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GENERALIZED KDV EQUATION
SUBJECT TO A STOCHASTIC PERTURBATION

ANNIE MILLET AND SVETLANA ROUDENKO

ABSTRACT. We prove global well-posedness of the subcritical generalized Korteweg-de Vries
equation (the mKdV and the gKdV with quartic power of nonlinearity) subject to an additive
random perturbation. More precisely, we prove that if the driving noise is a cylindrical Wiener
process on L%(R) and the covariance operator is Hilbert-Schmidt in an appropriate Sobolev
space, then the solutions with H!(R) data are globally well-posed in H'(R). This extends
results obtained by A. de Bouard and A. Debussche for the stochastic KdV equation.

Dedication: In the memory of Igor Chueshov.

1. INTRODUCTION

In this paper we study a subcritical generalization of the Korteweg-de Vries (gKdV) equation
subject to some additive random perturbation f(¢), that is,

Ou(t) + O2u(t) + pu®)o,u(t) = ft), (z,t) eERx R, u(0,.) = u, (1.1)

with £ = 2, the mKdV case, or k = 3, referred to as the gkKdV equation. Here, 4 = £1, which
is referred to as focusing or defocusing nonlinearity.

The well-known KdV equation (k = 1) describes the propagation of long waves in a channel.
Its generalizations (k > 1) appear in several physical systems; a large class of hyperbolic
models can be reduced to these equations. The well-posedness in the KdV equation has
been extensively studied by many authors in the deterministic setting without any forcing
term (f = 0) and goes back to works of Kato [9], Kenig-Ponce-Vega [11] to name a few;
there is an abundant literature available on that. The question about the minimal regularity
assumptions on initial data needed for well-posedness has been also investigated intensively in
recent years; two important methods should be mentioned: the so-called I-method (e.g., [3])
and the probabilistic approach of randomizing the initial data and showing the invariance of
Gibbs measures (e.g., [2], [15]). In this paper we also take a probabilistic approach, however,
in a completely different setting, where the equation itself has a random term. We do not
aim to obtain the lowest possible regularity for such an equation, but simply show how to
combine the deterministic and probabilistic approaches in this case to study well-posedness
for the initial data with finite energy.

2010 Mathematics Subject Classification. Primary: 60H15, 35R60, 35Q53; Secondary: 35L75, 37K10.
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stochastic additive noise.
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2 A. MILLET AND S. ROUDENKO

In [11], Kenig, Ponce, Vega showed that for & = 1,23, if ug € H'(R), the subcritical
gKdV equation has a global solution in L* ([0, 00); H'(R)). In the critical case k = 4 (resp.
supercritical case k > 4), there is a local existence in H*(R) with s > 0 (resp. in H*(R) for
sk = (k—4)/(2k)), when ug belongs to the corresponding Sobolev space. Global well-posedness
holds if the L*(R) norm of ug (resp. the L?*(R)-norm of D*kuy) is small.

Here, we study the subcritical case of the generalized KdV equation,

dug + (O2u(t) + pu(t)*o,u(t))dt = d f(t) = @AW (t), (1.2)

where an external random forcing f is driven by a cylindrical Brownian motion W on L?*(R)
and multiplied by some smoothing covariance operator ®. The driving Wiener process W
describes a noise in the environment, that is, a sum of little independent shocks properly
renormalized. The smoothing operator describes spatial correlation of the noise, but the time
increments of ®WW are independent, that is, the noise is white in time. The stochastic KdV
equation (k = 1) on R has been studied in a series of papers by A. de Bouard and A. Debussche
(see e.g. [4], [6], [5]). In [4] they proved that if uy € H'(R) and if ® is a Hilbert-Schmidt
operator from L?*(R) to H'(R), then there is a global solution to the stochastic KdV equation
which belongs a.s. to C([0,T]; H'(R)). Using Bourgain spaces, when uy € L*(R) and the
covariance operator ® is Hilbert-Schmidt both from L*(R) to L*(R) and to H~3/3(R), they
have shown in [6] the existence and uniqueness of the solution in L*(Q; C([0,T]; L*(R))) for
any 17" > 0. Note that for the mKdV or gKdV equations, the Bourgain spaces approach
to lower the regularity of global solutions is not needed (since it gives the same results but
is more technically involved). Therefore, for mKdV and gKdV, k& > 2, it suffices to use
arguments from [11]. In [5], the authors have proved the global well-posedness of solutions to
the stochastic KdV equation in L?(R) (resp. H'(R)), when the noise is homogeneous, that
is, of the form u(s)pdW (s) for a convolution operator ¢ defined in terms of an L?(R) N L'(R)
(resp. H'(R) N L'(R)) kernel. They used the Bourgain space approach, which is necessary to
lower regularity of solutions in the KdV case; it is also helpful when dealing with multiplicative
noise.

We do not give a full reference for the stochastic KdV and related equations in the periodic
setting. However, to guide the reader in the proper direction, we mention a few results. T. Oh
[12] studied a stochastic KAV equation on the torus T = [0,27). For specific assumptions
on the covariance operator ®, he proved that there is a local well-posedness in a certain
Bourgain space if the initial condition belongs to it as well. Other KdV-type models can also
be considered with variations of the additive noise, such as adding a derivative to the noise
(e.g., see the work of G. Richards [13]).

The main goal of this paper is to obtain the global well-posedness of solutions to the mKdV
and gKdV with k = 3 equations in H!(R); global solutions with finite energy are important
for physical applications, i.e., in study of solitary waves. To study well-posedness, we need to
set up a specific functional framework that provides the necessary flexibility to use smoothing
properties of the Airy group while considering the stochastic term. We note that we consider
a driving cylindrical Wiener process, which is quite usual in nonlinear dispersive hyperbolic
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models, such as the stochastic nonlinear Schrédinger (NLS) equation, this, in its turn, requires
the use of non-Hilbert Sobolev spaces. We now state the main result and refer the reader to
the next section for all notations.

Theorem 1.1. Let ug be Go-measurable and belong to H! a.s.

(1) Let k =2 and ® € LY for some € > 0. Then given any positive time T, there exists
a unique solution to (1.2) which belongs a.s. to XIT N C([0,T], H}). Furthermore, if
ug € LA(HY) N LE(L2), then v € L2 (L°(HY)).

(2) Letk =3 and ® € LY. Then given any positive time T, there exists a unique solution
to (1.2) which belongs a.s. to X: N C([0,T),HL). Furthermore, if ug € L2(H}) N
LI(L2), then u € L2 (L (HY)).

