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Abstract

Geometrical Shock Dynamics (GSD) is a simplified model for nonlinear
shock wave propagation. It is based on the decomposition of the shock
front into elementary ray tubes with a simple relation linking its local
curvature and velocity. This relation is obtained under the assumption of
strong shock in order to neglect the effect of the post-shock flow on the
front. More recently, a new simplified model, referenced as the Kinematic
model, was proposed. This model is obtained by combining the three-
dimensional Euler equations and the Rankine-Hugoniot relations at the
front, which leads to an equation for the normal variation of the shock
Mach number at the wave front. In the same way as GSD, the Kinematic
model is closed by neglecting the post-shock flow effects. Although each
model’s approach is different, we prove here their structural equivalence:
the Kinematic model can be rewritten under the form of GSD with a
specific A−M relation. Both models are thus compared through a wide
variety of examples including experimental data or Eulerian simulations
results when available. Attention is drawn to the simple cases of com-
pression ramps and convex corners’ diffraction. The analysis is completed
by the more complex cases of the diffraction over a cylinder, a sphere, a
mound and a trough.

Keywords: Shock wave, Geometrical Shock Dynamics, Kinematic
model
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1 Introduction

The problem of determining the motion of shock waves has received consid-
erable attention since several decades. The development of simplified models,
able to estimate the position, shape, and strength of a shock, is of prime impor-
tance in several domains such as the pyrotechnics industry, explosion hazards,
or noise annoyance among others. In 1957, Whitham published a hyperbolic
model called Geometrical Shock Dynamics (GSD) [31, 33, 36] able to estimate
correctly the propagation of a strong shock, and working surprisingly well for
weak ones in some cases, such as the compression ramp for instance. This model
splits the shock front into elementary parts propagating independently along ray
tubes. A relation between the local geometry of the shock and its local veloc-
ity closes the system. A ray tube is actually assimilated to a channel of cross
sectional area A with rigid walls. This allows the determination of a relation
between A and the shock Mach number M (A−M relation), by neglecting the
post-shock flow under the strong shock hypothesis. This relation was indepen-
dently derivated by Chester [7], Chisnell [9] and Whitham [32], and is sometimes
called CCW relation. The GSD model was first expressed for a uniform gas at
rest [31, 33]. It has then been extended to the propagation through moving
gases [34], and nonuniform flow fields [8, 6]. A complete synthesis of this model
can be found in [38]. From a numerical point of view, many algorithms have
been developed. They are based on front-tracking methods [13, 21], Eulerian
conservative schemes [22, 24], or a fast-marching like approach [18].

It is well known that GSD is quite accurate for sustained shock propagation
problems. It has been investigated by numerous authors in the past, mainly in
case of converging flows [8, 10, 6, 13, 23], but also for outdoor propagation [4],
and has proven its ability to estimate correctly the leading shock front. However,
the GSD model is limited by three assumptions. The first one is the strong shock
hypothesis, which turns out to be valid only for Mach numbers larger than 2.
The second one is the decomposition into ray tubes with rigid walls, which
implicitly leads to neglect transversal flow along the shock front. The last one
is the omission of post-shock flow influence on the shock motion.

Another, more recent simplified model for shock propagation is called the
Kinematic model [25, 26, 20]. It is rather based on a mathematical viewpoint.
Considering the shock front as a singular surface [29], it is possible to com-
bine the Euler equations and Rankine-Hugoniot relations in order to obtain an
evolution equation for the shock intensity. The model naturally takes into ac-
count transverse flow along the shock front, and no assumption on the shock
strength is necessary. These are desirable properties for a more general model
than GSD. This new formalism was first expressed by Wright [37] to give an
intrinsic description of unsteady shock waves, and has then been extended to
more complex configurations [26, 20]. However, these studies are limited to
theoretical considerations. Only a few numerical cases have been carried out
in 1D radial configurations [25, 1, 27], and 2D for weak shocks [2]. The GSD
and Kinematic models share a similar point of view for the shock motion: only
the front surface is evolved, which reduces the dimension of the problem and
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leads to fast results. Surprisingly, despite this similarity, no detailed comparison
between these two models has been carried out until now to our knowledge.

The main objective of this paper is to compare the Kinematic and GSD
models. For this purpose, the derivation of these models is first reviewed in
section 2. We then prove their structural similarity in section 3. As properties
and analytical solutions for GSD are well known [36], it is natural to transpose
them to the Kinematic model to compare the two models. Following [13], a
two-dimensional (2D) conservative Lagrangian scheme is developed. It allows
numerous comparisons for more complex problems. In section 4, results are
systematically compared to experimental data or Eulerian simulation results.

2 Review of simplified models for shock propa-
gation

The derivation of GSD and Kinematic models are first recalled for the sake of
completeness.

