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Abstract

The aim of this work is to study the controllability of infinite bilinear Schrédinger equations on
a segment. In particular, we consider the equations (BSE) idu)? = —Avy? + u(t) By’ in the Hilbert
space L*((0,1),C) for every j € N*. The Laplacian —A is equipped with Dirichlet homogeneous
boundary conditions, B is a bounded symmetric operator and u € L*((0,T),R) with T > 0. First, we
show that simultaneously controlling infinite (BSE) by projecting onto suitable N dimensional spaces
is equivalent to the simultaneous controllability of N equations (without projecting). Second, we
prove the simultaneous local and global exact controllability of infinite bilinear Schrédinger equations
in projection. The local controllability is guaranteed for any positive time and both the outcomes
can be ensured for explicit B. In conclusion, we rephrase the results in terms of density matrices.

AMS subject classifications: 35Q41, 93C20, 93B05, 81Q15.

Keywords: Schrodinger equation, simultaneous control, global exact controllability, moment problem,
perturbation theory, density matrices.

1 Introduction

1.1 The problem

In this work, we consider infinite particles constrained in a one-dimensional bounded region and subjected
to an external control field. A suitable choice for such setting is to model the dynamics of these particles
by infinitely many bilinear Schrédinger equations in the Hilbert space 52 = L?((0,1),C)

(BSE) {iat%'(t) = Ay;(t) +u(t)By;(t), te(0,T), T>0,

4;(0) = v0 € L7((0. 1), ©), jEN.
The Laplacian A = —A is equipped with homogeneous Dirichlet boundary conditions such that
D(A) = H*((0,1),C) N H((0,1),C).
The bounded symmetric operator B models the action of the external field, while the control function

u € L?((0,T),R) represents its intensity.

We study the controllability of the infinite bilinear Schrodinger equations (BSE) at the same time T
with one unique control u by projecting onto suitable finite dimensional subspaces of 2.

In order to detail the purpose of the work, we need to introduce the following notations. First, we
denote by I'}* the unitary propagator in ¢ generated by the dynamics of the (BSE) in a given time
interval [0,¢] (when it is defined). Second, we consider an orthonormal system ¥ := {1;},;cn- and we
call 7y (¥) with N € N* the orthogonal projector such that

(1) an (W) : A — span{y); : j < N} Lz.



Third, we said that two sequences of functions {z/le }ien+, {1#]2'}3‘61\!* C 2 are unitarily equivalent when
there exists I' € U () (the space of the unitary operators in .#) such that

¥ =Ty3, Vj € N*.

We investigate the existence of orthonormal systems ¥ so that, for any suitable {z/);}jeN* and
{47} jen+ unitarily equivalent, there exist 7> 0 and u € L*((0,T),R) such that

(2) T (0) Tl = 10, (W) )2 Vj € N*.
If we denote by (-,-)72 the usual L?—scalar product, then the identities (2) become
<¢k7r}111'1/}_71'>[/2 = <1/)k77/)12'>L27 VJ,ICEN*, kSN

In order to achieve the result, we show that the simultaneous global exact controllability in projection onto
a suitable N dimensional space is equivalent to the controllability of N problems (without projecting).

1.2 Main results

Let || - ||z be the norm of the Hilbert space 5# = L?((0,1),C) such that || - |2 = \/(:,") 2. Let
{o;}ien, {As}jen

respectively be the eigenfunctions and the eigenvalues of A such that

(3) ¢;(z) = V2sin(jmx), N =22, Vj € N*.

We notice that {¢;};en- forms an Hilbert basis of .7 and we consider the spaces
oo 1
3 3
Hy = DA, -l =1, = (D I8 dwral?)
k=1

EOO(H(LSO)) = {{d)j}jEN* - H?@)’ gséll\g ||¢j||(3) < OO}

Theorem 1.1. Let 'y be the unitary propagator in J€ generated by the dynamics of the (BSE) in the
time interval [0,t]. The two following results are equivalent with N € N*.

