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Interpolation inequalities and spectral
estimates for magnetic operators

Jean Dolbeault, Maria J. Esteban, Ari Laptev and Michael Loss

Abstract. We prove magnetic interpolation inequalities and Keller-Lieb-Thir-
ring estimates for the principal eigenvalue of magnetic Schrodinger operators.
We establish explicit upper and lower bounds for the best constants and show
by numerical methods that our theoretical estimates are accurate.

Mathematics Subject Classification (2010). Primary: 35P30, 26D10, 46E35;
Secondary: 35J61, 35J10, 35Q40, 35Q55, 35B40, 46N50, 47N50, 47N50.

Keywords. Magnetic Laplacian; magnetic Schrddinger operator; interpolation;
Keller-Lieb-Thirring estimates; optimal constants; spectral gap; Gagliardo-Ni-
renberg inequalities; logarithmic Sobolev inequalities.

1. Introduction and main results

In dimensions d = 2 and d = 3, let us consider the magnetic Laplacian defined
via a magnetic potential A by

—AY = —Ay—2iA-Vy + APy — i (divA) .

The magnetic field is B = curl A. The quadratic form associated with —Ay is given
by fRd IVA1,//|2 dx and well defined for all functions in the space

HL(RY) := {u/ €LZRY) : Vay € LZ(Rd)}

where
Va:=V+iA.
We shall consider the following spectral gap inequality
IVawll3 = ABllwl3 Yy e HAR). (1.1)
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Let us notice that A depends only on B = curlA. Throughout this paper, we shall
assume that there is equality in (1.1) for some function in HA(Rd). If Bis a con-
stant magnetic field, we recall that A[B] = |B|. If d = 2, the spectrum of —A, is the
countable set {(2j + 1) |B| : j € N}, the eigenspaces are of infinity dimension and
called the Landau levels. The eigenspace corresponding to the lowest level (j = 0)
is called the Lowest Landau Level and will be considered in Section 5.4.

Let us denote the critical Sobolev exponent by 2* = +oco if d =2 and 2*=6 if
d =3, and define the optimal Gagliardo-Nirenberg constant by

: IVul3+ul? .
m]nu€H1 (R)\{0} sz if pE (2,2*) ,
Cpi= 2 e (1.2)
. IVal3+Iul?, it
MINyent @\0} ~ 2 if pe(,2).

The first purpose of this paper is to establish interpolation inequalities in the
presence of a magnetic field. With A and B = curl A as above, such that (1.1) holds,
let us consider the magnetic interpolation inequalities

IVaw I3+ allyl; = us@ iyl VyeHyRY (1.3)
for any a € (—A[B], +o00) and any p € (2,2%),
IVaw 2+ Bllwl? = ve(B) lwl3 Vi eHARY) (1.4)

for any S € (0, +o00) and any p € (1,2) and, in the limit case corresponding to p = 2,

ly)?
12

IVawll3 = wa lyl? log( )dx+fB(Y) lyl; YyeHy®RY)  (L5)
for any y € (0, +00). Throughout this paper ug(a), vg(B) and ¢{g(y) denote the
optimal constants in, respectively, (1.3), (1.4) and (1.5), considered as functions
of the parameters a, § and y. We observe that ug(1) = C, if p € (2,2%), vo(1) = C),
if p € (1,2) and &y(y) = ylog (n eZ/y) if p = 2 (which is the classical constant in
the Euclidean logarithmic Sobolev inequality: see (3.7)). We shall assume that the
magnetic potential A € leoc([R{d) satisfies the technical assumption

lim Jd_zfdlA(x)lze_"'x'dx:O if pe(2%),
R

0—+00
4
; z 2 ,-0lx 5. _q ; _
011111 ] deA(x)l e dx=0 if p=2, (1.6)
—+oo logo Jr

lim %72 f A(x)|Pdx if pe(,2).
g—+oo lx|<1/o

Theorem 1.1. Assumethatd =2 or3, pe (1,2)U(2,2*),anda>2 ifd=2ora =3
ifd=3. LetAe L] C([R”l) be a magnetic potential satisfying (1.6) and B = curlA be
a magnetic field on R? such that (1.1) holds for some A = A[B] > 0 and equality

is achieved in (1.1) for some function y € H}‘(Rd). Then, the following properties
hold:
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(i) For any p € (2,2%), the function ug : (—A,+o0) — (0,+00) is monotone in-
creasing, concave and such that

da-2 _d

lim a)=0 and lim Ka? P

a—»(—A)+uB( ) a—>+ooMB( )

=Cp.
(ii) For any p € (1,2), the function vg : (0,+00) — (A, +00) is monotone increas-
ing, concave and such that
___2p
lim vg(f) =A and lim vg(B)pf 2r+d@-» =C,.
—04 B—+oo0
(iii) The function g : [0,+00) — R is continuous, concave, such that {g(0) = A[B]
and ,
&(y) = §ylog(E5)(1+0(1) as y— +oo.

Equality is achieved in (1.3), (1.4) and (1.5) for some v € HA(IRd) in the case
of constant magnetic fields. In the case of nonconstant magnetic fields, there are
cases where one can prove the existence of some ¥ € HA([R”" ) for which equality is
achieved in (1.3), (1.4) and (1.5), but general sufficient conditions are difficult to
obtain. Some answers to this question can be found in [12, Section 4] and in [17].

The main result of this paper is to establish lower bounds for the optimal
constants ug, vg and g in the case of general magnetic fields (respectively in
Propositions 3.1, 3.4 and in Section 3.5) and in the case of two-dimensional con-
stant magnetic fields (respectively in Propositions 4.2, 4.3 and 4.5). Upper esti-
mates, theoretical and numerical, are also given in Section 5.