2.1 Problem setup

We consider the propagation of a three-dimensional shock wave in a uniform,
quiescent and calorically perfect gas. The conservation laws for primitive vari-
ables read 

∂ρ

∂t
+ ∇ · (ρv) = 0

∂v

∂t
+ (v ·∇)v + ρ−1∇p = 0

∂p

∂t
+ v ·∇p+ ρc2∇ · v = 0,

(1)

where ρ, p and v are the density, pressure, and fluid velocity respectively. For
a perfect gas, the sound speed c is

c2 =
γp

ρ
, (2)

with γ the specific heat ratio. These variables are indexed by 0 for the initial
state of the gas at rest.

At time t, the shock front is identified as the zero level set of a scalar function
Φ :

Γ(t) = {x ∈ Ω ⊂ R3/Φ(x, t) = 0}. (3)

In the neighbourhood of the shock, we suppose that Φ is differentiable and that
∇Φ is not identically null. From (3), the unit normal vector at the shock front
is defined by

n =
∇Φ

|∇Φ|
, (4)
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and Φ verifies the equation:

∂Φ

∂t
+ Un ·∇Φ = 0, (5)

where U is the normal speed of the shock. Injecting (4) into (5), we get:

U = − ∂tΦ

|∇Φ|
. (6)

Figure 1: Shock position at times t1 and t2. Quantities indexed by 0 are fluid
parameters of the initial state of the gas, and quantities indexed by − are fluid
parameters disturbed by the shock.

Across the shock wave, the jump of a physical quantity ψ is denoted by
[ψ] = ψ− − ψ0, where ψ− is the value of ψ just behind the shock surface. The
Rankine-Hugoniot relations [11] link the admissible states of the fluid across the
shock. In the particular case considered here, they take the following form [36]:

[ρ]

ρ0
=

2
(
M2 − 1

)
(γ − 1)M2 + 2

[v]

c0
=

2
(
M2 − 1

)
(γ + 1)M

n

[p]

p0
=

2γ
(
M2 − 1

)
γ + 1

,

(7)

with M the shock Mach number: M = U
c0
≥ 1.
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2.2 Geometrical Shock Dynamics model

In Geometrical Shock Dynamics, as sketched in Fig. 1, the shock propagates
along rays normal to the front with a local velocity given by the Mach number
M . The model only addresses the leading shock front, and neglects the influence
of post-shock flow.

Assuming a single-pass front, the level set function Φ is defined as

Φ(x, t) = α(x)− c0t, (8)

where α describes the shock position. The unit normal vector at the shock
front, (4), is then

~n =
∇α

|∇α|
, (9)

and the normal velocity of the shock, (6), leads to the local eikonal equation

M |∇α| = 1. (10)

The GSD model consists in splitting the shock front into elementary areas
A propagating along ray tubes in which the cross-flow is neglected. The flow in
a ray tube can be expressed mathematically by the equation [33]

div
(n
A

)
= 0. (11)

Averaging the equations of the inviscid compressible flow across the tube, one
obtains the 1D Euler system with varying cross-section:

∂tρ+ v∂rρ+ ρ∂rv + ρv
A′(r)

A(r)
= 0

∂tv + v∂rv + ρ−1∂rp = 0

∂tp+ v∂rp− c2 (∂tρ+ v∂rρ) = 0,

(12)

where r is the longitudinal space variable along the tube, ∂t and ∂r denote
the partial time and space derivatives respectively, and A′(r) stands for the
variations of the cross sectional area of the tube. System (12) is rewritten in
the following characteristic form :

dp

dt
+ ρc

dv

dt
+ ρc2v

A′(r)

A
= 0 on C+ :

dr(t)

dt
= v + c

dp

dt
− ρcdv

dt
+ ρc2v

A′(r)

A
= 0 on C− :

dr(t)

dt
= v − c

dp

dt
− c2 dρ

dt
= 0 on S :

dr(t)

dt
= v.

(13)
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By riding the C+ characteristic at the shock and using the Rankine-Hugoniot
relations (7), the law between A and M , called A−M relation, is [5]

drA

A
+
MλW (M)

M2 − 1
drM + fW (M)Q = 0, (14)

where dr =
d

dr
is the derivative along the tube,

λW (M) =

(
1 +

2

γ + 1

1− µ2

µ

)(
1 + 2µ+

1

M2

)
(15)

and

fW (M) =
γ + 1

2

µ(µ− 1)

M(M2 − 1)
. (16)

The post-shock Mach number is :

µ =

√
(γ − 1)M2 + 2

2γM2 + 1− γ
, (17)

while Q =
(∂tp+ ρc∂tu)−

p0c30
gathers the post-shock flow. Q is an unknown of

the problem. As fW (M) tends to 0 when M tends to +∞, Whitham chose to
neglect this term under the strong shock assumption. Doing so, the difficult
calculation of the post-shock flow is avoided, and a simple relation links A to
M :

drA

A
+
MλW (M)

M2 − 1
drM = 0. (18)

Equation (18) is verified in each ray tube and closes the system (9)-(11). This
system defines the geometrical structure of the shock front, and the A − M
relation reflects its local dynamics. Some other A − M closures have been
studied in the past, like in [30] for noise transmission along shock-waves, in [19]
where viscosity is taken into account, or in [5] where the author introduces
a post-shock flow model. Here, we restrict ourselves to the classical A − M
formulation.

