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Numerical verification of the
Cohen-Lenstra-Martinet heuristics

and of Greenberg’s p-rationality conjecture

par Razvan Barbulescu et Jishnu Ray

Résumé. Dans cet article nous apportons des éléments en faveur de
la conjecture de Greenberg d’existence de corps p-rationnels à groupe
de Galois connu. Nous intruisons une famille de corps biquadratiques
p-rationnels et nous donnons des nouveaux exemples numériques de
corps p-rationnels multiquadratiques de grand degré. Dans le cas des
corps multiquadratiques et multicubiques on prouve que la conjec-
ture est une conséquence de la conjonction de l’heuristique de Cohen-
Lenstra-Martinet et d’une conjecture de Hofmann et Zhang portant sur
le régulateur p-adique; nous apportons des nouveauz résultats numériques
en faveur de ces conjectures. Une comparaison des outils existants nous
amène à proposer des modifiquations algorithmiques.

Abstract. In this paper we make a series of numerical experiments to sup-
port Greenberg’s p-rationality conjecture, we present a family of p-rational bi-
quadratic fields and we find new examples of p-rational multiquadratic fields.
In the case of multiquadratic and multicubic fields we show that the con-
jecture is a consequence of the Cohen-Lenstra-Martinet heuristic and of the
conjecture of Hofmann and Zhang on the p-adic regulator, and we bring new
numerical data to support the extensions of these conjectures. We compare
the known algorithmic tools and propose some improvements.

1. Introduction

Let K be a number field, Sp the set of prime ideals of K above p, KSp the
compositum of all finite p-extensions of K which are unramified outside Sp.
We call Tp the torsion subgroup of the abelianization of Gal(KSp/K). The
study of Tp is a major question in Iwasawa theory. If K satisfies Leopoldt’s
conjecture at p and Tp ' 0 we say that K is p-rational. A. Movahhedi
and T. Nguyen Quang Do, in [20], discussed this notion of p-rational fields
and showed that if K is p-rational, then Gal(KSp/K) is a free pro-p group
(see also the PhD thesis of Movahhedi [18, Chapter II]). Movahhedi also
proved an equivalent characterization of p-rational fields depending on the
class number of K and the unit groups of its p-adic completions (cf. ibid).
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We recommend Gras’ book [8] for a presentation of numerous results in the
topic of p-rational fields.

The existence of p-rational fields allows us to obtain algorithms and
proofs. For example, Schirokauer [22] proposed an algorithm to compute
discrete logarithms in the field of p elements which uses a p-rational number
field. A more recent application due to Greenberg [10, Prop 6.7] is the
following. If there exists a totally complex p-rational number field K such
that Gal(K/Q) ' (Z/2Z)t for some t, then for all integers n such that
4 ≤ n ≤ 2t−1 − 3 there exists an explicit continuous representation with
open image

ρn,p : Gal(Q/Q) → GL(n,Zp).

Note that for n = 2 one has such a construction using elliptic curves. Yet,
the only other results before Greenberg’s construction correspond to n = 3
(due to Hamblen and Upton according to [10]).

Greenberg conjectured that for any pair (p, t) there exists a p-rational
number field K such that Gal(K/Q) ' (Z/2Z)t. Let us consider the gen-
eralization of this conjecture to any abelian field.

Problem 1.1. Given a finite abelian group G and a prime p, decide if
the following statements hold: there exists one (resp. infinitely many)
p-rational number field(s) of Galois group G; in this case we say that Green-
berg’s conjecture (resp. the infinite version of Greenberg’s conjecture) holds
for G and p or simply that GC(G, p) (resp. GC∞(G, p)) holds.

The scope of this article is to investigate this problem. In Section 2, we
propose a family of p-rational biquadratic fields and prove GC((Z/2Z)t, p)
for all primes p ∈ [5, 97] and t ∈ [7, 11] depending on p. In Section 3 we
prove that GC∞((Z/qZ)t, p) for q = 2 and 3 and for any t ≥ 1 and p ≥ 5
are consequences of the Cohen-Lenstra-Martinet heuristic and of a recent
conjecture of Hofmann and Zhang. Finally, in Section 4 we present a com-
parison and modifications of the algorithms used to obtain the experimental
data.
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2. Some examples of p-rational fields for Greenberg’s conjecture

Let nK , hK , DK and EK be the degree, the class number, the discrim-
inant and the unit group of K. If K is abelian, we denote its conductor
by cK .
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The first objective of this article is to present an infinite family of p-rational
fields and to find examples of multiquadratic p-rational fields that are larger
than the results in [10]. For this we use a characterization of p-rational fields
as follows.

Proposition 2.1 (Prop II.1 of [18]). We use the notations given above and
call (r1, r2) the signature of K. The following statements are equivalent:
(1) K is p-rational (i.e. K satisfies Leopoldt’s conjecture at p and Tp is

trivial) or equivalently Gal(KSp/K)ab ' Z1+r2
p ;

(2) Gal(KSp/K) is a free pro-p group with r2 + 1 generators;
(3) Gal(KSp/K) is a free pro-p group.

By [19], the above conditions on p-rationality are also equivalent to

(4) (a)
{
α ∈ K× | αOK = ap for some fractional ideal a

and α ∈ (K×
p )p for all p ∈ Sp

}
= (K×)p,

(b) and the map µ(K)p →
∏

p∈Sp
µ(Kp)p is an isomorphism,

where Kp is the completion of K at a prime ideal p ∈ Sp and µ(K)p is
the set of p-th roots of unity in K.

