v ∈ VP }. To
deal with comparable values, the normalization applied to the reference observations YH is also applied to YP . A voxel v is
considered as abnormal with regards to the previously built reference model fH in (1) if it corresponds to MR parameter values
yv with a low likelihood in the reference model. This likelihood is assessed via the reference pdf value at yv , i.e. fH (yv ).
Novelty detection can be used not only to detect the lesioned voxels from the normal ones but among them to identify various
degrees of proximity to normality. The log-density score log fH (yv ) is considered as a measure of proximity of one voxel v
(associated to value yv ) to the reference healthy model (represented by fH ).
When considering the maps of all subjects, there are as many log-scores as there are voxels in the whole set of subjects.
The idea is to look at the distribution of all these log-score values. As some of the voxels correspond to healthy tissues, there
should be a group of voxels whose log-scores are high meaning a good adequacy with the reference model. More generally,
we assume that there exist groups of voxels with similar log-scores and approximate the log-score values distribution as a MST
mixture model. The number of groups L is determined automatically with the slope heuristic and a partition of the voxels into
L groups is deduced. These groups can be ordered according to their mean log-score, from the farthest to the closest to the
reference model. Then thresholds denoted by {t1 , . . . , tL } are set to values that reflect the borders between two successive
groups. Among these thresholds, the topt threshold that corresponds to the retained lesion segmentation is just one of them.
The best 2-group partition of the log-scores is determined and the threshold that matches best with this partition is chosen
as topt . For more explanations, see Appendix A. Figure 5 illustrates the obtained nested anomaly segmentations that reflect
different abnormality levels and are indicative of different tissue types within lesions. The global threshold topt can also be
used to separate the input data Y = YH ∪ YP into a set of abnormal values YA and the rest:
YA = {yv , v ∈ VH ∪ VP

s.t.

fH (yv ) < topt } .

Note that, as the proposed thresholds are quantiles of the reference model pdf, healthy subjects may also exhibit a small fraction
of abnormal voxels. Some of them are isolated voxels and can be easily removed using simple morphological operators (see
Section II-E). However, these isolated voxels tend to be present in all subjects, for similar reasons (noise, skull stripping,
artifacts, etc.), and their removal does not significantly affect the discriminative power of the fingerprint model. In contrast,
other voxels may correspond to normal regions or structures (e.g. vessels, ventricles) whose physiological characteristics and
then MR parameters are close to that of lesioned tissues. Individually, these voxels are therefore correctly detected as deviant
from the reference model. However, their global signature is expected to be different from the signature of lesioned tissues
and will then be learned by the fingerprint model.
C. Anomaly model
The goal of the two previous steps was essentially to perform automatic ROI localizations. The obtained ROIs provide a set
of MR parameter vectors that are referred to as the abnormal data set YA . An anomaly model is then constructed following
the same procedure as for the reference model (Section II-A). The observations in YA are standardized in each dimension and
then used to fit a MMST model with a number KA of clusters selected with the slope heuristic. The fitted mixture is denoted
by fA ,
fA (y)

=

KA
X

ηk MST (y; φk )

(2)

k=1

where MST (y; φk ) denotes the MST pdf with parameter φk and proportion ηk learned from YA . This anomaly model is used
in the next section to extract anomaly features from MR maps and construct a signature for each subject under consideration.
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D. Fingerprint model
By fingerprint model we mean a model that can correctly characterize and classify a subject into one of a number of classes
(e.g. different tumor types), based on MR parameters maps. Such a model is built in a supervised manner from pairs associating
some chosen features to a class label. This requires the availability of a number of subjects for which the class label is known.
The extracted features have then to be as informative as possible so as to allow the correct classification of unlabeled subjects.
For each available subject in the learning data set, its anomaly class or label is known. These classes typically include the
healthy label and different tumor types. For each subject S, features are extracted from a set VS of nS voxels corresponding to
the voxels of S detected as abnormal in the previous step (Section II-B). As mentioned in Section II-B, healthy subjects also
exhibit a small fraction of abnormal voxels. For each voxel v ∈ VS , the anomaly model (Section II-C) provides a probability
ρvk that voxel v belongs to cluster k among KA clusters,
ηk MST (yv ; φk )
.
ρvk = PKA
l=1 ηl MST (yv ; φl )
For features at the subject level, we compute for each k = 1 : KA , the mean probability over voxels in VS ,
P
ρvk
S
ρk = v∈VS .
nS
The retained signature vector for subject S is then
ρS

