
HAL Id: hal-01502421
https://hal.science/hal-01502421

Submitted on 5 Apr 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Computing the elastic properties of sandstone submitted
to progressive dissolution

Kajetan Wojtacki, Loïc Daridon, Yann Monerie

To cite this version:
Kajetan Wojtacki, Loïc Daridon, Yann Monerie. Computing the elastic properties of sandstone sub-
mitted to progressive dissolution. International Journal of Rock Mechanics and Mining Sciences, 2017,
95, pp.16 - 25. �10.1016/j.ijrmms.2016.12.015�. �hal-01502421�

https://hal.science/hal-01502421
https://hal.archives-ouvertes.fr


Computing the elastic properties of sandstone submitted to progressive
dissolution

Kajetan Wojtackia, Loı̈c Daridona,b,∗, Yann Moneriea,b
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Abstract

We present a numerical method for estimating the stiffness-to-porosity relationships for evolving microstructures of
Fontainebleau sandstone. The proposed study is linked to geological storage of CO2 and focuses on long-term and
far field conditions, when the progressive degradation of the porous matrix can be assumed to be homogeneous at the
sample scale. The method is based on microstructure sampling with respect to morphological descriptors extracted
from microtomography. First, an efficient method of generation of accurate numerical media is proposed. The method
is based on grain deposit, compaction and diagenesis and allows to reproduce user-defined morphological parameters.
Second, two simple numerical models that mimic chemical degradation of porous aquifers are presented. Effective
elastic properties are estimated within the framework of periodic homogenization and finite element approach. A
fixed-point method on a self-consisted outer layer allows to consider non-periodic representative volume elements.
Accurate predictions of elastic properties over a wide range of porosity are obtained. The overall evolutions of elastic
behaviour due to the increase of porosity are in excellent agreement both, with experimental data and the results
obtained by Arns et al. [1].

Keywords: porous media, X-ray microtomography, numerical dissolution, Fontainebleau sandstone, self-consisted
numerical method, homogenization

1. Introduction

Geological storage of CO2, or Carbon Capture and
Storage (CCS), is intensively investigated as a solution
to reduce emission of CO2 to the atmosphere. It con-
sists in capturing carbon dioxide at source and then its
injection into suitable geological formations [2]. During
geological storage, some physical and chemical mecha-
nisms lead to irreversible changes of rock microstruc-
ture, and thus of its effective properties. In order to
avoid catastrophic damages, it is essential to estimate
geological formations behaviour. Effectiveness of ge-
ological storage depends on a combination of physical
and geochemical trapping phenomena. Carbon dioxide
can remain trapped underground by virtue of a num-
ber of mechanisms, such as structural and stratigraphic,
residual, solubility and mineral trapping [2]. In the pa-
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per we focus on influence of chemical degradations on
mechanical behaviour of saline aquifer.

Chemo-mechanical coupling problem has been in-
tensively studied in recent years, following pioneering
works on concrete, mortar or cement paste. Obtained
results confirm a general material weakening during
chemical degradation (loss of strength and stiffness).
Experimental studies considering CO2 injection into the
rock reservoirs performed in laboratory conditions, rel-
atively close to the injection point, show different be-
haviours depending on physical parameters of injected
fluid (temperature, pressure), chemical composition of
injected fluid and initial rock parameters (see Luquot
et al. [3], Gouze et al. [4], Eggermann et al. [5],
Egermann et al. 2006 [6], Izgec et al. 2008 [7] among
others). In experimental research of behaviour of soil at
long time scale after CO2 injection (Bemer et al. [8],
Nguyen et al. [9]), it is assumed that porous aquifer
is saturated by saline water and concentration of dis-
solved CO2 is uniformly distributed in the porous space.
Most of the results showed that chemical degradation
can be considered as homogenous at the sample scale.
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Due to increase of porosity, material weakening occurs.
Decrease of both, stiffness and shear strength, and in-
crease of permeability have been also noticed. Various
approaches are proposed to model this type of chemo-
mechanical coupling. Several analytical models are ob-
tained by periodic homogenization method Peter [10],
Meier et al. [11] and Lewandowska [12]. Phenomeno-
logical model were also proposed by Coussy [13] in
which variations of poroelastic parameters are described
as a heuristic function of irreversible porosity caused
by chemical degradation. Numerical and computational
aspects of chemo-mechanical modelling related to flow
and transport phenomena during injection process are
presented by Doughty et al. [14], Kumar et al. [15],
Hovorka et al. [16] and Wojtacki et al. [17].

