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Abstract. Maximum likelihood estimator (MLE) is a well known es-
timator in statistics. The popularity of this estimator stems from its
asymptotic and universal properties. While asymptotic properties of MLEs
on Euclidean spaces attracted a lot of interest, their studies on manifolds
are still insufficient. The present paper aims to give a unified study of
the subject. Its contributions are twofold. First it proposes a framework
of asymptotic results for MLEs on manifolds: consistency, asymptotic
normality and asymptotic efficiency. Second, it extends popular testing
problems on manifolds. Some examples are discussed.

Keywords: Maximum likelihood estimator, consistency, asymptotic nor-
mality, asymptotic efficiency of MLE, statistical tests on manifolds.

1 Introduction

Density estimation on manifolds has many applications in signal and
image processing. To give some examples of situations, one can mention
Covariance matrices: In recent works [1-5], new distributions called
Gaussian and Laplace distributions on manifolds of covariance matrices
(positive definite, Hermitian, Toeplitz, Block Toeplitz...) are introduced.
Estimation of parameters of these distributions has led to various appli-
cations (image classification, EEG data analysis, etc).

Stiefel and Grassmann manifolds: These manifolds are used in var-
ious applications such as pattern recognition [6-8] and shape analysis
[9]. Among the most studied density functions on these manifolds, one
finds the Langevin, Bingham and Gaussian distributions [10]. In [6-8],
maximum likelihood estimations of the Langevin and Gaussian distribu-
tions are applied for tasks of activity recognition and video-based face
recognition.

Lie groups: Lie groups arise in various problems of signal and image
processing such as localization, tracking [11,12] and medical image pro-
cessing [13]. In [13], maximum likelihood estimation of new distributions
on Lie groups, called Gaussian distributions, is performed and applica-
tions are given in medical image processing. The recent work [4] proposes
new Gaussian distributions on Lie groups and a complete program, based
on MLE, to learn data on Lie groups using these distributions.

The present paper is structured as follows. Section 2 focuses on consis-
tency of MLE on general metric spaces. Section 3 discusses asymptotic



normality and asymptotic efficiency of MLE on manifolds. Finally Sec-
tion 4 presents some hypothesis tests on manifolds.

2 Consistency

In this section it is shown that, under suitable conditions, MLEs on gen-
eral metric spaces are consistent estimators. The result given here may
not be optimal. However, in addition to its simple form, it is applicable
to several examples of distributions on manifolds as discussed below.
Let (©,d) denote a metric space and let M be a measurable space with
1 a positive measure on it. Consider (Pg)gco a family of distributions on
M such that Pg(dz) = f(x,0)u(dx) and f > 0.

If 1, -+ ,z, are independent random samples from Py,, a maximum
likelihood estimator is any én which solves

. 1<
max L (0) = Ln(0n) where Ly (0) = — ;bg f(xi,0)

The main result of this section is Theorem 1 below. The notation Eg[g(x)]
stands for [ g(y)f(y, 0)u(dy).

Theorem 1. Assume the following assumptions hold for some 6y € ©

(1) For all z, f(x,0) is continuous with respect to 6.

(2) Eg,[|log f(xz,0)|] < co for all 0, L(0) = Eg,[log f(x,0)] is continuous
on © and uniquely mazimized at 0.

(8) For all compact K of ©,

Q(6) := Eo, [sup{| log f(z,0) — log f(x,0')| : 0,0 € K,d(6,0") < 5}]

satisfies lims 0 Q(9) = 0.
Let xy,--+ ,xn, - be independent random samples of Pg,. For every
compact K of ©, the following convergence holds in probability
lim sup |L,(0) — L(0)| =0
n—oo 0eK
Assume moreover
(4) There exists a compact Ko C © containing 6o such that

Eo, [[sup{log f(z,0) : 6 € K¢}[] < oo

and
Eoq [sup{log f(z,0) : 0 € K§}] < L(00)

Then, whenever 0, exists and is unique for all n, it satisfies 0 converges
to O in probability.

Proof. Since L is a deterministic function, it is enough to prove, for every

compact K,

(i) Convergence of finite dimensional distributions: (Ln(01), -+ , Ln(6p))
weakly converges to (L(61), -+, L(6)) for any 61,---,0, € K.