= {ρS1 , . . . , ρSKA −1 , nS }

(3)

where the last probability has been removed and replaced with the ROI size nS to avoid co-linearity. Such a vector captures
the expression level of each anomaly cluster in the ROI of subject S. Intuitively, it is expected to capture the proportions of
the different tissue types in the ROI. The addition of the ROI size seems natural at the stage as we suspect size could be
discriminant if large number of pathologies and lesion types are considered. In the experiments on tumors made in Section III,
size appears to be useful while not being essential to discriminate between different tumor types, as indicated by the similar
ratios of the between-group variance over the total variance for each feature.
As for the supervised learning part, we adjust different discriminant analysis models and compare their ability to correctly
predict the label (e.g. lesion type) of each subject by a leave-one-out cross-validation procedure. The selected discriminant
analysis model is the one providing the highest true positive rate. Further details are given in the application Section III-D.
E. Post-processing
The segmentations obtained in Section II-B can be further refined by removing connected components which are too
small. This is done by applying an erosion-dilatation operator with a 9 voxels box-type kernel on each slice. In addition,
the fingerprint model can improve the segmentations thanks to its ability to recognize healthy tissue. A fingerprint model is
a signature definition as given in equation (3) (proportions of voxels in different groups) and a classifier able to distinguish
between different signatures. A fingerprint model can then classify any ROI into a lesion type or as healthy. Therefore when a
lesion is made of different connected components, these components can be seen as separated lesions for which a signature can
be computed. Since signatures live all in the same space, whatever the size of the ROIs they are representing, the previously
constructed classifier can be applied to classify each connected component separately. When a connected component is classified
as healthy, we propose to remove it from the lesion. When doing this for all initial lesion segmentations, we obtain then (smaller)
refined segmentations. Going back to the procedure described in Section II-D, the refined segmentations can in turn be used
to relearn a refined classifier in two steps. First, since the removal of connected components may affect the different pixels
proportions, signatures of the refined segmentations have to be recomputed. Then these new signatures can be used as input
for the estimation of a new fingerprint model, referred to below as the refined fingerprint model. This post-processing enables
the removal of groups of voxels that may individually exhibit MR parameter values close to lesioned tissues but show group
anomaly proportions (signature) close to healthy components. After this stage, healthy tissues should correspond to a null
signature (i.e. with no abnormal pixels) while the lesioned tissues signatures are cleaned from healthy tissues. An illustration
is given in Figure 8.
F. Characterization and prediction
To predict the label of a new subject, its ROI is first determined using fH the reference model (Section II-A) for anomaly
detection (Section II-B). The obtained ROI is cleaned from potentially remaining healthy connected components that have not
been removed by erosion-dilatation. The initial fingerprint model is used to identify these healthy connected components. The
cleaned ROI (see Figure 6) is used to extract a ρS signature (see Figure 8) using the anomaly model (Section II-C) as explained
in Section II-D. This signature is then given to the refined fingerprint model which provides an associated label (Table III).
III. A PPLICATION TO REAL MULTIPARAMETRIC MRI DATA FROM RATS WITH BRAIN TUMORS
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TABLE I
AVAILABLE DATA : A LEARNING SET (Y = YH ∪ YP ) OF HEALTHY (YH ) AND PATHOLOGICAL (YP ) MR VALUES IS USED TO LEARNED A FINGERPRINT
T
T
MODEL . A NOTHER TEST SET (Y ) OF BOTH HEALTHY (YH ) AND PATHOLOGICAL (YPT ) MR VALUES IS USED FOR VALIDATION . T HE SETS OF
T ). T HE OBSERVATIONS DIMENSION IS 5.
DETECTED ABNORMAL VOXELS ARE ALSO INDICATED IN BOTH CASES (YA AND YA
Learning set
Y = YH ∪ YP
YH
YP
YA

Test set
T ∪YT
Y T = YH
P
T
YH
T
YP
T
YA

voxels
260405
45051
215354
57547

subjects
32
6
26
32

voxels
150085
71340
78745
20105

subjects
21
11
10
21

UR procedure is illustrated on a data set of 53 rats for which 5 quantitative MRI maps are available. Some of the rats
were implanted with different tumor types. The study design was approved by the local institutional animal care and
use committee (COMETHS). All animal procedures conformed to French government guidelines and were performed under
permit 380820 and B3851610008 (for experimental and animal care facilities) from the French Ministry of Agriculture (Articles
R214-117 to R214-127 published on 7 February 2013). This study is in compliance with the ARRIVE guidelines (Animal
Research: Reporting in Vivo Experiments [25]).

