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When they reach a at plain, rivers often deposit their sediment load into a cone-shaped structure
called alluvial fan. We present a simpli�ed experimental set-up which reproduces, in one dimension,
basic features of alluvial fans. A mixture of water and glycerol transports and deposits glass beads
between two transparent panels separated by a narrow gap. As the beads, which mimic natural
sediments, get deposited in this gap, they form an almost one-dimensional fan. At a moderate
sediment discharge, the fan grows quasi-statically and maintains its slope just above the threshold
for sediment transport. The water discharge determines this critical slope. At leading order, the
sediment discharge only controls the velocity at which the fan grows. A more detailed analysis
reveals a slight curvature of the fan pro�le, which relates directly to the rate at which sediments are
transported.

I. INTRODUCTION
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Figure 1. (Color online) A) DigitalGlobe satellite view (from
Google Earth) and B) �eld photograph of an alluvial fan in
the Tian Shan Mountains, China. The sediment cone is high-
lighted with a white dotted line. Light colors indicate freshly
deposited sediments.

� Corresponding author: metivier@ipgp.fr

As they leave mountain ranges, rivers are loaded with
eroded materials in the form of sediment grains. When
they reach a atter area, they tend to deposit the coarser
part of their load. If the deposition area is uncon�ned,
the sediments build up a cone-shaped structure called
an alluvial fan. Typically, the fan is roughly symmetric
about its apex (its highest point from which the river
ows) (�gure 1) [1{3] .

To build an alluvial fan, a river needs (i) to transport
sediments and (ii) to deposit them evenly across the fan
surface. Most of the time, the river continuously de-
posits sediments along its path. With time, this process
elevates the river's bed until its path becomes unstable.
At this point, the river overows its banks and �nds a
lower path on the fan surface. This catastrophic event is
called an avulsion. The new channel, in turn, will slowly
�ll itself up with sediments, until the next avulsion. As
a signature of past avulsions, abandoned channels furrow
the fan surface (�gure 1). This process, which explains
how an alluvial fan roughly maintains radial symmetry
as it grows, has already been successfully reproduced in
the lab [4{7].

Most alluvial fans exhibit a relatively constant slope
between the apex and the toe [8{10], but the physical
origin of this feature remains unclear and somewhat para-
doxical. Indeed, the slope of a river, and thus that of the
fan it builds, depends chiey on its water discharge and
sediment load [8, 12]. Since the river deposits a signif-
icant part of its sediment load on the fan surface while
the water discharge remains roughly constant, one would
expect the fan slope to reect the downstream decrease
of the sediment load [11].

Observations from one-dimensional laboratory experi-
ments show a roughly linear pro�le with a slight curva-
ture [13]. Recent two-dimensional experiments generate
fans with a constant slope, which does not depend sig-
ni�cantly on the sediment discharge [7]. These morpho-
logical characteristics remain to be explained.

Inspired by previous experiments, we suggest that the
nearly uniform slope of an alluvial fan results from the
river being near the threshold for sediment transport [7].
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Figure 2. (Color online) A) Experimental set-up and de�ni-
tions. Fluid and sediment ows from left to right. B) Side
photograph of an experimental fan (vertical exaggeration � 2).

Indeed, for the shear stress induced by the stream on its
bed to match exactly the strength necessary to move sed-
iment particles, the river must adjust its slope to a spe-
ci�c value [14{18]. Therefore, if the growth of an alluvial
fan is driven by a moderate sediment ux, we should ob-
serve a quasi-static regime, with the fan geometry being
virtually that of equilibrium.

This view would reunite alluvial fans with sand heaps
in the class of granular structures which grow near a crit-
ical angle [7, 19]. Contrary to sand heaps however, the
angle of an alluvial fan would depend on the system pa-
rameters, and notably on the grain size.

To investigate the quasi-static growth of an alluvial
fan, we have developed a simple laboratory experiment
which produces alluvial fans con�ned between two plates
(section II). This one-dimensional experiment is designed
to facilitate our physical understanding, as opposed to
more realistic models [20]. At the cost of (i) precluding
avulsions, (ii) forcing the width of the channel, and (iii)
remaining near threshold, this one-dimensional con�gu-
ration allows for direct comparison between theory and
experiments (sections II and III).