While we follow the main framework of [4], additional difficulties appear which are due to
higher power of nonlinearity considered. When k = 2, ug € H'/*(R) and ® is Hilbert-Schmidt
from L*(R) to H'™(R) for some ¢ > 0, we prove that there exists a unique solution until
some stopping time 75 > 0. The hypothesis on ® with some “larger derivative” is due to the
functional space L%(L°). A similar space L2(L{°) appears for the fixed point argument of the
KdV equation; technical problems arise going from L2 to L. When k = 3, ug € H'/'?(R) and
® is Hilbert-Schmidt from L2(R) to H*/12(R)), we prove that there exists a unique solution
until some stopping time 73 > 0. This technique does not easily extend to multiplicative
noise; indeed change of variables in time is no longer possible for moments of norm estimates
of the corresponding stochastic integral. The problem of multiplicative noise will be addressed
elsewhere.

The paper is organized as follows. In section 2, we prove some technical lemmas on func-
tional properties of the stochastic integral fot S(t—s)® dW (s). Using the functional framework
introduced in [11] and a contraction principle in an appropriate function space, we prove local
well-posedness of the solution in section 3. In section 4, we prove that if the initial condition
belongs to H'(R) and ® is Hilbert-Schmidt from L*(R) to H'*¢(R) when k£ = 2 (and from
L*(R) to H'(R) when k£ = 3), the solution can be extended to any given time interval [0, 7.
Then it belongs to L*(Q; L>(0,T; H'(R))), and takes a.s. its values in the set of continuous
trajectories from [0, 7] to H'(R). The proof uses the time invariance of mass and Hamiltonian
for solutions to the deterministic gKdV equation. In order to use these invariant quantities,
we need a more regular solution. This is achieved approximating the solution u by a sequence
{uy, }n of solutions defined in terms of smoother initial conditions wg, and of more regularizing
operators ®,,.

The first named author collaborated with Igor Chueshov on general 2D hydrodynamical
models related with the Navier-Stokes equations. In this paper, we try to further develop the
intertwining between deterministic and stochastic approaches in PDEs. Such interplay was
one of the fundamental contributions of Igor Chueshov’s scientific work.
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2. LOCAL EXISTENCE OF THE SOLUTION

In this section we study the stochastic generalized KdV equation with additive noise defined
forr e Rand ¢t >0

du(t) + (O2u(t) + pu(t)*o,u(t))dt = @AW (t), k=2,3, (2.1)

with the initial condition u(z,0) = ug(z). From now on we will assume p = 1 (focusing case);
the defocusing case follows automatically. The case k = 1, which is that of the stochastic KAV
equation, has been studied in [4] and [6]. Here, I is a cylindrical Wiener process on L*(R)
adapted to a filtration (Gt > 0), that is, W(t)p = 3, n(ej, %) B5(t) for any ¢ € L*(R),
where the processes ;(t), j > 0 are independent one-dimensional Brownian motions adapted
to (G;) and {e;};>0 is an orthonormal basis of L*(R), often referred to as a CONS (complete
orthonormal system). Note that the process W (t) is not L?(R)-valued, but W (t)y is a centered
Gaussian random variable with variance [|¢||7. = >~ .4(ej, ©)*. We suppose that ® is a linear
map which is Hilbert-Schmidt from L? into H°(R) for some non-negative o, that is,

||(I)HL2’U = H(I)HLQ(B(R),HU(R)) < 0. (2.2)
We suppose that ug is Go-measurable and H!-valued.
As in [4] using Duhamel’s formula we write this equation using its mild formulation, that
is,
t t
u(t) = S(t)ug — / St — s)(u(s)*du(s))ds + / S(t — s)PdW (s), (2.3)
0 0
where
— it€3 ~
S(t)yu = Fe l(e & u(f)),
and F(u) = u denotes the Fourier transform of u. Note that
t
/S(t—scde Z/ (t — 5)Pe;dB;(s)
0 7=>0

is a centered H?(R) - valued Gaussian variable. Since S(t — s) is an H?(R) isometry for all
o > 0, the variance of this stochastic integral is

/ S e e ds = [

7>0

Following the approach in [11] (and [4] for the case k = 1), we introduce the following spaces
of functions v : R x [0, 7] — R:

XTI = {ue (0, T]; HYY(R)) N LL(L) : Dyu e L2(L)?),
DY*u e L3(L°), DY*0,u e L (L})} (2.4)
for the mKdV equation (k = 2), and
NI = {ue C(0,T]; HY2(R)) 0 L2/ (L) A L3 (L15) 0 L19/3 (1277 -
DY'2y e LIOB(LT), 0,u € LX(L2), DY20,u € L (L?)} (2.5)
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for the gKdV equation (k = 3). Here, L? (resp. L) denotes LY(R) (resp. L*(0,T)).
In order to prove that the process v, defined by the stochastic integral

v(t) == /OtS(t —s5)®dW (s), te€[0,T], (2.6)

belongs a.s. to the spaces X7 for k = 2,3 under proper assumptions on the operator ®, we
first prove some technical lemmas. In each result we state the minimal regularity assumption
on the operator ® and the corresponding power of T" obtained in the upper estimate, in order
to deal with the X7 -norm of v.

The following lemma is a generalization of Proposition 3.1 in [4].

Lemma 2.1. Let 0 > 0 and q € [1,00). Then for every T > 0, we have
B( sup [0(0li,) < C, T 2I%
tel0, T 2

Proof. The proof is quite classical; it is sketched for the sake of completeness. The upper
estimate is proved for ¢ € [2,00) and deduced for ¢ € [1,00) by Holder’s inequality. Let

Jou=3F"1 ((1+ |§|2)%ﬁ(§)) . First, note that since S(t) is a group and an HZ-isometry, we have

|v(t)|| e = ||0(t)|| g, where ( fo —s$)®dW (s). For fixed t € [0, 7] the random variable
o(t) is an HY - valued, Gau551an with mean zero and variance fot > is0 1J5S(—5)@e;ll7, ds =
t|®||%0.., where {e;};>0 is the CONS of L*(R) in the definition of . It6’s formula implies

LOUa
t
H@(z)ng,g:z/o (1,0(5), J,S(—s)BdWV (s /ZHJS $)Pe |2 ds

for every ¢t € [0,T]. Using once more the It6 formula, we deduce that for ¢ € [2,00), we have
HQ_]@)HZ]g = 2?21 T;(t), where

