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Highly deformed grain: from the Hertz contact limitation to a new strain field

description in 2D
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' Laboratoire de Mécanique et Génie Civil, Université de Montpellier, CNRS, Montpellier, France

Abstract.

Most of the 2D studies on granular materials consider an assembly of cylindrical particles in the small defor-
mation regime. Investigating the range of validity of the small deformation hypothesis is therefore of crucial
importance in order to determine the quantitative relevance of the predictions emerging from these 2D studies.
We introduce here a novel experimental set-up based on high resolution imaging and image correlation, and
capable of measuring the strain field inside the particles with a cutting edge accuracy. We measure the strain
field inside a unique circular cylindrical elastic particle undergoing an uniaxial compression. The significant
deviations arising from the comparison with the predictions of the small deformation limit predicted by the
Hertz’s theory, and numerical simulations, give insight to improve the modeling of 2D granular materials.

1 Introduction

When local forces are measured or computed in granular
matter physics, whether it is for numerical [1-3] or exper-
imental studies [4-6], collections of circular grains with
low polydispersity and in small deformation regime are
very commonly considered. This permits to conform with
the Hertz contact law [7] which, along with the superposi-
tion principle, provides the most common mechanical de-
scription of a grain contact. Unfortunately in real life most
of the granular problems involve unevenly shaped grains,
on a very broad range of sizes, in highly stressed situations
[8-11]. The lack of a net demarcation line separating the
regime of small deformations with a regime where it is
necessary to take into account large deformations within
the grains is a source of confusion. For example in the case
of jammed granular systems some grains (the one involved
in force chains [1]) can be far above the small deformation
hypothesis which ruins the macroscopic description of the
whole system.

Hence, in order to observe, model and simulate prop-
erly realistic granular media it is necessary to get a com-
plete description of a grain behaviour beyond the linear
elastic limit. This would permit to check already existing
numerical models [12—-14] and to provide inputs for im-
provements.

By means of novel 2D experimental approaches, we
investigate when the Hertz strain field [7] is not valid any
more and how it has to be modified beyond linear elastic-
ity. To do so we introduce a new experimental measure-
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ment method suitable for granular material. We set-up a
step by step single disk radial compression experiment at-
tached to a very high resolution imaging apparatus (Sym
accuracy over a 6cm diameter disc particle). The disk
is one base surface of a thin cylinder made in an hyper-
elastic material. The displacement field in the plane of
the disk is then precisely measured both spatially and in
intensity via Digital Image Correlation (DIC). Strain is di-
rectly deduced and compared with theoretical results. The
limitations arising from the linear elastic theory are then
highlighted, for this common mechanical situation. These
results are also compared to what is obtained by finite ele-
ment (FE) simulations.

In the first part of this article, we present the exper-
imental set-up, how we compress a particle and how we
image it. Then, in a second part we give some image pro-
cessing details to measure the displacement field inside the
particle. Strain field is computed and compared to what is
obtained with FE. Finally, in a last part, we present some
results, conclusions and perspectives.

2 Experimental set-up and material

A manufactured in-house black silicone cylindrical parti-
cle [15] (Young modulus 2.7MPa) coated on one side with
shiny very thin glitter [16] (average size 30um) is led on
the top glass of a flatbed scanner as presented in fig. 1-A.
The initial diameter of the particle is 5.9cm and its thick-
ness is 9.5mm. As presented in fig. 1-B the glitter coating
forms an homogeneous thin random pattern on the bottom
face of the particle with a high black/white contrast. Step
by step, the flat cylinder is squeezed in its radial direction
in a quasistatic manner by a manufactured in-house uni-
axial compression apparatus (see fig. 1-A). This device
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Figure 1. A: Sketch of the experimental set-up. A cylindrical
particle (5.9 cm diameter and 9.5 mm thickness) lays on a flatbed
scanner. A manufactured in-house compression device squeezes
the particle step by step while the particle is imaged from be-
low and the compression force is measured. B: Black and white
scanner bottom view of the particle. A thin pattern has been de-
posited on the particle. C: Zoomed view of the particle pattern.
D: Zoomed view to the size of a correlation length. The pixel
size is 5.29 ym.

is accurately actuated by means of a stepper motor and a
threaded rod with a very low distance/step ratio. The force
is measured with two lkg force cells. Vegetable oil with
a very low viscous coeflicient (60 mPa.s) is coated on the
scanner glass to almost vanish static basal friction and im-
prove optic transmission.