II. LABORATORY FAN NEAR THRESHOLD

A. Experimental set-up

Our one-dimensional fan is con�ned between two 1 m-
long Plexiglas panels separated by a 2.5 cm-wide gap
(�gure 2). A mixture of water and glycerol (80 % glyc-
erol in volume, density � f = 1210 kg m� 3) is introduced
from the left-hand side of the set-up at constant rate
and leaves freely the channel at the outlet. Its high
viscosity (� = 40 � 60 mPa s) ensures that the ow re-
mains laminar (the Reynolds number is of order 10). To
generate a fan, this uid is loaded with glass beads (di-
ameter D = 477 � m, density � s = 2485 kg m� 3). The
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Figure 3. Digitized fan pro�les at successive times dur-
ing a single experimental run (sediment discharge Qs =
4:6 g min� 1 , water discharge Qw = 0 :60 L min � 1). Time starts
at the beginning of the experiment. Black and grey pro�les
are separated by 5 min.

sediment discharge is controlled by the rotation of an
Archimede's screw. In this study, we only vary the wa-
ter and sediment discharges (Qw = 0 :5� 1:3 L min � 1 and
Qs = 0 :8 � 3:6 cm3 min � 1), while we keep the other pa-
rameters constant.

When the experiment starts, glass beads get deposited
near the inlet. After a transient lasting a few minutes,
the deposited sediments form a tapering structure, which
becomes larger as more glass beads settle on its surface
(�gure 2). This one-dimensional fan grows continuously
until it eventually reaches the outlet.

Every minute, we record a picture of the fan, from
which the elevation pro�le h is digitized (�gure 3). The
fan maintains a quasi-triangular shape during its growth,
and its slope does not vary signi�cantly (�gure 3), thus
suggesting a self-a�ne process, in accordance with pre-
vious experimental �ndings [13].

B. Fan near threshold

To formalize the notion of a fan growing near thresh-
old, we �rst need to establish the transport law for our
sediments. We use a separate set-up, developed previ-
ously [21]. A 3:2 cm-wide channel is �lled with the same
glass beads our fans are built of and submitted to con-
stant inputs of uid and sediments. After about one day,
the system has reached steady state and we measure the
ow-induced shear stress on the bed. This procedure con-
trasts with that of most previous authors, who imposed
the shear stress and measured the resulting sediment dis-
charge [22].

In an open channel of width W , the shear stress�
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Figure 4. (Color online) Transport law of the sediments (477-
� m glass beads in glycerol mixed with 20% of water) used to
build our experimental fans. Black dots: measurements, red
(gray) line: equation (3) �tted to the data.

exerted by a viscous ow on the bed reads:

� = ( � f g S)2=3
�

3Qw �
W

� 1=3

; (1)

where S and g are the bed slope and the acceleration
of gravity, respectively. According to the Coulomb crite-
rion for a granular material, the particles are entrained
by the ow only if the ratio of the shear stress to the par-
ticle weight exceeds the critical friction coe�cient. This
threshold can be expressed in terms of the Shields pa-
rameter � de�ned as:

� =
�

(� s � � f ) g D
: (2)

Typically, sediment transport vanishes below the
threshold Shields parameter� c corresponding to the crit-
ical friction coe�cient and increases with the Shields
parameter beyond that point. At leading order, this
increase is usually proportional to the distance to the
threshold � � � c and our glass beads are no exception
(�gure 4) [21, 22].

Fitting a �rst-order transport law to our calibration
data, we �nd:

qs = � V s D (� � � c) ; (3)

where the proportionality coe�cient is � � 4:9� 0:3, and
the threshold Shields parameter is� c � 0:35 � 0:04, in
accordance with previous �ndings in viscous ows [21,
23]. Stokes's settling velocity is de�ned asVs = ( � s �
� f ) g D2=(18� ).

Based on this transport law, we now investigate how
the threshold for sediment transport could set the geome-
try of an experimental fan. To grow, the fan must be the
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Figure 5. (Color online) The black dotted line correspond
to the evolution of the length L of an experimental fan
(Qs = 7 :0 g min� 1 , Qw = 0 :82 L min � 1). The red (gray) line
corresponds to equation (5) with a time shift of 15 min.

place of sediment transport. However, if we maintain a
low sediment dischargeQs, the Shields parameter should
remain close to its threshold value� c. More speci�cally,
after equation (3), if Qs is much smaller than Vs D W ,
then the Shields parameter tends towards� c. Together
with equations (1) and (2), this approximation translates
into a critical slope Sc de�ned as:

Sc =
(� s � � f )

� f
� 3=2

c

s
6Vs D W

Qw
: (4)

Therefore, near threshold, the slope of a fan should be
close to critical. This remark prompts us to interpret the
geometry of our experimental fans within this framework.