The magnetic interpolation inequalities have interesting applications to op-
timal spectral estimates for the magnetic Schrédinger operators

—Ap+ (p .
Let us denote by A4 4 its principal eigenvalue, and by ag : (0, +00) — (- A, +00) the
inverse function of a — ug(a). We denote by ¢_ := (¢ — |¢p])/2 the negative part

of ¢. By duality as we shall see in Section 2, Theorem 1.1 has a counterpart, which
is a result on magnetic Keller-Lieb-Thirring estimates.

Corollary 1.2. With these notations, let us assume that A satisfies the same hy-
potheses as in Theorem 1.1. Then we have:

(i) Foranyq=p!/(p—2)e(d/2,+00) and any potential V such that V_ L"([Rd),
Aav = —ag(lV-Ig). 1.7

The function ag satisfies

lim ag(u)=A and lim ag(u)p®22da =-C, "7,
o Bl pmorbo B K p

(ii) For any q = p/(2 - p) € (1,+00) and any potential W = 0 such that W=' €
LI (RY),
Aaw = v (IW 1Y) (1.8)
(iii) For anyy >0 and any potential W = 0 such that e™"V'Y e L}(RY),

Aaw = &g (y) —ylog(fpa eV dx). (1.9)
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Moreover equality is achieved in (1.7), (1.8) and (1.9) if and only if equality is
achieved in (1.3), (1.4) and (1.5).

For general potentials changing sign, a more general estimate is proved in
Proposition 2.1. A first result without magnetic field was obtained by Keller in the
one-dimensional case in [16], before being rediscovered and extended to the sum
of all negative eigenvalues in any dimension by Lieb and Thirring in [19]. In the
meantime, an estimate similar to (1.9) was established in [13] which, by duality,
provides a proof of the logarithmic Sobolev inequality given by Gross in [14]. In
the Euclidean framework without magnetic fields, scalings provide a scale invari-
ant form of the inequality, which is stronger (see [26, 11]) but was already known
as the Blachmann-Stam inequality and goes back at least to [23]: see [25, 24] for
an historical account. Many papers have been devoted to the issue of estimat-
ing the optimal constants for the so-called Lieb-Thirring inequalities: see for in-
stance [18, 9, 10] for estimates on the Euclidean space, [6, 7] in the case of com-
pact manifolds, and [8] for non-compact manifolds (infinite cylinders). As far as
we know, no systematic study as in Theorem 1.1 nor as in Corollary 1.2 has been
done so far in the presence of a magnetic field, although many partial results have
been previously obtained using, e.g., the diamagnetic inequality.

Section 2 is devoted to the duality between Theorem 1.1 and Corollary 1.2.
Most of our paper is devoted to estimates of the best constants in (1.3), (1.4)
and (1.5), which also provide estimates of the best constants in (1.7), (1.8) and (1.9).
In Section 3 we prove lower estimates in the case of a general magnetic field and
establish Theorem 1.1. Sharper estimates are obtained in Section 4 for a constant
magnetic field in dimension two. Section 5 is devoted to upper bounds and the
numerical computation of various upper and lower bounds (constant magnetic
field, dimension two). Our theoretical estimates are remarkably accurate for the
values of p and d that we have considered numerically, using radial functions.
This is why we conclude this paper by a numerical investigation of the stability of
aradial optimal function.

2. Magnetic interpolation inequalities and Keller-Lieb-Thirring
inequalities: duality and a generalization

Let us prove Corollary 1.2 as a consequence of Theorem 1.1. Details on duality
will be provided in the proof and in the subsequent comments.

Proof of Corollary 1.2. Consider first Case (i) with g > d/2. Using the definition of
the negative part of V and Hélder’s inequality with 1/g +2/p = 1, we know that

flVAwlzdx+f Viy|?dx f|vAw|2dx+f V_|ly>dx 2.1)
R4 R4 R4 R4

VA5 = 1V_llg lwl5 = = as(UV_lig) lwl3,
because, by Theorem 1.1, ug(a) = | V-|4 has a unique solution a = ag(|[V-I4).
This proves (1.7). The optimality in (1.7) is equivalent to the optimality in (1.3)
because V = — [|"~2 realizes the equality in Holder’s inequality.

\%

\%
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In Case (ii), by Holder’s inequality with exponents 2/(2 — p) and 2/p,

P 2/p
||w||;:(f w-b (W|w|2)2dx) 1wl [ Wil dx
Rd Rd

with g = p/(2 - p), we know using (1.4) that

[ v axs [ wigldxz [ 1O drs pro = vap) [ i dx.
R4 R4 R4 R4

with B=1/ w1 4, which proves (1.8).
In Case (iii), let us consider

Fly, W] ::f |VAu/|2dx+f W|1//|2dx+ylog(f e_W/de)—EB(y)
R R4 R4

for a given function v € HA(R”I ) such that ||y |2 = 1 and mimimize this functional

with respect to the potential W, so that

=
JpaeWrdx

which implies W = Wy, := —y log|y|? — v log(fp« € "/7 dx). Hence

Flu Wz Fly,wyl = [ Vi dx-y [ i log(ivi?)dx-am 2o,

where the last inequality is given by (1.5). Minimizing & [y, W] with respect to W
under the condition ||y ||, = 1 establishes (1.9). It is straightforward that the equal-
ity case is given by the equality case in (1.5) when there is a function y for which
this equality holds. d

In Case (iii) of Theorem 1.1 and Corollary 1.2, the duality relation of (1.5)
and (1.9) is a straightforward consequence of the convexity inequality

xy+ylogy—-y+e *=0 V(x5 €Rx(0,+00).