We note that the condition (4.b) is automatically satisfied for primes
p > +1 as [Qp(ζp) : Qp] = p − 1 and therefore no p-adic completion of K
can contain p-th roots of unity.

We call p-primary any unit of K which is not a p-th power in K but it’s
a p-th power in all the p-adic completions of K. Assume that K satisfies
Leopoldt’s conjecture (e.g. Gal(K/Q) is abelian) and that p is such that
the map µ(K)p →

∏
p∈Sp

µ(Kp)p is an isomorphism (e.g. p > nK + 1).
Then we have a simple criterion for p-rationality: if p - hK and K has no
p-primary units then K is p-rational.

In particular, for all primes p ≥ 5, all imaginary quadratic fields K such
that p - hK are p-rational. Hence GC∞(Z/2Z, p) is a consequence of a
result due to Hartung.

Proposition 2.2 ([12]). For all odd primes p there exist infinitely many
square-free integers D < 0 such that hQ(

√
D) · D 6≡ 0 (mod p). There-

fore, there exist infinitely many p-rational imaginary quadratic fields. As a
consequence, GC∞(Z/2Z, p) holds.

The existence of p-primary units is easily tested using p-adic logarithms
([24] Sec. 5.1). Let K be a number field (not necessarily abelian) and p a
prime which is unramified in K and such that K has no p-th roots of unity.
In the following Op = Zp⊗OK and we set ep := lcm({Norm(p)−1 : p ∈ Sp})
and Kp := {x ∈ K∗ | ∀p ∈ Sp, valp(x) = 0}. Since x 7→ xep injects Kp

into {z ∈ C∗
p : ∀p ∈ Sp, valp(z − 1) ≥ 1}, we can extend logp to Kp by

logp(x) := 1
ep

logp(xep).
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Note that an element of OK is a p-th power in Kp for all p ∈ Sp if and
only if logp(x) ∈ p2Op. Hence, a unit ε ∈ K\Kp is p-primary if and only if
logp(ε) ≡ 0 (mod p2Op).

Assume that K is totally real. If U is a set of nK − 1 units, we denote
by Rp(U) the p-adic regulator ([24] Sec 5.5 and [13] Sec. 2.1); if U is a
system of fundamental units we simply write RK,p. We call normalized
p-adic regulator the quotient R′

K,p := RK,p/p
nK−1 and note that if K has

p-primary units then R′
K,p ∈ pOp.

If on the contrary, p is ramified at K we don’t have necessarily that
R′

p ∈ Op and we don’t have an equivalence for existence of p-primary units.
However, when p-primary units are present it remains true that valp(R′

p) ≥
1. In the sequel we write “p | R′

p” for “valp(R′
p) ≥ 1” in the both cases

when p is ramified and unramified in K.
In the case of multiquadratic fields we shall need a result of Greenberg:

Lemma 2.3. ([10, Prop 3.6]) Let K be an abelian extension of Q and p is
a prime which does not divide the degree [K : Q]. Then K is p-rational if
and only if all its cyclic subfields are p-rational.

A study of the p-adic logarithm of the fundamental unit allows to con-
struct a p-rational biquadratic number field for a fixed prime p, i.e. to show
that GC(Z/2Z× Z/2Z, p) holds for any p.
Theorem 2.4. For any prime p, the field K = Q(i

√
p− 1, i

√
p+ 1) is

p-rational.

Proof. Let us call k1 = Q(
√
p2 − 1), k2 = Q(i

√
p− 1) and k3 = Q(i

√
p+ 1)

the three quadratic subfields of K. We treat first the case where p ≥ 5
using the p-rationality criterion presented above: we show that p - hk1
(step 1) and that the fundamental unit of k1 is not p-primary (step 2), so
Q(

√
p2 − 1) is p-rational. Then we show that max(hk2 , hk3) < p (step 3),

which shows that k2 and k3 are p-rational. This completes the proof for
p ≥ 5 using Lemma 2.3. The cases p = 2 and p = 3 are treated at the end
(step 4).

Proof of step 1. We distinguish two cases depending whether p is of the
form 1

2a
2 ± 1 for some a ∈ Z.

The case when p 6= 1
2a

2 ± 1 for any a ∈ Z.
Let us show that ε = p+

√
p2 − 1 is a fundamental unit. Note first that

Dk1 = 4Q or Q where Q is the square free part of (p2 − 1)/4, so Dk1 is a
positive divisor of p2 − 1. Also note that the minimal polynomial of ε is
µε = x2 − 2px+ 1. If ε is a square in k1 then x4 − 2px2 + 1 is divisible in
Q[x] by a polynomial of the form µ√

ε = x2 − 2ax± 1 with a ∈ Z, which is
forbidden by the assumption that p is not of the form 1

2a
2 ± 1. As a real

field, k1 has no roots of unity other than ±1 so there exists an odd integer n
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such that ε = εn0 where ε0 is the fundamental unit greater than 1. Note that
γ := −(εn0 + ε−n

0 )/(ε0 + ε−1
0 ) belongs to Z[ε0] and therefore to Ok1 . Since

γ = Tr(ε)/Tr(ε0) (Tr denotes the trace), it belongs to Q and therefore γ is
an integer, so Tr(ε0) ∈ {±2p,±p,±1,±2}. Hence the minimal polynomial
of ε0 is equal to x2±2px±1, x2±px±1, x2±2x±1 or x2±x±1. We rule
out x2 ± 2x+ 1 because they are not irreducible and we rule out the cases
x2 ± 2x − 1 and x2 ± x ± 1 because their roots belong to Q(

√
2), Q(

√
3)

or Q(
√
5), which can only belong to k1 if p2 − 1 = 1

2a
2, p2 − 1 = 3a2 or

p2 − 1 = 5a2. The first case is forbidden by our assumption on p and the
other two are forbidden because the systems of equations { p ± 1 = 3b2

and p ∓ 1 = c2 } and { p ± 1 = 5b2 and p ∓ 1 = c2 } have no solutions
modulo 4 for odd p and hence no solutions in Z. Among the remaining
polynomials, the only irreducible polynomial whose discriminant divides
p2 − 1 (and satisfying ε = εn0 ) is µε, so ε0 = ε (i.e. n = 1) or equivalently
p+

√
p2 − 1 is a fundamental unit.