7%)—2¢/(Jv<>JS<Q@mvw»n<nqu

—q/n®mw )24 ds,

10 = 2000 = 1) [ 3 (S(-s)tes, Joals)” o) s

JEN

The Cauchy-Schwarz inequality implies

T
B( s (T(0) + (o) < CyllolEy B( [ ()l ds) < € o

te[0,7
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The Davies inequality for martingales, Young’s inequality and Fubini’s theorem imply

1

E( sup Tl(t)> < 6qE({/ Io(s)|[fe " Z(Jgﬁ(s),JUS(—S)¢€j)2dS}§>

te[0,T
1
< 6qVT [0 90 E( sup o)) < 5B( sup llo(s)l3 ) + CoTo @)%,
s€[0,T] s€[0,T7]
which concludes the proof. 0]

The following result will be used to upper estimate one of the norms in the definition of
[0]lxg-
Lemma 2.2. Let p,q satisfy 2 <p < qg< oo and o > 0. Then for some C > 0, we have
1
1D e g umy < CTH |9]) 0o (2.7)

Proof. Since ¢ > p, Holder’s inequality with respect to dt, Fubini’s theorem and moments of
the stochastic integral yield for the CONS {e;};>0 of LQ(R) in the definition of W:

T ¢
supE’/ |Dg+1/ (t — s)0dW (s)["
0 0

TSN

T t
<Tr? supE</ \Dg“/ S(t — s)PdW (s)|"dt
0

zeR

SCqT%_l sup/ )Z/ |DIHLS(t — s) @e]‘ ds

zeR

to\»a \_/

SCqu_l/ sup /|D"+IS (IDej‘st Edt
>0

zeR

T
chTﬁ—l/ ‘ sup/ |DI'S(t — 5)Pey ds‘ dt.
0

z€R

The local smoothing property (see Lemma 2.1 in [10]) implies that for every j € N and
te0,7T]

t
(oa 2 (oa
mp/WJW®%A%SMWﬂ%@®SCMM%.

zeR JO
Therefore,
IDZ 0 g umy S CTH T (D 0el )" < CT @]
720 ’
This completes the proof of (2.7). O

Lemma 2.3. Let p,q be such that 2 < p < q < oco; for v > Q;q2 let 6 = v-L > 1. There
exists a positive constant C such that

E(I1D ) apry) < CTP“H@IILOU - (2.8)

(LP)
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Proof. Lemma 2.2 applied with ¢ = & — 1 yields
5 1
D50l oo sy < CT ||| po.o-r.
The proof of (2.8) relies on the above inequality and on the upper estimate
1,1
lvllza ey < CTP 72 (|| g0 (2.9)
Indeed, suppose that (2.9) has been proved. Since v € [0, 5], an interpolation argument (see [4]

Proposition A1) proves that for p(y) defined by L = 1(1—-2), we have D7v € L} ™)(La(LPY).
)-

Note that 2 =1— %; hence, p(y) = ¢ and the Fub1n1 theorem implies that Do € LZ(L1(LY)
Furthermore,

1D 0]l raapy < Cllv 1D3 <CTr e @l oo

”L2 L(LP)) UHLOo LE(LY))

Thus, in order to complete the proof of the lemma, we have to check that (2.9) holds. Since

q > p, Holder’s inequality applied with respect to dt and moments of the stochastic integral
imply that for the CONS {e;};50 of L?(R) in the definition of W (¢), we have

HvHig(LfL(Lf)):/‘E / ‘/ (t — s)2dW(s) dt}7>
< -0 /‘E/ \/ S(t — )@V (s)|"
quTi—/ / Z/ [S(t — s)oe,|'ds ) dt] da
<C,Tv /RH;/O [S(s)es|"as||

where in the last step we change variable s to t — s. The Minskowski inequality implies that

t
2_2 2
||U||%g(Lg(Lf))§Cqu a /R E H/o ’S(S)@eﬂ ds‘L7
§>0

qu
Tt 2. |2
< (, T5 4 / / ’/ |S(s)Pe;|"ds
R “Jo o

<G, TPZ/ /\S <I>e]| da: 3<CTP+IZHQD6]HL2

7=>0 7>0

2
q

dx

2
q
dz

q dx,
t2

dt}gdx

This completes the proof of (2.9). O

The following lemma extends Proposition 3.3 in [4] to the case o < 2. The notation a Vb
means max(a,b), while a A b means min(a, b).

Lemma 2.4. Let 0 > 0 and € € (0,2) N (0,0]. Then there exists a constant C > 0 such that

B(ID7 0l ) < CT? 211, (2.10)

0, (7 Z)\/U
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Furthermore,

E(10:003 2 0) < CT* 91, 5. 2.11)
2

Proof. We first prove (2.10) and let ¢ = %. Holder’s inequality with respect to the expectation
shows that (2.10) is a consequence of the following estimate

T q
g—€ 2 g—E€
5 ({ ilelﬂg/o D7 0,0 dt )} = 102 0 gz < OT* 10y g e 212
Lemma 2.2 applied with p = 2 implies
- 1
HL&+1ML§U$@$)§(7T2H®HQJ‘
We next prove that
1030l 3zn 2y < CaT @] 0 (213)
Indeed the two previous estimates imply by interpolation (see [4] Proposition A1) that, since
q= =, we have (1 — (1 — g)), which yields
Dyt < C|D? DLte
| UHLq LL(L2)) | UHL2 (L8(L2)) | U”LgO(Lg(Lf))'
Thus, using the Fubini theorem, we deduce that
1D 2 wll g gz < CTE D] o0 (2.14)

To prove (2.13) using Hoélder’s inequality with respect to dt, Fubini’s theorem and moments
of the stochastic integral, we deduce that for any CONS {e;}x>o of L?(R), we have

2z = [ [ 122 [ se-omavioa})] e
< 7§12 / [E(/T’D"/tS(t— YO ( )‘thﬂzd
B R 0 “Jo ’ ’ !
§T13/R[/OTE( I/OtS(t—s)CI)dW(s)’q)dt]gda:
<C, T / [/T‘Z/thS(t—s)CI)edesg
R -Jo 1555 Jo

