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Applying screw theory for summing sets of constraints in geometric tolerancing

Santiago Arroyave-Tobón, Denis Teissandier, Vincent Delos

Univ. Bordeaux, I2M, UMR 5295, F-33400 Talence, France

Abstract

In tolerance analysis, approaches based on sets of constraints (also called convex hull techniques) are able to study simul-
taneously all the possible extreme configurations of a mechanism when simulating manufacturing defects in its components.
The accumulation of these defects can be calculated by summing and intersecting 6-dimensional sets of constraints, i.e.
polyhedra. These approaches tend to be time-consuming, however, because of the complexity resulting from manipulating
sets in R6. In this paper, polyhedra are decomposed into a bounded set (a polytope) and an unbounded set (a set of straight
lines). The unbounded part of the polyhedra is characterized by the degrees of freedom of the toleranced feature or the joint.
Therefore, the decomposition can be performed based on a kinematic analysis of the studied assembly using screw systems.
The proposed decomposition is presented for the most common features used in geometric tolerancing. The idea behind
this strategy is, instead of summing polyhedra in R6, to sum only their underlying polytopes by isolating the unbounded
part of the operands. A slider-crank mechanism is used to show the gain in computational time of the proposed method in
comparison with the strategy based on complete 6-dimensional sets of constraints.

Keywords: Manufacturing defects, Tolerance analysis, Screw theory, Degrees of freedom, Polyhedra, Minkowski sum

1. Introduction

Tolerance analysis consists in studying the impact of manufacturing defects on product behavior. The objective is to
determine if the accumulation of defects in the different parts allows the ideal functioning of the product. One way to
perform tolerance analysis of three-dimensional tolerance chains is by means of sets of constraints. Using these approaches,
it is possible to simulate simultaneously all possible displacements (3 rotations and 3 translations) of a toleranced feature
inside its tolerance zone or the relative movements of two features of two parts mated by a contact restriction [1]. They
allow, additionally, the treatment of overconstrained (hyperstatic) mechanisms. Some models consider quadratic constraints
(such as Domains [2] and T-Maps [3]), while others are based on linear constraints (such as Polytopes [4]) by considering
manufacturing defects as small displacements [5]. A comparison of these methods is presented in [6]. As all possible
configurations of each toleranced feature must be considered, the cumulative defect limits on parts in a serial configuration
can be calculated by means of the Minkowski sum of sets of geometric constraints [1, 7]. In the case of parts with parallel
contacts, all the tolerance zones must be satisfied and then the intersection of the respective sets of constraints is required.
By means of these two operations, the stack-up of deviations in any tolerance chain can be computed [8].

The degrees of freedom of contact features or the degrees of invariance of geometric features imply unbounded displace-
ments [9, 10]. In these cases, the respective set of constraints defines a polyhedron in R6. When the toleranced feature has no
degrees of freedom or invariance (as in the case of a complex surface), the set of constraints represents a polytope (a bounded
polyhedron).

On the one hand, Minkowski sums of polytopes have been a research subject explored with applications in biology [11],
robotics [12, 13], tolerance analysis [14, 15], among others. Because of their complexity, however, the computation of sums
in spaces of dimension greater than 3 is still a challenging matter. Mansuy et al. [16] propose a method for calculating
separately only the most disadvantageous vertices with respect to a functional polytope. Even if this method avoids the
computation of Minkowski sums, the set of computed vertices is only representative of a given functional condition. In
addition, the authors just consider the case of tolerance chains made up of features of the same invariance class and in a
particular relative position (i.e. a set of parallel planes). In these cases, the displacements linked to degrees of freedom or
invariance can be trivially isolated from the computations.

On the other hand, for the Minkowski sums of polyhedra, just a few studies have been proposed. Homri et al. [17]
suggested turning polyhedra into polytopes by introducing virtual boundaries, called cap half-spaces. This strategy has
to cope with the multiplication of cap half-spaces during the computation of Minkowski sums. As a consequence, the time
taken for computing cap facets (facets associated with cap half-spaces) is in general far greater than that needed for computing
facets representing real limits of bounded displacements. Fukuda [18] presented an algorithm to compute Minkowski sums
of polytopes, mentioning the possibility of applying the same procedure for the case of polyhedra with at least one vertex
(pointed polyhedra) by treating infinite rays as points at ‘infinity’. However, due to the degrees of freedom (or invariance),
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the polyhedra manipulated in tolerancing usually do not have vertices. Each degree of freedom (or invariance) implies a
sweeping operation of a polytope along a straight line, placing the vertices at infinity.

The set of displacements required to completely define the relative position between two features in a tolerance chain
can be identified by a kinematic analysis. At a later stage, the objective of tolerance analysis is to determine the limits of
these displacements. For this reason it is common to find tolerance analysis techniques in the literature involving kinematic
analysis [19, 20, 21, 22]. However, it has been done just for the case of parametric techniques (which are not able to treat
assemblies with redundantly suppressed degrees of freedom). The advantages of applying kinematic analysis in the case of
techniques based on sets of constraints remain unexplored, and this is actually the objective of this paper.