A similar observation can be done in Cases (i) or (ii). If g = p/(p — 2) € (d/2, +00),
i.e., in Case (i), for an arbitrary negative potential V' and an arbitrary function
YE HA([RZd), we can rewrite (2.1) as

fIVAdeHf ViglPdx+ ag(IVIg llwl3 = 0.
R4 R4

By minimizing with respect to either V or v, we reduce the inequality to (1.3)
or (1.7), and in both cases V = — |1//|”‘2 is optimal. The two estimates are hence-
forth dual of each other, which is reflected by the fact that p/2 and g are Holder
conjugate exponents. Similarly in Case (ii), if g = p/(2 — p) € (1, +00), we have

[IVAwlzdx+f Wlwlzdx—vB(ﬁ)f lwl?dx=0
R4 R R

for any positive potential W and any ¢ € H}\([Rd). Again a minimization with re-
spect to either W or y reduces the inequality to (1.4) or (1.8), which are also dual
of each other. With these observations, it is clear that Theorem 1.1 can be proved
as a consequence of Corollary 1.2: the two results are actually equivalent.
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The restriction to a negative potential V' or to its negative part (resp. to a
positive potential W) is artificial in the sense that we can put the threshold at
an arbitrary level A. Let us consider a general potential ¢ on R?. We can first
rewrite (2.1) in a more general setting as

fIVAu/Izdx+[ Glyltdx
R4 R4

zf IVAi//Ide—f (A—(p)+|1//|2dx+/1f lw|>dx
R R4 R

withAeR, p= (A -)ll4+and g = p/(p—2). Here ||ul 4,+ is a new notation which

stands for
1/q
||u||q,+:=(f uqu) .
u>0

Using (1.7), we know that

f [Vay| dx+f </>|1//| dx>— aB(,u) f le dx.

This makes sense of course if y is finite and well defined which, for instance, re-
quires that

A< lim infess ¢p(x).
R—+0c0 |x|>R

A similar estimate holds in the range p € (1,2). Let A < infess e ¢p(x). Then we
have

E
2

2lp
Iyl (f @-N"% (@-Dlyl)? d ) s%/wd((/)—ﬂt)lwlzdx,

with 1/8 = ||(¢—)L)*1 4 and g = p/(2 - p). Using (1.8), we know that

[ wawiaxs [ gyidxz [ 19ap? due pii e Alvis = (va(p)+ 2) Iy,
R4 R4 R
We can collect these estimates in the following result.

Proposition 2.1. Letd =2 or3. Letp € L1 (Rd) be an arbitrary potential.
@) Ifg>di2, p= =9 and ap is defined as in (1.7), we have

Mg =—(aB(lA=P)lig+)—A).
(i) Ifge (,+00), p= % and vy defined as in (1.8), we have

g = A+ve(l@-1715Y).

These estimates hold for any A € R such that all above norms are well defined, with
the additional condition that ¢ = A a.e. in Case (ii).

Notice that weaker conditions than ¢p = A a.e. can be given, like, for instance,
infweHA(Rd) f(¢_/1)<0 (IVay? + (¢ — ) ly|?) dx = 0. Details are left to the reader. In
Corollary 1.2, Case (iii) does not involve a threshold at level A = 0 and one can
notice that the estimate (1.9) is invariant under the transformation ¢ — ¢ — A,

AA,(/) — /1A,¢>7)L = AA,([) - A.
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3. Lower estimates: general magnetic field

In this section, we consider a general magnetic field in dimension d = 2 or 3.
We establish lower estimates of the best constants in (1.3), (1.4) and (1.5) before
proving Theorem 1.1.

3.1. Preliminaries: interpolation inequalities without magnetic field

Assume that p > 2 and let C,, denote the optimal constant defined in (1.2), that
is, the best constant in the Gagliardo-Nirenberg inequality

IVul3+lull =Cpllul’ YueH ®RY. 3.1
By scaling, if we test (3.1) by u(- /1), we find that
2
IVul3+ A2 ul3 = C, A% 7P w2, vueH'®RY) vA>0. (32

An optimization on A > 0 shows that the best constant in the scale-invariant in-
equality

da-2) -d(1-%)
IVuly Pl =Sy llul’ YueH' RY 3.3)
is given by
1 1— ; 2)
Sp:ﬁ(Zp—d(p—Z)) (d(p 2) 27 Cp. (3.4)

Next, let us consider the case p € (1,2) and the corresponding Gagliardo-
Nirenberg inequality

IVl +luly = Cpllul} VueH ®RY)NLPRY (3.5)

where, compared to the case p > 2, the positions of the norms || ullg and || u||,2[, have
been exchanged. A scaling similar to the one of (3.2) shows that, for any 1 >0,

2-p
IVul3+ A7 w2 2 Cp A2 ul} YueH'RHNLPRY) vA>0. (3.6)

By optimizing on A > 0, we obtain the scale-invariant inequality

d(2-p)
d@2-p)+2 de- 2 1/2
IVally ©7* 27 Jul, e =S, lull, VueH' RY)NLPRY)

with
1 2p d(2-p)
Sp = qm=prezp (2P) TP (d (2= p)) TP Cp.
Optimal functions for (3.5) or (3.6) have compact support according to, e.g., [1, 4,
5, 21]. See Section 5.2 for more details.
The logarithmic Sobolev inequality corresponds to the limit case p = 2. Let

us consider (3.2) written with 12 = ﬁ, ie.,

1-d 52
1 2p 1
Cp (m) =
By passing to the limit as p — 2, we recover the Euclidean logarithmic Sobolev

inequality with optimal constant in case y = 1/2. The general case corresponding
to any y > 0, that is

.

1913 - 55 (w13 - lyi3) =

2
IIlelgzyfRdwzlog(”z”z)dX+ ylog (%5 iyl vyeH'®D,  3.7)
2
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follows by a simple scaling argument. It was proved in [3] that there is equality in
the above inequality if and only if, up to a translation and a multiplication by a
constant, y/(x) = e Y IxP/4,

As a consequence, we obtain that the limit of C,, as p — 2, is 1 and

_gpr=2
C 1 1-d 2p 1
pPl\p-2 p-2

In other words, this means that

lim
p—2+

=41og(ne?).

szl—%(p—Z) log(p-2)+ 4log(me?) (p-2)+o(p-2) as p—2,.
Let € = p—2 — 0;. We have shown that

Cp=1- %elog£+ %slog(nez)+o(e). (3.8)

3.2. Case p€ (2,+00)

Let
—abe=2 —d(p—
@ { Spla+NA™ % it ae[-p220AE]
Hinterp (&) 1= p=2
1-d 22 . A@Rp—d(p-2))
Cpa =2 it a= =g

where C;, denotes the optimal constant in (3.1) and S, is given by (3.4).