The aim of this paper is to estimate evolution of elas-
tic properties of saline aquifer, which is subjected to
progressive chemical degradation due to CO2 dissolu-
tion and acidification of saline water. The objective
is to find a link between evolving material microstruc-
ture, phenomena occurring at microscopic scale, and
macroscopic behaviour. The proposed study focuses on
long-term and far field conditions, when dissolution of
porous matrix can be assumed to be homogeneous at
sample scale [6, 8]. Chemical degradation of material
is taken into account in a simplified way by perform-
ing numerical erosion of the digitized image of the mi-
crostructure.

The paper is organised as follows. Section 2 presents
a morphological description of the microstructure of
Fontainebleau sandstone. In Section 3, numerical sam-
ples are generated and the accuracy of their morphol-
ogy is checked. Section 4 presents two different scenarii
for numerical dissolution and a brief summary of mor-
phological descriptors evolution. Finally, in Section 5
a numerical self-consisted periodic homogenization al-
lows to derive overall elastic properties of long-term de-
graded samples.

2. Morphological analysis of sandstone

Sandstone is a type of sedimentary rock composed of
sand-sized grains of minerals. Rock formations that are
primarily composed of sandstone usually allow perco-
lation of water or other fluids and are enough porous
to store large quantities of them, making them valu-
able aquifers or petroleum reservoirs. The investigated
microstructure of Fontainebleau sandstone, obtained by
microtomography, is presented in Figure 1. The initial
size of the sandstone geometry is 256×256×256 voxels
with resolution 5.01 µm per voxel. In order to charac-
terize morphology of considered microstructure we use

(a) slice of sandstone (256 × 256 px2)

(b) 3D microstructure (256 × 256 × 256 px3)

Figure 1: Visualisation of a binarized sandstone microstructure as re-
cived. Grey colour corresponds to solid phase, others to porous phase.

mathematical morphology, which provides clear and es-
sential description of images by studying them in the
framework of set theory [18, 19]. Using appropriate
structuring elements, the image data is converted into
some shape characteristics. Let X be an arbitrary set
(of R3, e.g.) representing a binary image and B is a sub-
set representing a structuring element. The dilation of X
by B is:

X ⊕ B = {x + b | x ∈ X, b ∈ B} . (1)

Contrary, the erosion of X by B may be defined as fol-
lows:

X 	 B = {x ∈ X | x + b ∈ X, b ∈ B} . (2)

Combining erosion and dilation, a morphological open-
ing, is obtained:

X ◦ B = (X 	 B) ⊕ B. (3)

This opening acts as a filter and is a basic tool in granu-
lometry analysis. Objects of interest can be highlighted
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using accurate structuring element B. Since we have
interest for a numerical reconstruction method of real
rock sample obtained via microtomography, the follow-
ing main morphological parameters turn now to be in-
vestigated [20]: basic measures (porosity, etc.), sizing,
spatial distribution and connectivity.

2.1. Basic measures

Basic characteristics of microstructure e.g. poros-
ity, specific surface, number of pores etc. are quanti-
fied by global measures. Here we focus on pore vol-
ume fraction (porosity). The porosity of the investigated
microstructure of Fontainebleau sandstone is equal to
ϕ ' 0.0463. Detailed investigations of others global
descriptors can be found in [21].

