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ON TIME-FRACTIONAL DIFFUSION EQUATIONS WITH
SPACE-DEPENDENT VARIABLE ORDER

YAVAR KIAN*, ERIC SOCCORSI*, AND MASAHIRO YAMAMOTO

ABSTRACT. We investigate diffusion equations with time-fractional derivatives of space-
dependent variable order. We establish the well-posedness issue and prove that the
space-dependent variable order coefficient is uniquely determined by the knowledge of

a suitable time-sequence of partial Dirichlet-to-Neumann maps.

1. INTRODUCTION

1.1. Statement of the problem. Let € be a bounded domain of R% d > 2, with
Lipschitz continuous boundary 052, and let (a; ;)1<ij<a € L>(€2; R‘F) be symmetric, i.e.,

fulfill a; ; = a;; a.e. in Q, for ¢, 7 = 1,...,d, and satisfy the ellipticity condition

d
de >0, Z a; ;(0)&E =€), v e, €= (6,...,&) € R (1.1)

,j=1

For k € (d, +o0] and g € L"(2), such that
q(x) >0, z € Q, (1.2)

we introduce the formal differential operators

Aju(z) = — Z O, (a;(2)05;u(z)) and Agu(z) := Agu(z) + g(z)u(z), = € Q,

ij=1

where we set 0, :%,izl,...,d.

Given T € (0,400 and two functions o € L>®(Q2) and p € L*>(2) satisyfing

O<ay<alx)<ay <land0<p < p(x) < py < +oo, z € Q, (1.3)
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we consider the initial-boundary value problem for a space-dependent variable order

(VO) fractional diffusion equation

(p()3" + Au(t,x) = f(t,x), (ta)eQ:=(0,T)xQ,
ut,z) = 0, (t,z) € ¥ :=(0,T) x 0%, (1.4)
U(O,l') = Uo(ZL‘), z € ).

Here and below, ;' *) denotes the Caputo fractional derivative of order () with respect
to t, defined by
() 1 t ()
o u(t,r) i = ——————— t—s)""ogu(s,x)ds, (t,z) € Q,
Futa) = ey [ (=0l s, (ta) €Q
where I' is the Gamma function.

In this paper, we pursue two goals. The first one is to establish the well-posedness
of the initial-boundary value problem (1.4) for a suitable source term f and initial value
ug. The second one is to analyse the uniqueness in an inverse problem of determin-
ing simultaneously the fractional order a and two coefficients p and ¢ of the diffusion

equation in (1.4) by partial Cauchy data.

1.2. Physical motivations. Anomalous diffusion in complex media is a rapidly grow-
ing field of academic research with multiple engineering applications in geophysics, en-
vironmental science and biology. The diffusion properties of homogeneous porous media
are currently modeled, see e.g., [1, 5], by constant order (CO) time-fractional diffu-
sion processes where in (1.4) the mapping x — «(z) is maintained constant over €.
However, in complex media, the presence of heterogeneous regions causes variations of
the permeability in different spatial positions, and in this case, the VO time-fractional
model is more relevant for describing the diffusion process, and see e.g., [33]. This is a

background for VO time-fractional diffusion equations.

1.3. A short review of the mathematical literature of time-fractional diffusion
equations. Ordinary and partial differential equations with fractional derivatives have
been intensively studied over the two last decades. We refer to [21, 27, 28, 32| for a
general introduction to fractional calculus, and for example to [2, 12, 26] for more specific

foci on partial differential equations with time fractional derivatives. The well-posedness
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problem for CO time-fractional diffusion equations was addressed in [4, 11, 31, 35] and
see also [8], where the local existence, the uniqueness and the continuity on initial data of
the solution to partial integrodifferential equations of parabolic type are discussed. The
time decay of their solutions was studied in [17]. Recently, a new definition of the weak
solution to these equations was introduced in [20], which allows for defining solutions
to semi-linear fractional wave equations. Moreover, initial-boundary value problems for
multi-terms time-fractional diffusion equations were studied by [4, 24]. Notice that a
De Giorgi-Nash Holder regularity theorem was derived in [3] (see also [36]) for solutions
to CO time-fractional equations with fractional diffusion in space. As for distributed
order (DO) time-fractional diffusion equations, we refer to [23] for the analysis of the
well-posedness problem, and to [23, 25] for the study of the asymptotic behavior of the
solution. However, in contrast with CO or DO time-fractional equations, for VO time-
fractional diffusion equations. to our best knowledge, there are no results available in

the mathematical literature.

Quite similarly, there is only a small number of mathematical papers dealing with
inverse problems associated with time-fractional diffusion processes, which are listed be-
low. In the one-dimensional case, [6] proved simultaneous determination of the constant
fractional differential order and the time-independent diffusion coefficient by Dirichlet
boundary measurements for the solution. In dimensions 2 or larger, [13] determined a
constant fractional order from measurements at one point of the solution over the entire
time span. In [9, 31], the time-varying factor in the source term or in the zeroth order
coefficient of time-fractional equations was stably determined by pointwise observation
of the solution. For half-order fractional diffusion equations, [7, 34] proved stability
in determining a zeroth order coefficient by means of a Carleman estimate. An inverse
boundary value problem for diffusion equations with multiple fractional time derivatives
is examined in [22] and the authors prove the uniqueness in determining the number
of fractional time-derivative terms, the orders of the derivatives, and spatially varying
coefficients. Finally, in [19], the zeroth and first order space-dependent coefficients de-
fined on a Riemanian manifold, along with the Riemanian metric, are simultaneously

determined by a partial Dirichlet-to-Neumann map taken at one arbitrarily fixed time.



1.4. Main results. The first result of this paper is given for a Lipschitz continuous
bounded domain €2. It establishes the existence, the uniqueness and the regularity
properties of the weak solution to the initial-boundary value problem (1.4) in the sense
of Definition 2.2 below. For the statement of the mail result, we introduce the contour

in C:
7(579) = 7—(678) U ’70(576) U'7+(5’9> (15)

with e € (0,1) and 6 € (g, 7'('), where
20(e,0) = (e § € [~0,0]} and a(c,0) = {s¢*; s € [c,+00)}  (L6)

and the double sign corresponds each other.

Henceforth (t) stands for (14 ¢2)2, and the interval (0,77 (resp., [0,7]) should be
understood as (0, +00) (resp., [0,400)) for the case of T' = +o00.