SCqu—iTi/RHZ/O |D;S(s)<1>ej|2dsﬂ dz
<C,T Z/T</ DIS(s)be,Pr)ds < C,T> S [e,
0

3>0 320

dt] " de

which completes the proof of (2.13), and thus, of (2.14).
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We next compute an upper estimate of ||v||g(ze(12)). Using Fubini’s theorem, Hélder’s
inequality with respect to dt and moments of the stochastic integral, we obtain

ol Lq(Lg)):/RE({ /OT)/OtS(t—s)CDdW(s)rdt}g) dz

<781 /RE</OT‘/OtS(t—s)d)dW(s)‘th> dz
<, T3 /R [/OT(;/0t|s(t—s)q>ej\2ds)gdt}dx

g T 3
chTQ/[R(Z/o \S(s)@ej|2ds) dx

Jj=0

The Sobolev embedding theorem implies that for 6 = 1 — %, we have H? C L4. Therefore,
Minkowski’s inequality yields

||U||i3)(Lg(Lg)) <C,T / Z/ s)De;| ds) }
3>0
<C,T Z/
- 0
<C,T Z/

7>0

<C, 1% sup ||S(s @ej||§lg =CT? ”‘D“igy%ffg' (2.15)

>0 s€[0,T]
The inequalities (2.15) and (2.14) imply that

o+1— Qq

<CT H(I)HLO’(%*@V"
2

lolyg sz,

Since g5 = 2 > 1, the Sobolev embedding theorem yields Wé’q(L?) C L(L?); thus,
DIto=<y € LI(L®(L?)) and

||D31E+U_EU||LZ(L;0(L%)) <CT H(DHLO’(% (2.16)
2

72)\/0 .

Finally,
t t
DS Qv = / DI79,S(t — s)®dW (s) = / DIo=eS(t — s)HPIW (s),
0 0

where H denotes the Hilbert transform. Thus, we obtain

1D7 Ozl g (pge )y < C T || HP LoG-pve S CT||<1>||L2,<%7

i)\/a .

This completes the proof of (2.12), and therefore, of (2.10).

To prove (2.11), let 0 = ¢ = 2. Then § — £ = ¢ and (2.16) completes the proof. O
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Lemma 2.5. Let p,q be such that 2 < g < p < oo and v > 0. There exists a constant C' > 0
such that

E||DYol%y ) < CTH 111y y (2.17)
Ly
Proof. Fubini’s theorem and Holder’s inequality with respect to dt prove that
BIDIo Ny g = 10200 0y < 1D lrenceny = 1070l e
Hence, (2.17) can be obtained from the following estimate
1DZ0N Ty 1o 1) < CTrt2 1211,y s (2.18)

2
Moments of the stochastic integral, a change of variables and Holder’s inequality with respect
to ds imply that for the CONS {e;};>0 of L*(R) in the definition of W, we have

1000y sz = | | / (i / s(t— )2 (s)]")
:Cp/[R /0 };/0 |DZS(t—s)<Dej\2ds‘gdt)de
T T P a
c,,/ﬂ@(/o ‘Z/O D15 (s)de; |2ds 2dt>pdx
<C/Tp /Z|D75 @e]|2ds> dx

j>0

T
SCPTET“—i)S/(/ ‘Z

Using the Fubini theorem and then the Minkowski inequality, we deduce

Al / | 2 )da = / | Z\Dﬁ(s)@eﬂig ds
: /OT(ZHDZS(s)@ejI?HL;)gds: / (S 1D2S (el s

q
P
dx

>0 Jj=0
<o [ (S imistee i)’ ds = OO,y .
0 j7>0 !

where in the last line we use the Sobolev embedding H? C L¢ for 0 = 5 — %. This completes
the proof. 0

Finally, in the case of the stochastic mKdV equation, we have to prove a result similar to
Proposition 3.2 in [4]. However, we have to estimate the L%(L%°) norm instead of the L2(L°);
this requires a stronger condition on the operator ® which has to be in Lg’HG for some positive
€.
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Lemma 2.6. Let ® € Ly'™ for some positive . Then v € LL(LA(L®)) and there exists a

positive constant C' such that

E(/R sup )/OtS(t—s)q>dW(s)]4dx) <O+ T @y (2.19)

t€[0,T]

Proof. The proof is based on results from the proof of Proposition 3.2 in [4]. We send to this
reference for some intermediate results. Let {e;};50 be the CONS of L*(R) in the definition
of W. Let {¢}r>0 denote a partition of unity such that

supp ¢0 C [_17 +1]’ supp @Z)k C [2k_272k} 9 ¢k(§) = ¢1<%) for 5 Z O; k Z 1.

Let ¢y, € C3°(R) satisfy ¥ > 0, ¢, = 1 on the support of ¥y, and supp v C [2573, 28], For
k € N let Si(t) and ®; be defined by

Se()u(€) = i (l€]) S(Eule) = e wi(1€]) a(€),
Bre; (€) = Pn(€]) Bey(€), jeN.

Then Si(t)® = Sy(t)®x, k € N and S(t)® = >, Sk(t)®r. We prove that for every k € N
and € € (0,1),

E(/R sup ]/ St — 8)PpdW (s )( dm) SC(T+T4)2€’f(le®kej||§{;+g)2- (2:20)

te[0,T)

Suppose that (2.20) holds. Then using the Minkowski and Cauchy-Schwarz inequalities, we

deduce that
1
{ / sup ‘/ (t—s) @dW()‘ dx>}4
R t€[0,T]

_ {E</R£B% (Z/O Su(t — 5)BpdVV ()

keN

Al

) ar) }

t 4 %
S%ZN {E(/Rtg[%% ‘/ Sk(t — s)PrdW (s) dx)}
<C@+1h Y2t (X ewesl?, Hg)
keN jeN

N[

<CO(T+TH (227%)5 (Y24 S Il s })
keN keN jeN *
< C (T + T2 || @k | e

the last inequality is obtained from the upper estimate »°,  2%(|®xep||?
H

1+5
xT

< |2l

for every ¢ € L2.
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We next prove (2.20). Let a > 0 to be chosen later, and p > 4 such that ap > 1. The
Sobolev embedding implies that W, C L$°; hence, using Fubini’s theorem we obtain

E(/ sup ’/ Skt — 8)PrdW (s)
R t€[0,T]

dx) < O + 1), (2.21)

where

:/ / / | [ St — ) DpdW (s) — [ Sp(t! — ) DrdW (s)]" dtdt’}f’)dx,

’t _ t/‘1+ap

Izz/RE /0 ’/0 Sk(t—s)éde(s)‘ dt}5>dx.