Proposition 3.1. Letd =2 or 3. Consider a magnetic field B with magnetic poten-
tial A and assume that (1.1) holds for some A = A[B] > 0. For any p € (2,+00), any
a > —A, the function ug(a) defined in (1.3) satisfies

up(a) = Minterp (a).
Proof. Let t €[0,1]. From the diamagnetic inequality

IVIglllz < IVayl2 3.9)

and from (1.1) and (3.2) applied with A = “fr_Att , we deduce that

a+At 2
vl

IVAYIZ + e lylls = ¢ (IVapll5 = Al i) + =) [ IVl + ——

d(p-2) l-qb=2 2
=2CpA-1) 27 (a+rA) "2 |yl

forany vy € H}\. Finally we can optimize the quantity
d(p-2) 1—q P2
t—(1-1 2 (a+tAN) 2p

on the interval ¢ € [max{0, —a/A}, 1]. The optimum value in the interval (—a/A, 1)

is achieved for t =1-d ’”2—_; - %”;Z), which proves the first inequality. For a =
%‘{(g%, the maximum is achieved at ¢ = 0, which proves the second inequal-
ity. a

By duality the estimates of Proposition 3.1 provide a lower estimate for the
best constant in the Keller-Lieb-Thirring estimate (1.7).
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Corollary 3.2. Under the assumptions of Proposition 3.1, forany q = p/(p—2) €
(d/2,+00) and any potential V such thatin V_ € L"([Rd), we have

A >A—S‘1A% V. if ||V 0,29 A1-75 g

NE IVolg i IVelge]o b
= _a

Mvz=(GUVAG)T i IVl A S,

Proof. With p = %, the estimates of Proposition 3.1 on a — ug(a) provide esti-
mates on its inverse p— ag(u) which go as follows:

-1 21 . 2g \1-£
ap(W) =S, A9 pu—A if pe|0,= A 245,

2q
d
aB(M)<(C p)zq d if MZ%AI_Z‘I S,.
The result is then a consequence of Corollary 1.2. 0

3.3. Further interpolation inequalities in case p € (2, +00)

Without magnetic field, Gagliardo-Nirenberg interpolation inequalities can be
put in scale-invariant form (3.3) by optimizing (3.2) on the scale parameter A > 0.
In the presence of a magnetic field, one may wonder if an inequality similar to (3.3)
exists. The following result provides a positive answer.

Corollary 3.3. Under the assumptions of Proposition 3.1, with A = A[B], for any
0 €[1-2/p,1) and anyy € Hi (RY), we have

0/2
)

(IVaw 13 +alywl3)” " Iyl

p
1 _ . 1_, 7 (1-0)
> printerp (@) 1 P07+ (min {1, 1+ 97715, )Tyl

Proof. With 0, =1— %, we can write

0/2
)

(IVay 13+ allyli3)” Iyl ™8

0-0

-0
1 * 1 ,2 6
= (IVayll5 + allyl3)? =0 ((||vAw||§+ a ||w||§)2( ’) Iyl )

1 0-0x

1(1_2 2\ T-04
> (tinterp (@ Iy13)* ((nvwnzwnwu i ”)Ilwllg’) :
If ¢ € (—A, 0], it follows from (1.1) and (3.9) that

Va5 +alwls = (1+£) Va3 = (1+ %) IVIll3,

while we can simply drop a ||1//||2 when a = 0. Hence it follows from (3.3) that

1-6

0/2 _
(IVaw 13 +allwll3)” llwli™®
,9* 1-60

(min{l,(1+A)%( )}s;’z ||w||,,)1'9* :

which concludes the proof. d

=D

Nl—

> (inerp (@) /1) 0
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3.4. Case pe (1,2)
Let Vinterp be given by

2p ) 4 2p+d(2-p)
C, B2Prazp if B=py:= (P[;f(z—(p)l’)Ac ) 2p ’
Vinterp(,B) = a2 de-p) 2p+d(2-p)  2p+d(2-p)
—5 _2p -p Zp L
A+BAT B0 (Zw(zfp)) C, if Bel0,Bsl,

where C p denotes the optimal constant in (3.5).

Proposition 3.4. Letd =2 or 3. Consider a magnetic field B with magnetic poten-
tial A and assume that (1.1) holds for some A = A[B] > 0. For any p € (1,2), any
B >0, the function vg defined in (1.4) satisfies

ve(B) = Vinterp 8.

Proof. Forally € HL, by (1.1) and (3.9), we obtain that

IVaw 15+ Blwll5 =t (IVaw 3 - Allwl3) + A= 0 IVaw 5+ Byl + Al
= (L= IVIylI3 + Bllwls + Aty

Next we apply (3.6) to u = |y| with A2 = (1 t) Tredep . This yields

dQ2-p)

IVaw 5+ Bllyll% = | (1 - p)Zprde-p ﬁz’““ P Cp+At| lyls.

If B < B4, the right hand side is maximal for some explicit ¢ € [0, 1], otherwise the
maximum on [0, 1] is achieved by ¢ = 0, which concludes the proof. O

By duality the estimates of Proposition 3.4 provide a lower estimate for the
best constant in the Keller-Lieb-Thirring estimate (1.8).