By a result of Louboutin [16, Theorem 1] we have the following effective
bound

hk1 ≤
√

Dk1

e log(Dk1)

4 log ε
.

Since Dk1 ≤ p2 − 1, we conclude that hk1 < p and hence p - hk1 .
The case when p = 1

2a
2 ± 1 with a ∈ Z.

Let d be the square free part of p2− 1 and ε := a+ bω with a, b ∈ Z be a
fundamental unit of Q(

√
p2 − 1), where ω =

√
d or 1+

√
d

2 depending on the
residue of d mod 4. Without loss of generality we can assume that a > 0
and |ε| > 1. Since the conjugate of ε, a− bω is also a fundamental unit we
have |a+ bω| > |a− bω|, so b ≥ 1. Hence we have

ε ≥ 1 + 1 · ω ≥ 1 + min(
√
d,

1 +
√
d

2
) ≥ 1 +

√
3.

Note as before that Dk1 = 4Q or Q where Q is the free part of p2 − 1.
Since p = 1

2a
2 ± 1, Q is a divisor of (p± 1)/2, so Dk1 ≤ 2(p+1). We apply

Louboutin’s bound once again and obtain

hk1 ≤
√

2(p+ 1)
e log(

√
2(p+ 1))

4 log ε
< p,

because p ≥ 7, so p - hk1 .
Proof of step 2. To test if ε is p-primary we test if εp

2−1 − 1 ≡ 0

(mod p2Op). Indeed, logp(ε) = 1
p2−1

logp(εp
2−1) ≡ 1 − εp

2−1 (mod p2Op).
Then modulo p2Z[

√
p2 − 1 we have
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εp
2−1 − 1 ≡ (p2 − 1)

p2−1
2 − 1 + p(p2 − 1)

p2−3
2

√
p2 − 1 (p2Z[

√
p2 − 1])

≡ ±p
√
p2 − 1 (p2Z[

√
p2 − 1]).

Since p2Z[
√

p2 − 1] ⊂ p2Ok1 ⊂ p2Op, this shows that the p-adic logarithm
of ε is not a multiple of p2, so ε is not p-primary.

Proof of step 3. Recall Hua’s bound for the class numbers of imaginary
quadratic fields k (Remark 4. in [15], where a sharper inegality is proven
in Theorem 3.):

hk ≤
√
Dk

ωk
(log(

√
Dk) + 1),

where ωk is the number of roots of unity in k; note that ωk ≥ 2. Since for
i = 2, 3, Dki ≤ 4(p+1) and for all x ≥ 5 it holds 1

2

√
4(x+ 1)(log(

√
4x+ 1)+

1) < x, we conclude that max(hk2 , hk3) < p.
Finally, note that k2 and k3 are imaginary, so they have no p-primary

units. In the case where p ≥ 5, the p-rationality criterion above applies
and we conclude that k2 and k3 are p-rational. Hence, all the quadratic
subfields of K are p-rational and so does K.

Proof of step 4. Let us consider the case of p = 2 and p = 3. Note that
S2 associated to Q(

√
3) corresponds to a singleton Kp and µ(Q(

√
3))2 =

{±1} = µ(Q(
√
3)2)2. Also note that S3 associated to Q(

√
2) is an inert

ideal and for the corresponding completion Kp has no 3-rd roots of unity.
In both cases, the condition (4.b) in Proposition 2.1 is satisfied and one
can apply the p-rationality criterion. The unit ε := p −

√
p2 − 1 is not a

p-th power locally, by the same argument as above. Since ε is a power of
the fundamental unit, Q(

√
p2 − 1) has no p-primary units. Since the class

number of Q(
√
2) and Q(

√
3) is 1 we obtain that k1 is p-rational.

As the class numbers of Q(
√
−1), Q(

√
−2) and Q(

√
−3) is 1, the Example

(c) of [18, Ch. II] applies : assuming the class number is not divisible by
p, the imaginary field Q(

√
−d) is 2-rational if and only if d 6≡ 7 (mod 8)

and it is 3-rational if and only if d = 3 or d 6≡ 3 (mod 9). Indeed, for p = 2
the squarefree parts of p− 1 and p+ 1 are 1 and 3 which are not congrent
to 7 mod 8. For p = 3 the squarefree parts of p − 1 and p + 1 are 2 and
1 which are not congruent to 3 modulo 9. Hence, k2 and k3 are p-rational
and we conclude that K is p-rational.

�

2.1. Some numerical examples of p-rational multiquadratic fields.
In Table 1 we give examples of complex p-rational fields K of Galois group
G = (Z/2Z)t for all primes p ∈ [5, 97] and greater values of t than those
found by Greenberg and Pollack [10, Sec 4.2]. We emphasize the fact that
every example proves the existence of open continuous representations of
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Gal(Q/Q) in GL(n,Zp) by including the values of n corresponding to each
field (cf Prop 6.7 in [10]).