O

A. Description of the MRI data
a) Rats and tumor types (Table I): The healthy subject group (YH ) is composed of 6 healthy Fisher rats. The pathological
subject group (YP ) contains 26 subjects with 4 tumor types: 9L (6 Fisher rats), C6 (6 Wistar rats), F98 (7 Fisher rats) and RG2
(7 Fisher rats). The MR parameter maps of all these subjects form the data set Y . For evaluation purpose, another group of
subjects is available and contains 5 rats with 9L tumor, 5 rats with F98 tumor, and 11 healthy Fisher rats. The MR parameter
maps associated to these subjects are kept as a test set and denoted by Y T distinguishing the healthy sub-group YHT from the
pathological one YPT .
b) MRI parameters (Figure 3): The following 5 quantitative MR maps were acquired on 5 contiguous slices: apparent
diffusion coefficient (ADC), T1, T2, CBV, and a vessel permeability map called area under the curve (AUC). All measures
are naturally co-localized: all maps were acquired with the same geometry so that each voxel is described by the 5 parameters
above. Section III-A in the supplementary materials provides further details about the MRI session. In addition, an anatomical
T2-weighted image was acquired to allow automatic skull-striping. A manual delineation (superimposed red line in Figure 3
first row) of the tumor was performed using the anatomical image and the diffusion map. This manual segmentation is used
as ground truth for the evaluation of the automatic tumor localization proposed in this study.

Fig. 3. MRI maps -ADC, T2, T1, AUC, CBV- associated to the central slice for one rat of each group (from the data set Y ). The red line superimposed on
the anatomical map corresponds to the manual segmentation.
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B. A healthy subjects based reference model
The reference model fH is built as a MMST model using an EM algorithm on the healthy subjects maps YH . When defining
this reference model, the slope heuristic approach selects KH = 10 clusters. An example of this partitioning in KH = 10
clusters is given in Figure 4 for the 5 slices of a healthy rat. In the whole set of healthy rats, 4 main clusters (red -1-, orange
-2-, yellow -3-, light green -4-) gather 79.5% of the voxels in YH . The 6 remaining clusters (green -5-, turquoise -6-, blue -7-,
dark blue -8-, purple -9-, light purple -10-) correspond to less represented features such as vessels and ventricles (clusters 9
and 10) or interfaces between the main tissue types (interface between gray matter and cerebro-spinal fluid for clusters 6 and
7). Interestingly, although the model is adjusted without any spatial regularization, the resulting segmentations present spatially
homogeneous regions and are rather visually consistent with brain anatomy: clusters 1 and 4 for the cortex and the corpus
callosum, clusters 1 to 3 for the striatum, clusters 7 to 10 for the ventricles. The fitted MST distributions potentially include
Gaussians that can be recovered by setting the degrees of freedom parameters to large values in the MST model [14]. To check
that the fitted MST mixture does not reduce to a Gaussian mixture, the MST mixture component with the largest number of
voxels was tested against Gaussianity using an Anderson-Darling test for each of the 5 parameters separately, (ADC, AUC,
CBV, T1, T2). The respective p-values were (1.04e-06, 1.08e-01, 7.14e-24, 4.39e-15, 5.91e-19) indicating that only the AUC
parameter could be considered as Gaussian, the probability of the data under the Gaussian distribution being less than 1e-06
for the other parameters. A similar conclusion was found with another statistical test referred to as the Shapiro-Wilk test.

Fig. 4. Reference model clustering (with KH = 10 clusters) on the 5 slices of one healthy rat. From left to right: slices in decreasing order along the vertical
axis of the scanner.