Corollary 3.5. Under the assumptions of Proposition 3.4, for any g = p/(2 - p) €
(1, +o00) and any nonnegative potential W such that WwleLIRY), we have

d(p-2) 2p+d(2-p)

-1-1 2 2p a@-p) Zp ~1)-1
’IA,WEVB(”W ”q)zAH\ P aep (2p+d(2—p)cp W=l

if w5 elo,pyl,

-2p
-1 -1 2p+d(2-p) . —1,-1
)= Coiw P i w2 B

Aaw =i (IW 1

3.5. Proof of Theorem 1.1

Proof of Theorem 1.1. Let us consider Case (i): p € (2,2%). The positivity of the
function pp is a consequence of Proposition 3.1 while the concavity follows from
the definition of a — pg(a) as the infimum on H;(Rd) of an affine function of a.
The estimate as @ — (—A). is easily obtained by considering as test function the
function y € H}&([Rd) for which there is equality in (1.1). We know from Proposi-

tion 3.1 that
a-2
. dz_d
allrzlmyg(a)a r=Cp.

=W
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To prove the equality, we take as test function for ug (@) the function vy := v(vVa-),
with a > 0, where the radial function v realizes the equality in (3.1). The func-
tion v is smooth, positive everywhere and decays like e~'* as |x| — +o0. No-
tice that v, realizes the equality in (3.2) and there is a constant C > 0 such that
va(x) < Cexp (- valx|) for any x € RY. Since [[Vavl3 < [Vvl5 + 2Vl AV, +
IAv|3, we obtain that

IVaval3 +allvall’ A(x)|? e~ 2Veldl gy

. d |
T SC,9+2,/C‘!,£+£2 with £2=C2fR P
st 2 So+7 2
a2 Plvaly a? Plvaly

2-d , d 2-d
7 + &a

P |valy =a™2 |vll% and (1.6) with o =2V/a.

The proof of (ii) is very similar to that of (i). The positivity of the function vg
is a consequence of Proposition 3.4 while the concavity follows from the defini-
tion of f — vg(B). From Proposition 3.4, we know that

The result follows from a

___2r
Jim v T =€,
To prove the equality, for any 8 > 0, we take as test function for vg(f) the function
p
wp(x) = w (ﬂzﬁ’fﬂ“z-w x) VxeR? ,

where the radial function w realizes the equality in (3.5), so that wg realizes the
equality in (3.6). The function w has compact support and can be estimated from
above and from below, up to a multiplicative constant, by the characteristic func-
tion of centered balls. The same computation as above shows that

IVawgll3 + B llwgl?
F2 P pst+2,/Cp£+£2

2p
BT gl

P2
St A2 | w(BZPFAED) )| dx
with &%= C* Zp . The result follows from
ﬁm 1 wﬁ”%

2p 2-d)p
BEPHED |wg3 = BPHACD w3

and (1.6) with o = f7PHE 7 .

The case p = 2 is much simpler. As a straightforward consequence of the
Euclidean logarithmic Sobolev inequality (3.7) and of the diamagnetic inequal-
ity (3.9), we know that

ly)?
112

As a consequence, we deduce the existence of a concave function ¢g in Inequal-
ity (1.9), such that

IVay I3 zrfw lyl? log( )dx+ $ylog(ZE) lyl; vy e H{RY.

& ()= 4ylog(2£) vy>o0.
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Note that the r.h.s. is negative for y large. The function wy (x) = (y/ m)dl4 g~z 15
is optimal in (3.7) and can be used as a test function in (1.5) in the regime as
Y — +oo. Using the fact that |wyll2 = 1, [Vwyll2 = \/dy and

IVawy I3 < IVwyll5 +2[1Vwy 2 [Awyll2 + | Awy 113
_yf lwy | loglwylzdx+2ylog( )+2||wa||2||Awy||2+IIAwyllz,

we get that, for some positive constant c,
0< IIVAwyllg—yfd|wy|2 log|wy|* dx - &g (y)
< 4ylog(ZE) ~¢n(y)+2 /Ayl Awy o + | Awy I3

n_ez) - ¢ (y)

¥ log(
r 2ylog ”e ,/log Mz ]

2 _ Y $ AP e T dx
a
% log(#) T2

lishes that {g (y) is equal to £y log (7 €?/7) at leading order as y — +oo. 0

where & — 0 as Yy — +o0 according to (1.6). This estab-

4. Lower estimates: constant magnetic field in dimension two

In the particular case when the magnetic field is constant, of strength B > 0, and
d = 2, we can improve the lower estimates of the last section. In this section we
assume that B = (0, B) and choose the gauge so that

Al:ng, Azz—gxl Vx = (x1,x2) € R%. 4.1

4.1. A preliminary result
The next result follows from [20, proof of Theorem 3.1] by Loss and Thaller.

Proposition 4.1. Consider a constant magnetic field with field strength B in two
dimensions. For every c € 0, 1], we have

f IVayl*dx > (1- cz)f IVy > dx + ch y?dx,
R? R? R?
and equality holds withy = ue'S and u > 0 ifand only if
212
(~02u?, 01u?) = T” (A+VS). 4.2)
Proof. Forevery ce[0,1],

flVAwlzdx:f |Vu|2dx+f IA+VSI>u? dx
R2 R2 R2

=(1 -cz)f2 |Vu|2dx+f2 (IVul* + 1A+ VS?u?) dx.
R R
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An expansion of the square shows that
fRZ (2 IVul® + A+ VSP? u?) dx = fRZZC'V”' IA+VS|udx,
with equality only if ¢|Vu| = |A + VS| u. Next we obtain that
2\Vul A+ VS|u= V2| |A+ VS| = (Vud)" - (A+VS),
where (Vu2)" := (3,12, 0, u2), and there is equality if and only if
(=02u?, 0, u*) =y (A+VS)
for some y. Since c|Vu| = |A+VS| u, we have y = 2 u?/ c. Integration by parts yields

[(c2|Vu|2+|A+VS|2u2)dszcf Wdx.
R? R2

4.2, Case p€ (2,+00)
Proposition 4.2. Consider a constant magnetic field with field strength B in two
dimensions. Given any p € (2,+00), and any a > — B, we have
1-2 2
p(@) =Cp(1-¢*) "7 (a+cB)? = purr(a), 4.3)
with
n“+p-1-1

1
p-1 _n+\/n2+p—1

c=clp,n = €(0,1) (4.4)

andn=a(p—-2)/(2B).
Proof. For any @ > —B, ¥ € HA([RZ) and c € [0,1] such that ¢ + ¢B = 0, we use
Proposition 4.1 to write
IVawll5 +allyls = (1- cz)f2 IVul* dx + (a+ cB)fZ u?dx
R R
with u = |y|. By applying (3.2) with A% = (@ + ¢ B)/(1 - ¢?), we get
1-2 2
IVawl5+alyls=Cp(1-c?) 7 (@+cB)? |y,
_2 2
Next we optimize the function ¢ — (1 — 02)1 ? (@+cB)? intheinterval [0, 1]. This
function reaches its maximum at ¢ such that
(p-2)cla+cB)=B(1-c?).