Direct observation reveals that almost no sediment
leaves the experiment before the fan extends to the out-
let. As the fan consumes more glass beads to grow, the
sediment discharge decreases along the channel. There-
fore, if we restrict the sediment dischargeQs, we restrict
the sediment ux downstream and maintain the entire
fan at about the critical slope Sc. Based on this hypoth-
esis, we can relate the volume of the fan to its length:

L �

s
2Qs t

(1 � � ) Sc W
� L 0 : (5)

where � is the porosity of the settled granular material.
In two dimensions, a similar mass balance would lead to
a cubic-root time dependance [7].

Indeed, after a transient, the length of our experimen-
tal fan grows linearly with the square root of time (�g-
ure 5). In addition, equation (5) provides a reasonable
estimate of the proportionality constant relating the fan
length to the square root of time.

Although reminiscent of the well-known scaling of
Fickian di�usion, this length growing as the square root
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Figure 6. (Color online) Predicted (red (gray) line) and ob-
served (black points) dimensionless progradation according to
the dimensionless water ux.

of time results from mass conservation only and is not
related to any di�usive process.

Combining relation (4) and (5), we �nd:

L 2
0 W

t Qs
=

s
Qw

Qwc
; (6)

where Qwc is a characteristic water discharge:

Qwc =
3
2

� 3 (1 � � )2
�

� s � � f

� f

� 2

Vs D W : (7)

In order to compare more accurately this prediction
with our experiments, we vary the discharges of water
and sediments and measure the resulting progradation
(i.e. the advance of the fan toe). We �nd that equation
(6) provides a reasonable estimate of the growth rate of
the fan (�gure 6). A combinaison of experimental limita-
tions and the drastic approximations used to derive the
theoretical relationship explain the scatter of the data.
First, the uid discharge, the uid viscosity and the sedi-
ment discharge uctuate slightly during an experimental
run (up to 10%). Due to surface tension, part of the sed-
iments oat and leave the experiment without contribut-
ing to the fan. In addition, we expect the shallow-water
approximation to break down for large uid discharges.

At this point, we may summarize our �ndings as fol-
lows. When the sediment discharge is moderate, the
fan grows quasi-statically. In this regime, the water dis-
charge controls its geometry, since the slope adjusts to
the threshold for sediment transport. The sediment dis-
charge determines the growth rate of the fan, but does
not inuence its shape signi�cantly.

III. SEDIMENT TRANSPORT ALONG THE
FAN

This section is devoted to the next order of the thresh-
old approximation. It will not alter signi�cantly the con-
clusions of the previous section, but it should clarify the
mechanism by which the sediments are distributed along
the fan.

A. Exner equation

The fan grows from sediment deposition. The sediment
mass balance, often referred to as the Exner equation in
the context of geomorphology, formalizes this process:

(1 � � )
@h
@t

+
@qs
@x

= 0 ; (8)

where qs is the sediment transport rate.
To describe the growth of a fan, the Exner equation

must be complemented with the sediment transport law
(equation (3)). Based on equation (4), we rewrite the
transport law in terms of slope [24]:

qs =
� V s D � c

S2=3
c

" �
�

@h
@x

� 2=3

� S2=3
c

#

; (9)

Combining equations (9) and (8) results in a second-
order partial di�erential equation, which requires two
boundary conditions. However, since we cannot specify
the length of the fan L a priori, the domain over which
we must solve the Exner equation has a free boundary.
It is a Stephan problem, which requires an additional
boundary condition [25].

We propose three empirical boundary conditions:

� At the inlet, the sediment discharge is set by the
experimental conditions: qs(0; t) = Qs=W.

� By de�nition, the fan elevation vanishes at its end:
h(L (t); t) = 0.

� Finally, the fan traps all the sediments. Therefore,
at the fan's end, the sediment discharge vanishes:
qs(L (t); t) = 0.