One possible way to model rigid body motions is by means of the theory of Euclidean group displacements. This theory
states that in the affine Euclidean space of dimension 3, the set of rigid transformations has an algebraic structure of a con-
tinuous group, more specifically it is a Lie group of dimension 6 [23]. Therefore, the union of two successive displacements
is also a displacement [24]. Fanghella [25] presented an exhaustive list of products of subgroups. The author produced this
classification by analyzing systematically all possible couples of subgroups and their geometric relations (coincidence, par-
allelism, intersection, etc.). Hervé [26] presented a more general procedure by using the exponential maps of the Lie groups
enumerating 12 possible kinds of displacement subgroups. However, the 12 displacement subgroups cannot explain all rigid
motions in space. Under most conditions, a rigid motion is simply a displacement manifold included in the displacement
group but not a subgroup itself [27].

In a similar way, using the theory of screws [28] it is possible to perform spatial kinematic analysis. By computing
systematically the union and intersection of screws the mobility condition of any two surfaces of a mechanical system can
be determined [29, 30, 31]. Open serial and closed chains can be analyzed even if the former present redundantly suppressed
degrees of freedom. For these purposes, the classification of screw systems plays an important role. Rico Martinez and
Duffy [32, 33] proposed a classification based on the reciprocal basis of screw systems. A general approach for mechanisms
analysis and synthesis based on this reciprocity is proposed by Dai and Jones [34].

This paper proposes the use of the theory of screws for modeling the mobility conditions of an assembly during tolerance
simulation with sets of geometric constraints. It enables us to simplify the sets of constraints, decomposing them into the
sum of a polytope (a bounded set) and a set of straight lines (an unbounded set). When the operand sets are decomposed,
their sum can be calculated by dealing with the underlying polytopes. This implies a reduction in operand complexity and
consequently a reduction in the computational time. In this work, the advantages of using the proposed model (decomposed
polyhedra) are explored only in the case of sums, i.e. when the tolerance chain is made up of serial contacts.

The next section of the paper introduces the way to sum sets of constraints based on polytopes and cap half-spaces. In
section 3 the new strategy based on kinematic analysis is presented. Next, in section 4, a case study is solved using the
proposed method and the results are compared with those obtained by the method based on cap half-spaces. Finally, some
conclusions and perspectives are discussed in section 5.

2. Tolerance analysis with polytopes of R6

In this section, the tolerance analysis method based on the operation with polytopes of R6 is presented with its mathe-
matical support and illustrated with an example. For further details the reader can refer to [17].

Before going into the details of polyhedra and polytopes in the field of geometric tolerancing, let’s present some defini-
tions required for this paper. They are taken from [35].

Definition 2.1. AnH-polyhedron is an intersection of many finitely closed half-spaces in some Rn.

Definition 2.2. A polytope is a polyhedron that is bounded in the sense that it does not contain a ray {x + ty : t ≥ 0, x, y ∈
Rn} for any y , 0. AV-polytope is the convex hull of a finite set of points in some Rn.

According to the Minkowski-Weyl theorem, the H-description (where H refers to half-space) and the V-description
(where V refers to vertex) of a polytope are equivalent. It makes the link between the two dual intuitive definitions of a
polytope: one based on facets and the other based on vertices (see Figure 1).

Figure 1: Two equivalent definitions of a polytope: facets or half-spaces versus vertices

Definition 2.3. A polyhedron is pointed if it does not contain an entire line and then contains at least one vertex.
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2.1. Sets of constraints and polyhedra

Let S 1 be a substitute surface related to a nominal feature S 0 (see Figure 2). The position and orientation of S 0 can be
restricted by a specification, which in turn defines a tolerance zone TZ, offsetting S 0 from din f to dsup. This tolerance zone
implies a restriction on the position of the points Ni ∈ S 0:

S 1 ⊆ ZT ⇔ ∀Ni ∈ S 0 : din f ≤ tNi · ni ≤ dsup (1)

where tNi is the translation displacement of S 1 in relation to S 0 at point Ni.

Figure 2: Toleranced feature and tolerance zone [17]

Expressing the constraints in (1) at any point M of the Euclidean space and linearizing the rotations under the assumption
of small displacements we have:

din f ≤ (tM + Ni M × r) · ni ≤ dsup (2)

where r is the rotation vector of S 1 in relation to S 0.
Considering a vectorial base [u, v,w], we define the vectors r = [ru, rv, rw]T , tM = [tu, tv, tw]T , Ni M = [diu, div, diw]T ,

ni = [niu, niv, niw]T . When expanding the vectorial and scalar products in inequality (2) and setting ru = x1, rv = x2, rw = x3,
tu = x4, tv = x5 and tw = x6, we obtain:

din f ≤(nivdiw − niwdiv)x1 + (niwdiu − niudiw)x2 + (niudiv − nivdiu)x3 + niux4 + nivx5 + niwx6 ≤ dsup (3)

These constraints can be modeled with half-spaces. For each point Ni ∈ S 0, two parallel half-spaces are obtained. Then,
if a finite set of m points Ni is considered, a set of 2m constraints is obtained [17]. The intersection of these constraints
defines a convexH-polyhedron in R6 [4]:

Γ =

2m⋂
k=1

H̄−k where H̄−k =
{
x ∈ R6 : bk + ak1x1 + ... + ak6x6 ≥ 0

}
for all k ∈ {1, ..., 2m} (4)

In a similar way, a polyhedron representing the allowable displacements of a couple of features potentially in contact can
be defined. In this case, the toleranced feature is defined in the nominal case of permanent contact between the features and
the tolerance zone is obtained by offsetting the toleranced feature according to the clearance value.