Furthermore by A, we denote the self-adjoint realization in L?(Q) of the operator
A, with the homogeneous Dirichlet boundary condition and for p € C\ R_, by (4, +
p(x)p@))~1 the resolvent operator of A, + p(x)p*®).
Henceforth B(X,Y') denotes the Banach space of all the bounded linear operators

from a Banach space X to another Banach space Y, and we set B(X) = B(X, X).

Then the existence and uniqueness result of a weak solution to (1.4) is as follows.

Theorem 1.1. Suppose that (1.1) and (1.2) are fulfilled. Let uy € L*(Q2). We as-
sume that f € L*>(0,T;L*(Q)) N C((0,T]; L*(Q)) in the case of T < +oo, and f €
C((0,+00); L*(2)) satisfies (t)~Cf € L*(Ry; L*(Q)) with some ( € Ry in the case of
T = +oo. Then there exists a unique weak solution u € C((0,T]; L*(Q)) to (1.4), which

15 expressed by
u(t) = u(t,) = So(t)ug + /Ot Si(t — 1) f(r)dr + Saf (t), t € (0,T], (1.7)

where we set



1

Si(t)y = % e?(Ay + p(z)p™™)pdp
LUNVETEN)
and
1
S = 5 [ e+ pla)p ) oy
U Jy(e.0)

for all ¢ € L*(Q), the three above integrals being independent of the choice of € € (0,1)
and 6 € (%, 7T).

Moreover, if f =0, then the mapping u : (0,T) — L*(Q) is analytic in (0,T).

Remark 1. We point out that for all oy € (0, %), the operator Ss s identically zero,
provided we have apr € (o, 2aq). Therefore (1.7) is reduced to the classical Duhamel

formula:

u(t) = So(t)ug + /0 Si(t —7)f(r)dr, t € (0,T]. (1.8)

The second result deals with the inverse problem of determining the unknown co-
efficients «, p, ¢ of the time fractional diffusion equation in (1.4) by partial boundary

data of the solution. More precisely, we assume that 9 is C''' and
ai,j(x>:5i,j7 erv i7j:17'--7d7 (19>

where 0, ; is equal to 1 whenever i = j, and to 0 otherwise. Then we fix k € N\ {0, 1}

and consider the following system

(p(z)or™ + A u(t,z) = 0, (t,z) € (0,400) x €,
u(tv l’) = tkg(x), (ta I) € (07 +OO> x 082, (1'10)
u(0,2) = 0, x €,

with suitable g. Given two non empty subsets Sj, and S, of 9€), we introduce the

following boundary operator
Napa@t) : Hin 2 g Oug(t, )is,, t € (0,400), (1.11)

where Hi, 1= {g € H¥?(0Q); supp g C Si}. Here by u, we denote a unique solution
in C([0, 400); H%(Q)) to (1.10), whose existence is guaranteed by Proposition 3.1 stated
below, v is the outward normal unit vector to 02, and 0,u,(t,x) := Vuy(t, x) - v(z) for

(t,x) € (0,400) x K.



We discuss the uniqueness in the inverse problem of determining the coefficients
(e, p, q) from the knowledge of the boundary operators {N, ,,(t,); n € N} associated

with a time sequence t,, n € N fulfilling
the set {t,; n € N} has an accumulation point in (0, +0c0). (1.12)

Moreover we assume that €2, Sy, and S,y satisfy the following conditions.
(i) Case: d = 2.
It is required that 02 is composed of a finite number of smooth closed contours. In
this case, we choose Sj, = Sout := 77, Where v is any arbitrary non-empty relatively
open subset of J€), and the set of admissible unknown coefficients reads
& = {(a,p,q); « € W(Q) and p € W (Q) fulfill (1.3) and
ge WP (4 R,) with r € (2,+00)} .
(ii) Case: d > 3.
We choose 7y € R? outside the convex hull of 2. Then we assume that
{x € 0Q; (x —x) -v=0} C Sy and {z € 9 (x —xg) - v <0} C Sout-
Furthermore we define the set of admissible unknown coefficients by
i ={(a,p,q); a € L*(Q) and p € L>(Q) fulfill (1.3) and ¢ € L>=(;R)}.

The uniqueness result for our inverse coefficients problem is as follows.

Theorem 1.2. Let t,, n € N fulfill (1.12) and assume that either (i) or (ii) is satisfied.
If
Novpra (tn) = Nagpoaa(tn), n €N, (. p5,95) € Eay = 1,2, (1.13)

then we have (a1, p1, q1) = (a2, p2, ¢2)-

1.5. Comments and outline. As the Laplace transform of a solution to CO time-
fractional diffusion equations is expressed in terms of Mittag-Leffler functions, most of
its features are inherited from the well known properties of these special functions. As
will appear below, this is no longer the case when the fractional order of the time-

fractional diffusion equation depends on the space variable, which makes for a more
6



challenging analysis of the well-posedness of these systems. This new technical difficulty
translates in particular into the definition of a weak solution to VO time-fractional
diffusion equations, which extends the one of a weak solution to CO time-fractional
diffusion equations. Moreover, it can be verified from [23, Definition 1.1] that such a

definition is suitable for DO time-fractional diffusion equations as well.

The paper is organized as follows. In Section 2, we discuss the well-posedness of the
initial-boundary value problem (1.4). More precisely, the weak solution to the VO time-
fractional diffusion equation appearing in (1.4), is defined in Section 2.2, and Section 2.3
proves Theorem 1.1, which is by means of a technical resolvent estimate of the elliptic
part of the diffusion equation given in Section 2.1. The proof of the statement of Remark

1 can be found in Section 2.4.

The analysis of the uniqueness result in our inverse problem is carried out in Section
3. That is, the partial boundary operators (1.11) are rigorously defined in Section 3.1,
and Section 3.2 provides the proof of Theorem 1.2.

2. ANALYSIS OF THE FORWARD PROBLEM

2.1. Elliptic operator: self-adjointness and resolvent estimate. Let Ay be the

operator generated by the quadratic form

d
ag(u) := Z /Qai,j(x)ﬁxiu(x)ﬁzju(x)dx, u € Hy(9).

ij=1

Since there exists a constant ¢y > 0 such that
ag(u) 2 col| Vull72qya = Gllulltq), u € Hy(%), (2.1)

by (1.1) and the Poincaré inequality, the operator Ag is self-adjoint in L?(f2) and acts
as Ag on its dense domain D(Ag) in L), that is, Agu = Agu for all u € D(Ay).