In 2D, the model can be rewritten in the local basis belonging to the shock:
∂θ

∂β
− A′(M)

M

∂M

∂α
= 0

∂θ

∂α
+

1

A(M)

∂M

∂β
= 0,

(19)

where α and β denote the shock position and the ray position respectively. θ is
the angle between rays and (Ox) axis (see Fig. 2). At the shock front, α = c0t
in coherence with (8), and since A measures the distance between rays, Adβ is
actually the curvilinear abscissa along the shock. Using (19), it is easy to prove
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Figure 2: 2D shock wave propagation in Geometrical Shock Dynamics theory.
Black lines are successive shock positions and correspond to α coordinates. Blue
dashed lines are rays and correspond to β coordinates. θ is the angle between
rays and (Ox) axis. Rays delimit ray tubes of area A.

that the GSD model is hyperbolic provided that A′(M) < 0. Discontinuities can
thus develop on the shock front. They correspond to the triple point position
when a Mach stem arises, and are called shock-shocks by Whitham. A detailed
analysis of the Riemann problem for (19) can be found in [18].

2.3 Kinematic model

Another simplified model for shock front propagation is the Kinematic (KIN)
model [26]. It relies on a more mathematical vision of the shock motion, using
the singular surface theory [29]. As GSD, it describes only the leading shock
front. This model is based on a combination of the 3D Euler equations (1)
applied in the vicinity of the shock and the Rankine-Hugoniot relations (7) at
the front. This allows to take into account the cross-flow at the shock, and no
assumption on the shock strength is necessary, which is a desirable property.

The Kinematic model was initially expressed by Wright in 1974 for a perfect
gas [37], and has been reformulated and detailed by Sharma in 1994 [26]. It has
then been extended to van der Waals equation of state in 2009 [20]. Only a few
studies for one-dimensional planar and non-planar shock waves can be found
in [25, 1, 27], and for 2D weak shocks in [2].

Here, the shock is considered as a singular surface (3) moving with its normal
velocity Un. The shock position, xsh, is then defined by

dxsh

dt
= c0Mn, (20)

which is equivalent to (10) taking α(xsh) = c0t (see eq. (8)). Let ψ be a
physical quantity, ρ or v for instance. We define the temporal rate of change of
ψ following the shock as:

dψ

dt
=
∂ψ

∂t
+ U (n ·∇ψ), (21)
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and its spatial rate of change along the shock surface:

∇Sψ = ∇ψ − n (n ·∇ψ). (22)

If ψ is a vector, we can also define the divergence operator along the shock
surface:

∇S ·ψ = ∇ ·ψ − n · (n ·∇ψ). (23)

By definition of (22), we have

n ·∇Sψ = 0. (24)

As n is a unit vector, n · n = 1, one gets for any differential operator D, such
as ∂t or n ·∇ for instance:

n · Dn = 0. (25)

From (23) and (25), one finds:

∇S · n = ∇ · n. (26)

This last relation combined with (24) gives:

∇S · (fn) = f∇ · n, (27)

where f is any scalar function.
From the singular surface theory [29], (21)-(23) give the following compati-

bility conditions holding on the shock front:

d [ψ]

dt
=

[
∂ψ

∂t

]
+ U [n ·∇ψ] (28)

∇S [ψ] = [∇ψ]− n [n ·∇ψ] (29)

and if ψ is a vector:

∇S · [ψ] = [∇ ·ψ]− n · [n ·∇ψ]. (30)

These relations allow to track the jump relation of the physical quantity ψ along
the shock front during its propagation. Furthermore, it can easily be shown that
for two quantities f and g:

[fg] = [f ] g− + f+ [g] . (31)

Applying the Euler equations (1) at the shock, and using relations (28)-(31),
one finds after lengthy but straightforward calculations,

d [v]

dt
+

(
[v] · n− U

)
[n ·∇v]

+
1

ρ−

(
∇S [p] + n [n ·∇p]

)
= 0 (32)
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and

d [p]

dt
+

(
[v] · n− U

)
[n ·∇p]

+γp−

(
∇S · [v] + n · [n ·∇v]

)
= 0. (33)

The derivation of the Rankine-Hugoniot relations (7) following the shock motion
yields:

1

c0

d [v]

dt
=

2

γ + 1

(
M2 + 1

)
M

dM

dt
n+

2

γ + 1

(
M2 − 1

)
M

dn

dt

1

p0

d [p]

dt
=

4γ

γ + 1
M

dM

dt
.