Finally, a functional polytope can be created with the same procedure that defines a geometric specification between two
surfaces of the same part.

Except for the case of complex surfaces, the set of constraints derived from a toleranced feature (Eq. (4)) defines an
unbounded set in the 6-dimensional space of deviations, i.e. a polyhedron. This is a consequence of the degrees of invariance
of the toleranced features or the degrees of freedom of the joints which define unbounded displacements. These polyhedra
are generally not pointed (according to definition 2.3). As a consequence, they do not have vertices and thus, the computation
of double descriptions and Minkowski sums becomes more complicated.

2.2. Polytopes and cap half-spaces

Due to the aforementioned difficulties treating polyhedra, Homri et al. [17] suggested turning them into polytopes intro-
ducing virtual boundaries called cap facets, H̄c:

Γ′ =

 2m⋂
k=1

H̄−k

 ∩
 2d⋂

j=1

H̄c−j

 = Γ ∩

 2d⋂
j=1

H̄c−j

 (5)

where d is the number of degrees of invariance (or freedom) of the toleranced (or kinematic) feature. Notice that the strict
minimum of cap facets is introduced to each polyhedron. An example of the introduction of cap facets is presented in Figure
3. In this figure a 6D polyhedron derived from the geometric constraints of a plane surface is depicted in two partial 3D
representations. The bottom left polyhedron is a partial visualization of the rotations and the right is one of the translations.
As the tolerance zone imposes limits on rx, ry and tz, cap facets are required to virtually limit the unbounded displacements
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Figure 3: Cap half-spaces to virtually limit rz, tx and ty depicted in red, blue and green respectively.

rz (in the polyhedron at the right), tx and ty (in the polyhedron at the left). The decision to add cap facets to obtain bounded
sets is only for to algorithmic reasons.

The only issue arising from the method based on cap facets is that the topology of the operand polytopes is affected,
increasing its complexity. Although such an issue does not influence the results from the tolerancing point of view, it does
involve spending time calculating meaningless information. During a simulation, this problem increases after each sum due
to the accumulation of the degrees of freedom along the toleranced chains. Therefore, after the first sum, the definition of the
set of cap facets of the operand polytopes is no longer minimal. As a consequence, the time for computing cap facets is in
general far greater than that for computing significant facets.

2.3. Example of tolerance analysis with polytopes of R6

A tolerance analysis of a sub-assembly of a slider-crank mechanism is presented below in order to illustrate the method
based on polytopes and cap half-spaces. Later, in section 4, the whole assembly is addressed comparing the actual approach
with the new enhanced method. As depicted in Figure 4, the functional condition FC1 implies the control of the relative
position of the inferior cylindrical surface of the connecting rod and the upper plane surface of the piston. These surfaces are
designated 1,2 and 3,2 in Figure 5. Contact and geometrical defects in the involved parts are modelled with polytopes for
calculating the stack-up of deviations.

The topological model of the mechanism is depicted by the contact graph in Figure 5b. The nodes designated as α, β
represent the nominal model of a part when β = 0, and the substitute surfaces when β , 0. Each edge of the graph represents
some deviations. These may be geometric deviations, in the case of inner edges, or deviations due to contacts, in the case of
edges connecting two nodes from different parts. These deviations can be represented by geometric and contact polyhedra
respectively [17].

By analyzing the contact graph, the set of operations required to simulate the relative position of the surfaces involved by
the functional condition can be determined. The following relation can then be deduced:

Γ1,2/3,2 = Γ1,2/1,0 ⊕ Γ1,0/1,1 ⊕ Γ1,1/2,1 ⊕ Γ2,1/3,1 ⊕ Γ3,1/3,0 ⊕ Γ3,0/3,2 (6)

where Γ f /g is the polyhedron describing the relative position of the surface f with respect to the surface g.
In Eq. (6) some polyhedra are defined over the same surface and consequently they are homothetic. This is the case for

polyhedra Γ1,0/1,1 and Γ1,1/2,1 and polytopes Γ2,1/3,1 and Γ3,1/3,0. The sum of homothetic polyhedra can be performed directly
by homothetic transformations and no numerical computation is needed. Then, Eq. (6) can be simplified as:

Γ1,2/3,2 = Γ1,2/1,0 ⊕ Γ1,0/2,1 ⊕ Γ2,1/3,0 ⊕ Γ3,0/3,2 (7)
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Figure 4: Proposed case study: slider-crank mechanism

(a) Parts and faces enumeration (b) Contact graph

Figure 5: CAD and topological model of the assembly (CP: cylindrical pair)
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Figure 6: 3D representation of simulation of FC1 in 6D. Cap facets are shown in red.