C. Anomaly localization
As described in Section II-B, for each MR parameter vector yv in Y , the pdf fH (yv ) is evaluated. We found that these
values are best partitioned into 7 groups, according to the slope heuristic. Within each group, the voxels have similar likelihoods
in the reference model, that is similar degrees of abnormality with respect to the reference model. This partition leads to 7
anomaly thresholds {t1 , . . . , t7 }. The optimal threshold that best divides the voxels into 2 subsets, according to a 2-component
mixture model (Section II-B), is the 4th threshold topt = t4 . The abnormal subset YA = {yv , fH (yv ) ≤ topt } represents 22.1%
of the full data set Y with a false positive rate of 1.4%, i.e. p(fH (Yv ) ≤ topt ) = 0.014 when the random variable Yv is
distributed according to the reference model. The voxels in YA form the subject ROIs.
An illustration is given in Figure 5-A last row. Colored voxels (thresholds t1 -red-, t2 -orange-, t3 -yellow- and t4 -green-)
belong to YA while grey ones (thresholds t5 -light grey-, t6 -medium grey- and t7 -dark grey-) are not tagged as abnormal.
The concordance with manual segmentation (superimposed red line in Figure 5-A) is indicated in Figure 5-B right via the
computation of the Adjusted Rand Index (ARI) for each threshold. The higher the ARI the better, the maximum value being
1 (Rand [26], Hubert and Arabie [27]). For a given threshold tl , MR parameters yv in Y such that fH (yv ) ≤ tl are selected.
The corresponding voxels form the segmentations linked to threshold tl , on which the ARI is computed. More specifically, the
ARI is computed at level tl for each rat. The boxplots in Figure 5-B show the variations of these ARI’s independently of the
tumor type. Other scores such as the DICE [28] are shown in Supplementary-Table III. Regarding global tumor delineation, it
appears that the selected 4th threshold in the MMST case, corresponds to the best all tumor average ARI (0.42). ARI values
can also be averaged for rats with the same tumor type. It appears then that some tumors are easier to segment. For instance,
in the MMST case, for threshold t4 , the average ARI’s are respectively of 0.49, 0.40, 0.32, and 0.47 for 9L, C6, F98 and RG2
tumors. The corresponding boxplots are shown in Supplementary Figure 5a. Inside the tumors, the thresholds also yield some
satisfying spatial coherence. The strongest abnormality (red -t1 - and orange -t2 - areas in Figure 5) is mainly located at the
center of the tumor area. The delineated regions around (yellow -t3 - and green -t4 -) match with the border of the tumor area,
and the highest thresholds ({t5 , t6 , t7 } -gray levels-) are mainly for the healthy voxels. However, it also appears that some
voxels are tagged as abnormal in healthy subjects (Figure 5-A 1st column) or in the contralateral part of pathological subjects
(Figure 5-A 4 last columns). Based on their anatomical location, these voxels mainly correspond to ventricles and possibly
blood vessels. As mentioned in Section II-E, most of these wrongly tagged voxels will be easily removed in Section III-D
by using their signature after morphological operations. In terms of segmentation for the pathological rats, if we except the
contralateral voxels, the 9L rat shows a high concordance with the manual segmentation, while the F98 segmentation is smaller
and the RG2 segmentation is bigger. This is consistent with the intrinsic difficulty of delineating tumors of varying visual
appearance across MR maps. As a matter of fact, on anatomical (Figure 5, 1st row) and diffusion images, 9L tumors are easier
to delineate manually while F98 and RG2 tumors are more diffuse.
For comparison, our protocol is also applied with Gaussian mixture (GM) models. The anomaly localization results are
shown in Figures 5-A, second row and B, left. The MMST model provides finer intra-tumoral descriptions with 4 abnormal
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classes instead of 3 in the Gaussian case, and smoother segmentations. This is quantitatively confirmed by a MMST ARI of
0.42 which is 10.5% higher than the Gaussian ARI of 0.38. If healthy parts are considered instead, MMST and GM ARI are in
the same order. Similar conclusions hold for the DICE values given in Supplementary-Table III. Regarding lesion segmentation,
the main difference is in the contralateral areas. With GM models, the contralateral areas detected as abnormal are larger, and
more of them are connected to the lesion areas, which leads to a less effective spatial post-processing. Indeed, only connected
components not connected to the lesion area can be removed, because in case of contact the ROI signature does not correspond
to the healthy one. As shown in Figure 6 for 9L and F98 tumors, the GM case requires more user interpretation than the
MMST model to differentiate the lesion from the contralateral area.

Fig. 5. Nested anomaly segmentations for the different anomaly thresholds (part A), with the associated false positive rates and respective adjusted rand
indices (part B) for the overlap with the manual segmentation. The thresholds are ordered from lowest (most abnormal in red) to highest (less abnormal in
dark gray). The colored ones are those defining the abnormal data set YA . The gray ones correspond to normal groups. The ARI value for a threshold is
obtained by concatenating the segmentations associated to the thresholds lower to this threshold. The results are given for both Gaussian mixture and MMST
models.