After each 0.5mm compression step, the system is im-
aged with the flatbed scanner. As emphasized by the re-
sults presented in this paper, it constitutes a very stable
and accurate measurement apparatus both in space (tun-
able from 70dpi to 9600dpi) and numerical depth (tun-
able from 8bits to 16bits for each color) on a large area
(maximum 21 x 29.7cm?) without any optical distortion
on a flat area. For the results presented in this paper, we
used a scanner CanoScan 9000F Mark // with resolution
4800 x 4800dpi® on a 6 x 6cm? area on 8bits for black and
white picture. As presented in fig. 1-C & D, we image the
particle bottom on a wide area with an extreme accuracy.

3 Image post-processing

Image correlation for granular material has been widely
used both in 2D and 3D at the continuum scale [17-21] to
measure the grain flow but to our knowledge it has never
been used at the scale of each grain to measure their de-
formation. However, as emphasized earlier in this paper
it is of high interest to study stress networks in the most
common granular media: unevenly shaped, highly stressed
or deformed grains with any rheological behaviour. Un-
til now, the only way to measure force between grains
was to use photoelasticity [4, 22], thermoelasticity [S] or

Figure 2. A,B: Displacement field measured from the local im-
age correlation along the x and y direction respectively. C, D: &,
and &, components (respectively) of the strain field. Fields are
plotted on the undeformed geometry for a 8% total deformation
of the particle. Measurement are noisy at the boundary because
the correlation cells overlap patterned and unpatterned domains.
The different fields are plotted on the undeformed coordinates
(Lagrangian).

boundary deformation [6]. However for each of these tech-
niques, particle materials and shapes are very restricted
and it can be performed only in the small deformation
regime. Here we propose a method capable of measuring
the full stress field for any kind of grain and any loading
in 2D.

By means of digital image correlation (DIC) technique
[23, 24], adapted to high image size and large deforma-
tions we measure the evolution of the displacement field
inside a compressed silicon particle. A regular mesh of
260 x 260um? (50 x 50px?) is first built on the undeformed
initial picture. For each cell of the mesh, also called cor-
relation cell, the displacement along x and y directions is
measured incrementally between the picture of each com-
pression step and the undeformed picture. To do so, a first
measurement is done, with a 1px accuracy, using a Fourier
transformed based algorithm [24]. Then, the measurement
is improved to subpixel accuracy by means of computa-
tionally heavier algorithm based on an optimization algo-
rithm [25] maximizing the correlation between deformed
pictures and the undeformed one. To take the large defor-
mations into account both algorithmic steps are performed
sequentially for correlation cells going from 3 times big-
ger to 50 X 50px2. Parallelized on 12, 3GHz nodes, the
computation take around ~ 6 hours for 30 compression
steps.

4 Results and discussions

As shown in fig. 2-A & B for a global compression of
8% strain, the x and y components of the displacement, u,
and u, (y is for the direction of the global compression, x
is for the in-plane orthogonal direction) are measured with
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Figure 3. Computed strain. A, B: &, and &, components (re-
spectively) of the strain field computed by FE using Cast3M [26].
Using symmetries only 1/4 of the the particle is simulated. The
material is supposed to be linear, elastic and isotropic for a global
8% compression. Fields are plotted on the deformed system (Eu-
lerian). Results are qualitatively similar to what is found exper-
imentally. Difference is explained because the system is at the
limit of the small deformation hypothesis.