2.2. Sizing - granulometry

The granulomentry of a given phase can be estimated
by mathematical morphology [19, 22, 23, 24]. The
principle of the method consists in performing succes-
sive morphological openings with increasing size of the
structuring element. After each operation, the change
of solid volume fraction G(r) is calculated. To a given
structuring element B corresponds a family Br, r =

0, 1, . . . of dilated structuring elements Br = B ⊕ S r,
where S r is the sphere of radius r. The granulometric
function Gr(X) of a set X is thus given by:

Gr(X) = 1 −
|X ◦ Br |

|X|
, (4)

where symbol |·| denotes the measure (cardinality) of
a set. The volumetric size distribution is defined in fol-
lowing way: gr(X) = Gr+1(X)−Gr(X) [Fig 2]. It is worth
noting that the shape of the initial structuring element B
has a direct influence on the results. In order to estimate
the granulometry of solid matrix of the Fontainebleau
sandstone two different SE are used, cross-shaped (+)
and binarised spheres (•) [Fig. 2]. As we can see, both
distributions are translated with respect to each other,
and their values should be treated only as a rough ap-
proximation of real granulometry. However, both mean
values, r+

mean = 23.7 ± 4.9 and r•mean = 17.4 ± 3.5, give a
hint for the radius that should be used in the generative
process, that we have in mind for the sequel: rmean ' 20
px.

2.3. Spatial distribution - covariance function

Covariance function has been firstly introduced by
G. Matheron [18, 22] as tool that provides clear and es-
sential description of spatial distribution. More details
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Figure 2: Granulometry of sandstone obtained by two different struc-
turing elements.

and other applications may be found in following refer-
ences [19, 20, 25, 26, 27]. We can assume that a binary
image representing heterogeneous medium is one of the
possible realisations generated by a specific stochastic
process [25, 26]. Among statistical descriptors, the co-
variogram is a convenient tool to investigate stationary
and ergodic media1.

For a given set (phase) X and a vector ~h, the co-
variance C(X,~h) is the probability that both an arbitrary
point of X and its translation by ~h belong to X:

C(X,~h) = P{x ∈ X, x + ~h ∈ X}. (5)

Moreover, covariance possesses following properties:
C(X, h = 0) = |X| = ϕ and C(X, h → +∞) = |X|2 = ϕ2,
where h = ||~h|| and if X is the porous phase. Since
C(X,~h) depends on the direction of the translation vec-
tor ~h, the covariance is a convenient tool to investigate
the anisotropy of a given microstructure.

Figure 3 presents the covariance of the microstructure
of Fontainebleau sandstone. Since this covariance is the
same in three directions x, y and z, we assume in the
sequel an overall isotropy of the microstructure of the
Fontainebleau sandstone. Moreover, the characteristic
size at which covariance function intersects its asymp-
totical value ϕ2 is about λ ' 20 px. Since covariance
function is integrable, the integral range reads for a set

1ergodic systems possess the same behaviour averaged over time
as averaged over the space for each state of the system
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Figure 3: Covariance function of porous phase of investigated sand-
stone microstructure (ϕ = 4.63%) plotted for three chosen directions.

X as well as for its complementary set Xc [26]:

A (X) = A
(
Xc) =

1
C(X, 0) −C(X, 0)2×

×

∫
R3

[
C(X, h) −C(X, 0)2

]
dh.

For the Fontainebleau sandstone we obtain:

A = A(pores) = A(matrix) =

=
1

ϕ − ϕ2

∫
R3

[
C(X, h) − ϕ2

]
dh ' 1150 px3.

The characteristic scale of each phase is thus: l =
3
√

A '
10 px.

2.4. Connectivity - brief analysis
Mainly there are two different kinds of porosities [28,

29], the first one is a so-called interconnected or effec-
tive porosity ϕe f f , which forms percolated pore network
and the second one is the isolated or non-interconnected
porosity. To extract the percolated porous network Con-
nected Components Labelling (CCL) algorithm was im-
plemented [30, 31]. The central role is played by defi-
nition of pixels connectivity, which can be represented
by an arbitrary structuring element. For the purpose of
this study, the cross-shaped element has been chosen
to define connectivity of 3D structures. The percolated
(effective) porous phase is represented by assembly of
pores whose inlet and outlet are localized in opposite
faces of geometry. Figure 4 shows the result of the
algorithm, which was applied to the microtomography
of Fontainebleau sandstone. Analysis of porous phase
shows that the microstructure is percolated in all direc-
tions and that the effective porosity is ϕe f f = 0.029.