D. Anomaly and fingerprint models
A MMST model fA is adjusted on the abnormal YA data set with a number of clusters KA = 10 selected using the slope
heuristic. As in Section III-B, Anderson-Darling tests confirmed that the data did not exhibit Gaussian distributions with pvalues of (3.70e-24, 3.70e-24, 3.75e-14, 4.62e-04, 3.58e-11) respectively for parameters (ADC, AUC, CBV, T1, T2). For each
rat S in the learning set, we then extract a signature ρS as explained in Section II-D representing the proportions of each cluster
in the ROI. The signatures are associated to the known subject labels in order to build a discriminative fingerprint model. Three
discriminant analysis are compared based on their true positive rate with a leave-one-out procedure: linear discriminant analysis
(lda: 90.6%, R package MASS, Venables and Ripley [29]), high dimensional discriminant analysis (hdda: 93.7%, R package
HDclassif, Bergé et al [30]), and a discriminant analysis based on a Gaussian finite mixture modeling (mclustda: 90.6%, R
package mclust, Fraley et al [31]). The hdda analysis is retained due to its higher score to built a first fingerprint model.
This fingerprint model is used in turn to refine the segmentations made in Section III-C. Too small connected components are
removed with a 9 voxel box-type kernel and the fingerprint model is used to remove other connected components classified
as healthy.
The obtained cleaned segmentations are illustrated for some rats in Figure 6. The ARI values for the 26 pathological rats
in the training set are summarized in Figure 7 (boxplots), while mean DICE values are shown in Table II. Similar boxplots
for DICE can be seen in Supplementary Figure 12. A signature for each subject is then computed using the cleaned ROI
possibly still made of several connected components. The signatures are shown in Figure 8 for the 4 pathological groups
and the healthy group. As a result of the post-processing, the healthy subjects present empty signatures. Although the four
tumor models used in this study are aggressive glioma with a median survival of 3 to 4 weeks, the proportions of clusters
differ between tumors. The 9L tumor is mainly composed of cluster 6 (turquoise), and to a lesser extent of clusters 1 (red),
3 (yellow), 9 (purple), and 5 (green). Cluster 6 is characterized by a high CBV and a mild edema as compared to normal
tissue. This correspond to the high vascular density previously reported in 9L tumors [32]. The C6 tumor is mainly composed
of clusters 2 (orange) and 3, and to a lesser extent of clusters 5, 1, 6 and 9. Clusters 2 and 3 are characterized by a high
permeability and CBV values similar to that of normal tissue. This corresponds to the combination of low vascular density
and large vascular diameter reported in [33] The F98 tumor is mainly composed of cluster 2, but also of clusters 3, 5, and 6.
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Cluster 2 exhibits ADC, permeability, T1, and T2 values above that of cluster 3, and CBV below that of cluster 3, in line with
[9]. Finally, tumor RG2 is mainly composed of clusters 1 and 4 (light green), and to a lesser extent of clusters 2, 3, 5, 6, and
7 (blue). Cluster 1 is characterized by its normal ADC and its high permeability and CBV as compared to normal values. This
signature characterizes an angiogenesis without edema and corresponds to previous reports [34]. These results suggest that all
tumors are heterogeneous and that different tissue types can lead to an aggressive tumor.

Fig. 6. Intra-tumoral segmentations for some of the pathological rats in the training set. First two rows: manual delineations and Gaussian clustering (KA = 13)
as described in [9]. Last two rows: Automatic segmentations and clustering using KA = 13 and KA = 10 with a Gaussian (3rd row) and MST (4th row)
mixture model. The ROIs correspond to the refined segmentation (i.e. after spatial post-processing).

Fig. 7. Pathological rats in the training set: Adjusted rand index values per tumor type for the refined segmentations (i.e. after spatial post-processing), using
the MMST (green) or Gaussian mixture (yellow) models.

TABLE II
PATHOLOGICAL RATS IN THE TRAINING SET: M EAN COVERING SCORES FOR LESION SEGMENTATIONS AFTER POST- PROCESSING USING G AUSSIAN
MIXTURE AND MMST MODELS .

