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Abstract. Bedload particles entrained by rivers tends to disperse as they move downstream. In this paper, we use the
erosion-deposition model of Charru et al. (2004) to describe
the velocity and the spreading of a plume of tracer particles. We restrict our analysis to steady-state transport above
a flat bed of uniform sediment. The transport of tracer particles is then controlled by downstream advection and particle exchange with the immobile bed. After a transitional
regime dominated by initial conditions, the evolution of a
plume of markers tends asymptotically towards classical
advection-diffusion: its average position grows linearly with
time, whereas it spreads like the square root of time.
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Introduction

Bedload transport results from the entrainment of a granular
bed by a flow. Superficial grains are set into motion by shear
stress and move by rolling, by sliding or by a succession of
low jumps above the sediment bed. Eventually, the entrained
grains settle back on the bed. Bedload transport thus results
from the continuous exchange of particles between the bed
and the layer of moving grains (the bedload layer).
Bedload particles disperse as they move downstream.
While numerous studies focus on the sediment transport rate
at a specific location (Shields, 1936; Meyer-Peter and Müller,
1948; Einstein, 1950; Ancey et al., 2008), the velocity and
dispersion of individual particles has received much less attention. In other words, most studies favor the Eulerian point
of view. Yet, the Lagragian approach is required for many
applications, such as the transport of solid-phase contaminants in streams (Sayre and Hubbell, 1965; Cerling et al.,
1990; Hassan and Ergenzinger, 2003; Bradley et al., 2010),
or the accumulation of cosmogenic radionuclides in sediment
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whereṅṅeeisisthe
theerosion
erosionrate
ratedefined
definedasasthe
thenumber
number
bed
particles
particles
eroded
erodedfrom
fromthe
thestatic
staticbed
bedper
perunit
unitofofsur
su
xthenumber
time
timeand
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The erosion-deposition model

We consider a bed of particles of uniform size ds and density
ρs sheared by a fluid of density ρ and kinematic viscosity ν.

Published by Copernicus Publications on behalf of the European Geosciences Union.
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Table 1. Comparison of sediment transport characteristics for laminar and turbulent flows: particle settling velocity Vs , mean streamwise velocity of the particles V , erosion time te , and settling time
ts .
Laminar flow
Charru (2006)
Vs

(ρs /ρ − 1) g ds2
18 ν

V
Vs

1.8 θ

te

33

ds
Vs

ts

15

ds
Vs

Turbulent flow
Lajeunesse et al. (2010)
p

(ρs /ρ − 1) g ds



1/2
4.4 θ 1/2 − θt
+ 0.11
2

ρs ds
ρ Vs

11

ds
Vs

where σ ∼ 1/ds2 , θt , and te are the number of immobile
grains per unit bed surface, the threshold Shields parameter
and the erosion time scale respectively (table 1).
The average streamwise velocity of the particles V depends on the flow conditions (Table 1). It is proportional
to the Shields stress in a viscous flow (Charru et al., 2004),
whereas it increases as the square root of the Shields stress in
a turbulent flow (Lajeunesse et al., 2010). However, this does
not alter the qualitative behavior of the erosion-deposition
model (table 1).
In the rest of the paper, we focus on the case of steady
state uniform sediment transport. In this configuration, erosion and deposition balance each other so that Eqs. (2), (3)
and (4) reduce to
n
ṅd = ṅe =
(5)
ts
The surface concentration of moving particles, n, is thus constant with respect to both time and space,

The flow, either laminar or turbulent, applies a shear stress τ
on the sediment bed. The bedload transport rate reads
qs = n V ,

(1)

where n is the surface concentration of entrained particles,
i.e. the number of particles in motion per unit bed area, and
V is the mean particle velocity.
At equilibrium, the particle mass balance reads (Fig. 1)
∂n
∂n
+V
= ṅe − ṅd
∂t
∂x

(2)

where x, t, ṅe and ṅd are the streamwise coordinate, time,
the number of bed particles set in motion per unit time and
surface (erosion rate), and the number of particles settling on
the sediment bed per unit time and surface (deposition rate),
respectively.
Mass balance needs to be complemented with expressions
for the particles fluxes. We use simple expressions based
on particle-tracking experiments (Charru, 2006; Lajeunesse
et al., 2010).
At first order, the deposition rate is proportional to the surface concentration of entrained particles:
ṅd =

n
ts

(3)

where ts is the characteristic settling time of a particle, assuming its elevation is about a grain diameter (Table 1). Similarly, the erosion rate is inversely proportional to the concentration of particles at the bed surface (about 1/ds2 ). Erosion
occurs only if the shear stress τ exceeds a threshold value, expressed in terms of the Shields parameter θ = τ/(ρs − ρ)gds
(Shields, 1936). Finally, the erosion rate reads
ṅe =