Notice that a + ¢ B is nonnegative. With

_a(p-2)
- 2B

the equation for ¢ becomes
(p-1c*+2nc—1=0.
which is solved by (4.4). d
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4.3. Case pe (1,2)

Now let us turn our attention to the case p € (1,2). The strategy of the proof of
Proposition 4.2 applies: for any c € (0,1), for any § > 0, by applying (3.6) with
AYP = B/(1 - c?), we obtain

IVawI3+ BIyIS = (cB+Cp B2 (=D 2] I3

The function c— c¢B+C,, BP'? (1-c?)1~P'2 is positive in [0, 1] and its derivative is
positive at 0., and negative in a neighborhood of 1_. The maximum is achieved
at the unique point c. € (0,1) given by
Cy B B
(1-c3)P2 2-p)Cypr2’

(4.5)

This establishes the following result.

Proposition 4.3. Consider a constant magnetic field with field strength B in two
dimensions. Given any p € (1,2), and any 3 > 0, we have

vp(f) = c*B+Cp/3g 1-c2)'-2 =:vir(B)
with ¢, given by (4.5).

4.4. Logarithmic Sobolev inequality

By passing to the limit as p — 2, in (4.3), we obtain a two-dimensional magnetic
logarithmic Sobolev inequality.

Lemma 4.4. Consider a constant magnetic field with field strength B > 0 in two
dimensions. Then for anyy > 0, the best constant in (1.5) satisfies

&N = Be(2 §)+ylog(Z-GrD), (4.6)

where c(2,m):= Vn?+1-1.

Proof. By using (3.8) with d =2 and (4.4), we see that for anyn >0,
= M ( — £loge+ £ log(nez)) (1+ £log(1-¢%))

—B [6(2 n) +nlog(w)]
ase=p—2—04, because 1 — c(2,7])2 =2nc(2,n). By rewriting (4.3) with a = ?’Tg
as

2
19w = 225 (112 ~ i3] + [ Cp (1= )77 (225 + cB) - 28]y

we can pass to the limit as p — 2, and establish (4.6) by setting y =7 B. d
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It turns out that the above magnetic logarithmic Sobolev inequality is opti-
mal. To identify the minimizers, we observe that the magnetic Schrédinger oper-
ator is not invariant under the standard translations. For any b = (b, b») € R?,

VAW = (Va)(x—b) if ¢p(x—b)=e (BO12-02x024,(5) v x e R

and —Aa commutes with the magnetic translations y — '8 01 X2=b2X1)/2.y(x _ )
if Ais given by (4.1).

Proposition 4.5. Consider a constant magnetic field with field strength B > 0 in
two dimensions. Then the logarithmic Sobolev inequality (1.5) holds with

&e(y)=Bc(2, %)J’Ylog(w)

where c(2,n) := \/1n? + 1—n, and the optimizer is given, up to a multiplication by a
complex constant and a magnetic translation, by v (x) = e YIx/4,

In other words, optimizers in inequality (1.5) are of the form

¥ 1x-bl?

wx =Ce i a tizhin-hx) yyreRr?  CeC, b= (b, by) R

Notice that in the semi-classical regime corresponding to a limit of the magnetic
field B such that 1/(2n) = A = A[B] — 0, we recover the classical logarithmic
Sobolev inequality (3.7) without magnetic field.

Proof. Using Proposition 4.1 and Inequality (3.7), for all c € [0, 1] we obtain

fIVAwlzdxza(l—cz)f lezlog(l:w—lzz)dx+(Bc+a(1—cz)log(”—ez))||1,1/||§.
R2 R2 U/\IZ g

We recover (4.6) witho (1-c¢?) =yand c=c(2, %)
According to Proposition 4.1, equality holds if ¢ = ue’S satisfies (4.2) and,
simultaneously,  realizes the equality case in (3.7), i.e.,

w(x)=Ce 1P yxeR?
with C € C and b € R?. By (4.2), this means that S has to satisfy

B B
01S=—=Dby, 0:S=—",
1 5 2 20=501

which implies S = g (b1 xo — by x1) + D, for some constant D. a

5. An upper estimate and some numerical results

In this section, we assume that d = 2, consider a constant magnetic field, estab-
lish a theoretical upper bound, and numerically compute the difference with the
lower bounds of Sections 3 and 4.
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5.1. An upper estimate: constant magnetic field in dimension two

Let r = /x? + x2 = |x| be the radial coordinate associated to any x = (x, xz) € R?
and assume that the magnetic potential is given by (4.1). For every integer k € N
we introduce the special symmetry class

Y(x) = (—)k v(lxl) VxeR?, ()

[x]

With this notation, if y € 6%, then

1 2 o o Tk Br\, 2
EAZIVAV/I dx:j(; [V rdr+f0 (7—7) lvl“rdr.

Let us define

IVawl3+a iyl
Tl

IVayI2+B I3

. | .
2Py := if p>2, Qg”[u/] = if pe,2).
2

The existence of minimizers of Q,(xp )in % was proved in [12, Theorem 3.5] for any
k € N. In the class %), with a slight abuse of notations, we have y = v and simple

. . . 2 :
upper estimates can be obtained using v, (r) = e~" /% as test function:
2
2 2 2 2 _(2 »
IVavoll3 =% (4+0%), lvol3=mo and lvel}=(2m0])”.