an excellent smoothness and accuracy compared to what is
classically done in the small deformation domain for disc
compression [23]. Nevertheless around the narrow parti-
cle boundary, data are noisy since correlation cells overlap
both particle and unpatterned surrounding space: correla-
tion information in the particle is mixed with surround-
ing black area where no correlation is possible. Hence
for these correlation cells displacement information is less
accurate than displacement for cells in the middle of the
particle. Deriving these raw displacement data u, and u,,
as shown in fig. 2-C & D we then compute the strain in-
side the particle, &y, = ’;‘; + %" and g, = Z—"; respectively.
It is important to note that these data are obtained without
any smoothing nor filtering at a scale higher than the cell
scale. As expected from Hertz’s theory [7], we find (from
&y,) that the strain parallel to the compression direction is
symmetric and maximum in a thin ellipse joining the two
contact points. In fig. 2-D we also observed slight horizon-
tal changes in the blue shade. They correspond with small
instability of the scanner motor speed. This is the only
artefact we have noticed coming from the scanner and it
can be put in perspective to the fact that no noise filtering
has been applied to the pictures nor to the post-processed
data. Similarly, for &,,, results qualitatively in agreement
with Hertz’s theory are observed since the shear strain is
anti-symmetric with two opposite lobes going from the
contact areas. Then, assuming a linear rheology, the stress
field is computed from the measured strain field with a
Young modulus of 2.7MPa and a Poisson ratio of 0.49 (not
shown).

In parallel to this, numerical simulations have been
carried out, by means of the FE code Cast3M [26]. Tak-
ing advantage of the symmetries, 1/4 of the particle is
simulated in the same mechanical condition as the exper-
iments except the material is considered as linear, elastic
and isotropic for the full deformation range. As presented
in fig. 3-A & B the results are in qualitative agreement
with what is measured experimentally but strain intensity
do not seem to be the same.

In fig. 4-A, we show g,,(y) the compression strain
value along the loading direction. This has been plotted
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Figure 4. Strain evolution during the compression process along
the y-direction. A,B: Evolution of the strain component &,,(y) as
function y, along the diameter parallel to y, for different compres-
sion levels going from 0% to 10% in the experimental case (A)
and computed from Hertz’s contact law (B). y = 0 corresponds
to the center of the specimen. For the experiment, data close to
the contact point have been cropped because they are noisy. The
curve shape is sensibly different for large deformations.

for different compression steps. We see that this value
vanishes at the contact point, rapidly increases toward the
center of the particle and then decreases before reaching a
plateau in the middle of the sample. As presented in fig.
4-B, this is consistent with what is predicted by Hertz con-
tact law for small deformations. Also, even for large defor-
mations the minimum value of the strain near the contact
points is well predicted. However when the global load-
ing is larger than few percent, fig. 4-AB shows that the
strain is quantitatively different in the center of the disc:
the strain is largely overestimated. This can be explained
by the fact that small deformation hypothesis is not valid
any more or because out of plan displacement cannot be
neglected any more in the experiment.

5 Conclusion and perspectives

In conclusion, in this paper we have presented an original
experimental apparatus capable of compressing cylindri-
cal granular particles while imaging them with an excel-
lent accuracy. Along with a manufactured in-house fast
DIC algorithm adapted to take large deformation into ac-
count, the evolution of the displacement field inside the
particle is measured with an edge cutting accuracy. Strain
field has been deduced and compared to what is expected



from Hertz’s contact law. A fairly good qualitative agree-
ment have been observed as long as the system stays in the
small deformation regime.

This paper validates an experimental method for the
measurement of the full strain and stress field at the grain
scale for any loading and opens a new front of experimen-
tal exploration for a wide range of granular material: soft,
brittle, mixed, efc. Hence in future works, the experimen-
tal measurement will be extended to different model mate-
rials: plastically deformable material, brittle material, zero
Poisson ratio material,efc. The results will be compared to
the ones obtained with different numerical models (finite
element method for example) for different boundary con-
ditions. The goal will be to show the limitation of these
numerical models either by the fact they do not take the
full complex rheology into account or by the fact they are
limited in terms of spacial discretisation of the particles
(for the bulk or for the contact model). This method can
also be extended to 3D measurements in granular matter
using tomography imaging.
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