B. Self-a�ne fan

Formally, equations (9), (8) and the three boundary
conditions could be solved directly, at least numerically.
However, it might prove more instructive to look for a
simple analytical solution, in the form of a self-a�ne fan.

Based on section II, we expect the length of a self-a�ne
fan to scale like:

L (t) = L

s
2Qs t

(1 � � ) Sc W
; (10)
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where L is a dimensionless constant, close to one. We
then rescale the fan pro�le with this length:

h(x; t ) = ScL(t) h�

�
x

L (t)

�
(11)

where h� is the self-a�ne shape of the fan. The critical
slopeSc, de�ned by equation (4), sets the aspect ratio of
the fan.

Similarly, we de�ne a dimensionless sediment discharge
qs� as:

qs(x; t ) =
Qs

W
qs�

�
x

L (t)

�
: (12)

Injecting h� and qs� in the Exner equation (8) and
the transport law (9), we obtain two ordinary di�erential
equations:

h� � X h 0
� +

q0
s�

L
= 0 (13)

and

� qs� = ( � h0
� )2=3 � 1 (14)

where X = x=L(t) is the rescaled coordinate and

� = Qs=(� W V s D � c) (15)

is the dimensionless sediment discharge. The three
boundary conditions become:

qs� (0) = 1 ; qs� (1) = 0 and h� (1) = 0 : (16)

That the evolution equations can be re-written in a
self-a�ne form suggests the experimental fan could also
be self-a�ne, even beyond �rst order. To evaluate this
hypothesis, we rescale the successive pro�les of an ex-
perimental fan with its length (�gure 7). By focusing
on a single experiment, we insure that the critical slope
Sc and the dimensionless sediment discharge� are con-
stant. At long times, the rescaled pro�les tend to collapse
on a single shape, indicating a self-a�ne growth. As a
consequence, after a transient, the fan slope converges to-
wards a constant value (�gure 8). This monotonous con-
vergence contrasts with previous observations from two-
dimensional laboratory fans [7]. The absence of avulsion
in our experiments might explain this di�erence.

Combining the last �ve pro�les of �gure 7, the resulting
self-a�ne shape shows an unambiguous curvature (�g-
ure 9). This curvature must be related to sediment trans-
port, since the strict threshold theory predicts a uniform
slope (section II). In what follows, we aim at quantifying
this relationship.

C. Low sediment discharge

To our knowledge, equations (13), (14) and (16) have
no simple analytical solution. We may circumvent this
di�culty by considering the quasi-static growth of a fan.
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Figure 7. Fan pro�les collected at successive stages of the
same experimental run (Qs = 9.1 g min � 1 , Qw = 0.54 L
min � 1) and rescaled with their own length. Time starts at
the beginning of the experiment. Black and grey pro�les are
separated by 5 min.
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Figure 8. Evolution of the fan slope during the experimental
run of �gure 7. The slope is measured by �tting an a�ne
relation to the data.

More speci�cally, we seek an approximate solution of
equations (13), (14) and (16) when the dimensionless sed-
iment discharge� is small (in our experiments,� never ex-
ceeds 0.8). Accordingly, we expand the solution to �rst
order in � :

h� = h0+ � h 1 ; qs� = qs0+ � qs1 ; L = L 0+ � L 1 : (17)

Injecting the expanded form of the solution in equa-
tions (13), (14) and (16), and expanding the resulting
equations to �rst order, produces two sets of equations
corresponding to the zeroth and �rst orders.

As expected, the zeroth-order solution corresponds to
the triangular fan described in section II B, for which
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Figure 9. (Color online) The last �ve pro�les of �gure 7 (grey
dots). The red (gray) line corresponds to equation (20) with
coe�cients Sc and � �tted to the data. Light grey dots indi-
cate data discarded before �tting.

the sediment inputs is uniformly distributed over the fan
surface:

h0 = 1 � X ; qs0 = 1 � X ; L 0 = 1 : (18)

More interestingly, the �rst-order term take the form
of a parabola, thus adding a slight curvature to the tri-
angular fan:

h1 =
3
4

(1 � X )2 ; qs1 = X (X 2 � 1) ; L 1 =
3
4

: (19)

At this point, it is perhaps more telling to return to
the physical space where the fan pro�le reads:

h
L

= Sc

�
1 �

x
L

+
3�
4

�
1 �

x
L

� 2
�

: (20)

According to equation (20), sediment transport adds a
concave correction to the triangular fan. This shape
depends on two parameters only: the critical slopeSc
(which depends on the water discharge) and the dimen-
sionless sediment discharge� (which is independent of the
water discharge). Remarkably, this double dependence
cannot be reduced to the dimensionless ratio of the two
discharges only.