(ii) Tightness criterion: for all £ > 0,

lim lim sup P( sup |Ln(0) — Ln(0")] >€) =0

6—=0 pyoo 0,0’ cK,d(0,0')<§

Fact (i) is a consequence of the first assumption in (2) and the strong law
of large numbers (SLLN). For (ii), set F' = {(6,0") € K?,d(0,6") < 6}
and note
P(sup | La(8) — Ln(0)] > ) < P(Qn(6) > )
F

where Q. (6) = £ 3" | supy |log f(x:,0) — log f(zi,6)|. By assumption
(3), there exists o > 0 such that Q(6) < Q(do) < € for all § < dp. An
application of the SLLN shows that, for all § < do, lim, @»(6) = Q(J)
and consequently

limsup P(Qn(0) > ) = limsupP(Qnr(6) — Q) > e — Q(4)) =0

n—oo n—o00

This proves fact (ii). Assume (4) holds. The bound

P(0,, ¢ Ko) < P(sup L (0) > sup Ln(0)) < P(sup Ly, (6) > Ln(60))
K§ Ko K&
and the inequality supyc ke Ln(0) <137, Supg k¢ log f(xs,0) give
R 1 <
P(0, ¢ Ko) < ]P’<f > sup log f(xs,0) > Ln(eo))
N1 0K

By the SLLN, limsup,, P(f, ¢ Ko) < (g, suppc rcg lox F(2.0)L(80)} = 0.
With Ko(e) := {6 € Ko : d(0,60) > €}, one has

P(d(0,,00) > ¢) < P(6, € Ko(e)) +P(6, ¢ Ko)

where P(6,, € Ko(e)) < P(supg, ) Ln > Ln(00)). Since L, converges to
L uniformly in probability on Ko(¢), SUPg, (c) Ln converges in probability

to supy () L and so limsup,, P(d(0,,00) > €) = 0 using assumption (2).

2.1 Some examples

In the following some distributions which satisfy assumptions of Theorem
1 are given. More examples will be discussed in a forthcoming paper.
(i) Gaussian and Laplace distributions on P,,. Let © = M =
Pm be the Riemannian manifold of symmetric positive definite matrices
of size m x m equipped with Rao-Fisher metric and its Riemannian
distance d called Rao’s distance. The Gaussian distribution on P, as
introduced in [1] has density with respect to the Riemannian volume
given by f(xz,0) = #@ exp ( — d22(:§0)) where o > 0 and Z,,(0) > 0 is
a normalizing factor only depending on o.

Points (1) and (3) in Theorem 1 are easy to verify. Point (2) is proved
in Proposition 9 [1]. To check (4), define O = {6 : d(6,60) > €} and note

Eq, [sup(—d2 (z, 9))] < Eg, [sup(—d2 (w, 9))1211(1790)35—1] (1)
O @)



By the triangle inequality —d?(z,6) < —d(z,00)* + 2d(6, 00)d(z,60) —
d*(0,6o) and consequently (1) is smaller than

Eog, [Slép(de, 00)d(z, 00) — d*(6,00))124(z,00)<c 1)

But if 2d(z,00) < e —1 and d(6,00) > e,
2d(0, 60)d(z,00) — d*(0,60) < d(6,60)(c —1 —¢) < —¢

Finally (1) < —e and this gives (4) since Ko = O°¢ is compact.

Let 1, ,Zn, - ,... be independent samples of f(-,6). The MLE based
on these samples is the Riemannian mean 6, = argmin, S d* (x4, 0).
Existence and uniqueness of ,, follow from [14]. Theorem 1 shows the
convergence of 6y, to 6. This convergence was proved in [1] using results
of [15] on convergence of empirical barycenters.

(ii) Gaussian and Laplace distributions on symmetric spaces.
Gaussian distributions can be defined more generally on Riemannian
symmetric spaces [4]. MLEs of these distributions are consistent estima-
tors [4]. This can be recovered by applying Theorem 1 as for P,,. In the
same way, it can be checked that Laplace distributions on Py, [2] and
symmetric spaces satisfy assumptions of Theorem 1 and consequently
their estimators are also consistent. Notice, for Laplace distributions,
MLE coincides with the Riemannian median 6,, = argmin, > d(xs,0).

3 Asymptotic normality and asymptotic
efficiency of the MLE

Let © be a smooth manifold with dimension p equipped with an affine
connection V and an arbitrary distance d. Consider M a measurable
space equipped with a positive measure p and (Pp)oco a family of dis-
tributions on M such that Py(dz) = f(x,0)u(dx) and f > 0.

Consider the following generalization of estimating functions [16].

Definition 1. An estimating form is a function w : M x @ — T*O
such that for all (z,0) € M x O, w(x,0) € Ty0 and Eglw(z,0)] =0 or
equivalently Eglw(z,0)Xo] = 0 for all Xo € TyO.