(a) total porous phase; ϕ = 0.046

(b) percolated; ϕe f f = 0.029

(c) isolated; ϕiso = ϕ − ϕe f f = 0.017

Figure 4: Repartition of porous phase of the Fontainebleau sandstone.
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2.5. Conclusions concerning morphological analysis

The main morphological characteristics of mi-
crostructure of sandstone may be presented as follows:
overall porosity ϕ ' 4.6%, mean grain radius rmean ' 20
px [Fig. 2], spatial isotropy and characteristic size
λ ' 20 px [Fig. 3] and percolation in all directions,
effective volume fraction (effective porosity) ϕe f f '

2.9%. Therefore, we propose a method to reconstruct
microstructure of sandstone which preserves simultane-
ously characteristics mentioned above.

3. Reconstruction method and validation

The aim is to reconstruct the sample, in a simple and
efficient way, by implementing some basic stages in-
spired by natural formation process of sandstone. Fol-
lowing Bake and Øren [32, 33], the sample reconstruc-
tion is obtained by three processes. Grain deposit -
grain assembly, this stage can be seen as sandgrains
transport and sediment. Compaction - bulk volume re-
duction, this step mimics natural compression. Diage-
nesis - radii increment, this stage imitates cementation
and mineralization process. Each step of the methodol-
ogy is described below and calibrated in order to respect
aforementioned morphological properties.

3.1. Grain deposit

Regarding the granulometry of sandstone, which
gives only a rough approximation of real granulometry
(r ' 20 px), we use three different initial radii rinitial rag-
ing from the characteristic scale l = 10 px, to the char-
acteristic size λ ' 20 px: 10 px, 15 px and 20 px. The
grain size (diameter) thus ranging from 100 µm to 200
µm in accordance with [34]. The use of monodisperse
spheres is justified by the fact that in 3D each deposit
of spherical grains is fully percolated. The grains are
placed one by one into a three-dimensional box accord-
ing to the algorithm of gravitational potential minimiza-
tion [35], implemented in LMGC90 [36, 37].

3.2. Compaction

Corresponding samples present loose packing of rigid
spheres. During compaction, friction coefficient is set to
zero, to facilitate rearrangements of the grains. This step
is coupled with the next one - diagenesis. Because of its
random nature, diagenesis may have a significant influ-
ence on the isotropy of the system. Therefore, in order
to reduce that effect we decided to apply a compaction
step. In the paper we investigate three different scenarii:
triaxial compaction, sedimentation (compaction under
gravity) and no compaction.

3.3. Diagenesis

In general, aim of diagenesis is to control porosity
of a specimen by increasing radii of grains. In order
to avoid border effects and regular packing of spheres,
porosity is measured in a window (256×256×256 px3)
localized inside, in the center of the 3D box. Even if the
initial deposit is composed of monodisperse grains, the
diagenesis process induces polydispersity. Therefore,
diagenesis process consists of two steps. First step is an
uniform radii increment by the value of 1 px, until the
following criterion is satisfied:

ϕwindow ≤ (1 + ∆) × ϕsandstone, (6)

where ϕwindow denotes the porosity measured in the win-
dow, ϕsandstone is the porosity of the reference sample
and ∆ is a chosen error. The second step, consist in ra-
dius increment by 1 px of randomly chosen grains. This
step takes place until porosity is adjusted to the desired
one. The corresponding pseudo-code reads:
choose errors ∆ and ε, typically ∆ = 0.8 and ε = 1×10−4

while ϕwindow > (1 + ∆) × ϕsandstone

[increment by 1 px the radius of all grains]
while ϕwindow > (1 ± ε) × ϕsandstone

[increment by 1 px the radius of randomly chosen grain
(draw with replacement)]

3.4. Choosing the initial radius and compaction sce-
nario

In order to chose the appropriate initial radius of the
grain deposit and scenario of compaction, we analyse
covariance functions presented in Figure 5. Each fig-
ure presents covariances plotted for all chosen differ-
ent initial values of radii for each scenario of com-
paction. For the sake of clarity only three chosen di-
rections are shown. The letters C, S, G denote triaxial
compaction, sedimentation and geometrical (no com-
paction) deposit respectively. The numbers 10 [blue],
15 [red] and 20 [green], correspond to different initial
radii of grain deposit and the black curve is the reference
covariance function of Fontainebleau sandstone. Fig-
ure 5 (a) presents covariance of triaxial compaction sce-
nario. We may see that the covariance of Fontainebleau
sandstone lays between the covariances representing de-
posits of initial radii of 10 px and 15 px. Results ob-
tained for other scenarii give the same conclusion, there-
fore for the sake of simplicity we showed only the co-
variance of triaxial compaction. Regarding Figure 5 (b)
and approaching to initial radii of 10 px we can see that
the most isotropic geometry is obtained by applying tri-
axial compaction.