Put r := 2k/(k — 2) and notice from the Holder inequality that

lqullz2@) < llallzx@llullzr @), we L(2). (2:2)

Furthermore we have H'(Q) = W'?(Q) c W (Q) with ro := 1 —d/k € (0,1) by
the Sobolev embedding theorem (e.g., [10, Theorem 1.4.4.1]), and the embedding is
7



continuous:
3¢ >0, [lullwror@) < cllullm ), ue H(Q). (2.3)

Therefore, by (2.2)-(2.3), we have ||qu||r2q) < c|lgllx@)|lul g @) for every u € H'(Q),
and so it follows from (2.1) that

2 C2”Q||2n(9)
lqull72) < 6—3<A0U>U>L2(Q)

C2||Q||%~(Q)

= =)
2¢5

(21 AgullZzqa) + = ulZaqq) ) » u € D(Ay), € € (0, +00).

Thus, taking ¢ > 0 so small that ECQHQH%K(Q) < 2¢%, we see that the multiplier by ¢ in
L*(Q) is Ag-bounded with relative bound zero. As a consequence, A, := Ag + ¢ is self-
adjoint in L?(Q2) with domain D(4,) = D(A,) by the Kato-Rellich theorem (see e.g.,
[16, Theorem V.4.3], [29, Theorem X.12]). Moreover A, acts as A, on D(A,) = D(A,).

In this article, we suppose (1.2) in such a way that A, > ¢ in the operator sense,
where ¢ is the constant appearing in (2.1). This hypothesis is quite convenient for
proving Proposition 2.1 below stated, which is essential for the proof of Theorem 1.1
and Proposition 3.1, but it could be removed at the price of greater unessential technical

difficulties. Nevertheless, for simplicity, we shall not go further into this direction.

Proposition 2.1. For allp € C\R_, the operator A,+ p(z)p*® is boundedly invertible
in L2(Q) and (A, + p(x)p*@) ™1 maps L*(2) into D(Ay). Moreover

[(Ag + pla)r@ e @) gy < O(r, B) max 7=, r € (0,+00), € (—m,)

j=0,M

(2.4)

with
200", i 1Bl < Ou(r),
Cr.p) =1 | (2.5)
po c(B), otherwise,

and

0.(r) := a;; min arctan PO polari—ao) c.(B) := max |sin(a; )|t (2.6)

M -t 3pm ’ §=0,M J

Furthermore the mapping p — (A, + p(z)p*®)~! is bounded holomorphic in C\ R_ as
operator with values in B(L*(Q)).



Proof. We shall prove (2.4) only for r € [1,400), because the corresponding estimate

for r € (0,1) can be derived in the same way.

a) Firstly we assume that 5 € (0, 7). The case of g € (—m,0) is similarly treated.
We define a multiplication operator Uy in L*(2) by Usf(z) = ug(z) f(x) for f € L*(),
where

ug(x) := (,o(a:)ro‘(x) sin(ﬁa(x))l/Q, x € (.
Then iUg is the skew-adjoint part of the operator A, + p(:z:)ro‘(‘”)ewo‘(z). Putting mg =
min;—o y sin(a;5), we have
0< p(l)/QTrL}J/?raO/2 S ug(z) < prrem/? g e Q.

Hence the self-adjoint operator U is bounded and boundedly invertible in L?*(2) and

U5 s < po /2my rmool2, (2.7)

Moreover, for each p = re?®, it holds true that

A+ p(x)p™™ = U (U3 By, Us " + 1) Us, (2.8)
where B, = A, + p(2)r*® cos(Ba(z)) denotes the self-adjoint part of the operator
Ay + p(2)p*@ e,

Ay + p(z)p™™) = B, +iU3.

Indeed, the multiplication operator by p(x)r®® cos(Ba(xr)) is bounded by ppr®M in
L*(Q), and the operator By, is self-adjoint in L*(2) with domain D(A,) = D(A4y), by
the Kato-Rellich theorem. Thus Uy 'B,,U 5 !is self-adjoint in L?(£2) as well with domain

UsD(Ap). Therefore, the operator Uﬂ_1]9q7pUﬁ_1 + 4 is invertible in L?(2) and satisfies

the estimate
(U5 BepUs ' + 1) ey < 1.
It follows from this and (2.8) that A, + p(z)p™® is invertible in L?(€2) with
(Ag + p(x)p™™) ™ = U (U5 ' BopUp ' +14) U,
showing that (A, + p(2)p*™@)~" maps L*(2) into Uy 'D(U;'B,,Us ") = D(Ap). As a

consequence, we infer from (2.7) that

1(Ag+p(@)p™ ) sz < (U5 BypUs  +0) " lsaeon U5 IErey < potmgtree.
9



b) It follows from 7 € [1,400) that ay0.(r) = arctan(pop,/ (@ ~*0) /3) € (0,7 /6).
Thus we have cos(an0.(1))/3 = py ' parr®™ =20 sin(ap 0, (r)) and

2 cos(ap0.(r))/3 > 1/4/3 > 1/2, which entails

1
-+ paleraM’o‘o sin(apr0.(r)). (2.9)

cos(ap0.(r)) = )

Next, for each 5 € [—0.(r),0.(r)], we have a(x)|8] < apb.(r) < 7/2, and hence
cos(a(z)B) = cos(apb.(r)) > 0. From this, (1.1) and (1.2) it follows that

By = por® cos(ap0.(r))

in the operator sense. Therefore By, is boundedly invertible in L?(2) and

1B, |20y < %. (2.10)
Similarly, by |sin(a(x)8)| < sin(a60.(r)), we obtain that
U220 < oy T sin(an(r)) /.
This and (2.10) yield
18,203 s < 1B laeeonll sl ey < 7" onr™ 2 tan(an(r) < 1.