(34)

The term n · [n ·∇v] in (33) is eliminated through the combination

(
[v] · n−

U

)
(33)− γp−n · (32), which yields to

(
[v] · n− U

)
d [p]

dt
− γp−n ·

d [v]

dt

+

{(
[v] · n− U

)2

− γp−
ρ−

}
[n ·∇p]

+ γp−

(
[v] · n− U

)
∇S · [v] = 0. (35)

Finally, injecting (34) and (7) into (35), and using properties (24)-(27), the
equation for the Mach number variation is obtained:

dM

dt
= −c0

M2 − 1

λK(M)

(
div(n) + fK(M)

(∂np)−
p0

)
, (36)

where div(n) is the local curvature of the front and

fK(M) =
(γ + 1)2

2γ(2γM2 + 1− γ)
. (37)

The term (∂np)− = (n ·∇p)− gathers the post-shock flow effect. For the Kine-
matic model, the λ function reads

λK(M) =
(γ + 1)

{
2(2γ − 1)M4 + (γ + 5)M2 + 1− γ

}
(2γM2 + 1− γ)(2 + (γ − 1)M2)

. (38)

The normal at the shock, n, is also an unknown of the problem. Differenti-
ating |∇Φ| =

√
Φ,kΦ,k with respect to D, we deduce

D|~∇Φ| = ~n · ~∇ (DΦ) . (39)
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Differentiating (4) following the shock motion (21), and using relations (39) (22),
leads after some calculations to

dn

dt
= −∇U + n (n ·∇U) = −c0∇SM, (40)

Under the hypothesis that the post-shock flow influence over the shock
(n ·∇p)− is known, the Kinematic model is thus composed of equations (20),
(36) and (40).

3 Properties and integration of the GSD and
KIN models

The Kinematic model can be rewritten in a similar form to GSD, which allows
an easy comparison between the models.

3.1 Structural equivalence of the GSD and KIN models

Noticing that M = M (xsh), and using (20), we have

dM

dt
=

dM

dt

∣∣∣∣
xsh(t)

=
dxsh(t)

dt
·∇M = c0Mn ·∇M, (41)

As M is a quantity defined only at the shock, n ·∇ can be regarded as the
spatial derivative along the normal direction following the shock. We choose to
note d

dn this derivative, which corresponds to d
dr in the 1D case.

It is easy to verify that (36) reduces to (11) with a similar A-M relation (14).
Indeed, let us define two nonzero functions, h and H, such that h×(36) can be
written as div (Hn) = 0. We find by identification:

H =
M2 − 1

MλK(M)
h (42)

and

n ·∇H = h

(
n ·∇M +

M2 − 1

MλK(M)
fK(M)

(∂np)−
p0

)
. (43)

Dividing (43) by (42) and with notation A = 1
H , it yields to

1

A

dA

dn
+
MλK(M)

M2 − 1

dM

dn
+ fK(M)Z = 0, (44)

with Z =
(∂np)−
p0

. We are thus able to decompose the shock front into elemen-

tary ray tubes of cross sectional area A for the KIN model, with a specific A−M
relation. The term Z takes into account the influence of post shock flow over the
shock front. The function fK(M) is defined for M ≥ 1 and is decreasing from
γ+1
2γ for M = 1, to 0 for infinite Mach number. If we assume that post-shock
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influence is small (step shock hypothesis), fK(M)Z can be neglected in (44).
Doing so, we avoid the difficult calculation of post shock flow, in the same way
as Whitham’s theory, and we can easily compare both models.

Finally, the GSD and KIN models can be written using the eikonal equa-
tion (10), which gives the shock position, the relation (11) defining the ray tube
and an A −M relation describing the local variations of the shock front. The
latter is given by:

dA

A
+
Mλ(M)

M2 − 1
dM = 0, (45)

with λ(M) = λW (M) for GSD, and λ(M) = λK(M) for the KIN model. The
structural equivalence of the KIN model with GSD allows a very easy com-
parison, through analytical solutions [36] and numerical schemes [13] initially
developed for GSD.

3.2 Main properties

A−M relation. The difference between the GSD and KIN models fundamen-
tally comes from the way the A −M relation is defined. Whitham’s approach
consists in riding the C+ characteristic at the shock, while the Kinematic ap-
proach is based on a combination of these characteristics, using all available flow
information. It results that the post-shock effects terms, namely Q for GSD and
Z for the KIN model, are different. Consequently, these models do not neglect
the same information. This point was already pointed out in [5].

Under the hypothesis Q = 0 and Z = 0, the shock motion is only driven by
the functions λW or λK , as drawn in Fig. 3. In the weak shock limit (M ≈ 1),
we have:

λW ∼ λK ∼ 4.

For M < 2, the values of λW and λK are close, so both models are nearly
equivalent in this regime. For M > 2,

λK(M) ≥ λW (M), (46)

and the strong shock limits (M >> 1) are different. For γ = 1.4, they are:

λW ∼ 1 +
2

γ
+

√
2γ

γ − 1
≈ 5.0743

λK ∼ (γ + 1)(2γ − 1)

γ(γ − 1)
≈ 7.7143.

This is the main difference between the two approaches. The GSD model rapidly
reaches the strong shock regime, which is coherent with the underlying hypoth-
esis of the model. The KIN model has a larger transitory phase, and reaches its
strong shock limit for much higher Mach numbers. Therefore, it should lead to
distinct solutions at intermediate and high Mach numbers.