5



0

0.01

0.02

0.03

0.04

0.05

0 10 20 30 40

C
ov

(X
,h

)

h [px]

C10 x
y
z

C15 x
y
z

C20 x
y
z

FS x

(a) choosing initial radius - covariances functions plotted for all initial
values of radii of triaxial compaction

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  5  10  15  20

C
ov

(X
, h

)

h [px]

C10 x
    y
    z

C15 x
    y
    z

 0  5  10  15  20

h [px]

S10 x
    y
    z

S15 x
    y
    z

 0  5  10  15  20  25

h [px]

G10 x
    y
    z

G15 x
    y
    z

(b) choosing compaction scenario - covariances function plotted for
initial values of radii: 10 and 15 px, for each scenario of compaction

Figure 5: Covariance function of deposits as a descriptor used to chose
initial radius and compaction scenario.

3.5. Analysis of anisotropy of contacts
To dispel any doubts concerning the choice of the sce-

nario of compaction, we present inhere a brief analysis
of anisotropy of contacts. Within the framework of con-
tact dynamic, it is convenient to use fabric tensor F [38]
to characterize the distribution of normal directions nc

at contacts. Fabric tensor is given by:

F =
1

Nc

Nc∑
c=1

nc ⊗ nc, (7)

where nc is unit vector representing the normal direction
of the force at contact, ⊗ is the dyadic product and Nc is
the number of contacts. The anisotropy parameter ac of
fabric tensor is characterized by:

ac(F) = 1 −
||F : I − F||
||F||

, (8)

(a) sedimentation scenario and normal forces distribution;
rinitial = 15 px

(b) transformation of the unit sphere (red) by the fabric
tensor (blue)

Figure 6: Visualisation of normal forces distribution of sedimentation
scenario and of associated fabric tensor; the anisotropy parameter
ac = 0.982.

where Ii j = δi j, with δ the Kronecker delta and ||F|| =
√

F : F =
√

Fi jFi j for any second order tensor. We in-
vestigate distributions of contacts for sedimentation sce-
nario S15 [Fig. 6] and triaxial compaction C15 [Fig. 7]
in both cases rinitial = 15 px. The anisotropy parameter
ac(F) are equal 0.982 and 0.999 for S15 and C15 respec-
tively. The analysis of contacts anisotropy confirms that
the scenario of triaxial compaction with initial radius
rinitial = 15 px gives the most isotropic results. More-
over, refining the study around 15 px, we found that the
most accurate results is obtained for rinitial = 14 px.

3.6. Validation of generated samples

Finally, to generate the equivalent microstructures,
we have chosen rinitial = 14 px and triaxial compaction
scenario. Each realisation is obtained from the same,
previously compacted, grain deposit. Nevertheless, the
diagenesis process, consisting of random radius incre-
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(a) triaxial compaction scenario and normal forces
distribution; rinitial = 15 px

(b) transformation of the unit sphere (red) by the fabric
tensor (blue)

Figure 7: Visualisation of normal forces distribution of triaxial com-
paction and of associated fabric tensor; the anisotropy parameter
ac = 0.999.

ment, allows us to obtain morphologically different mi-
crostructures. The generated samples are subjected to
rough sorting process, which consists of two filters in-
volving percolation and effective porosity. The first fil-
ter is percolation – samples which are not percolated
in all directions are excluded from the further analysis.
And the second one, effective porosity – samples which
are not satisfying the following condition are excluded:
ϕe f f = (1 ± ε̃ ) × ϕsandstone

e f f , where ϕsandstone
e f f is the effec-

tive porosity of the reference sample of Fontainebleau
sandstone and ε̃ = 5 × 10−2. According to the afore-
mentioned conditions, 10 accurate samples are gener-
ated with about 18min CPU time per realisation [2.6
GHz Intel Core i7, non-parallel code].