Furthermore, using that A, + p(2)p*™) = By, (I +iB,U2), where I denotes the identity
operator in L2(€2), we see that A, + p(x)p*® is invertible in L?(Q) with

HBq_;HBL? )
— B3 U B2 )

-1 r—ao

Po
cos(an0s(r)) — py ' parrem a0 sin(a by (r))

1(Aq + p(@)p™ ) Moy <

This and (2.9) entail that ||(A, + p(z)p*®@) w2y < 205 'r
c¢) We turn now to proving that p — (A, + p(z)p*®)~! is bounded holomorphic in

C\ R_. To this purpose, we introduce the closed sequilinear form

amwwzwwwyémuwum>“wm<szueHam,
10



which is associated with the operator A, + p(z)p®® in L*(Q). In light of (2.1) and (1.2),

we have

~ o 2 ~ o 2
g 1) > (20 = pur s 91 ) oy and T ) < (g bl )
for all w € HJ(R), entailing that a,, is sectorial for every p € C\ R_. Here and
henceforth R and J mean the real part and the imaginary part of a complex number

under consideration, respectively.

Moreover, since p — a,,(u) is holomorphic in C\R_, we see that {a,,; p € C\R_}
is an analytic family of sesquilinear forms of type (a) in the sense of Kato (see [16, Section
VIL.4.2]). From [16, Theorem VII.4.2] it follows that {4, + p(z)p*@; p € C\R_} is an
analytic family of operators. Therefore p — (A, + p(z)p*®)~! is holomorphic in C\ R_
by [16, Theorem VII.1.3]. Thus the proof of Proposition 2.1 is complete. U

We point out that 0,(r) behaves likes min,_q rolam—ao0) a9 r hecomes either suffi-

ciently small or sufficiently large (that is, like r=(*¥=20) a5y — 0, and like r(*¥=20) a5

u

7 — +00). Indeed, bearing in mind that arctanu = [ 1+U2

for all u € [0,400), we see

that arctanu € [#, u], and so we infer from (2.6) that

_Po_ o(anr—ao)
ming_4q 7
3 o= Po . -
aal . < by (r) < === min 77720 ¢ (0, +00).
1+ g3 ming_yy r2o(@m—ao) 3pr o=+l
M

Since ming—_y; r7» =) ¢ (0, 1], the denominator of the left-hand side of the above

2
inequality is majorized by 1 + % < %2, so that we have

3 . o(apr—a
102(3\/[ Urglinlra(aM ao) < ayf, ( ) < 32(])\/[ gﬂlinlr (o 0)7 rc (07_’_00)'

Therefore it follows readily from (2.5)-(2.6) and the inequality sinw > % for all u € [0, 1]
that

3 120
C(r,8) < pp' (sin (M min rU(O‘M_O‘O))) g SOMOM o po (@)

when r is sufficiently close to either 0 or +00. As a consequence, there exists a constant

C > 0, which is independent of r and [ such that we have

C(r, ) < Cmax 4= € (0, +00), f € (—m,m), (2.11)

11



2.2. Weak solution. Let S'(R; L?(Q2)) be the space dual to S(R; L*(2)). We denote
by S'(Ry; L*(Q)) == {v € S'(R; L*(Q2)); supp v C [0, +00) x Q} the set of distributions
in §'(R; L2(2)) supported in [0, +00) x Q. Otherwise stated, v € S'(R; L?(£2)) lies in
S'(Ry; L2(Q2)) if and only if (v, ) r:r2(0)),s®r2@) = 0 whenever ¢ € S(R; L*(Q))

vanishes in R, x €). As a consequence, for a.e. x € {2, we have

(-, 2), P)sm)sm) = V(- ), V)sm,sm), ¥ ¥ E€SR), (2.12)

provided ¢ = ¢ in R,. Furthermore we say that ¢ € S(R,) if ¢ is the restriction to
R, of a function ¢ € S(R). Then we set

T +— <U('7I>7¢>S’(R+),S(R+) =T <’U(',Z‘), @)S’(R),S(R)J v E S/<R+, LZ(Q)) (213)

Notice from (2.12) that ¢ may be any function in S(R) such that @(t) = ¢(t) for all
t € R,.

For p € C, :={z € C; Rz > 0}, we put
ep(t) == exp(—pt), t € Ry

Evidently, e, € S(R,). For v € §'(R; L*(Q2)), we define the Laplace transform L[v] in
t of v by

ﬁ[v](p) =T </U('7:C>7ep>$’(R+),S(R+)7 pE (CJra

and notice that p — L[v](p) € C*(C,; L*(Q)). Having seen this, we define the weak

solution to (1.4) as follows.

Definition 2.2. Letug € L*(Q). ForT < +oo, we assume that f € L'(0,T; L*(Q)) and,
for T = +00, we assume that there exists m € N such that (1+t)"™f € L'(R; L*(2)).

We say that u is a weak solution to (1.4) if u is the restriction to @ of a distribution

v € S'(Ry; L*(Q)) and the Laplace transform V := L[v] verifies

V(p) := (Aq + p(@)p*™) " (F(p) + p(x)p* @ o), p € (0, +00). (2.14)

Here F(p) := LIf(t, )10 (t)](p) = fOT e PLf(t,-)dt, where 1; denotes the charac-

teristic function of a set I C R.
12



Remark 2. Notice from (2.14) and Lemma 2.1 that V(p) € D(A,) = D(Ay) C Hi(Q)
for all p € (0,4+00), which entails that V(p) = 0 on 0. Actually it is clear that (2.14)

can be equivalently replaced by the condition

(Ag + p(@)p™ @)V (p) = F(p)+ p(x)p*® " ug, in €,
V(p) = 0, on 0N

for all p € (0, +00).

Remark 3. For all h € C*(R") such that

d*h(t
g0 := inf {5 € (0, +00); eEtT]E) € L'(RY), k=0, 1} eR,,

we know from [28, Eq. (2.140)] that
L[0°h)(p) = p*“ H(p) = p*@~'R(0), p € (0, +00),

where H(p) := L[h](p) = fOJrOO e Pth(t)dt. Therefore, in the particular case where the
mapping © — «(x) is constant, we infer from [31, Theorems 2.1 and 2.2] that the
initial-boundary value problem (1.4) admits a unique weak solution to (1.4) in the sense

of Definition 2.2, provided ug and f are sufficiently smooth.

2.3. Proof of Theorem 1.1. The proof is divided into two parts: the first one is
concerned with Sy, while the second deals with the operators S; and 5.