To upper estimate I, we use Holder’s inequality with respect to the expected value, Fubini’s
theorem, moments of Gaussian variables and Minkowski’s inequality with respect to dt and
dx; this yields

< /R (e[| /tsk<t_s><pkdw<s)rdt)}ﬁdx
/ ’Z/ [Su(t = 5)Pues ds|” dt} d

%[/0 ‘/O |Si(5)Dpe;| ds dt}p} da

where the last inequality can be deduced from the inclusion HZ C L} for o > 1 to be chosen
later.

Remark 2.7. This is the place where the significant difference with the stochastic KdV case
in [4] arises. Indeed, to deal with the higher power of nonlinearity, the functional space here
is L1(L°) instead of L2(L).
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Using Theorem 2.7 in [10], we first consider the homogeneous part of the HZ-norm (denoted
by HZ). For 7 >3 if ¢ = 7 — 1, we obtain

2 2
{3 swp ISus)0uesld, } < DOIDIOwes I | < CllOulLgasr (2:22)

jen s€[0.T] jEN

The L2 part of the HZ-norm obviously satisfies the same final upper bound.
To upper estimate I, we use Holder’s inequality with respect to the expected value and
Fubini’s theorem,

/ / / ‘ fo Si(t — ) PrpdW (s) fo Skt — s)(I)de(S)‘p) B dt,}ﬁdx

|t _ t/|1+cxp

Since the stochastic integral is Gaussian, for ¢t < ¢’ we have
/ S(t — 8)®pdV (s) / S(t — 8)PpdW (s )‘ )

=G, +(J

|Sk. t — 8)®re; — Sk(t' — 5)Pre;|?ds

{Sk t'— 5)Pre,|? ds

jEN

In the double time integral we first consider the case [t —t'|27% < 1 for v > 0 to be chosen later
on. Using parts of the proof of Proposition 3.1 pages 228-229 in [4] based on computations
from [10], we deduce that for k,j € Nand 0 <t <t < T, we obtain

t
/ |Sk(t — s)Prej — Sp(t' — 5)Pre;|ds < C(Jt — /2% + |t — t’\225k)2(HkT * \@kej|)2,
0
t/
/ S (t' — $)Dye;Pds < O — 1] (HT # | dge;))*.
t

where for k > 1 (resp. k = 0) we let

k—1

e for C{(T +1) < |z| < Co(T + 1)22¢+=1),
€Tl2

Hl (z) = 2" for |z| < C(T + 1), H () =

for || > Co(T + 1)2%*-1),

1

HI(x) =1for |z| < C\(T +1), Hi(x)=

e for |z| > C1(T + 1).

Hence, we deduce that for k € Nand 0 <t <t/ < T, we get
4 2
Te(t, ) ( / Su(t — 8)BpdW (s) — / Su(t' — s)CDde(s)‘ )
0

SOt =]+ [t — ¢/P2% 4 [t — ¢|*2'%F) Y~ (H] = |Bre;]).
JEN
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Fix € 6 (0,1); choose v > 9 and a < % such that ay < g. Note that for e € (0,1) we have

a < 36, thus, p > 36. Then for |t — '|27% < 1, we obtain

Jk(t, t/) <C |t . t/|4a2(—3+4om/)k <2k‘(—7+3) + 9k(=27+9) + 2k(—47+13)> Z (HIZ“ N |q)k€j|)2
jEN
< Ot — 1238 ST (HE «|Drey))”.
jeN

A direct computation shows that for k,7 € Nand 0 <t < ¢ < T such that [t —#/|27% > 1, we
get

Ji(t, 1) <22 / | St — 5)Pre;] ds—l—/ | St — 5)Ppej] ds]

JjeN

jEN

The above upper estimates and Minkowski’s inequality with respect to dz imply

4 2
Il S C2€k 2_6k/ / / 1{‘15 t’ 2wk<1} |t t’|1 op dt dt }p <Z (H]? % |q)kej|)2> d!L‘
4
ek p
—|—02 /IR;{/O‘ /0 1{|t,t/‘2wk>1}m dtdt Z/ |Sk @ke]\ d8> dzx

2 2
<o [ r (Tl «elll,) + 7 (32 s Isionel,) ]
Jje

jEN €T

Young’s inequality yields
|HE + 19l < CIETI 4 I19ee; iz
Furthermore, using the explicit definition of H}', we deduce
4
|HE||?, < CQ+T)25",
L}

which implies

(> ||+ |c1>kej|H§4) <O (1+T%) 29|00

jeN

The upper estimate (2.22) implies that for 7 > % and o =7 — % > %, we have
I <C2%* [(T + T4 2" 2’€||c1>k||4 00 + T2||<I>k||ig,a+7} <CO(T+TY2% ||‘1>k||L0 cire (2.23)

Since p > 36, choosing o and 7 such that o +7 < 147, the inequalities (2.21)-(2.23) conclude
the proof of (2.20), and thus of the lemma. O
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In order to prove the existence of a local Solution to (2. 3) we first estimate moments of
functional norms |[v[[xr of the stochastic integral v( fo (t —s)®dW (s), k = 2,3. Let
u € XT; following the notations in [10], we set

fulg = max pf ) (xesp. Jullyp = max vF ), (2.24)

=15

where for some positive number p, we define

1 1
pa (w) = sup [ Ddu(t)llzg, pz(uw) = [Doull , 5 s () = [IDEullps ),

t€[0,7) L2(L7)
1

pis (w) = | Di Opul| g2y, 15 () = Jlull L gy,
T T

= t 14+T17)°° =
i) = sup a0 B0 = D)l g e A =l g

1

T T T 12

— = v (DEw),
V) =T 8l g . v (0) = v (D)

1

Vg (u) = |00l oo (r2), v (u) = vg (D).

The following proposition gathers the information from the previous lemmas.

Proposition 2.8. Fort € [0,T] let v(t) = [; S(t — s) & dW(s).

(i) Suppose that € Lg’HE for some € > 0. Then for some positive constant C', we have

E(|lvl3g) < C(VT +T°) | @71 (2.25)

5

(ii) Suppose that € L 2. Then for some positive constant C', we obtain

2 2 2
E(|lvllxr) < C(T +17) ||®||Lg,%~ (2.26)

Proof. (i) Consider k = 2 (mKdV).
Lemma 2.1 applied with ¢ = 1 and o = § implies that E(‘,uf(v)ﬁ) cT ||<I>H2

Using Lemma 2.3 with p = 3 < 20 = ¢ and v = 1, we obtain E(|ud (v )} ) < C’T9 ||CI>||20
Lemma 2.5 applied with v = 1, 2 < ¢ =5 < p = 10 yields E({,ug(vﬂ ) <CT? ||<I>||50%%.
Ly

Lemma 2.4 applied with o = & and € = 1 yields E(|u] (v) ‘2) <CT?||®|?, o -
L2’20

Finally, Lemma 2.6 implies E(!pg( | ) <C(T+TY) ||<I>HLO 1 for any e > 0.