The fields Q(
√
d1, . . . ,

√
dt) in the examples were found by searching

minimal values of di for each value of i: we took d1 equal to the smallest
positive non-square non divisible by p such that p - hQ(

√
d1)

and its fun-
damental unit is not p-primary. For i = 2, 3 . . . , t − 1 we computed the
smallest di ≥ di−1 +1 relatively prime to p

∏i−1
j=1 dj such that all the 2i − 1

quadratic subfields of Q(
√
d1, . . . ,

√
di) have class numbers non divisible by

p and fundamental units which are not p-primary. Finally, dt < 0 is the
negative integer of smallest absolute value such that gcd(dt, p

∏t−1
i=1 di) = 1

and the 2t−1 imaginary quadratic subfields of Q(
√
d1, . . . ,

√
dt) have class

numbers non divisible by p (the corresponding scripts are available in the
online complement [2, search-example.sage]).

Note that the difference di − di−1 increases rapidly so that the cost of
finding p-rational fields with larger t increases in accordance. This raises
the question of the existence of a natural density of p-rational number fields
having a given Galois group.

3. The Cohen-Lenstra-Martinet heuristic and the conjectured
density of p-rational fields

Cohen and Lenstra [5] and Cohen and Martinet [6] conjectured that there
exists a natural density of number fields whose class number is divisible by a
prime p among the set of number fields of given Galois group and signature.
We bring new numeric data in favor of the conjecture in Section 3.1. We
recall and extend a conjecture of Hofmann and Zhang about the valuation of
the p-adic regulator (Section 3.2) and then we prove that these conjectures
imply Greenberg’s p-rationality conjecture (Section 3.3).

3.1. New numerical data to verify the Cohen-Lenstra-Martinet
heuristics. The Cohen-Lenstra-Martinet conjecture on cyclic cubic fields [5,
Conjecture C14][6, Sec. 2, Ex 2(b)] was initially supported by the data
computed on the 2536 cyclic cubic fields of conductor less than 16000,
i.e., discriminant less than 2.56 · 106, (cf. [6]). Malle [17] noted that the
aforementioned data fit equally well the value and the double of the value
predicted by the Cohen-Lenstra-Martinet conjectures. This ambiguity is
solved if the computations are pushed up to larger conductors.

We used PARI/GP (http://pari.math.u-bordeaux.fr) to test the Cohen-
Lenstra-Martinet heuristic on the 1585249 cyclic cubic fields of conductor
less than 107, e.g., discriminant less than 1014. The results are summarized
in Table 2 and the complete data are available in the online complement [2,
table4.txt.gz]. The data in Table 2 show that the relative error between
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p t d1, . . . , dt open image of Gal(Q/Q) in
5 7 2,3,11,47,97,4691,-178290313 ∀n ∈ [4, 61], GL(n,Z5)
7 7 2,5,11,17,41,619,-816371, ∀n ∈ [4, 61], GL(n,Z7)
11 8 2,3,5,7,37,101,5501,-1193167 ∀n ∈ [4, 125], GL(n,Z11)
13 8 3,5,7,11,19,73,1097,-85279 ∀n ∈ [4, 125], GL(n,Z13)
17 8 2,3,5,11,13,37,277,-203 ∀n ∈ [4, 125], GL(n,Z17)
19 9 2,3,5,7,29,31,59,12461, -7663849 ∀n ∈ [4, 253], GL(n,Z19)
23 9 2,3,5,11,13,19,59,2803,-194377 ∀n ∈ [4, 253], GL(n,Z23)
29 9 2,3,5,7,13,17,59,293,-11 ∀n ∈ [4, 253], GL(n,Z29)
31 9 3,5,7,11,13,17,53,326,-8137 ∀n ∈ [4, 253], GL(n,Z31)
37 9 2,3,5,19,23,31,43,569,-523 ∀n ∈ [4, 253], GL(n,Z37)
41 9 2,3,5,11,13,17,19,241,-1 ∀n ∈ [4, 253], GL(n,Z41)
43 10 2,3,5,13,17,29,31,127,511,-2465249 ∀n ∈ [4, 509], GL(n,Z43)
47 10 2,3,5,7,11,13,17,113,349,-1777 ∀n ∈ [4, 509], GL(n,Z47)
53 10 2,3,5,7,11,13,17,73,181,-1213 ∀n ∈ [4, 509], GL(n,Z53)
59 10 2,3,5,11,13,17,31,257,1392,-185401 ∀n ∈ [4, 509], GL(n,Z59)
61 10 2,3,5,7,13,17,29,83,137, -24383 ∀n ∈ [4, 509], GL(n,Z61)
67 11 2,3,5,7,11,13,17,31,47,5011,-2131 ∀n ∈ [4, 1023], GL(n,Z67)
71 10 2,3,5,11,13,17,19,59, 79,-943 ∀n ∈ [4, 509], GL(n,Z71)
73 10 2,3,5,7,13,17,23,37,61,-1 ∀n ∈ [4, 509], GL(n,Z73)
79 10 2,3,5,7,11,23,29,103,107,-1 ∀n ∈ [4, 509], GL(n,Z79)
83 10 2,3,5,7,11,13,17,43,97,-1 ∀n ∈ [4, 509], GL(n,Z83)
89 11 2,3,5,7,11,23,31,41,97,401,-425791 ∀n ∈ [4, 1023], GL(n,Z89)
97 11 2,3,5,7,11,13,19,23,43,73,-1 ∀n ∈ [4, 1023], GL(n,Z97)

Table 1. Examples of p-rational complex number fields of
the form K = Q(

√
d1, . . . ,

√
dt) such that Gal(K) ' (Z/2Z)t

and their consequences on the existence of continuous rep-
resentations of Gal(Q/Q) with open image.

the computed density and the one predicted by Conjecture 3.1 is between
0.2% and 78.3%.