1) Let us start with Sp(¢). To this purpose, we set
W (p) := p~*(Ag + p(2)p™ @) p(2)p* ) ug, p € C\R-,
fix u € [1,400), and infer from (2.4) that
W (1 + i)l 2y < Cr, B)par|p + in| T4, 5 € R, (2.15)

where C(r, ) is given by (2.5)-(2.6) with r = |u +in| € [1,4+00) and § = arg(u +in) €
(—%, g) According to (2.11), there exists a constant C' = C(«, aar, po, par) such that

C(r,8) < Clu+in|*™~*  pell,+o00), n €R.
Thus (2.15) yields

HW(:U’ + ZT])”L?(Q) < C<n>73+2(aMia0)v ®e [17 +OO>7 ne ]Ra (216>
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upon substituting C' for py,C. As a consequence, we have for each k =1, 2,

1
"’
Coim s WGt sy = swo ([ I Gt il dn) <
HE[L,+00) peE[l,+00) \JR
(2.17)

and hence
oty = [ et yap = L / (1t in)dy (2.18)
C2m S 21 J_ o '
is well defined for all ¢ € R. Moreover the mapping p — e”W (p + 1) is holomorphic in
C\ (—o0, —1] by Proposition 2.1, and so we infer from the Cauchy formula that
1 s+i00
w(t) —/ W (p + 1)dp, s € (0,+00). (2.19)

= 2in

—100

Indeed, for all R € (1,400) and s € (0,+00), we have

s+iR iR s
/ etpW(p+1)dp—/ W (p+1)dp = Z 0’/ TR (4 140 R)dp (2.20)
s—iR —iR a1 Jo

from the Cauchy formula, and

by (2.16). Hence (2.19) follows by letting R to +o0 in (2.20). Next, in view of (2.19),

< Csmax(1,e)(R) 3 T2m—a0) 5 — 47
L2(Q)

/ TR (141 +ioR)dp
0

we obtain that

st

e
<= sup (W + i)l pmerzo
L2(Q) 21 pEl,+o0) S

1
[w(®)l o) = o

/QﬁHMM@+1+mmn
R

for all t € R and s € (0, +00), and consequently that
6Ol < e 221)
according to (2.17). Now, letting s to +oo on the right-hand side of (2.21), we have
w(t) =0, t € (—o0,0). (2.22)

Similarly, by letting s to 0 in (2.21), we find that [w(t)||2q) < £ for all t € [0, +00).
Therefore, we have w € L®(R;L*(2)) N S'(Ry; L*()), and since p — W(p + 1) is

holomorphic in C,, we infer from (2.17) with £ = 2, (2.18), Theorem 19.2 and the
14



following remark in [30] that L{w](p) = W(p+ 1) for all p € C,. As a consequence, the

function
: 1 100 Hp1) 1 1+io0 .
— - P _ P
w(t) == e'w(t) 5 /me W(p—+1)dp 2 | ePW(p)dp, t e R (2.23)
verifies
Llw](p) = LIw](p — 1) = W(p), p€{z € C; Rz € (1,+00)}. (2.24)

Next (2.4)-(2.6) imply

™

IW (1L + in) |20 < gy masx (2,00 (

1)) e g e R (<1,1),

and we infer from (2.17) with £ = 1 that the mapping n — (1 4+ in)W (1 + in) €
LY(R; L*(€2)). Therefore we have

y(t) == w(t) = i /ljm ePpW (p)dp, t € R (2.25)
by (2.23), and
Llyl(p) = pLw](p) = pW(p), p € {z € C; Rz € (1, +00)} (2.26)

from (2.24). Furthermore, due to (2.25) and the analyticity of the mapping p —
ePpW (p) in C \ R_, arising from Proposition 2.1, the following identity

1
y() ——/ PPV (p)dp, t € Ry, (2.27)
~(g,0)

" 2un
holds for any ¢ € (0,1) and 6 € (%, 7), where 7(¢,6) is defined by (1.5)-(1.6). Here we

used the Cauchy formula and took advantage of the fact that

1+in
lim ePpW (p)dp =0, t € R,
=40 Jo((tan 6) 1)

in L2(Q). Indeed, for any sufficiently large n € (1, +00) and all t € R, (2.4)—(2.6) yield

for some positive constant C' depending only on 6, «ag, ans, po and pyy.
15

1+in
/ ePpW (p)dp
n((tan 6)—144)

1
/ e (1, i)W (= i) dps
n

(tan9)—1

L2(Q) ‘
< Ol (1 —nltan8) ™)y 2T~ lug [ 20

L2(Q)



We turn now to estimating the right-hand side of (2.27). First, by performing the
change of variable p = ee*® with 8 € (—6, 6) in the integral f%(e o) ePpW (p)dp, we derive
from (2.4) and (2.11) that

0
< pu (/ C(S,ﬁ)etm’sﬁdﬁ> g (ren=o0)|lyyq || 12y
0

/ ePpW (p)dp
Y0(e,0) L2(9)

< Celrem 2ol |yl o), t € Ry (2.28)

Next, since (2.5)-(2.6) yield the existence of a positive constant Cyp depending only on «y,
an, Po, pur, and 0, such that the estimate C(r,0) < Cy holds uniformly in r € (0, +00).
Then it follows from (2.4) that

1 +o0
‘ / etppw<p)dp < puCh (/ y—(2+anm—ao) g +/ T.(2(aMa0))dr> HUOHLQ(Q)
Y= (g,9) L2(Q) € 1
P Co —(14+an —ap) 2
_ . 2.29
I+ay —ap (E * 1 — (ap — o) lrsolze o (2.29)

Now, taking e =t~ € (0,1) in (2.28)-(2.29), we deduce from (1.5) and (2.27) that
ly(®)ll 20y < CEHHM= fug | 12, T € (1, +00) (2.30)

for some positive constant C' depending only on 0, o; and p; for j = 0, M. Similarly,
by choosing ¢ = 1/2 in (2.28)-(2.29), we find that [|y(t)| 2@ < Clluollr2) for all
t € [0,1], where C € (0,+00) is independent of t. Therefore we have t — () 3y(t) €
L>=(R; L?(2)), and consequently y € S'(R; L?(2)) by (2.22). Moreover both functions
p+— L[y](p) and p — pW (p) are holomorphic in C,, and (2.24) entails that L[y|(p) =
pW (p) for all p € C,, by the unique continuation. As a consequence, v := Oy €
S'(Ry; L*(Q2)) satisfies L[v](p) = p*W(p) = (Ag + p(2)p"™)) " p(x)p*®~ g for every
p € C4, which shows that u := v|g is a weak solution to (1.4) associated with f = 0.
Moreover, since u is unique, as can be seen from Definition 2.2, we are left with the task

of establishing (1.7) in the case where f = 0, that is,

1

ut) = 5= / e (Ag + p(x)p™ ) p(a)p™ O uodp, t € (0,T). (2.31)
20 Je.0)

This equality follows from Proposition 2.1 and the identity u = dyy in (C5°)(0,T; L*(£2)).