In Figures 8 we can see the microstructure of one gen-
erated sample. Regarding also Figure 1 (a) and Figure 4
(a), we can see that the porous network of reconstructed
sample is a good approximation of the real one. Figure

(a) 3D pore network of selected generated sample

(b) 2D image, plane XY

Figure 8: Visualisation of one of generated samples.

9 presents the covariance function, both of the sand-
stone (FS) and the averaged covariance over 10 gener-
ated samples (GS). For the sake of clarity, we present
only result obtained for~z direction. We can notice a very
good spatial correlation between generated specimens
and the real microstructure. The maximal standard de-
viation of the covariance function for the 10 samples is
about s ' 2 × 10−4. This argument ensures the accu-
racy of the numerical estimates based on the generated
samples (see eg. Kanit et al. [39])

Figure 10 presents comparison of grain size distribu-
tion of sandstone and averaged values obtained for gen-
erated samples. Although, the methodology of recon-
struction is not strictly based on fitting the granulometry
of sandstone, the results remains in good concordance.
In order to summarise the data in a more compacted
way, Table 1 presents the considered morphological de-
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scriptors of Fontainebleau sandstone and averaged val-
ues over the 10 generated samples. A good agreement

Table 1: Summary of morphological validation of generated mi-
crostructures vs. sandstone. Where <GS> denotes the mean over
10 samples; ϕe f f stands for effective porosity; S t , S e f f

t is specific
surface and effective specific surface; λ denotes characteristic length;
r•mean and r+

mean describe mean radii obtained by binarized spheres and
cross-shaped structuring element respectively.

Descriptor FS 〈GS〉 St. dev.
ϕe f f 0.029 0.028 0.001
S t [1/px] 0.051 0.050 0.001
S e f f

t [1/px] 0.029 0.028 0.001
λ 23 21 1
r•mean 17.4 19.4 0.3
r+

mean 23.7 24.3 0.4

is also noticed for these mean values. Since the stan-
dard deviations are less than 5%, we consider in the se-
quel that each of the 10 generated samples can be seen
as one statistically equivalent sample of Fontainebleau
sandstone.

4. Numerical dissolution

Binarized geometry of natural rock gives only ap-
proximation of real connectivity. Therefore, we investi-
gate two different scenarii of dissolution. The proposed
numerical model of dissolution is based on morpholog-
ical dilation of the porous phase using cubic structuring
element. The choice of a 3D isotropic structuring el-
ement [23] can be justified by far field and long term
hypothesis, when concentration of reactants is assumed
to be homogeneously distributed in the pores space at
the sample scale [6, 8]. Hence, at each iteration (disso-
lution step) one operation of dilation if performed. Two
different scenarii are considered.
Isotropic dissolution – first scenario, which consists in
dissolving all void spaces even if pores are isolated. If
the set X0 represents binary image of the initial porous
phase, the results of i-th step of isotropic dissolution is
recursively defined using a structuring element B:

Xi = Xi−1 ⊕ B. (9)

Dissolution of percolated network – second scenario,
which consists in dissolving only the percolated porous
network. Denoting by Ξ(·) an operator acting on a bi-
nary image and returning its percolated porous network,
the results of the i-th step of percolated network disso-
lution is defined as:

Xi = [Ξ (Xi−1) ⊕ B] + X0. (10)

This modelling can be adjusted to any time-dependent
process, as e.g. precipitation of minerals.

Dissolution processes, described by eq. (9) and (10)
are performed in 3D and are stopped when porosity
reach about 40%, which corresponds to about 4 and 6
iterations for the case of isotropic and percolated porous
network dissolution respectively. In order to analyse in-
fluence of numerical dissolution on the samples mor-
phology, Figure 11 presents the evolution of the covari-
ance function for ~x direction.