If Gal(K) ' (Z/qZ)t for some prime q 6= p, then Kuroda’s formula [14,
Eq (17)] states that hK = qα

∏
ki subfield of degree q hki for some α ∈ N. In

the Cohen-Lenstra-Martinet philosophy, the class numbers of the subfields
in Kuroda’s formula behave “independently”, e.g. compare the values pre-
dicted for the Galois group Z/2Z × Z/2Z to the cube of that of Z/2Z as
well as the value for Z/3Z×Z/3Z to the 4-th power of that for Z/3Z. This
allows us to extend Conjectures C-7 and C-14 in [5] as follows.

Conjecture 3.1. Set (p)∞ :=
∏

k≥1(1− p−k) and (p)1 := (1− p−1).
(1) If K is a real field such that Gal(K/Q) ' (Z/2Z)t for some t and p is
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p
Conj. C-14 [5] Prob(p | hk : DK ≤ X2) Prob(p|hK ,DK≤X2)−Prob(p|hK)

Prob(p|hK)

Prob(p | hK) X = 1.6 · 103 X = 107 X = 1.6 · 103 X = 107

5 1.67 · 10−3 4
2536

3042
1585249 ≈ 1.91 · 10−3 −5.4% 15.1%

7 4.69 · 10−2 87
2536

72142
1585249 ≈ 4.55 · 10−2 −26.9% 3.0%

11 6.89 · 10−5 0 127
1585249 ≈ 8.01 · 10−5 100% 16.3%

13 1.28 · 10−2 26
2536

20244
1585249 ≈ 1.28 · 10−2 −29.7% 0.2%

17 1.20 · 10−5 0 23
1585249 ≈ 1.45 · 10−5 100% 20.8%

19 5.84 · 10−3 16
2536

9406
1585249 ≈ 9.41 · 10−3 8.1% 1.6%

23 3.58 · 10−6 0 9
1585249 ≈ 5.67 · 10−6 100% 58.6%

29 1.41 · 10−6 0 4
1585249 ≈ 2.52 · 10−6 100% 78.3%

Table 2. Comparison, for primes p between 5 and 29, be-
tween the proportion of cyclic cubic fields of conductor less
than X = 16000 (resp. 107) whose class number is divisible
by p, denoted by Prob(p | hK : DK ≤ X2), and the density
in Conjecture C-14 in [5].

an odd prime, then

Prob(p - hK) =
(p)∞
(p)1

2t−1

.

(2) If Gal(K/Q) ' (Z/3Z)t for some t and p ≥ 5 is a prime then

Prob(p - hK) =


( (p)

2
∞

(p)21
)
3t−1

2 , if p ≡ 1 (mod 3);

(p2)∞
(p2)1

3t−1
2

, if p ≡ 2 (mod 3).

In the case of Galois group Z/3Z×Z/3Z we support Conjecture 3.1 with
numerical data which are summarized in Table 3 are available online at [2,
table5.txt.gz].

3.2. Numerical verification of a conjecture on the p-adic regulator.
In a heuristic, Schirokauer [22, p. 415] obtained that the density of number
fields which contain p-primary units is O(1p). The same heuristic implies
that the density of fields such that p divides R′

K,p is also O(1p). Hofmann
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p theoretic
density

stat. density
conductor ≤ 106

relative
error

5 0.00334 933
203559 ≈ 0.0066458 31%

7 0.17481 23912
203559 ≈ 0.11746 33%

11 0.00028 26
203559 ≈ 0.00013 54%

13 0.02316 6432
203559 ≈ 0.03160 36%

17 0.000048 4
203559 ≈ 0.0000197 59%

19 0.02315 3536
203559 ≈ 0.01737 25%

Table 3. Statistics on the density of fields of Galois group
Z/3Z×Z/3Z whose class number is divisible by p for primes
p between 5 and 19.

and Zhang [13, Conj 1.1] go beyond the O(1p) upper bound and make a
conjecture on the precise density of cyclic cubic fields such that p | R′

K,p:
the density is 2

p − 1
p2

if p ≡ 1 (mod 3) and 1
p2

if p ≡ 2 (mod 3). In the
same philosophy, the normalized p-adic regulator of a real quadratic field
K is heuristically considered to be random element of Zp and therefore the
probability that p divides R′

K,p is 1/p.
If K is a number field such that Gal(K) ' (Z/qZ)t for a prime q and an

integer t and if p 6= q is a prime, then Kuroda [14, Eq. (18)] showed that
RK = qβ

∏
ki subfield of degree q Rki for some β ∈ N where RK and respectively

Rki denote the regulator of K and of the fields ki, respectively. Their proof
translates in a verbatim manner to the p-adic regulators and the normalized
p-adic regulators.

We make the heuristic that the p-adic regulators of the cyclic subfields
of a field of Galois group (Z/qZ)t behave “independently” and extend Con-
jecture 1.1 in [13].

Conjecture 3.2. Let q = 2 or 3, p > q + 1 a prime and t an integer.
The probabilities below are among the field K where p is unramified. Then
the density of totally real number fields K such that Gal(K) = (Z/qZ)t for
which the normalized p-adic regulator is divisible by p is
(1) Prob

(
p divides R′

K,p : K real, Gal(K) ' (Z/2Z)t
)
= 1− (1− 1

p)
2t−1.
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(2) Prob
(
p divides R′

K,p : Gal(K) ' (Z/3Z)t
)
= 1− (1− P)

3t−1
2 , where

P =

 2
p − 1

p2
, if p ≡ 1 (mod 3)

1
p2
, if p ≡ 1 (mod 3)

If q = 3, p ≡ 1 (mod 3), t = 1 and the probability concerns the set of fields
K which are ramified at p, then P = 2

p . Overall, if q = 2 or 3, with no
condition on K, P ≤ 2

p .