Indeed, for all p € (g, 0), the mapping t — ePpW (p) is continuously differentiable in
16



(0,7), and (2.4)—(2.6) yield the existence of a constant C' = C(ag, an, po, pr,0) €
(0, 400) such that we have

+1i0

le?p* W (p) | 220y < Ce' " max r == flug | 2y, p = re™, 1 € (e, +00).

£1
Moreover, by cos@ € (—1,0), we see that r + €% max,_,, r~1Tol@m—a0) ¢ [1(c 400)
for each t € (0, 7], and so the integral f'Y(E ) ePp?W (p)dp is well-defined. Therefore we
obtain (2.31) by this and v € C'((0,T]; L*(2)).

2) We turn now to establishing (1.7) in the case where uo = 0. To this purpose, we

introduce the following family of operators acting in L?(),

W(p) :==p (A + p(x)p*™) ", pe C\R_.

For any i € [1, +00) and n € R, it follows from (2.4) and (2.11) that HW(/L + in)HB( v
L
is majorized by (n) 2T =220 yp to some multiplicative constant that is independent of
n and p. Therefore we have
— k
sup /HWM—FM H dn < oo, k=1,2.
pell,+o00) JR ( ) B(L*())

Thus, by arguing exactly in the same way as in the first part of the proof, we see that

() = % llfm oWV (p)dp, t € R (2.32)
lies in S'(Ry; B(L*())), h
tes ()M S () € L(R; B(L*(R))) (2.33)
and
L[S19)(p) = pW (p)y, p € Cy, ¥ € L}(Q). (2.34)

By f we denote the extension of a function f by 0 on (R x Q) \ ((0,T) x ). We recall
that there exists ¢ € R, such that

()= f € L™(R; L*(%2)), (2.35)
and consider the convolution of S; with f , that is,

(S * )t 2) :/O Si(t — 8)f(s,0) Lo (s)ds, (t,2) € R x Q.
17



Evidently, (Sy * f)(t) = 0 for all t € R_, and we infer from (2.33) and (2.35) that

< [[(t) S, (tyttomte ¢t e R,
(2.36)
Therefore ¢ +— (t)~1rem+{(S « f)(t) € L™(R;L*(Q)), and consequently Sy * f €

S'(Ry; L*(£2)). Moreover, again by (2.33) and (2.35), we see that

s+ P

@) e ez 1607 Fll o 2y

inf{e € Ry; e**S; € LY(R; B(L*(R)))} = inf{e e Ry; e *'f € L}(R; L*(Q))} =0,
which entails

L[Sy = fl(p) = LIS1](p)LLf1(p) = LIS1)(p)F(p), p € Cy.,

with L[S1](p) = 0+°° Si(t)e P'dt and L[f](p) = f0+oo f(t)e P'dt. Thus, setting o =

9,(Sy % f) € S'(Ry: L2(Q2)), we derive from (2.34) that
L[5)(p) = pLLS1 * fl(p) = pLISI(P)F (p) = (A + p()p™ )" F(p), p € Cy.
It remains to show that
o(t) = /Ot Si(t — 1) f(r)dT + Sof (1), t € [0,T). (2.37)
This can be done with the aid of (2.32), yielding
S+ )t %W/A%m LA, + p(a)p @) (s)dpds, t € R,

Indeed, we notice with a slight adaptation of the reasoning used in the derivation of
(2.27) that the integral flﬂ;o =P~ (A, + p(x)p C“(“”)) 1f(s)dp can be replaced on
the right-hand side of the above identity by fv(sﬁ) et~ (A, + p(2)p*®) =1 f(s)dp
associated with any € € (0,1) and 6 € (5, 7r). Therefore we have

(51 % Zm//wts—l+m>WWﬂwm&

Hence, by (2.4), (2.11) and (2.35), we infer from the Fubini theorem that

1
S D)0 =5z [t ryip, te R,
with
t
94(t,p) = / eI (A, + p(x)p™ @) f(s)ds, p € (e, 0). (2.38)
0

18



Therefore, for all t € R, and all p € v(g,0), we have

t
Digq(t,p) = / e IP(Ay + p(x)p* @) F(s)ds + pTH (Ag + p(a)p™ ) (1),
0
and consequently
() t P
a(r)\—1 SR —1
e L P (] e | 1 F

From this and (2.4)—(2.6), it follows that

||atgq(t7p)||L2(Q) < /)81 max (2, ¢.(0)) (1+ |COSQ‘*1)|p’*(1+a0)

g |

Lo°(0,t4+1;L2(Q))

As a consequence, the mapping p — 9,9,(t,p) € L' (y(g,0); L*(Q)) for any fixed ¢t € Ry

and 9(t) = 9;[S) * f](t) = 5= () 0:gq(t, p)dp, or equivalently

2

B(t) = / . ( [ e+ plalp ) s+ 4, + p(x)p“%-lf(t)) dp

~ 2un
in virtue of (2.38). Now, applying the Fubini theorem to the right-hand side of the above
identity, we obtain (2.37). This establishes that the restriction to @ of the function
expressed by the right-hand side of (2.37), is a weak solution to (1.4) associated with

up = 0. Evidently such a function lies in C([0,T7]; L*(Q2)). Moreover it is unique from

Definition 2.2.

Finally, by superposition, the desired result follows readily from 1) and 2).