11



 4

 4.5

 5

 5.5

 6

 6.5

 7

 7.5

 8

 1  2  3  4  5  6  7  8  9  10

λW=5.074323

λK=7.714286

λ
 (

M
)

M

GSD model

KIN model

Figure 3: Representation of λ(M) for the GSD and KIN models.

From (45), we can consider A as dimensionless. A direct integration gives

A(M) =
g(M)

g(M0)
, (47)

with M0 the initial Mach number, and

g(M) = exp

(
−
∫
Mλ(M)

M2 − 1
dM

)
. (48)

There is no simple analytical expression of (48) for GSD, but for KIN we have:

gKIN(M) =

(
2γM2 + 1− γ

) γ−1
2γ

(M2 − 1)
2

(2 + (γ − 1)M2)
3−γ

2(γ−1)

. (49)

The variation of the cross sectional area A, with respect to Mach number
M , is plotted in Fig. 4 for M0 = 1.1. As expected, one can notice a similar
behaviour of the models for M ≤ 2, due to close λ values. From M ≈ 2, KIN
cross sectional area decreases more rapidly than in the case of GSD, due to
property (46). Models should consequently give similar solutions for M ≤ 2,
and distinct solutions for Mach numbers larger than 2.

Hyperbolic nature. It is well known that GSD is a hyperbolic system pro-
vided that A′(M) < 0 [36]. This property is verified from (45), as λ(M) ≥ 4
and M ≥ 1. Consequently, the KIN model is also hyperbolic. It means that
waves may develop on the shock front which are responsible for the modification
of its intensity, shape and orientation. In particular shock-shocks can develop
as in the GSD model.
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Figure 4: A(M) for the GSD and KIN models with an initial Mach number
M0 = 1.1 and γ = 1.4.

2D diffraction. In the 2D case, the models can be written under the form (19).
The characteristic form is{

∂

∂α
± u(M)

∂

∂β

}
(θ ± ω(M)) = 0, (50)

where

ω(M) =

M∫
1

√
λ(m)

m2 − 1
dm < +∞. (51)

The perturbations travel along the shock front with the velocity, defined in the
shock local basis,

dβ

dα
= u(M) =

1

A(M)

√
M2 − 1

λ(M)
. (52)

From (50), the Riemann invariants are:

θ ± ω(M) = cst on C± :
dβ

dα
= u(M). (53)

Let us consider the diffraction of a planar shock at Mach numberM0 ≥ 1 over
a wall of angle θw (see Fig. 5 for a convex wall θw < 0). The initial trajectory
angle is θ0 = 0. The problem is analogous to one dimensional nonlinear gas
dynamics problems [35]. All C− characteristics cross the initial shock and the
solution is a simple wave. Along C−, we have from equation (53),

θ − θ0 = ω(M)− ω(M0). (54)

If the wall is concave θw > 0, then the rays tend to cross, so a compression wave
forms on the shock front and a shock-shock potentially appears. From (54), we
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Figure 5: Diffraction of a planar shock at Mach number M0 over a convex wall
of angle θw < 0. All C− characteristics cross the initial shock; the solution is
then a simple wave.

have
ω(M) ≥ ω(M0),

and as M → ω(M) is an increasing function, the Mach number increases. In
particular, we always have a solution such that M ≥ 1. Conversely, for a convex
wall θw < 0, as sketched in Fig. 5, the rays tend to spread out. This expansion
wave decreases the Mach number intensity from M0 to Mw at the wall. In this
case, for a given θw angle, there is no solution for sufficiently weak shock. Indeed
from (54), there exists a solution such that M ≥ 1 if and only if

M0 ≥Mlim with

Mlim∫
1

√
λ(m)

m2 − 1
dm = −θw . (55)

This is the main limitation of the GSD model, and in fact also of the Kinematic
model, as can be seen in Fig. 6. For any given data (M0, θw) in the area below
the curves in this figure, there is no solution for the diffraction of a planar shock
over a convex wall. These curves are similar for both models.

Waves velocity. The physical velocity of the perturbations (52) is defined by

Adβ

dt
= c0A(M)u(M) = c0

√
M2 − 1

λ(M)
. (56)

We denote by aGSD and aKIN this velocity for the GSD (λ = λW ) and KIN
(λ = λK) models respectively.
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The dimensionless perturbation velocities are drawn in Fig. 7. In the weak
shock limit (M → 1), both models have the same perturbation velocity:

aGSD

c0
∼ aKIN

c0
∼
√
M − 1

2
,

These velocities remain very close while M ≤ 2, and gradually separate then.
The biggest difference is observed in the strong shock limit. In this case, the
perturbation velocities for both models are:

aGSD

c0
∼ 0.443926M and

aKIN

c0
∼ 0.360041M

for γ = 1.4. Thus, the perturbations travel faster for GSD than the KIN model.
Consequently, for an expansion wave, the Mach number decrease will be less
important for the KIN approach, and in the compression case, shock-shocks
will travel slower on the front for KIN.