Case (i). Assume first that p € (2, +o00) and let 8 := 2/ p. We observe that
Q,(f) [vg] = %(271)1_9 pe fap(0) where f,q(0):= 029+ 4q0' %+ 4077,

The function fj ¢ has a unique minimum on (0, +o0), which is determined by the
second order equation

C-0)c?>+4a(1-0)g—460=0,

namely o = 0, (a,0) with

Vaa?(1-0)2+02-0)—a(1-6)

oy(a,0):=2 >0

With 6 = 2/ p, this gives the estimate

‘Q((Zp) Vo, (@0)]= % (277:)1_6 pG Ja0 (U+ (a, 9)) =! UGauss (@) .
Case (ii). When p € (1,2), with 0 := % € (1,2] and x(B,0) := 809 g1-v B, we get that

2 _
Qép)[vg] =18po(0) where ggo(o):=0+ S+ x(B,0) 01,

Elementary considerations show that gg g (0) has a unique minimumo = o_(g,6)
determined by the equation

2
1- = +x(B,0)0-1)o? =0,
(o

which is in general not explicit. However, a simple elimination shows that

) _1 _1(20 0- .
Qﬁp [Vo_gen] = ggﬁ,f) (U— (,6»9)) = 5 (% ﬁﬁ,@) + 9__?0—(,6;9)) =:VGauss () -

Proposition 5.1. With the above notations, we have

pB(@) < pgauss(@) if p>2 and ve(f)<vgauss(B) if pe(l,2).
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5.2. Numerical estimates based on Euler-Lagrange equations

Instead of a Gaussian test function, one can numerically compute the minimum

of fo ) in the class %) by solving the corresponding Euler-Lagrange equation.
Case (i). Assume that p € (2, +00). The equation is

o ) +o0 %—1
- v”——+(BT r2+a)V:NEL(a)(f Ivl”rdr) P2 v. 6.1
r 0

Without loss of generality we can restrict the problem to positive solutions such

that
+00 1—%
peL(@) = (fo Ivl’”rdr)

and then we have to solve the reduced problem

!/
-v'- VT+(BT27’2+06)U=|U|’J_2V
among positive functions in H! ((0, +00), r dr) such that [, |v|? r dr < +0o. From
the existence result [12, Theorem 3.5], we know that ugy (@) is given by the infi-
mum of ( f0+°° lvIPrd r)l_Z/p on the set of solutions. Uniqueness and nondegen-
eracy of positive solutions to the above equation has been proved in [15] and [22].
Numerically, we solve the ODE on a finite interval, which induces a numerical er-
ror: the interval has to be chosen large enough, so that the computed value is a
good upper approximation of ugy ().
Case (ii). Assume that p € (1,2). A radial minimizer of fo ' solves

v’ 2 too 5l

—v”—7+BTr2v:vEL(ﬁ)v—,B(f0 Ivlprdr) P2 .

Without loss of generality we can restrict the problem to positive solutions such

that
+00 1—%
,B:(f Ivlprdr)
0

and have therefore to solve the reduced problem

" 2

!

-v —U7+BT2r v=vv—|vP v (5.2)
among nonnegative functions in H!((0, +oo0), r dr) such that f0+°° [vIP rdr < +o0.
Notice that the compact support principle applies according to, e.g., [1, 4, 5, 21],
since p —1 < 1 so that the nonlinearity in the right hand side of (5.2) is non-
Lipschitz. Numerically, we can therefore solve (5.2) using a shooting method, with
a shooting parameter a = v(0) > 0 that has to be adjusted to provide a nonneg-
ative solution with compact support, which minimizes f0+°° [v|P rdr. The set of
solutions is then parametrized by the parameter v > 0, while § is recovered by the
above integral condition. In other words, we approximate v — (g (v) and recover
B — vp(P) as the inverse of Bg. Since we compute the size of the support of the
approximated solution, there is no numerical error due to finite size truncation.
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5.3. Numerical results

We illustrate the Case (i), p € (2, +00), by computing for p =3 and B = 1, in dimen-
sion d = 2, an approximation of a — ug(a). Upper estimates tgauss (@) = gL (a) =
pB(a) and lower estimates pinterp (@) < prr(a) < pp(a) are surprisingly close: see
Figs. 1 and 2.

-0.02 |

-0.04 |

o
0.003 |
0.002 -

i [

008 J 0.001 [
L 0002
[ M—

FIGURE 2. Case d = 2, p = 3, B = 1: comparison of the upper es-
timates @ — UGauss(@) and a — pgp. (@) of Sections 5.1 and 5.2, with
the lower estimates & — Uinterp (@) and @ — 7 () of Propositions 3.1
and 4.2. Plots represent the curves log; o (UGauss/ HEL), 10810 (L 1T/ HEL)
and 10g; (Kinterp/ MEL) SO that @ — pgp(a) corresponds to a straight
line at level 0. The exact value associated with upg lies in the grey area.

006 |
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In Case (ii), p € (1,2), the range of the curve  — vg(pB) differs from the case
p > 2 but again upper estimates Vgauss(8) = VeL(B) = vp(f) and lower estimates
Vinterp (B) < vrr(B) < vp(p) are surprisingly close: see Figs. 3 and 4.

8,

FIGURE 3. Cased =2, p=1.4, B=1:plotof f— vg(p). The horizon-
2

.. . . 1-2
tal axis is measured in units of (27)" ? S.

0.0005 2

FIGURE 4. Case d =2, p = 1.4, B = 1, with same horizontal scale
as in Fig. 3: comparison of the upper estimates  — vgauss(8) and
B— vEL(P) of Sections 5.1 and 5.2, with the lower estimates Vinterp (6)
and f — vir(B) of Propositions 3.4 and 4.3. Plots represent the curves
log;0(VGauss/VEL), 10810 (vr/vEL) and 1og; o (Vinterp/VEL) SO that a —
viL(B) corresponds to a straight line at level 0. The exact value associ-
ated with vp lies in the grey area.
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5.4. Asymptotic regimes

We investigate some asymptotic regimes in the case of a constant magnetic field
of intensity B.