These estimates and Holder’s inequality conclude the proof of (2.25).

(ii) Consider k = 3 (gKdV).

Lemma 2.1 applied with ¢ = 1 and o = 5 implies that E(‘V'{(v)|2) <CT|®|?, L
10

2
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Apply Lemma 2.5 to upper estimate moments of v (v) for k = 2,...,5. Take v = 0, and
either 2 < ¢ =33 <p=2 for ] (v) or 2 < ¢q =5 < p=15 for v (v). This yields

E(F@)F) <o+ )y i) H<I>Hl el s ||<I>H104,
E(lv§<v>\w> <crd ||4>||10 -

Take 2 < g =4 <p=2, and either v = 0 for 1{ (v) or v = 5 for v (v). This yields

10 10
E(M(v)} Dsorhiell,. B(We)|T) scTh B,
2

Furthermore, the inequality (2.11) from Lemma 2.4 gives exactly E(|vd (v) ‘2) <CT? ||(I>||iO%

Finally, the inequality (2.10) from Lemma 2.4 applied with o = % and € = % yields :
E(lvfw)|") < C1? 1%, 5

These bounds and Holder’s inequality complete the proof of (2.26). O

3. LOCAL WELL-POSEDNESS

In this section, we prove the existence of a unique local solution u € DCZ(W) to (2.1) for some
random terminal time T'(w), which is positive for almost every w.

1
Proposition 3.1. Let k =2, ug € Hy a.s. and ¢ € Lg’H6 for some positive € (resp. k = 3,

1 5
uyp € H* a.s. and ¢ € Lg“}. Almost surely there exists a positive random time T*(w),
k = 2,3 such that there exists a unique solution to (2.1) in xf’*“).

Proof. Set 0(2) = 1 and 0(3) = 15. Suppose that a.s. uy € HI™ for k = 2,3. Using
)-

the inequalities (3.6)-(3.7), (3.9), (3.11) and (3.35) (resp. (3.6)-(3.7), (3.48), (3.52)-(3.53)) in
[11], we obtain that for almost every w, S(t)ug(w) € Xi for ug(w) € Hy *) " Furthermore,
S() (uo(w)) € ([0, T); HI™) and

15 Cuo(w)llxz < crlluo(w)ll o

for some constant ¢, which does not depend on T" or w (see [11] pages 584 and 586).
Proposition 2.8 implies that, if the operator ® is regular enough (that is, ® € Ly'™ for

5
some positive e when k =2 or ® € Lg’” when k = 3), then the random process v, defined
by v( fo (t — s) ®dW (s), belongs a.s. to XI. Furthermore, the map v(.) belongs a.s. to

C([OT]H )foranyT>O For k =2,3 and R > 0 set
Yol = {ue C((0,7), HIW) N XL : [lullyr < R}.
Let J} denote the map defined by

(Fru)(t) = S(t) uo + v(t) — /0 S(t — s)(u*0,u)(s)ds
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1
Let k = 2; using inequalities proved in [11] page 584-585, we deduce that for ug € H; a.s.
and ® € Lg’1+€ for some positive € given u,u;,uy € X1, we have

1 ~ 1
[Foullay < eall Dduollzz + [[vllag + Co T2 [Jull3g,
= 1
[Fowr = Fouzllar < Co T2 (luallzg + [luallig) llur — uollxy-

For almost every w choose

Ra(w) = 2(calluo(@)ll, 3 + Iv(@)lag ), (3.1)

and let To(w) > 0 satisty
20, Ty(w)? Ry(w)? <1 and 4(72T2(w)% Ry(w)? < 1. (3.2)
In a similar way, when k& = 3, the inequalities proved in [11] page 590 imply that for

1 5
L 0,3 .
up € Hi? a.s. and ® € Ly 2, given u, uy, uy € X1, we have for some p > 0

L ~ 1
1Fsullxy < esll D uollzz + lvllxr + C3 T3 (14 T)° |Jullyy,
— 1
1F5ur = Fswallxg < Cs T35 (1+T)° [[luallyg + luallag ] lur — vl
For almost every w choose

Ra(w) = 2(esllus(@)] y,

x

+ o)l ). (33)
and let T3(w) > 0 be such that
2Cy Ty(w)®s (1+ T3(w))’ Rs(w)® <1 and 4Cs Ty(w) ™ (1+ T3(w))’ Ry(w)> < 1. (3.4)

)T (w)

These choices imply that for £ = 2,3, ¥, maps ‘dR
Rk(w g (w)

into itself. Furthermore, since

, the map JFy is a strict contraction
Tk(w)

]\S’kul ?kUQHXT < 2||U1 — u2||DCT for U, Ug € H

on that set. Hence F:. has a unique fixed point in YL i , which is the unique solution to
(2.1) in DC?“ , k = 2,3, thus, concluding the proof. O

4. GLOBAL WELL-POSEDNESS

We now prove global existence when the initial condition wg is in H! a.s. The argument
relies on a regularization of uy and ® and on the following conservation laws. When k = 2,3
and z is the (deterministic) solution to the gKdV equation

8tZk(t) + (8§’zk(t) + zk(t)’“(?xzk(t)) =0, Zk(O) =2y € H;,
then the following quantities are time-invariant

the mass: || zx(t )||%2, (4.1)

the Hamiltonian: 3 (24 (¢ /\D 2 (t)Pdx — /zk(t)k”dx. (4.2)
(k + )(k +2)

We now prove Theorem 1.1.
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Proof. We suppose that ug € L2(H}) N L?%(L?) for some ¢ € [2,00) to be chosen later.