We numerically verified the Conjecture 3.2 as summarized in Table 4;
the programme can be downloaded from the online complement [2, ta-
ble6.txt.gz].

Gal(K) p
experimental Conj 3.2 relative

Z/2Z

density density error

5 120037
607925 ≈ 0.20 0.20 1%

7 86702
607925 ≈ 0.14 0.14 < 1%

11 54626
607925 ≈ 0.09 0.09 < 1%

(Z/2Z)2
5 13265

31667 ≈ 0.42 0.49 17%

7 10076
31667 ≈ 0.32 0.37 14%

11 7304
31667 ≈ 0.23 0.25 7%

(Z/2Z)3
5 3931

5915 ≈ 0.67 0.79 16%

7 3191
5915 ≈ 0.54 0.66 15%

11 2417
5915 ≈ 0.41 0.49 17%

Table 4. Numerical verification of Conjecture 3.2 on the
set of fields K such that Gal(K) = (Z/2Z)t, t = 1, 2, 3, and
conductor cK ≤ 106 for t = 1 and cK ≤ 150000 for t = 2, 3.

3.3. Greenberg’s conjecture as a consequence of previous con-
jectures. The Cohen-Lenstra-Martinet heuristic received the attention of
many authors and is supported by strong numerical data. Similarly, the
Hofmann-Zhang conjecture is backed by the numerical experiments in their
paper. In this light, it is interesting to note that these two conjectures imply
Greenberg’s p-rationality conjecture.
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Theorem 3.3. Let t be an integer, q = 2 or 3 and p a prime such that
p > 4 qt−1

q−1 . Under Conjecture 3.2 and Conjecture 3.1, there exist infinitely
many p-rational number fields of Galois group (Z/qZ)t, or equivalently
GC∞((Z/2Z)t, p) and GC∞((Z/3Z)t, p) hold.

Proof. Let K(D) denote the set of totally real number fields of Galois group
(Z/qZ)t of conductor less than D. Then we have

lim sup
D→∞

#{K ∈ K(D) non p-rational)
#K(D)

≤ lim sup
D→∞

#{K ∈ K(D) : p | hKR′
K,p}

#K(D)

≤ Prob(p | hK) + Prob(p | R′
K,p).

Under Conjecture 3.2 we have

Prob(p | R′
K,p) =

∏
k cyclic subfield

Prob(p | R′
k,p),

which is upper bounded by qt−1
q−1 P where

P := Prob(p | R′
k,p : k is real and Gal(k) = Z/qZ).

Since in each case of the conjecture P ≤ 2
p , we have

Prob(p | R′
K,p) ≤

qt − 1

q − 1
· 2
p
.

Under Conjecture 3.1 we have

Prob(p | hK) =
∏

k cyclic subfield
Prob(p | hk),

which is upper bounded by qt−1
q−1 D where

D := Prob(p | hk : k is real and Gal(k) = Z/qZ).

In each case of the conjecture we have D ≤ 1−
∏∞

k=2(1−
1
pk
) which is upper

bounded by
∏∞

k=2(
∑∞

i=0
1
pki

)− 1 =
∑∞

j=1
n(j)
pj

where n(j) is the number of
partitions of j as sums of distinct integers larger than 1. Since n(j) ≤ 2j

we obtain that D ≤
∑∞

j=2(
2
p)

j ≤ 8
p2

. Putting all together we obtain

lim sup
D→∞

#{K ∈ K(D) non p-rational)
#K(D)

≤ qt − 1

q − 1
(
2

p
+

8

p2
)

≤ qt − 1

q − 1

4

p
< 1.

�
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To conclude this section, we note that Pitoun and Varescon [21, Sec. 5]
brought numerical data on the density of p-rational quadratic fields.

4. Algorithmic tools

Let us make a summary of the algorithms used in the computations of
the previous section. The main algorithmic tool in the study of p-rational
fields is the algorithm of Pitoun and Varescon [21] to test p-rationality.
Their algorithm is not restricted to abelian fields and allows to easily ob-
tain examples of non-abelian p-rational fields; in Table 4 we list quartic
number fields obtained with our implementation of the algorithm [2]. Since
it requires to compute the ray class group, this algorithm is at least as
costly as computing the class number. We discuss the complexity of class
number algorithms below and conclude that they are computationally ex-
pensive. Therefore, in this section we present algorithms which apply to a
partial set of number fields but could be much faster in practice. Hence we
develop a strategy to decide whether the number fields in a given list are
p-rational by making as little as possible use of the complete p-rationality
test of Pitoun and Varescon.

Galois
group

∀p ≤ 100, p− rational non 7-rational

Z/4Z x4 + x3 + x2 + x+ 1 x4 − 23x3 − 6x2 + 23x+ 1

V4 x4 − x2 + 1 x4 + 10x2 + 1

D4 x4 − 3 x4 − 6

A4 x4 + 8x+ 12 x4 − x3 − 16x2 − 7x+ 27

S4 x4 + x+ 1 x4 + 35x+ 1

Table 5. Examples of p-rational quartic fiels for each pos-
sible Galois group and each prime p ≤ 100.