(1) Let {w}}jeN* and {¢]2}j€N* C H(So) be a couple of complete orthonormal systems of . Let T be the
unitary operator such that {fquz}jeN* = {7/1}}3'6&1*- For any ¥ := {¢;}j<n C H?o) orthonormal system
of A such that {fwj}jgjv C H(30), there exist T > 0 and u € L*((0,T),R) such that

(VT L2 = (Y, 93 L2, Vi k €N, k< N.
In other words, the following identities are satisfied (with wn(¥) defined in (1) ):
T ()T = T (9)Y7, Vj € N*.

(2) Let {4hj}j<n and {3}j<n C H?O) be a couple of orthonormal systems in J€. There exist T > 0
and u € L*((0,T),R) such that

Ty =7, Vj < N.

Theorem 1.1 ensures the equivalence between the controllability in projection of infinite bilinear
Schrodinger equations and the controllability of finitely many (BSE) without projecting.

Before providing the other main results of the work, we need to introduce further notations. For
s> 0, we call H® := H*((0,1),C), H§ := H§((0,1),C) and, for N € N*, we define

(4) IV = {(j,k) e N* x {1,...,N}:j #k}.



Assumptions I. The bounded symmetric operator B satisfies the following conditions.
1. For any N € N*, there exists Cx > 0 so that (¢, Bd;) 2| > Ck—g for every j < N and k € N*.

2. Ran(B|H(20)) C H(zo) and Ran(B|H(30)) C H3n H{.

3. For every N € N* and (4, k), (I, m) € IV such that (j,k) # (I,m) and j2 — k? — 2 + m? =0,
<¢]aB¢]>L2 - <¢k7B¢)k>L2 - <¢laB¢l>L2 + <¢maB¢m>L2 # 0.

The first condition in Assumptions I quantifies how much B “mixes” eigenstates, while the second
fixes its regularity. The third condition instead is required in order to decouple, through perturbation
theory techniques, the eigenvalues resonances appearing in the proof of the following result.

The next theorem states the second main outcome of the work which ensures the simultaneous local
exact controllability in projection for any positive time.

Theorem 1.2. Let T} be the unitary propagator in J€ generated by the dynamics of the (BSE) in
the time interval [0,t] with B satisfying Assumptions I. Let N € N*. For every T > 0, there exist a
neighborhood O in £*° (H?O)) and ¥ :={¢; }jen- € O such that the following result is verified. For every

{¥1}jen= € O, there exist {0;};<n CR and u € L*((0,T),R) such that

<¢k7rq’j“¢j>l/2 = eiej <wk7wjl'>[/2a \V/j,k c N*a ] S N7 k S Na
<¢kvr%¢]>L2:<¢kvw}>L27 VjvkeN*a j>N7 kSN

In other words, the following identities are satisfied (with wn(¥) defined in (1)):

TN (O)Thap; = e imn (0)eh; Vj e N, j <N,
N (U, = WN(\II)t/le., Vj e N*, j > N.
Theorem 1.2 allows to locally control infinite bilinear Schrodinger equations in any positive T' > 0

with one single u by projecting onto suitable a finite dimensional subspace of . The statement is a
simplification of Proposition 4.2 where the family {¢;};en+ and the neighborhood O are specified.

The next theorem states the third main result of the work that is the simultaneous global exact
controllability in projection.
Theorem 1.3. Let T} be the unitary propagator in € generated by the dynamics of the (BSE) in the
time interval [0,t] with B satisfying Assumptions I. Assume that ¥ := {1;}en- C H(30) s an orthonormal
system of 7. Let {z/;} }ien+ and {d’?}jeN* C Hé’o) be complete orthonormal systems of 7 and Te U(st)
be such that {fz/)?}jeN* = {¢}}jEN*' If the following condition is satisfied

(5) {Ty;}j<n C Hy,
with N € N*, then there exist T > 0, u € L*((0,T),R) and {0y }r<n C R such that

(6) (W, T4} 2 = € (Y, ¥2) 2,  Vj,k eN*, k< N.