The proof is based on approximations of ® and uy and contains several steps. Indeed, we
want to obtain moments of the H!-norm of w, uniformly in ¢. The mild formulation does
not allow us to use martingale estimates for the stochastic integral appearing when the It6
formula is applied to the mass and to the Hamiltonian. Thus, we have to use a sequence of
strong solutions {u,} of (2.1), where ®,, is a “smoother” Hilbert-Schmidt operator and wuq,,
is a “smoother” initial condition. Let ®, € Ly* and ug,, € H2 be such that

®, = & in LY, € >0 (resp. in LY") for k = 2 (resp. k = 3), (4.3)
Uy, — ug in L2(HY) N L2(L2) and in H, a.s. (4.4)
Step 1. Proposition 2.8 proves that the sequence v, (t fo $)®,dW (s) converges

to the stochastic integral v in L2(X}). Hence, there ex1sts a subsequence still denoted {v,},
which converges to v a.s. Furthermore, for any integer n and k& = 2, 3, there exists a unique
solution wu,, to

Ot (t) + (Pun(t) + (1) Opun(t))dt = 0, u,(0) = ug,y,

and un belongs a.s. to L(H?). Indeed, following the argument in [4], Lemma 3.2, if we set
fo (t — s)®,dW (s) and let z, = u,, — v,, then z, has to solve a.s. the deterministic
equatlon

Opzn(t) + [agzn(t) + (zn(t) + vn(t))kax (zn(t) + vn(t))]dt =0, 2,(0) = ugp.

To ease notations we do not specify the value of £ = 2,3 when dealing with the solution w,,.
Standard arguments such as the parabolic regularization described in [14] yield that the above
equation has a unique local solution. Finally, an argument similar to that in [7] proves that
the invariant quantities in (4.1) and (4.2) allow us to extend this solution to any time interval
[0, T]. Note that u,, € L°(H2) N XT a.s.

Step 2. We next prove that the sequence (u,) is bounded in L2¢(L{°(L2)). The proof is
based on Ito’s formula for the mass and conservation of the mass (L2-norm) of the solutions
to the deterministic gKdV equation.

Using the conservation of mass for the solutions to the deterministic gKdV equation, we
get

/0 (un(s), 02un(s) + un(S)k@vun(s))ds =0.

Note that this requires u,(s) € H? a.s., which holds by Step 1, and u,(s) € L2 a s, which is
true, since H! C L2 1t6’s formula applied to [un(t)[|7, and the identity > .. [|Pne;ll7. =
HCDHi(QL0 yield

t
Jan O = ol +2 | (1n(5), 2udW(5)) + @0 .
0
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Using once more It6’s formula with the map y — y9, ¢ € [2,00), and the process ||u,(t )||L2,
we obtain

lun ()15 = lwonll7 —|—2q/ ()17 (wn(s), ®adW (5)) + R(D), (4.5)

where

t
_ 2
=q / lun (IS 1@alF00ds + 2q(q — 1) / () 15523 (ua(s), Dej) ds.
0

JjeEN

The Cauchy-Schwarz inequality applied to the last term gives

t
1
[R(1)] < H@nHigo/O (26" = @) Jun(s)|[75 " ds < 7 5 [lun()llh + C(D)[®all 0, (46)

s€[0,T

for some C(T") > 0 which is an increasing function of 7', where the last inequality is obtained
using Young’s inequality with the conjugate exponents ¢ and q%l. Furthermore, the Davies

inequality for stochastic integrals, the Cauchy—Schwarz and then the Young inequality applied

with the conjugate exponents 2q and 5~ imply
T 1
_ 2 2
sup / Jun ()13 (s),<1>ndW(s))§3E({ [ 1Y () @) s}
te[OT] 0 >0
<3B({ / lun() 134 1 @all2pads } ) < 3E( sup [lun()35 " VT [ @l 00)
0 2 s€[0,T] & 2
1
< 2B( sup Jlun(s)I132) + CD) |2l (4.7)
s€[0,7T

for some C'(T') > 0, which is an increasing function of 7'. The inequalities (4.5)-(4.7) yield the
existence of a constant C(7T") > 0 such that

E( sup Jun()117%) < 2B (luoal13) + C(T) @012 (4.8)

s€[0,7

Step 3. We now prove that (u,) is bounded in L2 (L{°(H})).

To upper estimate the H! norm of u,, we use the Hamiltonian 3, defined in (4.2). The time
invariance of the Hamiltonian, aka conservation of energy, for the solution to the deterministic
gKdV equation yields

/0 H (un(5)) [02n(8) + wn(8)*Opun(s)]ds = 0,

where for , 9 € H3, we have

1
H; (¢ / D,oD pdr — —— / O lpdr = — / [D2p + —— " du.
R ktr1?

Note that this integral makes sense for w,(s). Indeed, the Gagliardo-Nirenberg inequality
implies H! C L2 for any ¢ € [2,00) and, since u, € H?> a.s., we have u,(s) € LP for any
p € [2,00). Hence, u,(s)k*t € L? as.
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Integration by parts implies that for ¢ € H2, the bilinear form H}(y) can be written as

Hi (@) (v1,v2) = (Opv1, Opva) — / O v vad, vy, vy € HE. (4.9)
R

Since @, € Ly*, the vectors ®,e; € H3. Thus, the Ito formula applied to Fr.(uy,) yields
2 J T

Hp (tn(£)) =Fo(11g) — /0 [(B2uals), W (5)) + - (a5, @V (s)) |

1
E+1
1 ! 1
5 | A ) @ ). (@10

Jj=0

Using the explicit form of (4.9), we obtain

5 96 () By, ) = 3 [ [102(@06) (5] (01| e

>0 jEN
<@g + 3 [ 10 o) e
jen /R
N2y +C a1 fn(o)].

where we used the Sobolev embedding H}! C L2 to obtain the last upper estimate.
For k = 2 the last expression simplifies to

D 3G (ua(8)) (Pues, ®aes) < | @ullfor + C [ @alfor llun(s)l72 (4.11)

320

for some constant C' > 0.
For k = 3, the Gagliardo-Niremberg inequality implies |[u, |z < Cllun|/% [|unl;z* for

a = % — % = %. Therefore, using Young’s inequality with the conjugate exponents 4 and 4/3,
we get

8 10
> G (wn(8))(Puess D) < ellun(s) 7 +Cle) 1Pl Fon lun(N 55 + 1Pallfon,  (412)

320

for any small constant € > 0 to be chosen later, and some positive constant C/(e).
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As in (4.7), using once more the Davies inequality for the stochastic integral, integration
by parts and the Cauchy-Schwarz inequality, we obtain

t
1
(a2 k+1
E(tgg’pﬂ/o <8xun(s) + T 1un(s) ,@ndW(s)»

< 3E<{ /OTZ (agun(s) n kiﬂ”(s)kﬂ’ @nej)QdS}Z)

=

< 3\/§E({ /OT [; (Drun(s) , 0u®e;)” + ; (%Hun(a“)k“, d)nej)z} ds}§>
< OV 0 | B( sup lun(s)laz) +B( swp ua(s)5i1) .