DICE index
ARI

9L
0.677
0.607

Gaussian mixture
C6
F98
0.636
0.665
0.509
0.386

model
RG2
0.823
0.466

All
0.704
0.487

9L
0.718
0.661

MMST model
C6
F98
RG2
0.644
0.677
0.833
0.514
0.409
0.507

All
0.721
0.518

E. Validation on a test data set
To evaluate the potential of our procedure, a test set different from the learning data set is used. It is composed of 9L
rats (n = 5), F98 rats (n = 5), and healthy rats (n = 11). All voxels of these rats are gathered into data set Y T . After
normalization with the normalization values used for the reference model, the pdf fH (yv ) for each voxel v is computed and
values lower than topt define the abnormal voxels and subset YAT of Y T . Each vector of parameters in YAT is normalized
using the normalization values computed for the anomaly model fA . Individual subject signatures ρS are then first extracted
as described in Section II-D, eq. (3), for each rat in the test set. Spatial post-processing is then applied as explained in Section
II-E to produce individual refined signatures on which are based the final predictions with the refined fingerprint model. All
9L rats are correctly predicted, but one F98 rat and one healthy rat are misclassified (Table III). The misclassified healthy rat,
visible in Figure 8-right part, has only a few number of voxels tagged as abnormal (size, first line). Small differences on these
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Fig. 8. Refined anomaly signatures by subject. Each signature is represented by a column with 10 rows (bars) indicated on the right hand side by K1 - K9
and Size. In each signature and each row, the bar corresponds to the proportion of voxels in the cluster corresponding to the row for the animal corresponding
to the column. Left: individual subject refined signatures associated to the learning data set Y and grouped by tumor type. Center: mean signatures for each
tumor type as provided by the refined fingerprint model. Right: individual refined signatures for each subject in the evaluation data set Y T . For each tumor
type (9L, C6, F98, RG2) and healthy animals (H), an illustration of the segmentation is presented at the bottom.