Analysing characteristic size λ, two important con-
clusions are noticed. First, during isotropic dissolution
of the entire network, characteristic size of microstruc-
ture remains constant, while for the second scenario the
size increases significantly. Second, for both cases we
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(b) Fontainebleau sandstone - network dissolution
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(c) Numerical samples - isotropic dissolution
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Figure 11: Evolution of covariance function for Fontainebleau sandstone and the generated samples for two scenarii of dissolution. Dil i corresponds
to theoretical asymptote referring to the i-th step of dissolution.

can assume that size of considered samples is sufficient
to consider them as RVEs. It is also important to re-
mark, that evolutions of covariances for both materials
(real and generated), for each scenario of dissolution,
possess very similar character but the standard deviation
of the covariance function for the 10 generated samples
is larger in the case of network dissolution than in the
case of isotropic dissolution. It could be easily showed,
by analysing other morphological descriptors, that the
morphological equivalency of generated samples in re-
gard of real one remains true even during the dissolution
processes.

5. Numerical estimation of overall elastic moduli

One of the tools that allows us to obtain effec-
tive properties is the so-called periodic homogeniza-
tion [40, 41]. This classical approach treats heteroge-

neous media as materials possessing hierarchical struc-
ture which can be described by a finite number of sep-
arable scales. For the purpose of this study, two levels
are used: micro and macro-scale. Effective properties
(macro-scale) are assumed to be homogeneous and can
be estimated through averaging process. This approach
takes into account all interactions between phases form-
ing heterogeneous structure at micro-scale. Aforemen-
tioned method is implemented using a finite element
method - Cast3M2.

5.1. Periodization - fixed point method

In this work we consider periodic boundary condi-
tions prescribed on RVE cell within strain approach
framework [40, 41]. However, since we are dealing with

2http://www-cast3m.cea.fr
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images of rocks or generated samples, geometrical pe-
riodicity is not achieved in a direct way. To solve this
problem we add a layer around the extracted cubic cell
and we adopt a fixed point method. Initially, the stiffness
tensor of the layer is assumed to be equal to the stiffness
tensor of the solid phase. During the fixed point method
the fourth order stiffness tensor of the layer C layer is up-
dated:

C layer[i] = Chom[i − 1], (11)

where i denotes iteration number and Chom is the overall
fourth order stiffness tensor of the RVE. The stopping
criterion γstop for this method is defined by:

γstop =

∣∣∣∣∣∣Clayer[i] −Chom[i]
∣∣∣∣∣∣∣∣∣∣∣∣Chom[i]

∣∣∣∣∣∣ < 10−4, (12)

where ||D|| =
√

D :: D =
√

Di jklDi jkl for any fourth or-
der tensor. The choice of γstop value is justified in Fig-
ure 12, since overall elastic properties are constant for
−log(γstop) > 4.
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Figure 12: Overall normalised elastic moduli (bulk khom and shear
µhom) as a function of γstop. Results obtained for geometry represent-
ing 6-th degraded state of Fontainebleau sandstone in case of perco-
lated network dissolution.

When desired convergence is achieved, effective stiff-
ness tensors are projected on the classical isotropy ba-
sis in order to extract bulk k and shear µ moduli:
3khom = Chom :: J and 2µhom = 1

5Chom :: K, where
Ji jkl = 1

3

(
δi jδkl

)
, Ii jkl = 1

2

(
δikδ jl + δilδ jk

)
and K = I − J.

5.2. Discretization and its influence
A microstructure defined by a binary image is al-

ready discretized. A regular cubic mesh can thus be
constructed based on appropriated voxel: the larger the
number of voxels, the finer the mesh. Let M denotes the
number of cubic mesh elements along the edge of the

cubic RVE. It is shown that discretisation error for FE
methods of any elastic moduli can be estimated accord-
ing to the following formula [42, 43, 44, 45]:

P(M) = P0 +
a
M
, (13)

where P(M) is the computed elastic property and P0
is so-called continuum value, which corresponds to the
case when M → ∞. To estimate P0, P(M) is computed
at least for three different values of M and then a linear
function is fitted according to the least squares method
[Fig. 13].
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Figure 13: Computed normalized bulk modulus khom/kmatrix as a func-
tion of resolution 1/M. Results obtained for Fontainebleau sandstone
for isotropic scenario. Dil i corresponds to the i-th step of dissolution.