Convergence towards the Lowest Landau Level. Assume that d =2, p > 2 and
let us consider the regime as @ — (—B) ;. We denote by LLL the eigenspace corre-
sponding to the Lowest Landau Level.

Proposition 5.2. Letd =2 and consider a constant magnetic field with field stren-
gth B. If w o is a minimizer for ug(a) such that ||y q |, = 1, then there exists a non
trivial ¢, € LLL such that

a_ll(r_%h [va—pa “H}{([RZ) =0.
Proof. Let ¥, € Hy (R?) be an optimal function for (1.3) such that [ly4|l, = 1 and
let us decompose it as ¥4 = Q¢ + Yo, Where ¢, € LLL and y is in the orthogonal
of LLL. Then, by the orthogonality of ¢, and y, we get

B (@) = (@+B) lggll5+(@+3B) llxalls = (@+3B) I xall ~ 2Bl xal3

as a — (-B), because [|Vyql3 = 3B xq 3. Since limy—.(_p), pg(a) = 0 by Theo-
rem 1.1, this implies that limy_.(_p), [ x«ll2 = 0. On the other hand, we know that

pB(@) = (@+B)llpals + IVaxals + allxalls = 2 1Vaxal3,

which concludes the proof. O

Semi-classical regime. Let us consider the small magnetic field regime. We as-
sume that the magnetic potential is given by (4.1) if d = 2. In dimension d = 3,
we choose A = g(—xg, x1,0) and observe that the constant magnetic field is B =
(0,0, B), while the spectral gap in (1.1) is A[B] = B.

Proposition 5.3. Let d =2 or3 and consider a constant magnetic field B of inten-
sity B with magnetic potential A and assume that (1.1) holds for some A = A[B] > 0.

(i) For p e (2,2%) and for any fixed a and y > 0, we have

d d72 27,,
. — i . — -1 2p—-d(p-2)
515& pep(@) =Cpa? and glg& aeB(W) (Cp u) .

(i) Forpe(1,2) and any fixed B > 0, we have
2p
li%l VeB(,B) — Cpﬁ2p+d(2—p) .
E—04
Proof. Consider any function ¢ € HA([Rd) and for any ¢ > 0 define y(x) = y (Ve x).
With our standard choice for A, we have that /eA(x//€) = A(x). From

IVeawl+alyly

lvi2 Ix12

a_az2 [Vayl3 +aeIyl3

we deduce that
d_d-2
P 2

pe(@) =er” 2 pg(ae™').
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By a similar argument we can easily see that

2q-d

_2q-d d-2_d
aEB(,u)zech(ue 2’7) and VEB(ﬁ)=£VB(ﬂ€2 p).

The conclusion follows by considering the asymptotic regime as € — 0, in Theo-
rem 1.1 and in Corollary 1.2. a

5.5. A numerical result on the linear stability of radial optimal functions

Bonheure et al. show in [2] that for a fixed @ > 0 and for B small enough, the
optimal functions for (1.3) are radially symmetric functions, i.e., belong to 6.
As shown in Proposition 5.3, this regime is equivalent to the regime as @ — +oo
for a given B, at least if the magnetic field is constant. On the other hand, the nu-
merical results of Section 5 show that @ — ug(a) is remarkably well approximated
from above by functions in %6;. The approximation from below of Proposition 4.3,
although not exact, is found to be numerically very close.

This raises the open question of whether, in the case of constant magnetic
fields, equality in (1.3) is realized by radial functions for a given constant mag-
netic field B and an arbitrary a. As mentioned in Section 5.2, from [15, 22], we
know that the branch of solutions in % is isolated in the class of radial functions.
Perturbing these radial solutions in a larger class of functions is natural. Let us
analyze the stability of the solutions to (5.1) under perturbations by functions in
%,. Assume that d = 2 and p > 2. Let us denote by ¥, a minimizer of Qép ' on
the class (%) of radial functions, normalized so that, with a standard abuse of
notation, ¥ (x) = wo(|x|) solves

!/
~yo - % + (BTZ r’ +“)1//0 = lyol”yo,
and consider the test function
ve=yo+ee v

where v is a radial function, depending only on r = |x|, and elf = (x1+ixp)/r.In
the asymptotic regime as € — 0., we have

fwwazdxwf |wg|2dx—(f |vAwo|2dx+af |1//0|2dx)
R2 R2 R2 R2

=(f IVAvlzdx+af Ivlzdx
R2 R2

+00 2
:271[ [|V’|2+((%—%) +a)|v|2]rdr52+o(£2)
0

e+ 0(52)

and
lelld — o l2 =27 2 ol [fo+°°|wo|”‘2 v rdr| e +o(e?).
Altogether, we obtain
(2 el - po(@) 1wl
=27 [fRz V12 dx+ [ ((%—%)2+ oc)lvl2 dx—5 [ lyolP~2v? rdr] e2+o(e?)
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p

where pg(a) = llyoll p—z = Q,(Zp) [Wo]. The linear stability of ¢ with respect to per-
turbations in (%)) can be recast as the eigenvalue problem

Ul

-
r

(-5 ra) o= Fwor 2 v=pv. 69

The numerical results for d =2, B =1 and p = 3 of Fig. 5 suggest that Qép ) is lin-
early stable for a > —B, not too large. This indicates that ug;, is a good candidate
for computing the exact value of ug for arbitrary values of B’s.

4

2 4 6 8

FIGURE 5. Case p =3 and B = 1: plot of u solving (5.3) as a function
of a. A careful investigation shows that y is always positive, including
in the limiting case as @ — (—B)+, thus proving the numerical stability
of the optimal function in %6 with respect to perturbations in 6.
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