few voxels may lead to very different signatures potentially closer to pathological ones. The misclassification of the F98 rat
as a C6 rat may be explained by the C6 and F98 fingerprint models similarity: they share the same clusters but with different
proportions. The Gaussian model faces the same difficulties to differentiate the C6 and F98 rats, with 3 miss-classifications.
In contrast, all the healthy rats are well recovered (Table III). When manual segmentations are used like in [9], the confusion
between F98 and C6 tumors is worse with all F98 rats classified as C6 rats both for the Gaussian mixture and MMST models.
The refined segmentations for the evaluation data set test are presented in the Supplementary-Figure 13, with the associated
values of ARI (Supplementary-Figure 14a) and DICE (Supplementary-Figure 14b). The average ARI and DICE scores are
respectively 0.52 and 0.72.
TABLE III
T UMOR TYPE PREDICTION USING THE REFINED FINGERPRINT MODEL BUILT WITH THE TRAINING DATA SET (Y ) AND EVALUATED ON AN INDEPENDENT
TEST DATA SET (YT ) FOR THE G AUSSIAN MIXTURE AND MMST MODELS BASED ON MANUAL OR AUTOMATIC SEGMENTATIONS .
Manual segmentation & Gaussian mixture or MMST model
9L
C6
F98
RG2
Healthy
Blind 9L (n=5)
5
.
.
.
.
Blind F98 (n=5)
.
5
.
.
.
Automatic segmentation & Gaussian mixture model
9L
C6
F98
RG2
Healthy
Blind 9L (n=5)
5
.
.
.
.
.
3
2
.
.
Blind F98 (n=5)
Blind Healthy (n=11)
.
.
.
.
11
Automatic segmentation & MMST model
9L
C6
F98
RG2
Healthy
Blind 9L (n=5)
5
.
.
.
.
Blind F98 (n=5)
.
1
4
.
.
Blind Healthy (n=11)
.
1
.
.
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IV. D ISCUSSION
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UANTITATIVE MRI allows the comparison of measurements between subjects and with normative values acquired in a
healthy population. The monitoring of subtle changes is then possible and represents an important component to design
imaging biomarker candidates. In this study, a modular, fully automatic and data-driven procedure to detect and characterize
abnormality within medical images was proposed. This procedure was tested on MRI data collected in rats bearing a brain
tumor (4 tumor types). The lesions were localized within the brain as anomaly with respect to a reference probabilistic mixture
model built using a dataset collected on healthy animals. Abnormal voxels were then clustered in groups with similar MR
parameter values. The proportions of each group in each animal were used to construct a signature of each animal. For each
tumor type, the signatures for the animals with this tumor type were used to build a fingerprint model of each tumor type. The
specificity and sensitivity of the obtained fingerprints were eventually illustrated on a diagnostic task performed successfully
without user interaction on an additional test data set. This first application of a procedure whose purpose is more general (any
lesion visible by a radiologist, any type of clinical imaging modalities) relied on data from 4 tumor types and characterized by
5 quantitative parameter maps each. Six healthy rats and 26 pathological rats were used to learn the reference and pathology
models and 21 additional rats were used for testing. While this dataset is large compared to other preclinical studies [9]–[11]
and was sufficient to prove our concept (predictive rate greater than 90% in this particular application), it remains small compare
to the volume of data collected daily in patients. Further evaluations are thus required on larger, pre-clinical and clinical data
sets to confirm the robustness of the proposed method.
One technical point of interest is that MST distributions performed better than Gaussian distributions: they yielded a better
spatial agreement with the manual delineation (6.4% higher ARI on the learning set) and a better predictive rate (5.6% higher
on the test set). While the quantitative MRI dataset obtained for tumor models and used in this study is probably not the most
challenging one to compare the performance of the two distributions, the MST appears promising for its greater ability to
accommodate outliers while maintaining a good separation between clusters [14].
The main evaluation criterion of our procedure was the final diagnostic. Further evaluations of the anomaly detection and
of the anomaly model would also be useful to refine the procedure, including the number and type of MR parameter maps
used to perform the automated diagnosis. To improve robustness, the results of the intermediate steps could be compared
to that of histology. For our specific application (tumors), one could thereby evaluate the ability of MRI to detect abnormal
cell densities and differentiate tissue types based on the standard pathologist diagnostic (Louis et al [35]). In addition to
improving the quality of the procedure, the results of the intermediate steps may be of interest per se. The anomaly detection
step, which progressively separates the tumor from the healthy tissue, could help neurosurgeons in planning a tumor resection
(Barone, Lawrie and Hart [36]). The anomaly model, which discriminates tissue types, with specific parameter values (c.f.
Supplementary Table IV), within the tumor, could be of interest to pathologists who cannot evaluate functional parameters
such as blood flow. Clustering does not alter the types of information used as input. Thereby, radiologists or pathologists may
directly interpret the output tissue characteristics, while such an interpretation is reportedly more difficult with deep learning
techniques. Interestingly, the cluster maps show an excellent spatial coherence although no spatial information was used during
the clustering steps of the procedure: all voxels were considered independent from each other. Moreover, at the lesion detection
step, the ARI score reached 0.52 and the DICE 0.72 on the learning set, and respectively 0.49 and 0.69 on the test set (after
post-processing in both cases). These scores were obtained from the comparison between a manual delineation performed on
two images (anatomical and diffusion-weighted images as prescribed in standard clinical evaluation) and our procedure which
used 5 parameter maps to delineate the tumor. As the images used to perform the delineations differed, it was not surprising to
find different lesions between the automatic and the manual delineations. Histology could be used as a more reliable ground
truth of high cell proliferation areas than manual delineation (De Angelis [1]). As in a clinical setting, it is generally not
possible to obtain histological ground truth data on the entire tumor, this validation step has to be performed at a preclinical
level.
The procedure proposed in this study is limited to the detection of tissues whose signal intensity (or parameter values) differs
from that of normal tissue. However, a lesion may also appear as a tissue structure with a different volume (e.g. Alzheimer
patients exhibit a reduction in the cortical thickness compared to age-matched, healthy, subjects [37]). While a large change in
structure volume might be detected with our procedure as a change in the proportions of clusters in normal tissue, it would be
of interest to add a spatial detection module based on a priori knowledge (e.g. atlas [22]). Moreover, a spatial regularization