Theorem 1.3 allows to control with a single v and at the same time T" any finite number of components
of infinitely many solutions of the problems (BSE). We notice that the outcome is guaranteed when the
orthonormal system {t;};en+ verifies a “H, —compatibility condition” exposed in (5) and is ensured
up to phases in the components which prevents to formulate the result in terms of projectors. Although,
if U3 =W then {TY?} <y = {¢j}j<n C H?o) and, since €' (Y2, 3) 2 = €6y, ; = %9 (Y, 9b?) L2 for
every j,k € N*| the relations (6) become

TN (U Tap) =y (U2) €943, Vj < N,
TN (U Thapj = mn (W2) 92, Vj > N.

As U? is composed by orthogonal elements, the next corollary follows.



Corollary 1.4. Let T'} be the unitary propagator in € generated by the dynamics of the (BSE) in
the time interval [0,t] with B satisfying Assumptions I. Let ' := {i}jene, O* 1= {2 }jen- C H?o)
be complete orthonormal systems of . For every N € N*, there exist T > 0, u € L?>((0,T),R) and
{0;}<n C R such that

Do) = ey, vj <N,
v (U2) Tl =0, Vj > N.

Here, one can notice the parallelism between our results with the ones provided in [MN15] by
Morancey and Nersesyan. On the one hand, Corollary 1.4 implies the controllability of any finite number
of bilinear Schrédinger equations (such as [MN15, Main Theorem]). On the other hand, similar state-
ments to Theorem 1.2 and Theorem 1.3 can be ensured by using Theorem 1.1 with the outcomes from
[MN15]. Nevertheless, in this case the hypotheses on the operator B would not be easy to confirm. More
precisely, the mentioned work studies the simultaneous global exact controllability of any finite number
of bilinear Schrodinger equations defined by the time-dependent Hamiltonian

H(t) = -A+V +u(t)M,, u € L*((0,T),R), D(-A) = H*N H},

with M, a multiplication operator for a function y and V' a suitable potential. One of the technical
conditions imposed on V assures that the eigenvalues of —A + V' are rationally independent (condition
(C7) from [MN15, p. 20]). The adopted hypotheses are not usually easy to validate and, for this reason,
they prove the existence a residual set Q in H* such that the controllability holds for every p € Q (where
a residual set is an intersection of countably many sets with dense interiors).

From this perspective, our purpose is different. We aim to provide explicit conditions on the problem,
such as Assumptions I, ensuring the controllabilty. To this end, we develop a new set of techniques from
the ones adopted in the mentioned work. For instance, we provide an alternative strategy to the “Coron’s
return method” (used in [MN15]) to prove the local controllability ensured by Theorem 1.2. For further
details on our approach, we refer to Section 4.1. In Example 2.2, we present specific control fields B
satisfying Assumptions I, i.e. B : 1) € S s z?1).

In Section 6, we use the controllability result provided by Corollary 1.4 in order to ensure the global
exact controllability for suitable density matrices by projecting onto suitable finite dimensional spaces.

1.3 A brief bibliography

Global approximate controllability results for the bilinear Schrédinger equation are provided with dif-
ferent techniques in literature. For instance, adiabatic arguments are considered by Boscain, Chittaro,
Gauthier, Mason, Rossi and Sigalotti in [BCMS12] and [BGRS15]. The result is achieved with Lyapunov
techniques by Mirrahimi in [Mir09] and by Nersesyan in [Ner10]. Lie-Galerking arguments are used by
Boscain, Boussaid, Caponigro, Chambrion, Mason and Sigalotti in [CMSB09], [BCCS12] and [BdCC13].