In order to calculate Γ1,2/3,2, the strategy proposed by Homri et al. [17] suggests the introduction of cap facets to the
initial operand polyhedra in order to bound them and obtain polytopes. Polytopes Γ′1,0/2,1, Γ′2,1/3,0 and Γ′3,0/3,2 (from CAD
cylindrical surfaces oriented along the x-axis) required two pairs of cap facets to limit rotation and translation along the x-
axis (hereafter rx and tx respectively). Three pairs of cap facets were introduced to Γ′1,0/1,2 (defined from a plane surface with
normal along y-axis) to impose virtual limits along tx, tz and ry. The truncation of the operands was required to obtain their
list of vertices (see [8] for further details). After obtaining all the operands inV-description and belonging to the same space,
the Minkowski sums of Eq. (7) were computed. The computations were performed with the open source library politopix:
http://i2m.u-bordeaux.fr/politopix.html.

Figure 7 shows a 3D representation of the first sum of the simulation. It is worth mentioning that some of the figures
showing 3D polytopes in this paper are just partial representations since their original polytopes belong to spaces with a
dimension larger than three. A projection into a three-dimensional subspace was therefore carried out. For this case, the
operands were calculated at the centroid of surface 2,1 and were then projected to the subspace spanned by [rx, rz, ty] for
visualization purposes. Notice that from a strict minimum set of cap facets (facets in red) in the operands, originally required
just to close the sets, many cap facets and consequently many unnecessary vertices appear in the calculated polytope Γ1,2/2,1.
The result of this sum, which models the possible deviations of a plane surface oriented along the y-axis (face 1,2) with
respect to a cylindrical surface oriented along the x-axis (face 2,1), shows that only two displacements can be controlled:
rz and ty (this conclusion is justified further on with a kinematic analysis). With this strategy, however, many vertices are
computed along the directions of unbounded displacements: rx, ry, tx and tz in this case. This situation is clearly illustrated
in Figure 7, where many unnecessary facets where calculated along rx.

When the result of a sum is used again as an operand for a subsequent sum, this issue becomes worse since the operands
are already highly ‘contaminated’ with vertices from cap facets. Notice that at the lats step of the simulation, for which the
results are presented in Table 1, the calculated polytope is made up of 99.9% of cap facets. This can be justified by the
accumulation and propagation of the degrees of freedom along the tolerance chain. The cap facets were identified following
the strategy proposed in [36].

Table 1: Summary of the computations in R6 for FC1 performed with an Intel Core i7-3740QM.

Polytope Total number of facets Percentage of cap facets Vertices Time [s]
Γ′1,2/1,0 50 12% 192 -
Γ′1,0/2,1 20 20% 256 -
Γ′2,1/3,0 20 20% 256 -
Γ′3,0/3,2 20 20% 256 -
Γ′1,2/2,1 = Γ′1,2/1,0 ⊕ Γ′1,0/2,1 1144 99.6% 4032 25
Γ′1,2/3,0 = Γ′1,2/2,1 ⊕ Γ′2,1/3,0 5208 99.8% 16320 3730
Γ′1,2/3,2 = Γ′1,2/3,0 ⊕ Γ′3,0/3,2 19810 99.9% 55808 58870
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Figure 7: 3D representation of the first sum in R6 for FC1. Cap facets are shown in red.

The above results show clearly a situation to be considered to reduce the computational times. The main issue is how to
avoid computing worthless information (cap facets) in tolerance analysis with sets of constraints. One possible solution is
presented in the next section, where a new method is described for summing polyhedra based on the decomposition of the
operand polytopes.

3. On the sum of decomposed polyhedra

According to the Minkowski-Weyl theorem [35], a polyhedron can be decomposed into the sum of a bounded part and
an unbounded part, namely a polytope P and a polyhedral cone C:

Γ = P ⊕C (8)

The polyhedral cone of a polyhedron can be identified considering the degrees of invariance of the toleranced feature or
the degrees of freedom of the joint. Each of these unbounded displacements characterizes a straight line ∆ j, in R6:

C =

d∑
j=1

∆ j with d ≤ 6 (9)

It is along these straight lines that the underlying polytope (derived from geometric or contact constraints) is ‘extruded’
to generate a polyhedron (see Figure 8).

Figure 8: Decomposition of a polyhedron into the sum of a polytope and a straight line

3.1. Identification of unbounded displacements by kinematic analysis

Because of their linear properties, screw systems are a very suitable tool for analyzing the instantaneous kinematics of
assemblies for tolerance analysis purposes. According to this theory, an allowable motion can be represented as a twist and
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a restricted motion as a wrench [37]. Both twists T̂ and wrenches Ŵ are 1x6 vectors, written as [38]:

T̂ = [ω | v] = [ω | r × ω] (10)

Ŵ = [ f | m] = [ f | r × f ] (11)

where ω is a unit angular velocity vector, v is a unit linear velocity vector, f is a unit force vector, m is unit moment vector
about the point r. The advantage of using screws is that the mobility analysis can be performed just by using the geometric
parameters of the features.

The degrees of freedom of a joint characterize a subspace of R6: the twist-space. This subspace is defined by the set of d
twists describing the mobility condition of the feature [39]:

T =


T̂1
T̂2
...