5.3. Robustness of the results
The elastic properties of the solid phase are taken

form Mavko et al. [46]: bulk modulus is equal kmatrix =

37.0 GPa and the shear modulus µmatrix = 44.0 GPa.
The corresponding Young modulus and Poisson ratio
are: Ematrix = 94.53 GPa, νmatrix = 0.0742. Concerning
the aforementioned method, the precision of the results
can depend both of: the contrast between the Young
moduli of solid matrix and pores κ = Ematrix/Epores and
the layer and its thickness T . In [21] it has been shown
that this method converges and that influence of layer
thickness on overall elastic properties is negligible.

The influence of κ arises from the potentially ill-
conditioned finite element stiffness matrix. Since the
property of a cubic mesh corresponds to the phase asso-
ciated to the voxel, the boundaries of the porous phase
are not explicitly meshed. A small value of Young mod-
ulus Epores is affected to the meshes associated to the
porous phase, small compared to the value of the Young
modulus of the solid phase Ematrix. The contrast κ has
thus to tend to infinity and in practice to a huge value.
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However, when κ increases, the porous phase is bet-
ter represented, but the finite element stiffness matrix
is worse conditioned. Since the Poisson ratios of phases
are set to be equal, the influence of κ is studied.

We perform computations for last degraded states of
sandstone geometry of each dissolution scenario. Nu-
merical results are obtained for entire sample of size
256 × 256 × 256 px3 scaled by factor four. What means
that size of the geometry is 64×64×64 px3. In this study
we investigate 10 different contrast values ranging from
101 to 1010. Figure 14 presents bulk and shear moduli
normalised by their values obtained for maximal con-
sidered contrast κ = 1010. We can see that convergence
is obtained for κ ≈ 104.
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Figure 14: Normalised elastic moduli as a function of contrast κ (net-
work - percolated network dissolution; isotropic - isotropic dissolu-
tion). The normalizing factors are values of bulk k and shear µ moduli
obtained for the last degraded state of sandstone and for the contrast
log(κ) = 10.

5.4. Results

Aforementioned methodology is applied for each
considered sample at different dissolved states. For this
purpose we investigate entire geometry of sandstone
and degraded samples. Following resolutions M (de-
fined in Section 5.2): M = 64 px, M = 50 px, M = 40
px and M = 32 px are used. Extracted continuum values
of elastic moduli (M → ∞), for both scenarii of dissolu-
tion and results obtained by Arns et al. [1], are presented
in Figure 15. In their paper [1], different realisations of
sandstone microstructure were extracted from four im-
ages representing real core samples and the porosity is
varying from 0.055 up to 0.24.

At the first sight, evolution of elastic properties as a
function of porosity [Fig.15] for sandstone and the gen-
erated samples are in excellent consistency (for each

scenario). In general, for both scenarii, shear modulus
decreases more significantly than bulk modulus.

Although different mechanism responsible for poros-
ity variation, our results and those presented by Arns et
al. [1] show very similar trend In other words, in the
work [1] the elastic properties are presented in function
of initial porosity in our case it is a function of disso-
lution induced porosity, so the variation of porosity is
driven by evolving microstructure.

In Figure 15, the comparison of (a) and (b), (c) and
(d) shows that results obtained for both scenarii of dis-
solution are very similar. The obtained results as well
as those of Arns et al. [1] are in coherence with the self-
consistent estimate [47] which often represents media
with total disorder.

6. Conclusions

This work presents an efficient and simple method to
generated equivalent microstructures of heterogeneous
media, that takes into account chosen morphological
properties and is inspired by natural process of the for-
mation of sandstone. To estimate equivalent constitu-
tive behaviour, we have also presented a solution using
additional layer associated with a fixed point method
that enables to impose periodic boundary conditions on
non-periodic geometries. A complete methodology to
estimate evolution of mechanical behaviour from gener-
ated samples morphologically equivalent to microtomo-
graphies was presented. Modelling of dissolution phe-
nomenon and the final results shows that a sophisticated
modelling of the dissolution process will not affect sig-
nificantly the results.
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dédiée à la modlisation des problmes d’interaction, Actes du
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