4.1. Enumerating all the groups of conductor up to X and Gal(K) =
(Z/3Z)t for some t. Density computations require to list all the number
fields up to isomorphism having a given abelian Galois group. Thanks to
the conductor-discriminant formula [24, Thm 3.11], for any prime q and

integer t, if Gal(K) ' (Z/qZ)t then the conductor of K is cK = D
1

(q−1)qt−1

K .
For instance, to enumerate the number fields of Galois group Z/3Z×Z/3Z

of discriminant less than X, we consider the fields Q(ζc) for each c ≤ X1/6

such that c is product of 3 with exponent 0 or 2 and of a set of distinct



14 Razvan Barbulescu, Jishnu Ray

primes congruent to 1 modulo 3 with exponent 1. For each subgroup H of
(Z/cZ)∗ such that (Z/cZ)∗/H ' Z/3Z× Z/3Z, we compute the fixed field
of H.

Cyclic cubic fields of conductor c (and discriminant c2) are obtained by
direct formulae in terms of the integer solutions of the equation u2+27v2 =
4c (cf [4, Th 6.4.6]). Note that one cannot use the classical parametrization
Pa(x) = x3 − ax2 − (a + 3)x − 1 of the fields of Galois group Z/3Z as
small conductors can correspond to fields Q[x]/Pa(x) of large parameters
a, e.g. the parameters corresponding to the conductors c1 = 6181 and
c2 = 4971871639 are actually nearly equal: a1 = 70509 and a2 = 70510.

4.2. Testing if p divides hK . In the context of the Cohen-Lenstra-Martinet
heuristic, one has to test if hK is divisible by p. It is remarkable that for
fields of fixed given degree there is no algorithm to compute class num-
bers faster than computing the value of hK . Indeed, Buchmann’s algo-
rithm [4, Algorithm 6.5.9] to compute hK has an unconditional complexity
O(

√
DK) and a conjectural complexity L(DK)c for a constant c, where

L(X) := exp(
√

logX
√

log logX).
A second approach due to Fieker and Zhang [7] tests the divisibility

of hK by p using the p-adic class number formula in time O(D
1/(nK−1)
K ).

This is O(
√
DK) for cyclic cubic fields, which is equal to the proven upper

bound on the complexity of Buchmann’s algorithm, but slower than the
conjectural complexity.

A third approach is that of Marie-Nicole Gras [9], which was improved
in [23] and [11, Eq (5.1)], and was used to compute the p-class group in [1].
Based on a result of Hasse, these algorithms compute cyclotomic units
(see [24, Ch 8]) and have a complexity O(cK) (according to Schwarz’s thesis,
see [11]). Due to the conductor-discriminant formula, for cyclic cubic fields
this is once again O(

√
DK). Hence, the cyclotomic unit methods have a

complexity which is exponential in logDK and therefore larger than the
conjectural complexity of Buchmann’s algorithm. Obviously, the cost of
computations is at least greater than the cost of the binary size of the
cyclotomic units, which we compute in the following result.

Lemma 4.1. Let K belong to an infinite family of cyclic cubic fields. Let
σ 6= id be an automorphism and u a unit such that {u, σ(u)} generates the
group of cyclotomic units C of norm 1. We identify u with one of its two
embeddings in R. Then we have

max(| log |u||, | log |σ(u)||) = D
1
4
+o(1)

K ,

where o(1) is a function which tends to zero when DK tends to infinity.

Proof. Let ε be a generator of E which is the group of units of K of norm
1 seen as a Z[ζ3]-module (cf. [9, Sec. 2]). Since Z[ζ3] is a P.I.D., there
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exists ω ∈ Z[ζ3] such that u = εω and therefore [E : C] = NormQ(ζ3)/Q(ω)
(see Proposition 1 and the paragraph following it of [9]). Here C is the
group of cyclotomic units of K of norm 1. By Hasse’s theorem (see [9]),
[E : C] = hK , so ∣∣∣∣∣∣ log |u| log |σ(u)|

log |σ(u)| log |σ2(u)|

∣∣∣∣∣∣ = ±RKhK .

By the Brauer-Siegel theorem [4, Th. 4.9.15] we have hKRK = D
1/2+o(1)
K .

The determinant above equals −(a2 + ab + b2) where a = log |u| and b =
log |σ(u)|. Since 3

4 max(|a|, |b|)2 ≤ a2 + ab+ b2 ≤ 3max(|a|, |b|)2, we obtain
the desired result. �

Note that in [4, Sec. 5.8.3], units are represented in a shorter man-
ner than | log |u||, | log |σ(u)||. However it is not known how to represent
cyclotomic units as a product of a number of factors which is polyno-
mial in logDK . Also, note that there exist effective lower bounds on
the residues at 1 of the L functions (see for example Louboutin’s works),
which replace the Brauer-Siegel theorem and imply effective lower bounds
on | log |u||+ | logσ|(u)||.

4.3. Testing the existence of p-primary units. Schirokauer [22] pro-
posed a fast method to test if K contains p-primary units. In this section
p is unramified in K. With Kp and Op as in page 3, let λ : OK

⋂
Kp →

Op/pOp ' OK/pOK , x 7→ logp(x)/p mod pOp. Given a basis (ωi)1≤i≤nK of
an order of OK , one can write λ =

∑
i λiωi where λi are maps into Fp; we

call them Schirokauer maps. Note that if f is a monic polynomial and α is
a root of f in its number field, then Z[α] is an order of OK .

Lemma 4.2. Let p be an odd unramified prime in the number field K.
Let r be the unit rank of K and let U = {u1, . . . , ur} be a set of units.
Assume that λ1, . . . , λn are Schirokauer maps corresponding to a basis of
the maximal order. We set M(U) := (λi(uj))i,j.

(1) If U is a system of fundamental units then K has no p-primary units
if and only if rankM(U) = r.