2.4. Proof of Remark 1. We use the notations of Section 2.3. For ¢ € (0,1), 6 €
(Z2,7) and R € [1,+00), we introduce yg(e,0) := {z € y(¢,0); |2| € [0, R]} and put
Cr(0) == {2 € C; 2 = Re?, B € [-0,0]}. In light of Proposition 2.1, the Cauchy

formula yields

/ p (A, + p@)p™®) N dp = 0, ¥ € LX(Q),
Yr(€,0)UCR(0)~

where the notation Cr(#)~ stands for the counterclockwise oriented Cr(6). Thus, by
letting R to +o00 in the above identity, we obtain

Syt = lim P~ (Ag + p(2)p™ )" dp, ¢ € LA(9Q) (2.39)
R=to0 Jer(0)
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from the definition of Sy. Furthermore, for any R € [1, +00), from (2.4) and (2.11), we

where C' is a positive constant which is independent of R. Since o, — 2 is negative by
the assumption, we have So1) = 0 for any ¢ € L?(Q) directly from (2.39)-(2.40). Finally
(1.8) follows readily from this and (1.7).

have

< OROM—200, (2.40)
B(L2(2)

/ p Ay + p(x)p*@)~ dp
Cr(9)

3. ANALYSIS OF THE INVERSE PROBLEM
In this section, we suppose that 92 is 1! and (1.9) holds, that is, A = —A and
D(Ag) = Hy(2) N H?(K).
We recall for further use that the norm in H?(f2) is equivalent to the norm in D(Ay) or
in D(A,).

First we prove that the boundary operator N, ,,(t) expressed by (1.11), is well-
defined for all ¢ € (0, 7.

3.1. Definition of the boundary operator. By (1.11) and the continuity of the
trace operator ¢ — 0,9 from H?(Q) into L?(91), it suffices to prove the following

well-posedness for the initial-boundary value problem (1.10).

Proposition 3.1. Let a, p and q be the same as in Theorem 1.1. Then, for all g €
H3/2(0Q), there exists a unique weak solution in C([0,+00); H(Q)) to (1.10).

Proof. Let G € H*(Q) satisfy G = g on 9. Then we notice that u = u, is a solution to
(1.10) if and only if the function v(¢,x) := u(t,x) — t*G(z) is a solution to the system

(p(@)07™ + Au(t.x) = f(t,z), (tz) € (0,+00) x O,
v(t,z) = 0, (t,x) € (0,400) x HQ, (3.1)
v(0,z) = 0, x €,

where f(t,z) = — (p(x)@?(x)tk + tkAq> G(z).

Furthermore, since f € C((0,+00); L*(Q)) and (1 +¢)7*"1f € L>=(0, +o0; L*(Q)),

the initial-boundary value problem (3.1) admits a unique weak solution v € C((0, +00); L*(Q))
20



according to Theorem 1.1. Let us now prove that v € C([0, +o00); H*(2)). For this pur-
pose, we infer from the basic identity L[t*](p) := 0+°° the Pldt = z% that

k!
F(p.x) = LI 2))(p) = ~ 5 (Ay + @)™ Gla). () € Co x 2
Next, upon extending the expression of the right-hand side of the above equality to all

p € C\ R_, we obtain from the first equation of (3.1) that V' := L[v] reads

V(p,z) = —pk—!(Aq+f>(9€)20a(””))1 (Ag + p(@)p*?) G(2), (p,z) € (C\R-) x Q. (3.2)

k+1

Therefore, arguing in the same way as in the proof of Theorem 1.1, we obtain for any
fixed e € (0,1) and 6 € (7/2,7) that

1

v(t,x) = —/ eV (p,x)dp, (t,z) € [0,+00) x Q. (3.3)
27 J(e.0)

On the other hand, (3.2) and Lemma 2.1 yield that V(p,-) € D(A,) for all p € C\ R_
with

AV (p,x) = p,]f—il (p(2)p™(2)(Ag + p(x)p™) = 1) (p(x)p™™) + A,) G(x), x € Q.

(3.4)
Here the symbol I stands for the identity operator in L?(2). Applying (2.4)-(2.5), we
deduce from (3.4) that

/N

||AqV(r@ii9) HLZ(Q) Oy~ (k+1) max(rzaM_"‘O 7 7“20‘0_0‘1\4)

08—3(aM—a0),r,2aM—ao—k—1

/N

/N

C5—3(01M—040)7=1‘k_a0, rE [6,—|—OO) (3-5>

with some positive constant C' = C(6, M, ||g]| gs/2(aq) » |4/ 1= () » @0, @, po, prr) Which is
independent of . Therefore we have r — A,V (re*? .) € L!(e, +o0; L?(Q2)) and hence
r V(ret? .)€ L'(e, +o00; D(A,)). From this and (3.3), it follows that v(t,-) € D(A,)
for all ¢ € [0, +00) with

1
Aplt) = o / AV @ (3.6)
proving that A,v € C([0,400); L*()). As a consequence, we have v € C([0, +00); D(A,))
and the desired result follows immediately from this and the identity D(4,) = HJ(2) N

H2(9). O
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3.2. Proof of Theorem 1.2. The proof of Theorem 1.2 is by means of the analytic
properties of the mapping t — N, ,,(t), defined by (1.11), that are preliminarily estab-

lished in the coming subsection.

3.2.1. On the analyticity of the boundary operator. We first introduce the following
notations. Let X be a Hilbert space, and let O be either a subinterval of R or an open
subset of C. We denote by A(O; X) the space of X-valued functions that are analytic
in O.

Lemma 3.2. Let g € H*?(0Q) and let u be the solution in C([0,+o0); H*(Q2)) to (1.10)
associated with g, whose existence is guaranteed by Proposition 3.1. Then the mapping

t > dyu(t,-)oq lies in A((0,+00); L*(09)).

Proof. By the definitions and the notations used in the proof of Proposition 3.1, the
solution u to (1.10) reads u(t, z) = t*G(x) + v(t,z) for a.e. (t,z) € (0,+00) x 2, where
v € C([0,+00); H*(Q)) is a solution to (3.1). Since G € H?*(), it is apparent that
t = t%9,G o0 € A((0,+00); L*(99)). Therefore we are left with the task of showing
that t — J,v(t,-)jpa € A((0,4+00); L*(09Q)). Since D(A,) = H(Q) N H*(Q) and the
trace map w — 9,wjaq is continuous from H?(Q) into L*(9N), it is sufficient to prove
that ¢ — v(t,-) € A((0,4+00); D(A,)).