We can measure� by �tting the two coe�cients of
equation (20) to the rescaled experimental pro�les (�g-
ure 9). Repeating this procedure for a series of exper-
iments involving various combinations of ow and sed-
iment discharges, we can compare the measured value
of � to its theoretical expression (equation 15). We �nd
an order-of-magnitude agreement between the two, with
considerable dispersion of the data (�gure 10).

This dispersion exceeds the measurement uncertainty
of the pro�le curvature. In addition to the theoretical

Figure 10. (Color online) Observed dimensionless sediment
ux � according to the expected values for several experiments
performed with various water and sediment uxes.

limitations exposed in section II B, the low sediment dis-
charge approximation might break down in our experi-
ments. Indeed, the dimensionless sediment ux� is not
con�ned to vanishingly small values (�gure 10).

IV. CONCLUSION AND PERSPECTIVES

A relatively light laboratory set-up produces a one-
dimensional alluvial fan amenable to simple physical un-
derstanding. When the sediment input is restricted, this
fan maintains a self-a�ne shape as it grows.

To leading order, the water discharge sets the geom-
etry of the fan by maintaining its slope near its critical
value, in agreement with previous experimental observa-
tions [7]. Through mass balance, the sediment discharge
determines the velocity the fan grows at. In particular,
the fan length increases as the square root of time, a
scaling limited to our one-dimensional con�guration.

In addition, the careful examination of the fan eleva-
tion pro�le con�rms the slight curvature observed in pre-
vious experiments [13]. This departure from the thresh-
old theory is a signature of sediment transport, which
may be used to infer the sediment input at the fan apex.
The morphology of the fan could thus reveal how fast it
grows.

None of the above results applies quantitatively to nat-
ural systems since real alluvial fans are two-dimensional,
rivers are turbulent and sediments are often a mixture
of disperse grain sizes. The experimental realization of
a two-dimensional fan built by a single-thread stream
would be a step in this direction. Removing the two
panels which, in the experiment presented here, con�ne
the fan in one dimension would have two major conse-
quences: the river would (i) distribute sediments over
a self-formed cone and (ii) spontaneously selects its own
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width and slope. The mass balance can be easily adapted
to the uniform distribution of sediments over a cone to
describe the average growth of a two-dimensional fan [3].
As for the river slope, the �xed-bank channel used here
presents a behavior similar to that of two-dimensional ex-
periments where the slope also reaches a threshold when
the sediment discharge vanishes [18].

We hope that some of the ideas developed here might
apply to more realistic systems, since previous exper-
iments involving two-dimensional turbulent ows and
multiple grain sizes accord qualitatively with our results
[7, 13]. Therefore, we believe that the method proposed

here might help us better understand how alluvial fans
form in Nature.
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Table I. De�nitions.

Notation Physical quantity Value
Qw Water discharge 0.5 { 1.3 L min � 1

Qs Sediment discharge 0.8 { 3.6 cm3 min � 1

qw Water discharge 3 { 9.10� 4 m2 s� 1

qs Sediment discharge 0.5 { 2.10� 6 m2 s� 1

Qwc Characteristic water discharge 10� 9 m3 s� 1

W Channel width 2.5 { 3.2 cm
D Bead diameter 477 � m
� s Bead density 2485 kg m� 3

� Porosity of the fan 0.33
� f Fluid density 1210 { 1220 kg m � 3

� Fluid viscosity 40 { 60 mPa s
� Shear stress 2 { 3 Pa
� Shields parameter 0.3 { 0.5
� c Critical Shields parameter 0.35
S Fan slope 0.02 { 0.05
Sc Critical slope 0.02 { 0.04
Vs Stokes settling velocity 3 mm s� 1

� Proportionality coe�cient of the transport law 4.9
� Dimensionless sediment discharge 0 { 1