The exact controllability of the bilinear Schrodinger equation (BSE) is in general a more delicate
matter as a consequence of the results provided by Ball, Mardsen and Slemrod in [BMS82]. In particular,
they ensure that the equation is not exactly controllable in 7 and D(A) with controls in L? (R, R)
when B : D(A) — D(A), even though the (BSE) is well-posed in such spaces.

Despite this non-controllability result, many authors have addressed the problem for weaker notions
of controllability by considering suitable subspaces of D(A). This idea was preliminarly introduced by
Beauchard in [Bea05] and popularized by the work in [BL10]. Let M, be the multiplication operator for
a function p € . In [BL10], Beauchard and Laurent prove the local exact controllability of (BSE) in

a neighborhood of the first eigenfunction of A in SN H, (30) when B = M,, for a suitable u € H3.

Another important work on the subject is [Mor14] where Morancey ensures the simultaneous local
exact controllability in SN H fo) for at most three problems (BSE) and up to phases, when B = M, for
suitable p € H3. In [MN15] (mentioned before), Morancey and Nersesyan extend the previous result.
They prove the existence of a residual set of functions Q in H* so that, for B = M, and pu € Q, the
simultaneous global exact controllability is verified for any finite number of (BSE) in H ZLV) = D(JA+V?)

for any V € H*.



1.4 Scheme of the work

In Section 2, we fix the notations considered in the work and we present some preliminary features of
the problem such as the well-posedness of the (BSE) in the space H (30) ensured by [BL10].

In Section 3, we prove Theorem 1.1 by showing that the simultaneous global exact controllability in
projection onto a suitable N dimensional space is equivalent to the controllability of N problems .

In Section 4, we provide Proposition 4.2 and its proof. The proposition extends Theorem 1.2 and it
states the simultaneous local exact controllability in projection for any positive time up to phases. In
order to motivate the modification of the problem, we emphasize the obstructions to overcome.

In Section 5, we ensure the simultaneous global exact controllability of N (BSE) by gathering a global
approximate controllability and a local exact controllability. The outcome leads to Theorem 1.3.

In Section 6, we rephrase our results in terms of density matrices, while in Section 7, we provide some
conclusive comments on the results of our work.

In Appendix A, we briefly discuss the solvability of the so-called “moment problems”, while in Appendix
B, we develop the perturbation theory techniques adopted in the work.

2 Auxiliary results

2.1 Notations and preliminaries

We denote % = L%((0,1),C), its norm || - |2 and its scalar product (-, )72 such that

(. ghe = /0 T@g@)de,  Vf.ge .

Let # a Banach space. We introduce for s > 0,

N

Hipy =D(A), -l =11+ g, (Z\k ol
(™)
w(#) = {{v;}sen- < #| Z(ﬂwjn@)? <oo}.

We recall that {¢;};en- is the Hilbert basis composed by eigenfunctions of A defined in (3) and related
to the eigenvalues {\;} en-. Let

U= {4 }jen C I, Jn (V) == span{¢; : j < N}
We define 7y () the orthogonal projector such that
(8) Tn () : S — N (D).

Remark 2.1. If a bounded operator B satisfies Assumptions I, then B € L(H(20)’H(20)

closed in H, so for every {un}tnens C H such that uy, 2y w and Bu, N v, we have Bu = v. Now,

). Indeed, B is

H? H?
for every {u,}nens C H(20) such that uy, % w and Bu, - v, the convergences with respect to the
H-norm are implied and Bu = v. Hence, the operator B is closed in H(20) and B € L(H(QO), H(QO)). The
same arqument leads to B € L(H (0)7 H3 N HY) since Ran(B|H3 ) C H3N H}.

Example 2.2. Assumptions I are satisfied for B : v — x*. Indeed, the condition 1) is guaranteed as

(1= (it

|<¢],JI Pk L2|_ EY2rZ ~ (j+k)2x2 | Vj,kEN,j#k,
= (G+F)
, Vk € N*.