For this purpose, we fix 6; € (0,0 — 7/2) N (0,7 — 0), put O = {re"¥; 7 €
(0,400), ¢ € (—61,01)}, and we extend v into a function of A(Q; D(A,)). This can be
done with the help of (3.5)-(3.6) by noticing

|| = 7| = e eosEH) for all 2 = 1e € O and p = ret? with r € [g, +00).

Indeed, since we have 6 + ¢ € (6 — 01,0+ 0,) C (7/2, ) and
-0+ e (—0—01,—0+01) C (—m, —m/2), it holds true that cos(£6+ 1)) < cos(d — 6,)
and

|€zp| < 6|z|rcos(9—91)’ = (97 p= ,r,e:l:iﬁ’ re [5’ —|—OO) (37)

Furthermore, since cos(f — 6;) € (—1,0), it follows from (3.5) and (3.7) that

1
Wz —/ eP A,V (p)dp
27 )5 (c0)
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is well defined in O. Moreover, for any compact subset K C O in C, we infer from (3.5)

that

HeszqV(reiiH)HLQ(Q) < 0673(041\/17040)eércos(9701)rlfk7ao, €K, re [E, +OO),

where 0 := inf{|z|; z € K} > 0 and C is the constant in (3.5). Next, as z — e*? A,V (p) €
A(O; L2(Q)) for all p € {re*®; r € [¢,+00)}, this entails that W € A(O; L*(Q)).
Furthermore, since W(t) = A,v(t,-) for all t € (0,400), we obtain by (3.5) that

t Agu(t,) € A((0, +00); L(Q)). (3.8)

Finally, arguing in the same way as above, we deduce from (3.3) that t — v(¢,) €
A((0,400); L*(©2)). This and (3.8) yield that t — v(t,-) € A((0,+00); D(A,)), which

proves the result. O

In terms of Lemma 3.2, we can complete the proof of Theorem 1.2.

3.2.2. Completion of the proof. For j = 1,2, we denote by u; the weak solution to the
initial-boundary value problem (1.10) associated with ¢ € Hi,, (o, p,q) = (a5, p;,45),
and T = +o00. The proof is divided into three steps. The first one is to establish that

Oy uy <t7 ')\Sout = aVUQ(t7 ')\Soum le (07 —I—OO), (39)
and the second one is to derive from (3.9) that the functions U; := L[u,], j = 1, 2, verify
al/Ul(p7 .>|Sout = aI/UQ(pu .)|Sout7 pE (07 +OO) (310)

The third step corresponds to the end of the proof, which is by means of the existing
results for the Calderén problem with partial Cauchy data.

Step 1. Put h(t,x) := d,uy(t, ) — d,us(t, x) for (t,x) € (0,400) X Sous. We recall from
Lemma 3.2 that h € A((0, +00); L?(Sout)), and from (1.13) that

h(t,) =0, neN.
Therefore, by (1.12), the set of the zeros of the analytic function A has accumulation

point in (0, +00), so that identically vanishes, and (3.9) follows.
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Step 2. For j = 1,2, let v; denote the solution to (3.1) where (o, p;j, g;) is substituted
into (v, p, q) such that

uj(t,z) = t"G(z) +v;(t,z), (t,z) € Q. (3.11)

Furthermore, putting V; := Lv;, we deduce from (3.2) and (3.5) that

+o0
’ / e Ag, Vi(p)dp < Ce¥am—ao) / plk—ao g,
’Yi(Eve) L2(Q) e
C 29— k—ag—3(cuns —
7 Freorenrmo), 3.12
k’+0é0—2 ( )

where the constant C' is the same as in (3.5). Similarly, by Lemma 2.1, we infer from

(2.11) and (3.4) that

where another constant C' > 0 is independent of e. Thus, for all ¢ € (1, +00), by taking
e =t in (3.12)-(3.13) we see that H Jc etpquVj(p)dp‘

0
[ eonsiom], < o (ff s
Y0(£,0) L2(9) -0

< Cetrek+2am—ao), (3.13)

@) is upper bounded by
th+2e0=aar yp to some positive constant C;;, which is independent of ¢. In light of (3.6),
this entails that [lv;(¢,)[| gy < Cjtkt2eo=en for every t € (1,400). Therefore, by
(3.11) we have

58, Mgy < G520, ¢ € (1, +00).
Moreover, since v; € L>(0, 1; H*(2)) in virtue of Lemma 3.2, and hence u; € L>(0,1; H*(Q2))
by (3.11), we obtain that ¢ — e P'u;(t,-) € L'(0,+o0; H*(2)) for all p € C,.. This and
the continuity of the trace map v — 9,vj90 from H?(Q) into L*(99), yield that

L[0,u;l(p) = 0,U;(p), j=1,2, pe C,.

Now (3.10) follows from this and (3.9).

Step 3. We can complete the proof by [15, Theorem 7] (see also [14]) when d = 2 and
[18, Theorem 1.2] when d > 3.

Theorem 3.3. Assume that O is smooth and that ) is connected. For

VeV:={qge L*(Q); 0 lies in the resolvent set of A,},
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let Ay be the partial Dirichlet-to-Neumann map Hin, > ¢ = O,w)g where w 18 the

out

solution to

—Aw+V(z)w = 0, x e,

w(x) = p(zr), xe . 314)

For j = 1,2, pick V; in VN WY (Q) with r € (2,400), if d = 2, and in V if d > 3.
Then

Ay, = Ay, yields Vi = Vs, (3.15)

k+1

It is clear for all p € (0,+00) that Uj(p) = P-Uj(p), j = 1,2, is a solution to
(3.14) associated with V' = g; + p;p® and ¢ = g. As a consequence, we have

Ngitpip19 = Ngpipope2g, D E (0, 4+00)
by (3.10), and since g is arbitrary in H;,, this immediately entails that
Aot = Mgy ipopez, P € (0, +00). (3.16)

Moreover, from the definition of &, for every p € (0, +00), we have ¢;+ p;p® € W (Q)
with r € (2,400) if d =2, and ¢; + p;p® € L>(Q) if d > 3. Therefore, applying (3.15)
with V; = ¢; + p;jp™, we infer from (3.16) that

@+ p1p™ = g2 + pap™?, p € (0, +00). (3.17)

Letting p to zero in (3.17), we see that ¢; = ¢2. Thus, taking p =1 in (3.17), we obtain
that p; = pe. Finally, applying (3.17) with p = e, we find that e* = e*?, which yields
that o = aw.
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