Lk+l
s€[0,T1] z€[0,T) *

where the last inequality follows from the Sobolev embedding H} C L°.

The Gagliardo-Nirenberg inequality implies |[u,|[ x+1 < |5, 1 ||un]|L2 , where 3 = 1 —
ﬁ = 2(’2 - Using Holder’s and Young’s inequalities with the conJugate exponents
_4

—1 and
=7, we obtain
t 1
E( sup / —[(agun,d)ndW(s)) + (un(s)k“,@ndW(s))D
tefo,7] Jo k+1
€
<SB( s Jlun(s)lE ) +CO T [0n2ys
s€[0,T
LSS k+3
+ OVT|@, g0 B( sup [lun(s)ll sup llua(s)l,3 )
s€[0,T7] s€[0,T]
2 2 2(k+k3)
<B( sup ()l ) + CO T 18200 +Cle T) 180 25 B sup Jfun(s)]5 " )
s€[0,T] 2 5€[0,T]
(4.13)

for some number C/(e, T ) > 0, which is again an increasing function of 7" for fixed ¢ > 0. Note
that for k& = 2, k+3 2 < 2, and for £ = 3 we have k+3 = 3.

Collecting the mformatlon from the estimates (4.10) (4.13) and choosing € = 1, we obtain
for ¢(2) = 2 (resp. ¢(3) = 3) the existence of a positive constant C'(T") such that

1
B( sup Hiua(t))) SB(3u(uon) + S E( sup [lun(s)llfy ) + CT1|@ll20s
t€[0,T] 2

8 t€[0,T]

+C@) 1+ [0l [1+ B sup [ua()Y)]:

s€[0,T]

Finally, the Gagliardo-Nirenberg inequality implies that [[o|| x> < Clo|l}; 1 ||<p |1L§7 for v =
11k

5 T2 T D) Thus, using Young’s inequality with the conjugate exponents 7 and k, we
deduce

1 2(k+4) 2(k+4)

4—k 3 4—k
(@l = Cllun()llz™ < Halun(s)) < Fllun() iy + Cllun(9)l 2
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for some constant C' > 0. Let g(k) = k+4) ; then ¢(2) = 3 > ¢(2), ¢(3) = 7 > ¢(3). For

Uy € Liq(k)(Li) we have for some positlve constant C(T)

1 1 3 93k
1E( gup @)l ) < GB( sup (o)) + 1B (luoalhy) + CE(luoal5Y)

4 te[0,T7] tefo,T

8 i
+ OT) (1 + @l o) |1 + E( sup[un()[35°) | + CE( sup fun()]557).
2 s€[0,T s€[0,T v
Furthermore, if ug € Lid(k)(Li), choosing the exponent ¢ = ¢(k) > 2 used for the approxi-
mation ug,, of up, we deduce from (4.8) that ||u,/zz (e (m1)) is bounded in terms of H<I>nHLg,1

and [|ugn || ;23 2. Since these norms are bounded by a constant independent of n, by virtue

(L3)
of the convergence we have required in Step 1, we can now deduce that the sequence {u,} is

bounded in L2 (L(HL)).
Step 4. The bound of {u,} proved in Step 3 implies the existence of a random variable
@€ L2(L°(HL)) and of a subsequence (still denoted {u,}) such that
u, — @ in L2(L°(HY)) weak star.
Technically speaking, @ € Ly, ,~(L°(H})), since we have used the weak star limit. Neverthe-

less, & € L°(H!) a.s. Recall Ry(w) and Rs(w) from (3.1) and (3.3), respectively. Let Ry(w)
be defined by

Rk<w> = 2ol + 18(@) =) + [0@)llr] > Rulw), & =2,3,

where v(t fo (t—s)@dW (s). Next recall To(w) and T5(w) from (3.2) and (3.4), respectively.
Choose Tk( ) >0, k = 2,3, such that inequalities similar to (3.2) and (3.4) are satisfied with
Ti(w) and Ry (w) instead of Ty(w) and Ry (w), respectively. Note that Ti(w) € (0, Ti(w)]. Let
Fnk, k=2,3, n € N be defined on DC;‘:’“(W) by

(Frnz)(t) = S(t)ugn + va(t) + /0 S(t — 5)z(s)k0,2(s)ds

where v, (t fo $)®,dW (s).

From Step 1 we know that a.s. u,(w) € x,fk(”), and that a.s. u,(w) is the unique fixed
point of the map J, on the ball of radius Rk(w) of DCZ’“(“’). Indeed, on that ball Fy,, is a
contraction, since by construction we know that || Fy .21 —?k,nzg|\xfk(w) < iz —Zg”:xfk(w). The
convergences from (4.3) and (4.4) prove that [|S(t)ug — S(t)uon|xr and [[v — v, ||yr converge

to 0 as m — oo for every 7' > 0. Furthermore, we have

1
[ Frmtin — 3"ku||xkfk<w> < [Juom — U0||ka'k<w> + [lon = U||xkfk(w> + §||Un - U||xkfk<w>-

Hence, u,, converges to u a.s. in DCZ’“(“’), where u is the unique fixed point of F; on the ball of
radius Ry (w) of X{k(w)

This implies that u(w) = @(w) a.s. on the time interval [0, Tj,(w)]. Since @ € LX*(H!) a.s
given a € (0,1), we may choose 7(w) € [aT}(w), Ty (w)] such that [|u(7e(w)) ||y < (@] oo a2y
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Replacing the initial condition uy by u(7,(w)), this enables us to define a solution on the time
interval [Tk (w), (Tk(w) +1 k(w)) A T}. Thus, we can inductively define a solution on any fixed
time interval [0, 7] a.s. Indeed, Tr(w) > 0 a.s. and at each step we increase the length of the
time interval by at least aT}(w).

Finally, as in [11] we obtain that S(¢)ug is a.s. continuous from [0, 7] to H}. The stochastic
integral v(t) = S(t) f(f S(—s)®dW (s) also belongs to C([0,T], H!) a.s. Hence, as in the
deterministic framework of [11], we deduce that w € C([0,7T], H}) a.s. This concludes the
proof. O
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