σ
(θ − θt )
te
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(4)

n
ts
= (θ − θt ) .
σ
te

(6)

This relation, well verified empirically, can also be interpreted as the consequence of stress partition between the
fluid and the bed particles (Bagnold, 1954; Durán et al.,
2012).
3

Transport of a plume of tracers

We now study how a plume of passive tracer particles is entrained by bedload transport. To do so, we separate the particles in two categories with the same physical properties,
hereafter referred to as “marked” and “unmarked” (Fig. 1).
We furthermore assume that sediment transport is uniform
and steady. In this configuration, the Shields stress, and consequently the mean particle velocity, the erosion and deposition rates and the surface concentration of moving particles
are constant. As a result, the problem is independent of the
flow type (turbulent or laminar). More generally, the physical
mechanism at the origin of longitudinal dispersion is the exchange of tracer particles between a static layer and a moving
layer. Thus, although the model is presented in the context of
bedload transport, it applies to any steady uniform system
in which a passive tracer is exchanged between two layers
moving at different velocities.
Let us define φ as the proportion of marked grains in the
moving layer. Similarly, ψ is the proportion of marked grains
on the bed surface. The concentration of marked grains, defined as the ratio of the number of marked particles to the
total number of particles, is
c = nφ + σ ψ =

α
1
ψ+
φ
α+1
α+1

(7)

where we introduce α = n/σ , the ratio of the surface concentration of moving particles to the concentration of static
www.adv-geosci.net/37/1/2013/
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Fig. 2. Evolution of the concentration of tracer particles as a function of the dimensionless distance X, for α = 0.3. The initial shape of the
plume is a step of marked grains on the bed surface of length 20.

103

∂
∂
(φ n) = − (φ n V ) + ṅe ψ − ṅd φ
∂t
∂x

102

(8)

Combining Eqs. (5) and (8), we find the evolution equation
for the proportion of marked grains in the moving layer:
∂φ
1
∂φ
= (ψ − φ) − V
.
∂t
ts
∂x

101

(9)

We now assume that the “active” part of the bed is confined
to the bed surface. In other words, erosion and deposition
only modify the bed over a depth of about one grain diameter.
Mathematically, this means that the reservoir of immobile
grains is well-mixed. The conservation of marked grains on
the bed surface then reads
σ

∂ψ
= ṅd φ − ṅe ψ
∂t

mean position Xm
standard deviation δX

distance

particles (thisRratio is smaller than one). The total amount of
tracers, M = c dx, is conserved.
The conservation equation for marked grains in the moving layer reads

(10)

100 0
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101

102

time

103

104

Fig. 3. Mean position Xm (black line) and standard deviation δX
(green line) of a plume of tracers as a function of time for α = 0.3.
Dashed lines show the power laws expected for standard advectiondiffusion: linear (black) and square root (green).

Combining Eqs. (5) and (10) leads to
∂ψ
α
= − (ψ − φ)
∂t
ts

www.adv-geosci.net/37/1/2013/

(11)

Complemented with initial and boundary conditions,
Eqs. (9) and (11) represent the evolution of the proportion
of marked particles.

Adv. Geosci., 37, 1–6, 2013

4
4

E. Lajeunesse et al.: Tracer dispersion in bedload transport
Numerical solution

In dimensionless form, Eqs. (9) and (11) read
∂φ
∂φ
=−
+ (ψ − φ)
∂T
∂X
∂ψ
= −α (ψ − φ).
∂T

(12)
(13)

where T = t/ts and X = x ts /V are dimensionless variables.
Our system is then controlled by a single parameter, the ratio
of surface densities α. This ratio also characterize the average distance between moving grains. Since our model assumes that the behavior of an individual particle is independent from other particles, we can only expect it to be valid
when moving particles are sufficiently far away from each
other, that is, when α is small. After Eq. (4), this requirement
implies that the Shields parameter be near the threshold for
sediment transport.
We solve Eqs. (12) and (13) numerically with a finitevolume numerical scheme described in appendix A. An initially concentrated plume of tracer particles is transported
downstream by the flow and deformed by dispersion (Fig. 2).
Initially, the plume is skewed towards the direction of its
propagation. This skewness, however, decreases as the plume
spreads, and the plume’s shape resemble a normal distribution at long times.
R As expected, the average position of the plume Xm =
c x dx/M increases with time (Fig. 3). After a transitional
period of moderate velocity, dominated by initial conditions, it reaches a permanent regime with a constant average
qR velocity. The standard deviation of the plume δX =
c(x − Xm )2 dx/M increases as the square root of time,
again after a transitional regime. This behavior corresponds
to classical advection-diffusion, although we have not formally established this equivalence. We observe the same behavior for various values of α.