3.3 Numerical scheme

Before going to further comparison of the models, we briefly describe the nu-
merical scheme used to calculate the successive positions of the shock when no
analytical solution exists. The following scheme, initially developed for GSD,
can also be used for KIN since it can be formulated in a strictly equivalent way.

The numerical scheme is inspired from Henshaw et al. [13]. It is a natural
approach based on a Lagrangian vision of the shock and on its decomposition
in ray tubes. The scheme is robust, precise and conservative.

In 2D, the shock front at time t is approximated by a finite set of points
{xi(t), i = 1, . . . , N}. Each point is associated with a ray tube of local area
Ai(t), a Mach number Mi(t), and a normal vector ni(t). The local area is calcu-
lated geometrically, and Mi(t) is obtained by integrating numerically the A−M
relation (45) on each ray from the initial time t0 to t. An interpolation of the
shock surface is performed using a monotone cubic method [14] in order to avoid
the creation of new extrema. The unit normal vector, {ni(t), i = 1, . . . , N}, is
calculated accordingly. Each point is then moved with a fourth-order Runge-
Kutta scheme to time t + dt by considering the discrete version of (20). After
this propagation step, points are inserted in expansion regions to maintain ac-
ceptable surface resolution, and are deleted in compression regions in order to
avoid intersecting rays and fit shock-shocks. Finally, a simple smoothing pro-
cedure is applied to dampen the high-frequency errors in xi(t). In the presence
of obstacles, wall boundary conditions must be applied in order to keep the
shock locally normal to the boundary. This is achieved by clamping the spline
representing the shock front at the boundary. The reader is referred to [13] for
technical details.
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4 Results and comparison

In this section, we present some 2D comparisons between the KIN and GSD
models. Results are systematically compared with experimental data and Eu-
lerian simulations results when possible. The latter are provided by the HERA
Computational Fluid Dynamics software [15]. HERA is a multi-physics code
using adaptive mesh refinement (AMR). It has already been used with success
for strong shock interaction with obstacles [12], and weak shock propagation
over long distances [17]. During a simulation, the first arrival time of the shock
front is recorded in each computational cell, and the leading front at time t
is extracted with a marching square algorithm [16]. This allows to estimate
geometrically the local shock’s Mach number by calculating the instantaneous
velocity of the front from time t to t+ dt.

4.1 Semi-analytical solutions

We first study the diffraction of a planar shock over a corner. This is a simple
case analogous to the elementary Riemann problem. For a convex corner, the
solution is a simple wave and is continuous, while for a concave corner, a shock-
shock appears on the shock front. These problems are well detailed in [36]
and [18].

Figure 8: Scheme of a planar shock diffraction over a convex corner of angle
θw < 0. An expansion wave develops on the shock front, decreasing the Mach
number value from M0 to Mw at the wall.

Continuous case. Let us consider an initially planar shock travelling at Mach
number M0 and diffracting over a convex corner of angle θw < 0 (see Fig. 8).
The solution is continuous and develops expansion waves, splitting the front in
three parts: an undisturbed part, a constant planar part near the wall, and
a curved transition zone in between. The solution (M, θ) of the problem is a
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Figure 9: Diffraction of a planar shock over a convex corner of angle −90 degrees
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shock travels from left to right. Comparison of the GSD and KIN models with
experimental data from [36] and Eulerian simulations.
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simple wave, given by∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

M = M0 , θ = θ0 if u(M0) ≤ β

α

u(M) =
β

α
, θ =

M∫
M0

dm

Au
if u(Mw) ≤ β

α
≤ u(M0)

θw =

Mw∫
M0

dm

Au
, θ = θw if

β

α
≤ u(Mw),

where the function u is defined by (52).
In Fig. 9, we present solutions for an angle θw = −90 degrees at Mach

numbers M0 = 2 (Fig. 9-a) and M0 = 4 (Fig. 9-b). They are obtained by using a
Simpson method to approximate the integrals. One can see the good agreement
of Whitham and Kinematic theories with the experimental data from [36] and
the Eulerian simulation results. As expected, the models are very close for a
moderate shock (Fig. 9-a), due the close values of their respective wave velocities.
They exhibit differences for higher Mach numbers (Fig. 9-b). The shock is
faster with the KIN model due to the fact that perturbations travel slower on
the shock front than for the GSD model. This causes the shock intensity to
decrease. In this case, the GSD model seems slightly closer to the experimental
and numerical results. At higher Mach numbers, one can note the existence
of an inflexion point on the front near the wall on experimental and Eulerian
results. As detailed in [5], the post-shock effects, not taken into account in GSD
or KIN, are responsible for this behaviour.