[(rs2200)12] = |3 = 3
The point 2) is trivially true, while the 3) holds since for (j,k), (I,m) € IV so that (j, k) # (I,m)
22 P2ami=0 = 2 -k 2-124m2£0.
We notice that the same properties are valid for other control operators such as

B:zbe%”'—)sin(g:v)w or B € H# — 239



2.2 Well-posedness
In the current subsection, we cite an important result of well-posedness for the following problem in #

) 0 (t) = Anp(t) + u(t) pu(t), t€(0,T),
"/)(O) = 1/JO € L2((0a 1)7(C)

Proposition 2.3. [BL10, Proposition 2] Let p € H3, T > 0, 4° € H(o) and u € L?((0,T),R). There
exists a unique mild solution of (9) in H(o); i.e. € C([0,T], H(3O ) so that

(10) Y(t) = e MAy0 — / t e A=y (s uap(s)ds, Yt e [0,T).
0

Moreover, for every R > 0, there exists C = C(T, i, R) > 0 such that, if ||ul|z2(0,7)r) < R, then, for
every Y0 € H?O), the solution satisfies

[l coqo.rym2, ) < CllY°ll3), [z = 19°) 2, VE€[0,T].

(0)

The outcome of Proposition 2.3 is not only valid for multiplication operators, but also for other
suitable operators B. Indeed, the same proofs of [BL10, Lemma 1] and [BL10, Proposition 2] lead to
the well-posedness of the (BSE) when B is a bounded symmetric operator such that

B € L(H{y), H* N Hy), B € L(H)),

which are verified if B satisfies Assumptions I, thanks to Remark 2.1. As a consequence, for every
{¥j}jen- € E“(H?O)) it follows {T'%4);}jen+ € £2°( (0)) We refer to (7) for the definition of EOO(HEO))

We denote T'} the unitary propagator in J# generated by the (BSE) in the time interval [0,¢] and,
for any mild solution v; in L?((0,1),C) of the j-th problem (BSE) with j € N*, we have

[¥4;(0) = v;(¢) .

2.3 Time reversibility

An important feature of the bilinear Schrodinger equation is the time reversibility. If we consider 1 (t) =
I'#4p? and we substitute ¢ with 7' — ¢ for 7' > 0 in a bilinear Schrédinger equation, then we have

0% 0 = —ATY% 90 — u(T — t)BT%_ 40, te(0,T),
F%iowo — I\%wO — wl'

We define the operator I'¥ such that T'% 40 = T#! for a(t) := u(T — t) and

(11) {iatfal/’l( () B) Ty, te (0,7),

Tyl =yl e L?((o 1),C).
As 90 = TED%y0 and o' = TulEep! it follows [% = (I'%)~! = (I'%4)*. The operator T'¥ describes the
reversed dynamics of I'¥ induced by the system (11) and generated by the Hamiltonian (—A — u(t)B).

3 Proof of Theorem 1.1

(2) = (1) Let 2 := {¢%};en- € H?O) be an orthonormal system. We consider {¢1}16N* {?}jen- C
H?o) complete orthonormal systems. Let Te U(s%) be such that FwQ wl and ka € H(o) for every

k < N. We notice that the controllability stated in the point (2) of Theorem 1.1 is also valid for the
reversed dynamics discussed in Section 2.3. Hence, there exist 7' > 0 and u € L?((0,T),R) such that

Thygl =Ty, VE<N, = (ool =Tyl 9be,  VikeN, k<N



Let @ be introduced in Section 2.3. The claim is proved since
(T, vd)ee = @WF Tl e = W, Ted) e = (0 0i)re, VikeN', k<N

(1) = (2) Let {¢j};<n, {¥7}j<n C Hfp) be two orthonormal systems of 7. We complete them by
defining two complete orthonormal systems {wjl Fiens, {¢J2'}jeN* C H(‘O’O). Now, thanks to the point (1),
there exist 7' > 0 and u € L?((0,T),R) such that

TN (U)Dep) = 7wy (2) 47, Vj € N*.
As U2 is composed by orthogonal elements and I'% is unitary, the claim is proved since

Tt =92, Vj <N,
7N (0?) THe = 0, Vj > N.