Assume I(x,0) = log(f(z,0)) is smooth in 6 and satisfies appropriate in-
tegrability conditions, then differentiating with respect to 0, the identity
Joi f(@,0)pu(dzx) = 1, one finds w(x,0) = di(x,0) is an estimating form.
The main result of this section is the following

Theorem 2. Letw : MxO — T*O be an estimating form. Fiz 6y € ©

and let (zn)n>1 be independent samples of Pg,. Assume

(i) There exist (éN)N21 such that Zgil w(mn,éN) =0 for all N and
On converges in probability to 0o.

(i) For all u,v € Tp,0, Eg,[|Vw(z,80)(u,v)|]] < oo and there exists
(ea)a=1,--,p a basis of Tp,© such that the matrizx A with entries
Aap = Eo, [Vw(z,00)(eq, ep)] is invertible.



(i5i) The function R(0) =

Eoo[  sup IVw(z,v(t))(ealt), en(t)) — Vw(z,00)(ea; €v)]]
t€[0,1],0€B(0¢,9)
satisfies lims_,o R(0) = 0 where (€q,a =1---,p) is a basis of Tp,O
as in (it) and eq(t),t € [0,1] is the parallel transport of eq along v
the unique geodesic joining 0o and 6. A
Let Logy(On) = >.P_, Aqeq be the decomposition of Logy(0n) in the basis
(eq)a=1,-- ,p- The following convergence holds in distribution as N — 0o

VN(AL, -, A)T = N, (AN 'rA™)
where I' is the matriz with entries [, = Eo,[w(x,00)eq.w(zx,00)es).

Proof. Take V' a small neighborhood of 6y and let 7y : [0,1] — V be the
unique geodesic contained in V such that 4(0) = 6 and (1) = . Let
(éa,a =1---,p) be a basis of Ty, O as in (ii) and define eq(t),t € [0, 1]
as the parallel transport of e, along ~: D%m =0, t€][0,1], eqa(0) =eq
where D is the covariant derivative along . Introduce

N

wn () = D w(@n,0) and Fu(t) = wx (7(1))(ea(t))

By Taylor formula, there exists ¢, € [0, 1] such that
Fa(1) = Fa(0) + Fu(ca) (2)

Note F,(1) = 0, Fa(0) = wn(fo)(ea) and F;(t) = (Vwn)(v'(t), ea(t)) =
>y A (Vwn)(es(t), ea(t)). In particular, Fy(0) = >, As(Vwn)(es, €a).
Dividing (2) by v/N, gives

1

1
—\/—NWN(QO)(ea) = ﬁzb:Ab(va)(eb(c“)’ea(ca)) (3)

Define YV = @ﬁw(eo)(el), - 7leﬁwN(00)(ep))T and let Ay be
the matrix with entries Ay (a,b) = +(Vwn)(ea(ca),es(ca)). Then (3)
writes as Y = (An)T(VNA1, -+ v/ NA,)T. Since Bg, [w(z,60)] = 0, by
the central limit theorem, Y~ converges in distribution to a multivariate
normal distribution with mean 0 and covariance I'. Note

1
Agzv,b = N(VWN)(EM ep) + Ré\tb

where R, = +(Vwn)(ea(ca), eb(ca)) — % (Vwn)(€a, €b). By the SLLN
and assumption (ii), the matrix By with entries By (a,b) = + (Vwy)(€a; €s)

converges almost surely to the matrix A. Note |R.,| is bounded by

N
1
~ 2 sup  sup [Vw(zn, (1)) (ea(t), en(t)) — Vw(n, o) (eq, €)]
N n—1t€[0,1]19€B(6¢,s)
By the SLLN, for § small enough, the right-hand side converges to 1(6)
defined in (iii). The convergence in probability of n to 6y and assump-
tion (iii) show that R), — 0 in probability and so Ay converges in



probability to A. By Slutsky lemma ((A;rv)_l, Yn) converges in distribu-
tion to ((A")™', A(0,I")) and so (A%,)~1Yx converges in distribution to
(ANTIN(0, ) = N(0,(AT)'rA™t).

Remark 1 on w = dl. For w an estimating form, one has Eq[w(z, )] = 0.
Taking the covariant derivative, one gets Eq[dl(U)w(V)] = —E¢[Vw(U,
for all vector fields U, V. When w = dl, this writes Eg[w(U)w(V)] =
—Eg[Vw(U, V)]. In particular I' = Eg, [dl ® dl(eq,ep)] = —A and AT =
A = Eg,[V(dl)(ea, )] = Eoy[V?(ea,es)] where V? is the Hessian of I.
The limit matrix is therefore equal to Fisher information matrix I'"* =
—A~'. This yields the following corollary.