The wall Mach number Mw is plotted in Fig. 10 with respect to the angle
of the corner θw for different initial Mach numbers M0. Results are compared
with experimental data from [28]. Again, the GSD and KIN models are sim-
ilar for weak and moderate shocks (Fig. 10-a). They both underestimate the
experimental results. Moreover, one can observe the limitation discussed in sec-
tion 3.2: once the wall Mach number reaches 1 for a given θw, no solution such
that Mw ≥ 1 exists anymore for smaller θw values. For larger M0, one can see
that the wall Mach number calculated by the KIN approach is higher than the
GSD one (Fig. 10-b). This is explained by the fact that waves on the shock
travel slower with the KIN model. For both models, the results are in good
agreement with experimental data at M0 = 3. At M0 = 4, they overestimate
Mw and the GSD model is better.

Shock-shock occurence. Let us now consider the diffraction of a planar
shock at Mach number M0 over a concave corner of deflection angle θw > 0 (see
Fig. 11). We note χ the angle of the shock-shock trajectory with the (Ox) axis.
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Figure 11: Scheme of a planar shock diffraction over a concave corner of angle
θw > 0. A shock-shock appears immediately on the shock front, increasing the
shock Mach number from M0 to Mw at the wall.

The solution (Mw, χ) of this problem is given implicitly by∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

tan(θw) =

√((
Mw

M0

)2
− 1

)(
1−

(
Aw
A0

)2)
1 + AwMw

A0M0

tan(χ− θw) =
Aw
A0

√√√√√√1−
(
M0

Mw

)2
1−

(
Aw
A0

)2 ,
where Aw

A0
= A (Mw) is defined by (47).

We have no experimental data reported for this problem, only Eulerian sim-
ulation results are considered for comparison. The successive shock positions
and the shock-shock trajectory are presented in Fig. 12 for θw = 20 degrees.
One can note the excellent agreement of GSD for this example. At Mach num-
ber 2 (Fig. 12-a), the shock-shock trajectory is identical for the GSD model and
the Eulerian simulation. The KIN model is also very close. At Mach number
4 (Fig. 12-b), the GSD model remains close to the Eulerian simulation results,
while the KIN model underestimates the shock-shock position. We draw the
wall Mach number Mw with respect to the deflection angle θw at Mach num-
bers 2 and 4 in Fig. 13. The estimation is similar for both models at M0 = 2
and close to Eulerian simulations (Fig. 13-a), while GSD seems better for strong
shocks (Fig. 13-b).

In Fig. 14, we compare the angle of the shock-shock trajectory χ for different
angles θw at initial Mach number equal to 1.5 (Fig. 14-a) and 10 (Fig. 14-
b). The three-shock theory [3] is also considered for the strong shock case as
suggested by Whitham [36]. For a weak shock (Fig. 14-a), both models are
similar due to the close velocity of the waves. The estimation of the shock front
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is well estimated. The models are in good agreement with Eulerian simulations
when a triple point exists. Physically, for some configurations (M0, θw), in
the von Neumann reflection regime [3] for example, the triple point does not
exist. The transition between the Mach stem and the incident shock is then
continuous, but with the GSD and KIN models a triple point is always present.
For the strong shock case (Fig. 14-b), the shock-shock moves faster for GSD
than for KIN as expected from the wave velocity analysis. The behavior of both
models is very distinct. For a small deflection angle (θw < 20◦), the Kinematic
approach is close to the three-shock theory and Eulerian data, while for a higher
angle (θw > 40◦) Whitham’s approach seems better. In any event, considering
the simplicity of these models, one can observe a good agreement with data.
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Figure 12: Diffraction of a planar shock over a concave corner of angle 20
degrees at Mach numbers 2 (a) and 4 (b). The shock travels from left to right.
Comparison of shock positions and shock-shock trajectory between the GSD and
KIN models with Eulerian simulation. Shock-shock trajectory is superimposed
for GSD model and Eulerian simulation in Fig. (a).

4.2 Numerical solutions

We now consider some more complicated problems requiring the use of the 2D
conservative Lagrangian scheme briefly described in section 3.3 to exhibit a
solution for the GSD and KIN models.

Diffraction over a cylinder or a sphere. Let us consider the diffraction of
a planar shock over a cylinder. During the propagation of the shock, two shock-
shocks develop on the front. The first one appears when the shock diffracts over
the cylinder, and the second one occurs once the front interacts with the axis of
symmetry. We present the solution obtained at Mach number 2.81 in Fig. 15-a.
Successive shock positions are plotted, as well as the shock-shock trajectories. It
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Figure 13: Wall Mach number Mw with respect to deflection angle θw, in degree,
for diffraction of a planar shock over concave corner at Mach numbers 2 (a) and
4 (b).
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Figure 14: Shock-shock trajectory χ−θw with respect to deflection angle θw, in
degree, for diffraction of a planar shock over a concave corner at Mach numbers
1.5 (a) and 10 (b). Comparison of the GSD and KIN models with the three-
shock theory from [3] and Eulerian simulations.
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is worth noticing the good agreement of these trajectories with the experimental
data, obtained from [36], and with the Eulerian simulation results. Surprisingly,
note the better estimation for the first triple point with the KIN model.