criterion could be added to the proposed procedure to exploit the fact that spatially close pixels have a higher probability to
belong to the same tissue type [11], [38]. Exploiting complementarity between spatial proximity and parametric proximity
should strongly reinforce our procedure. Once each subject of the training dataset has been labeled (healthy/pathology, lesion
type) and the type of MR parameter maps chosen, the proposed procedure requires no human intervention. The determination
of the optimal number of clusters, the anomaly threshold, and the final fingerprint model are data-driven to maximize the
contrast between the reference data and the lesions and to best discriminate the tumor fingerprints.
In this respect, the proposed procedure differs from that in [9] and is a first attempt to combine both detection and
characterization in an all-in-one procedure. It stands as an alternative to texture analysis in the context of radiomics [39].
In the context of multicentre studies, the mixture models at the heart of the procedure could be trained and controlled per
center, thereby accounting for inter-center variability.
Finally, as each procedure step is based on a statistical model, quality control tests may readily be introduced (e.g. data
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homogeneity, outliers) to obtain robust training datasets or to check the data set quality prior to performing an automated
diagnostic. The proposed extensions would help meet the challenge of a human application in which the volume of data and
number of tissue types represent an exciting challenge for the proposed computer-aided diagnosis procedure. Quantitative MR
data are already available for humans [4], [5] but not standard however.
A follow up of this work would be to prove the feasibility and utility on human data with the hope then that quantitative
images would be acquired on a more standard basis. To apply our method to more standard non quantitative MRI, one would
need to decide on some normalization using for instance ideas from intensity normalization. The algorithm of Nyul et al, 1999
[40] is one of the most popular normalization techniques. Other recent approaches that would require further investigation
are described in [41], [42]. Intensity bias correction would be more critically required and more attention should be put on
inter-scanner variability [41].
A PPENDIX
A. Nested anomaly segmentations
A voxel v is considered as abnormal with regards to the reference model fH in (1), if it corresponds to parameter values yv
with a low likelihood fH (yv ). Since pdf values cannot be interpreted as probabilities, the following key step is to decide on a
threshold topt below which voxels will be declared as abnormal, when fH (yv ) ≤ topt . This threshold can be fixed to control the
false positive error, i.e. when Yv is distributed according to fH (healthy tissue), we seek for topt so that p(fH (Yv ) < topt ) = α
with a small value of α. However, the α value generally chosen (5%) is arbitrary and is likely not to coincide with lesions
present in the data set. A threshold specific to the data under consideration is then preferable and can be computed as follows.
Likelihood scores are computed for all voxels in VP , i.e. fH (yv ), for all v ∈ VP , but also for the voxels that were used to
construct fH , i.e. fH (yv ) for all v ∈ VH . Intuitively, high fH (yv ) scores corresponding to parameters close to the reference
model should separate from the others. To fix the separation in a data driven way, we fit a MMST model to the log-score
data set {log fH (yv ), v ∈ VH ∪ VP }. The slope heuristic is used to set the number L of components in the mixture. Due to
the heterogeneity of lesions, L is generally greater than 2 indicating the presence of abnormal tissues with different anomaly
levels in the pathological data. Clusters can then be ordered according to their respective mean log-score. The lowest mean
corresponds to a group whose departure from the reference model is the highest, while the highest mean should correspond to
healthy voxels. The voxels are then partitioned into L groups of successive anomaly levels. Anomaly thresholds are set to the
highest likelihood score in each group and denoted by {t1 , . . . , tL }. They are used to provide nested anomaly segmentations
that reflect the structure of the lesions (e.g. Figure 5). For a global lesion segmentation, another MMST model is fitted to the
log-scores with the number of groups set to 2. The two groups are ordered according to their means. For consistency with the
previously computed thresholds, we retain as the global threshold topt the value in the series {t1 , . . . , tL } which is the closest
to the highest score in the first group of the 2-component mixture. The thresholds that correspond to abnormality levels are
the ones lower or equal to topt , that is {t1 , . . . , topt }. They are associated to colored voxels in Figure 5. For each of them,
we compute the false positive probability αl = p(fH (Yv ) < tl ) when Yv is distributed according to fH . Unfortunately the
distribution of fH (Yv ) is usually not known and the αl ’s need to be computed using simulations. However, the thresholds tl
correspond in general to extreme quantiles so that standard empirical estimation would lead to αl = 0 in most cases. For a
more precise estimation, we propose to use extreme value theory that enables a more accurate modelling of the distribution
tail (see e.g. [43]). Details are given in the following Appendix B.
B. Extreme quantile estimation
The computation of α = p(fH (Y ) ≤ t) when Y follows fH is problematic because the pdf of fH (Y ) and its theoretical
quantiles are not available in general. Empirical estimates are easy to obtain via simulation of i.i.d. realizations of fH (Y ).
However, the t-values of interest are in general extreme quantiles and very few simulated values of fH (Y ) will be smaller
than t in practice so that α will be estimated to 0. This is a standard issue in extreme quantile estimation that can be addressed
via extreme value theory (EVT). EVT focuses on distributions maxima and minima. Considering a set of i.i.d. variables
∗
∗
} of M maxima can be defined as Zm
= max(Zm,1 , . . . , Zm,N ). EVT provides
{Zm,n , m =1:M , n =1:N }, a set {Z1∗ , . . . , ZM
∗
an estimation of the pdf denoted by f of the Zm s via the estimation the generalized extreme value (GEV) distribution. In
∗
particular, most EVT procedures provide good estimations of p(Zm
≤ η) when η is an extreme value in the upper tail of f .
Our task can then be recast as follows,
with

p(fH (Y ) ≤ t)

=

1 − p(fH (Y ) > t)

p(fH (Y ) > t)

=

p(min(fH (Y1 ), . . . , fH (YN )) > t)1/N

where {Y1 , . . . , YN } are i.i.d. with distribution fH . Then
p(min(fH (Y1 ) . . . fH (YN )) > t) = p(max(−fH (Y1 ) . . . − fH (YN )) ≤ −t)
= p(max(− log fH (Y1 ) . . . − log fH (YN )) ≤ − log t) .

This latter quantity is computed setting η = − log t and Zi = − log fH (Yi ). The log turns the bounded upper tail of −fH (Y )
into an unbounded upper tail in − log fH (Y ). This provides more stable estimation of the GEV parameters obtained here with
the R package [44].
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