Corollary 1. Assume © = (M, g) is a Riemannian manifold and let d
be the Riemannian distance on ©. Assume w = dl satisfies the assump-
tions of Theorem 2 where V is the Levi-Civita connection on ©. The
following convergence holds in distribution as N — oo.

p
Nd*(On,00) = X7
i=1
where X = (X1,---,X,)7 is a random variable with law N(0,171) with
I(a,b) = Egy[V31(ea,e)].

The next proposition is concerned with asymptotic efficiency of MLE. It
states that the lower asymptotic variance for estimating forms satisfying
Theorem 2 is attained for wg = dl.

Take w an estimating from and consider the matrices E, F, G, H with en-
tries Eq,p = Eg, [dl(00, x)eqadl(00, x)ep], Fap = Ko, [dl(6o, z)eqw(0o, x)es] =
—Au,Gap = Foa, Hap = Egy[w(fo, x)eqaw (0o, )ep] = Tup. Recall E71

is the limit distribution when wg = dl. Note M = (g ]I,_;) is symmetric.

When w = dl, it is furthermore positive but not definite.

Proposition 1. If M is positive definite, then B~ < (AT)*IFA*I.

Proof. Since M is symmetric positive definite, the same also holds for its
inverse. By Schur inversion lemma, E — FH'G is symmetric positive
definite. That is F > FH'G or equivalently E~! < (A")~'rA~".

Remark 2. As an example, it can be checked that Theorem 2 is sat-
isfied by w = dl of the Gaussian and Laplace distributions discussed in
paragraph 2.1. For the Gaussian distribution on P,,, this result is proved
in [1]. More examples will be given in a future paper.

Remark 3 on Cramér-Rao lower bound. Assume © is a Riemannian
manifold and 6,, defined in Theorem 2 (i) is unbiased: E[Log, 0(9An)] =0.
Consider (e1,--- ,ep) an orthonormal basis of Tp,© and denote by a =

(a1,--- ,ap) the coordinates in this basis of Logg, (0,,). Smith [17] gave
an intrinsic Cramér-Rao lower bound for the covariance C'(6y) = E[aa™]
as follows

C > F~' + curvature terms (4)



where F = (F;,; = E[dL(6o)e;dL(6o)e;],4,j € [1,p]) is Fisher informa-
tion matrix and L(0) = Y.~ | log f(x;,6). Define £ the matrix with en-
tries £;; = E[dl(00)e;dl(6o)e;] where [(0) = log f(z1,60). By multiplying
(4) by y/n, one gets, with y = \/na,

Elyy"] > £~ + n x curvature terms

It can be checked that as n — oo, n X curvature terms — 0. Recall
y converges in distribution to N(0, (AT)7'I"A™'). Assume it is pos-
sible to interchange limit and integral, from Theorem 2 one deduces
(ANH7'I A=Y > £71 which is similar to Proposition 1.

4 Statistical tests.

Asymptotic properties of MLE have led to another fundamental subject
in statistics which is testing. In the following, some popular tests on
Euclidean spaces are generalized to manifolds.
Let ©, M and f be as in the beginning of the previous section.
Wald test. Given 21, ,x, independent samples of f(.,0) where 0 is
unknown, consider the test Hp : & = 0. Define the Wald test statistic
for Hy by

Qw =n(A, -+, Ap)I(00)(As, - - 7AP)T

where 1(6) is Fisher matrix with entries 7(6o)(a,b) = —Eo, [V?(ea, €b)]
and Ay, .-, Ap, (€a)a=1:p are defined as in Theorem 2.

The score test. Continuing with the same notations as before, the score
test is based on the statistic

Qs =U(60)" I(60)U (o)

where U(6o) = (U1(6o), -+ ,Up(00)), (Ua(60))a=1:p are the coordinates
of Vgol(6o, X) in the basis (ea)a=1:p and 1(6, X) = >"7_ log(f(x:,0)).

Theorem 3. Assume w = dl satisfies conditions of Theorem 2. Then,
under Ho : 0 = 6o, Qw (respectively Qs) converges in distribution to a
X distribution with p = dim(©) degrees of freedom. In particular, Wald
test (resp. the score test) rejects Hy when Qw (resp. Qs) is larger than
a chi-square percentile.

Because of the lack of space, the proof of this theorem will be published
in a future paper. One can also consider a generalization of Wilks test
to manifolds. An extension of this test to the manifold P, appeared
in [1]. Future works will focus on applications of these tests to applied
problems.
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