a Poiseuille flow (Taylor, 1953). In our case, the distribution of velocities is reduced to the two end-members of the
Poiseuille profile: mobile or immobile. It is therefore not surprising to find similar results.
In reality, the distribution of particle velocities in bedload transport is continuous (Lajeunesse et al., 2010; Furbish
et al., 2012a, b). Therefore, moving grains in the bedload
layer also disperse due to velocity fluctuations. This effect,
adding to the continuous exchange of particles between the
bedload layer and the immobile bed, is likely to enhance the
dispersion of the plume of tracers.
Appendix A
Numerical Scheme
In this section, we briefly present the numerical scheme used
to solve Eqs. (12) and (13).
Let us define φk (T ) and ψk (T ) as the values of φ(X, T )
and ψ(X, T ) at the K discrete locations Xk , k = 0, · · · , K −1
and at time T . Integrating (12) between Xk and Xk + 1 leads
to
X
Zk+1

∂φ
dX = −
∂T

Xk

X
Zk+1

∂φ
dX +
∂X

Xk

X
Zk+1

(ψ − φ) dX
Xk

Discretizing the integrals gives the following (K − 1) equations defined for k = 0, . . . , K − 2:

∂ 
δXk+1 (φk+1 + φk ) = −φk+1 + φk − δXk+1 (φk+1 + φk )
∂T
+δXk+1 (ψk+1 + ψk )
where we define δXk+1 = (Xk+1 − Xk )/2.
The boundary condition, φ(X = 0, T ) = 0, provides the
K −th equation:
φ0 = 0
The above equations can be written in the vectorial form

5

Conclusions

Based on an erosion-deposition model, we describe the evolution of a plume of tracer particles transported as bedload
over a uniform bed. The mean position of the plume, as well
as its extent, show two regimes: (i) at short times, the evolution of the plume is dictated by the initial conditions; (ii)
at long times, the plume evolves asymptotically as if transported by advection and spread by diffusion.
In the model presented here, the spread of the plume results only from the continuous exchange of particles between the bedload layer and the immobile bed. Although
presented in the context of bedload transport, it applies to
any steady uniform system in which some passive tracer is
exchanged between two layers moving at different velocities. This mechanism can be thought of as a simpler version of Taylor diffusion, where a passive tracer diffuses in
Adv. Geosci., 37, 1–6, 2013

∂
A φ = (−A + B + C) φ + A ψ
∂T
where we introduce the vectors




φ0
ψ0




φ =  ...  and ψ =  ... 
φK−1

ψK−1

and the matrixes

1 ... ... ...

δX1 δX1

 .. . . . .
 .
.
.
A=
 ..
 .
δXk δXk

 .
..
 ..
.
0

(A1)

...

..

.

0
..
.
..
.
..
.

0
. . . . . . . . . δXK−1 δXK−1







,
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1 0 ... 0
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1 −1

. 
.
 and C = 0 0

B =
 .. . . . .

 ..
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0 . . . 1 −1
0 ... ... 0
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Similarly, discretizing (13) leads to the set of K equations
defined for k = 0, . . . , K − 1
∂
ψk = α(φk − ψk )
∂T
which can be written in the vectorial form
∂
I ψ = αI (φ − ψ)
(A2)
∂T
where I is the identity matrix.
The set of Eqs. (A1) and (A2) can be combined into
∂
M1 8 = M2 8
∂T
where we define the vector
 
φ
8=
ψ

(A3)

and the matrixes




A0
−A + B + C A
M1 =
, M2 =
.
0I
αI
− αI
Finally, (A3) leads to
∂
8 = M3 8
∂T
with

(A4)

M3 = M1−1 M2
Let us define 8n as the value of the vector 8 at the discrete
time Tn , n = 0, · · · , N . Integrating (A4) between Tn and Tn+1
leads to :
TZn+1

∂
8 dT =
∂T

Tn

TZn+1

M3 8 dT
Tn

which, after discretizing the integrals, reads


8n+1 − 8n = δT n+1 M3 8n+1 + 8n
where we introduce δT n+1 = (Tn+1 − Tn )/2. After some rearrangement, we finally get
8n+1 = M4 8n

(A5)

with


−1 
M4 = I − δT n+1 M3
I + δT n+1 3

(A6)

Equation (A5) enables the computation of 8n at all times
Tn , n > 0 once the initial condition 80 is known.
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