T̂d

 (12)

T is usually called twist-matrix and its dual vector space, represented by a wrench-matrix, corresponds to the subspace of
bounded displacements: the wrench-space. As the twist-space and the wrench-space are orthogonal subspaces, it is possible
to compute a wrench-matrix from a twist-matrix and vice versa. This property, called reciprocity of screws, is one of the
most important properties of this theory since changing from one subspace to the other is made easy. This duality is valid if
and only if the virtual work of the wrenches on the twists is zero. It can be said if it is assumed that the constrained parts are
rigid, the contact surfaces are frictionless and the contact between parts does not break [30].

The mobility conditions of a set of features can describe as well as it is done for a single one. If the features are assembled
in a serial configuration, the twist-matrices must be joined together, as in Eq. (12). When the features are assembled in a
parallel configuration (as in the case of parts mated with multiple contacts), the set of unbounded displacements can be
calculated as the intersection of the twists, or more simply, as the union of the corresponding wrenches [39, 38]. Then,
by means of unions and intersections of screws, the mobility conditions of any couple of faces in a tolerance chain can be
characterized.

A screw can be interpreted as a vector in the 6-dimensional space of Euclidean motions [40]. For a given feature, a twist
can be seen as the director vector of a straight line ∆ j in R6 characterizing a non-restricted displacement, as depicted in
Figure 8. By duality, this vector represents a hyperplane. In turn, the intersection of the hyperplanes orthogonal to each of
the twists of a feature characterizes the wrench-space. As the geometric constraints obtained in tolerancing are limits in the
directions of bounded displacements, they define a polytope in the wrench-space. The sweeping of this polytope along the
straight lines of the non-restricted displacement defines an operand polyhedron in R6.

3.2. Polyhedra decomposition
In accordance with the above, the mobility conditions of a kinematic joint can be identified according to its degrees of

freedom. We distinguish three types of kinematic joints according to their type contact feature: surfaces, lines and point. The
contact feature is defined in the nominal case of permanent contact between the surfaces of the kinematic joint [17].

According to the ISO standards [41], we consider in the case of surfacic contact features: spherical, planar, cylindrical,
revolute and prismatic pairs. The straight lines characterizing the unbounded displacements for these cases are presented
in Table 2. The helical pair is not treated as it is not of interest for geometric tolerancing. In the case of linear contact
features, we consider ball-and-cylinder and cylinder-and-plane pairs. Their decomposition is given in Table 3. In the case of
punctual contact feature, we consider the ball-and-plane pair (see Table 4). Even if the same reasoning can be applied for the
exhaustive list of cases, we only address those of interest in the subject of tolerancing.

As a toleranced feature has no mobility, it is possible to see it as a joint (usually called internal joint) mating the nominal
feature and the substitute one. The mobility in this case is characterized by the set of displacements leaving the toleranced
feature invariant in the tolerance zone. In other words, the degree of invariance of an internal joint (i.e. a toleranced feature)
can be modelled the same way we model the degree of freedom of a kinematic joint. Tolerance chains generally involve
internal and kinematic joints alternatively. The general procedure for identifing the unbounded displacements in a tolerance
chain is summarized in Figure 9.

The invariance degree of a surface is defined according to 7 invariance classes [42, 43]. We consider spherical, plane,
cylindrical, of revolution, prismatic and complex classes (see Table 2). Like the helical pair, the helical class is not considered
because it is not of interest in geometric tolerancing.

Once the straight lines of the polyhedron are identified, the underlying polytope can be obtained. This can be done by
intersecting the original set of constraints (which is obtained by applying double inequality (3) to a set of points belonging
to a toleranced feature) with a set of hyperplanes H∆ j such that H∆ j ⊥ ∆ j ∀ j ∈ {1, ..., d}. Tables 2, 3 and 4 present this
decomposition for sets of constraints derived from surfaces, lines and a point, respectively.

3.3. Summing the underlying polytopes of two polyhedra
The decomposition of operand polyhedra proposed in the previous section gives way to simplified techniques for cal-

culating the accumulation of manufacturing defects in mechanical systems. Next, instead of operating polyhedra in R6 or
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Figure 9: Flow chart of the decomposition of polyhedra

Kinematic joint
Class of

toleranced surface
Tolerancing constraints Lines of unbounded displacements

Spherical pair Spherical surface

P =

2m⋂
k=1

H̄−k
⋂

H∆1

⋂
H∆2

⋂
H∆3

∆1 =
{
x = λT̂ru = λ[u | Ni M × u]

}
∆2 =

{
x = λT̂rv = λ[v | Ni M × v]

}
∆3 =

{
x = λT̂rw = λ[w | Ni M × w]

}
Planar pair Plane surface

P =

2m⋂
k=1

H̄−k
⋂

H∆3

⋂
H∆4

⋂
H∆5

∆3 =
{
x = λT̂rw = λ[w | 0]

}
∆4 =

{
x = λT̂tu = λ[0 | u]

}
∆5 =

{
x = λT̂tv = λ[0 | v]