(2) If U is an arbitrary set of r units and rankM(U) = r then K has no
p-primary units.

Proof. (1) Since p is odd and unramified, an element x ∈ K is a p-th power
if and only if logp(x) ∈ p2Op. This is equivalent to λ(x) = 0 and also
to λ1(x) = . . . = λnK (x) = 0. The existence of p-primary units is hence
equivalent to kerM(U) 6= 0 and to rankM(U) 6= r.
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(2) If E = (εj)j=1,...,r is a system of fundamental units and Ω is the
matrix such that, for each i, ui =

∏r
j=1 ε

Ωi,j

j , then M(U) = Ω · M(E) so
rankM(E) ≥ rankM(U) = r. �

4.3.1. Fast computation of a unit in cyclic cubic fields. The remaining
question is that of computing a system of generators for EK/Ep

K . In the
case of cyclic cubic fields the best known method is Buchmann’s algo-
rithm [4, Alg. 6.5.9], which has a high cost as discussed in the previous
section. We propose a new algorithm to compute units which, although
does not work in all the cases, allows us to reduce the total time of the
computations when tackling millions of fields.

Lemma 4.3. Let K be a number field such that Gal(K) ' Z/qZ for an
odd prime q. Let ` be a prime factor of the conductor cK of K such that
` 6= q. Then the following assertions hold:
(1) there exists an ideal l of K such that lq = `OK ;
(2) if l is principal, for any generator ω ∈ OK of l and any generator σ

of Gal(K/Q), σ(ω)
ω is a unit.

Proof. (i) Since ` is ramified in the Galois field K, we have `OK = le for
some divisor e 6= 1 of degK. But degK = q is prime, so ` = lq.

(ii) The ideal generated by σ(ω)
ω is σ(l)l−1. Since σ ∈ Gal(K), σ(l) is a

prime ideal above `. But ` is totally ramified in K, so σ(l) = l and therefore
σ(ω)
ω is a unit. �

Algorithm 4.4 is a direct consequence of this lemma; a sage implemen-
tation (https://sagemath.org) is available in the online complement [2,
algorithm2.sage].

Algorithm 4.4. Fast computation of unit in cyclic cubic number fields.
Require: a cyclic cubic field K and a factorization of its conductor m
Ensure: a unit of K

for ` ≡ 1 mod q factor of m do
factor ` in OK to obtain l using [4, Sec 4.8.2]
search a generator ω` of the ideal l using LLL [4, Alg. 2.6.3].

end for
return a product of the units η` := σ(ω`)/ω`

We tested Algorithm 4.4 on 630 cyclic cubic number fields listed in Table
1 of [9], having conductor between 1 and 4000. Among them for 272 fields,
(i.e. 43.1% of 630 fields), l is principal and Algorithm 4.4 succeeds. One
such example is the field obtained by defining polynomial x3+x2− 2x− 1.
Here we write that l is principal when there exists a prime factor ` of the
conductor m of the number field K such that l is principal.
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5. Conclusion and open questions

Greenberg’s p-rationality conjecture for multiquadratic fields and its ex-
tension to multicubic fields is suppoted by extensive numerical data and
is a consequence of existing conjectures of Cohen-Lenstra-Martinet and
Hofmann-Zhang.

We exhibited an infinite family of cyclic cubic fields without p-primary
units for a set of primes analoguous to the Wieferich primes. It is an open
question to decide if this family has an infinite subset of p-rational fields.

Although we limited our study to abelia fields, one can extend the prob-
lem of finding p-rational fields to the case of any Galois group.

Finally, the algorithmic tools for multiquadratic fields which are listed
and improved in this work are not restricted to the applications shown
in this work. For example, the cyclotomic units computations in multi-
quadratic fields play an important role in the analysis of the lattice-based
cryptography [3].
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মন্দিরে মম কে আসিলে হে !
সকল গগন অমৃতমগন, দিশি দিশি গেল মিশি অমানিশি দূরে দূরে।।

তুমি জানো না, আমি তোমারে পেয়েছি অজানা সাধনে।

ভুলিব ভাবনা, পিছনে চা’ব না- পাল তুলে দাও, দাও দাও দাও।।

আমি কখনো বা ভুলি, কখনো বা চলি, তোমার পথের লক্ষ্য ধরে;

তুমি নিষ্ঠুর সম্মুখ হতে যাও যে সরে।

তুমি সুখ যদি নাহি পাও, যাও সুখের সন্ধানে যাও-

আমি তোমারে পেয়েছি হৃদয়মাঝে, আর কিছু নাহি চাই গো।

- by Rabindranath Tagore.
English Translation:

Who is to come into my world?
Driving out my cloud of ignorance, you fill me up with knowledge.
Beyond any doubt, I have got you with my deep unsung passion.
I like to forget everything else and plunge into you.
Sometimes I miss, sometimes I follow the correct path to get near you.
But you play cruel and move out from me.
If you are still in want of happiness, you can explore elsewhere.
But I need nothing else than your immortal presence in my heart.
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This is a compilation with extracts from five different incredible songs of
Rabindranath Tagore. These lines are chosen to depict four main emotional
moods of a mathematician's love for mathematics. These four emotional
moods are the following.
(1) Premature curiosity; first 2 lines.
(2) Curiosity turning into passion; 3rd and 4th lines.
(3) Barriers and obstacles mixed with transcendental rays of hope; 5th and

6th lines.
(4) Gratification with a hint of further exploration; last 2 lines.

See "Geetabitan" by Rabindranath Tagore, published by Viswa Bharati
Granthana Vibhaga, (1978− 1979) for the complete songs.
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