Fig. 15-b gives the solution for the diffraction over a sphere at Mach number
2.85. The numerical results are obtained in a 2D axisymmetric approximation.
Here again, one can see that both models estimate the shock-shock trajectories
well, with a slightly better estimation of the first shock-shock for the Kinematic
model. Note that in this case, experimental shock-shock trajectories are very
close for Mach numbers 2.85 and 4.41 as observed by Henshaw et al. [13]

 0

 1

 2

 3

 4

 5

 0  1  2  3  4  5  6  7

y

x

Experimental data

Eulerian simulation

GSD model

KIN model

(a)

 0

 0.5

 1

 1.5

 2

 2.5

 3

-0.5  0  0.5  1  1.5  2  2.5  3  3.5

y

x

Exp. - M0=2.85

Exp. - M0=4.41

GSD model

KIN model

(b)

Figure 15: Diffraction of a planar shock over a cylinder at Mach number 2.81
(a) and over a sphere at Mach number 2.85 (b) (2D axi-symetrical simulation).
The shock travels from left to right. Comparison of shock-shock trajectories be-
tween the GSD and KIN models with experimental data from [36] and Eulerian
simulation. (Ox) axis is the symmetry line.

Diffraction over a mound. The next example is the planar diffraction over
a mound with a perfectly reflecting ground. Like in the previous case, two
shock-shocks form on the front: the first one when the shock interacts with
the mound, and the second one when it diffracts over the ground. Results for
M0 = 2 and M0 = 4 are presented in Fig. 16. At Mach number 2 (Fig. 16-a),
the shock positions for the GSD and KIN models are close to one another and
rapidly overtake the front location from Eulerian simulations. The trajectories
of the second shock-shock for GSD and KIN are much closer to one another than
the first ones. Regarding the first trajectory, the Kinematic model approaches
Euler results better. At Mach number 4, both models exhibit significant differ-
ences. They are still overtaking the shock front positions compared to Eulerian
simulations (Fig. 16-b). There is a visible difference between the shock-shock
trajectories, and the KIN model is again closer to the Eulerian simulation.

Diffraction over a trough. Finally, let us consider the planar diffraction
over a trough. It is somehow the mirror problem of the previous case. Indeed
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Figure 16: Diffraction of a planar shock over a mound at Mach numbers 2 (a)
and 4 (b). The shock travels from left to right. Comparison of shock positions
and shock-shock trajectories between the GSD and KIN models with Eulerian
simulation. The ground is located at y = 0.

in the last example, the shock is first compressive (a shock-shock appears), then
expansive, and at last compressive. In this example, the shock is successively
expansive, compressive and expansive. Only one shock-shock occurs here. The
GSD and KIN models are compared with the Eulerian simulation results at
Mach numbers 2 (Fig. 17-a) and 4 (Fig. 17-b). Both models overestimate the
positions of the shock, as well as the shock-shock trajectory. The KIN model is
slightly better, for this particular configuration, but nevertheless displays large
differences with the Eulerian simulation.
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Figure 17: Diffraction of a planar shock over a trough at Mach numbers 2 (a)
and 4 (b). The shock travels from left to right. Comparison of shock positions
and shock-shock trajectory between the GSD and KIN models with Eulerian
simulation results. The ground is located at y = 0.
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Synthesis. For the range of configurations tested, the GSD model is closer
to experimental data and Eulerian simulation than the KIN model for elemen-
tary Riemann problems, namely problems with only expansion or compression
waves. Despite this observation, KIN turns out to be slightly better for prob-
lems combining these two waves, mainly due to error counterbalance. In regions
where the shock is expansive, the shock position is overestimated by the KIN
model, and when the shock is compressive, the shock-shock is slower for the KIN
approach, implying also a lower Mach stem. The GSD model globally tends to
overestimate the shock-shock position.

5 Conclusion and perspectives

In this paper, the Kinematic model was studied and compared with the GSD
model. Both models are simplified hyperbolic systems for shock wave propaga-
tion modeling only the leading front. Although the mathematical derivations of
each approach are different, the structural equivalence of the models has been
proven. It is indeed natural to assume that the shock front evolves along ray
tubes. The Kinematic model has thus been reformulated under the same form
as GSD, but with its own A−M relation. This equivalence between the models
allowed a complete study of the Kinematic approach, as well as an easy compar-
ison with the GSD model. In 2D, the study of elementary Riemann problems
has shown that the shock travels faster for KIN than for GSD when the shock
is expanding, while shock-shocks are slower for KIN. These differences tend to
disappear when the shock intensity decreases, that is for Mach numbers lower
than 2. For cases with only expansion or compression waves, GSD is better
than the KIN model. For more complex problems combining these two types of
waves, like diffraction over a cylinder or a mound, the KIN model seems slightly
better, at least for the problems tested in this paper. Considering the simplicity
of these models, the results are satisfactory in comparison to experimental and
numerical data.

However, both models suffer from the same limitation for the diffraction over
a convex wall. For sufficiently weak shocks, no solution exists above a given
deflection angle. This could be related to the underlying hypotheses of the
models. Some important information are lost for weak shocks considering only
the leading front and neglecting post-shock flow. This issue could be addressed
in further investigations.
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