}
Cylindrical pair Cylindrical surface

P =

2m⋂
k=1

H̄−k
⋂

H∆1

⋂
H∆4

∆1 =
{
x = λT̂ru = λ[u | Ni M × u]

}
∆4 =

{
x = λT̂tu = λ[0 | u]

}

Revolute pair
Surface of
revolution

P =

2m⋂
k=1

H̄−k
⋂

H∆1 ∆1 =
{
x = λT̂ru = λ[u | Ni M × u]

}

Prismatic pair Prismatic surface

P =

2m⋂
k=1

H̄−k
⋂

H∆4 ∆4 =
{
x = λT̂tu = λ[0 | u]

}

N/A

Complex surface

P =

2m⋂
k=1

H̄−k N/A

Table 2: Decomposition of polyhedra derived from surfaces, x = {x1, ..., x6} ∈ R6, λ ∈ R.

its corresponding polytopes made up of cap facets, we propose the manipulation of simplified sets of constraints after the
exclusion of the straight lines derived from the unbounded displacements (according to Tables 2, 3 and 4).
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Kinematic joint Tolerancing constraints Lines of unbounded displacements
Ball-and-cylinder

pair

P =

2m⋂
k=1

H̄−k
⋂

H∆1

⋂
H∆2

⋂
H∆3

⋂
H∆4

∆1 =
{
x = λT̂ru = λ[u | Ni M × u]

}
∆2 =

{
x = λT̂rv = λ[v | Ni M × v]

}
∆3 =

{
x = λT̂rw = λ[w | Ni M × w]

}
∆4 =

{
x = λT̂tu = λ[0 | u],

}
Cylinder-and-plane

pair

P =

2m⋂
k=1

H̄−k
⋂

H∆1

⋂
H∆3

⋂
H∆4

⋂
H∆5

with m = 2

∆1 =
{
x = λT̂ru = λ[u, Ni M × u]

}
∆3 =

{
x = λT̂rw = λ[w | 0]

}
∆4 =

{
x = λT̂tu = λ[0 | u]

}
∆5 =

{
x = λT̂tv = λ[0 | v]

}

Table 3: Decomposition of polyhedra derived from linear features, x = {x1, ..., x6} ∈ R6, λ ∈ R.

Kinematic joint Tolerancing constraints Lines of unbounded displacements
Ball-and-plane pair

P =

2m⋂
k=1

H̄−k
⋂

H∆1

⋂
H∆2

⋂
H∆3

⋂
H∆4

⋂
H∆5

with m = 1

∆1 =
{
x = λT̂ru = λ[u | 0]

}
∆2 =

{
x = λT̂rv = λ[v | 0]

}
∆3 =

{
x = λT̂rw = λ[w | 0]

}
∆4 =

{
x = λT̂tu = λ[0 | u]

}
∆5 =

{
x = λT̂tv = λ[0 | v]

}
Table 4: Decomposition of polyhedra derived from punctual contacts, x = {x1, ..., x6} ∈ R6, λ ∈ R.

Let Γ1 and Γ2 be two polyhedra, then their sum can be calculated by summing their underlying polytopes in the smallest
possible subspace. Therefore, according to Eq. (8) the following can be posed:

Γ1 ⊕ Γ2 = P1 ⊕ P2 ⊕C1 ⊕C2 (13)

The idea is then to isolate the two polyhedral cones C1 and C2 from the sum to reduce the complexity. The sum P1 + P2
is, in general, a sum of two non-full-dimensional polytopes of Rn (with 1 ≤ n ≤ 6). From Eq. (13) the synthesis of an
algorithm to compute the sum of decomposed polyhedra is straightforward:

Algorithm 1 Sum of decomposed polyhedra

Require: ΓA, ΓB

Ensure: ΓS = ΓA ⊕ ΓB

1: decompose ΓA = PA ⊕CA

2: decompose ΓB = PB ⊕CB

3: if dim(CA ⊕CB) = 6 then
4: ΓS = R6

5: else
6: computeV-descriptionVA = conv(a1, ..., ar)
7: computeV-descriptionVB = conv(b1, ..., bs)
8: compute sumVS = VA ⊕VB

9: ΓS = VS ⊕CA ⊕CB

10: end if

Although the “natural way” to perform the sum of two polytopes is to compute the sum of all the vertices of the operands
and calculate after its convex hull, this is a very time-consuming strategy. In addition, the points which are not vertices but are
located on the boundary of the calculated polytope pose an additional challenge. There are some improved methods which
can treat non-dimensional polytopes, such as those presented in [44] and in [18]. The first algorithm takes advantage of the
property of the uniqueness of the Minkowski vertices decomposition for computing just the vertices defining the convex hull
of the resulting polytope. The second one exploits the adjacency properties of the operands’ vertices for computing just the
Minkowski vertices of the resulting polytope.
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4. Case study: slider-crank mechanism

4.1. FC1 simulation

The same case study already presented in section 2.3 was solved following the strategy based on the sum of decom-
posed polyhedra. The centroid of surface 2,1 was chosen as the point to express the screws for the mobility analysis. For
convenience, it is the same point used to express the polytopes in Section 2.

Applying the decomposition proposed in Tables 2, 3 and 4 to the set of constraints derived from plane surface 1,2, the
following can be obtained:

Γ1,2/1,0 = P1,2/1,0 ⊕C1,2/1,0

where the polyhedral cone C1,2/1,0 is defined by the space spanned by the rows of the matrix:

T1,2 =

 ry

tx

tz

 =

 0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1


When isolating the 3-dimensional polyhedral cone C1,2/1,0 from the operand Γ1,2/1,0, the 3-dimensional polytope P1,2/1,0

was obtained. The truncation of P1,2/1,0 was performed in a 3D subspace in order to obtain its V-description. Figure 10
shows a 3D representation of this operand. Notice in Table 5 that the number of vertices of P1,2/1,0 decreased 23 times with
respect to the equivalent operand Γ′1,2/1,0 from the strategy based on polytopes of R6 (see Table 1). This is due to the sweeping
operation that must be performed recursively 3 times to obtain the polytope Γ′1,2/1,0 in R6 from the polytope P1,2/1,0.

Similarly, the polyhedral cone of the operand related to surface 2,1 is characterized by the twist-matrix T2,1 presented
below.

T2,1 =

[
rx

tx

]
=

[
1 0 0 0 0 0
0 0 0 1 0 0

]
In Figure 10, a 3D representation of the decomposition of this operand is given. As rx is an unbounded displacement for

the cylindrical surface 2,1, this polyhedron can be decomposed putting aside the straight line ∆rx . Finally, the list of vertices
of P1,0/2,1 was calculated in a 4D subspace.

Figure 10: First sum of the computations for FC1 with decomposed polyhedra

Once we had theV-description of the operands, the Minkowski sum P1,2/2,1 = P1,2/1,0 ⊕ P1,0/2,1 could be performed. A
summary of the results is presented in Table 5. As the manipulated operand polytopes were less complex, computing the sum
took less time.

For the next sum, the set of straight lines (or the polyhedral cone) of the operand Γ1,2/2,1 was calculated joining the twist-
matrices T1,2 and T2,1. Then, P1,2/2,1 is the underlying polytope of the polyhedra Γ1,2/2,1, of which the polyhedral cone is
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characterized by T1,2/2,1.

T1,2/2,1 =


rx

ry

tx

tz

 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1


The other two Minkowski sums in Eq. (7) were performed following the same strategy. A summary of all the simulation

is presented in Table 5.
The main contribution of the proposed method can be observed in a reduction of the computation time by 97%. Fur-

thermore, the manipulation of less complex polytopes reduces the probabilities of having numerical problems during the
calculations.

It is worth mentioning that the simplification introduced by using the proposed approach keeps the set of constraints
representing real limits in the associated tolerancing problem unaltered. The new method merely avoids calculating worthless
information (constraints along axes of unbounded displacements). In fact, the equivalence of the results obtained by this
method and the results obtained by the method based on polytopes of R6 was verified. This was done by projecting the results
of both methods in the subspace of bounded displacements (the subspace spanned by [rz, ty]) and checking the equality of the
two polytopes, as shown in Figure 11.

Table 5: Summary of the computations with decomposed polyhedra for FC1 performed with an Intel Core i7-3740QM.

Polytope Vertices Time [s]
P1,2/1,0 24 -
P1,0/2,1 64 -
P2,1/3,0 64 -
P3,0/3,2 64 -
P1,2/2,1 = P1,2/1,0 ⊕ P1,0/2,1 960 0,3
P1,2/3,0 = P1,2/2,1 ⊕ P2,1/3,0 5008 52
P1,2/3,2 = P1,2/3,0 ⊕ P3,0/3,2 26280 1540

Figure 11: Comparison of the results obtained by both methods

4.2. FC2 simulation: whole crank slider mechanism
Tolerances along the whole crank slider mechanism were simulated to analyze FC2. This requirement requires control

geometrical variations in the combustion chamber between the upper planar surface of the block and the upper planar surface
of the piston, surfaces 5,2 and 1,5 respectively in figure 5a. The surfaces belonging to the block, surfaces 5,1, 5,2 and 5,3,
are assumed rigidly fixed. As simulation had to be performed for a given position of the mechanism, we have chosen the
extreme configuration with the piston in top dead centre.

The fact of having a closed loop implies the computation of an intersection, as it can be noticed in Eq. 14. Assuming
some homothetic transformations, the operations required for the simulation of FC2 are:

Γ5,2/1,2 = Γ5,2/5,0 ⊕
(
Γ5,0/1,0−a ∩ Γ5,0/1,0−b

)
(14)

where

Γ5,0/1,0−b = Γ1,0/2,1 ⊕ Γ2,1/3,0 ⊕ Γ3,0/4,0 ⊕ Γ4,0/5,0 (15)
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The computation of Γ5,0/1,0−b can be performed in a 4D space isolating the straight lines associated to the DOFs of the
operands, which in turn are related with the twists:

T5,0/1,0−b =



T1,0/2,1

T2,1/3,0

T3,0/4,0

T4,0/5,0



=



1 0 0 0 0 0
0 0 0 1 0 0

1 0 0 0 0 0
0 0 0 1 0 0

1 0 0 0 0 0
0 0 0 0 d1z −d1y

1 0 0 0 0 0
0 0 0 0 d2z −d2y



(16)

where d1 = [d1x d1y d1z] and d2 = [d2x d2y d2z] are respectively the position vectors of the local reference system of the
surfaces 3,2 and 4,2 regarding the point chosen for the mobility analysis (centroid of surface 2,1).

The next operation, the intersection, demands the union of the wrenches associated to the operands for modelling the
mobility conditions of the surface 5,0 with respect to 1,0:

W5,0/1,0 =



W5,0/1,0−a

W5,0/1,0−b


=



1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0


(17)

As it can be noticed,W5,0/1,0 can be reduced to the identity matrix, which means that Γ5,0/1,0 is a 6D operand and can not
be decomposed. Therefore, the final twist matrix is composed only of the mobility introduced by Γ5,2/5,0:

T5,2/1,2 =

 0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

 (18)

The summary of the simulation for FC2 is presented in table 6. With the proposed strategy the computational time for
computing the sums was reduced by 76% with respect to the approach based on 6D operands. The results of FC1 could not
be used directly for the simulation of FC2, because the first one is not exactly a subset of the second one. Comparing the time
of both simulations, it can be noticed than that for FC1 is greater. This can be justified by the fact that, in this simulation,
the operand of the planar surface 1,2 is summed directly with the ones derived from the cylindrical surfaces. For FC2, on
the contrary, the first sum is made up of operands derived from cylindrical surfaces whose axes are parallel between them
and belong to the same plane. This implies operands polytopes with similar topology, and then, their sum take much less
time. Additionally, the intersection performed before the final sum, implies a significant reduction in complexity due to the
restriction of all the DOFs in the operand Γ5,0/1,0 (as shown in Eq. 17).

Table 6: Summary of the sums for the simulation of FC2

Current method Proposed method
Polytope Vertices Time [s] Vertices Time [s]
Γ1,0/2,1 ⊕ Γ2,1/3,0 3304 5,6 512 0,7
Γ1,0/3,0 ⊕ Γ3,0/4,0 10864 69,3 1728 16,3
Γ1,0/4,0 ⊕ Γ4,0/5,0 34480 522,4 4096 160,4
Γ4,0/5,0−a ∩ Γ4,0/5,0−b 4288 - 4288 -
Γ4,0/5,0 ⊕ Γ5,2/5,0 48440 1207 29544 251,3

5. Conclusions and future work

In this paper, a new method for calculating the cumulative stack up of deviations with sets of constraints was presented.
The method is based on the decomposition of geometric and contact polyhedra into the sum of polytopes (the bounded part
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Figure 12: 3D representation of simulation of FC2 in 6D

of the polyhedron) and polyhedral cones (the unbounded part of the polyhedron). When performing a sum of polyhedra, it is
possible to exploit this property and take just the bounded parts to calculate the sum. This new way of operating polyhedra
was detailed in an algorithm.

The proposed decomposition of polyhedra is based on kinematic analysis of the toleranced features. Using the theory of
screws it is possible to model the mobility conditions of a feature with respect to a reference or to another feature. In this way,
the set of unbounded displacements can be identified, which in turn characterizes the polyhedral cone of the polyhedron. As
the main interest of tolerance analysis lies in calculating the limits of the controllable displacement, which are characterized
by the underlying polytopes of the operands, the polyhedral cones of the operands can be isolated from the simulation to
reduce the complexity of the manipulated models.

The procedure and the results from applying the method were shown in a case study. A slider-crank mechanism was
analyzed. The direct consequence of applying the new method was a 76% reduction in the computational time for the
sums. In addition to the reduction in computational time, the method based on the decomposition of polyhedra reduces the
complexity of the operands, and hence, the probabilities of having numerical problems during the calculations.

Due to the computational cost of summing of sets of constraints, the advantages of manipulating decomposed polyhedra
were explored only for the case of serial assembly. Therefore, further work is required to formalize a strategy when the
tolerance chain also contains parallel contacts.

When dealing with unilateral contacts, the polyhedra obtained from the sets of constraints are pointed (according to
definition 2.3). As a consequence, the operand polyhedra cannot be completely decomposed as proposed in this paper.
In these cases, the strategy based on cap half-spaces can be useful for simulating bounded sets in order to perform the
computations.

In product design, the fact of recognizing the most influential features in a tolerance chain is essential. This information
enables tolerances to be allocated in an optimal way in order to reduce production costs. In tolerance analysis, sets of con-
straints ensure that this can be achieved thanks to the traceability of the vertices and facets through the whole computational
process. In this respect, the method presented in this paper is a first filter to identify among all the facets of the operands
those that really influence the FC. However, further work is still required to develop a strategy with which to qualify the level
of influence of the facets of the operands on the facets of the functional polytope (the polytope representing the FC).
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[24] JM Hervé. The Lie group of rigid body displacements, a fundamental tool for mechanism design. Mechanism and Machine Theory, 34(5):719–730,
July 1999.

[25] Pietro Fanghella. Kinematics of spatial linkages by group algebra: A structure-based approach. Mechanism and Machine Theory, 23(3):171–183,
1988.
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