4 Simultaneous local exact controllability in projection

4.1 Introductive discussion

In this section, we examine the simultaneous local exact controllability in projection and we start by
explaining why we need to modify the problem in order to achieve the result. Let ® = {¢;};en+ be an
Hilbert basis composed by eigenfunctions of A. For every j € N*, we denote ¢;(t,z) = e~ it¢;(z) with
t > 0. From now on, we adopt the notation ¢;(t) = ¢;(¢,-). Let e > 0 and T" > 0. We consider the space

(12)
Oc,r IZ{{%’}jeN* € L°(Hy)| ()2 = 8jh; sup > Wy, ¢k (T)) 12 — (65(T), 6k(T)) 12> < €}~

kSN jens

We would like to prove to validity of Theorem (1.2) in the neighborhood O, 1 with respect to the projector
7N (®) (defined in (8)) and with 7' > 0 large enough. Let

Tig; =Y ou(T)(ok(T),Tidj) 2 with t€[0,T], ¢;(T)=e "¢,  jeN
k=1

be the solution of the j-th (BSE) with initial data ¢;. We consider the infinite matrix a(u) such that
i (u) = (or(T), T7dj) r2, Vk,j € N"k<N.
We would like to ensure the existence of € > 0 such that for any {¢;};en+ € Oc 7,
Jue L*((0,7),R) : an(®)T4p; = an(P)y;,  Vje N

This outcome can be proved by studying the local surjectivity of « for T' > 0. To this purpose, we want
to use the Generalized Inverse Function Theorem ([Lue69, Theorem 1; p. 240]) and study the surjectivity
of the Fréchet derivative of « the infinite matri xy(v) := (d,@(0)) - v such that, for j, k € N* and k < N,

T T
Vi,; (V) 1= <¢)k(T), —i/ eiA(TS)v(s)BeiAs¢jds> = —i/ v(s)e MM By S
L2 0

0

for By ; = (¢r, Boj) 2 = (Bor, ¢;) 12 = Bj . The surjectivity of v consists in proving the solvability of
the moment problem

. T .
(13) % = —i/ u(s)eﬂ()‘jf)"“)sds, Vi, ke N k<N,
k,j 0

for each infinite matrix x := {xj ; }, ren+ belonging to a suitable space. To this end, one would use Haraux
k<N

Theorem as explained in Remark A.1 but an obstruction appears. The terms {Aj = Ae}jken in the
k<N



moment problem (13) present the so-called “eigenvalues resonances”. Formally, for some j, k,n,m € N*
such that j # k, n # m, (j, k) # (n,m) and k,m < N, there holds \; — Ay = A,, — A, which implies

Tk,j g ] T i Tn,m
(14) TR 71‘/ u(s)efz()\jf)\k)sds _ 72-/ u(s)efz()\nf)\m)sds _ m
Bk,j 0 0 Bn,m

An example of eigenvalues resonance is A; — A\; = Ag — A4, but many others can be listed. For instance,
all the diagonal terms of y since A\; — A\, = 0 for j = k. The relation (14) represents a constraint on the
considered matrices x which is not naturally satisfied in our framework.

In order to avoid this phenomenon, we adopt the following strategy. First, we consider the Hamilto-
nian characterizing the bilinear Schrodinger equations (BSE) and we act the following decomposition

A4 u(t)B = (A+uoB) +ui(t)B, up € R, uy; € L*((0,T),R).

Second, we consider A + ugB instead of A. We repeat the previous steps by considering {gf)}“} }ien+ an
Hilbert basis of # composed by eigenfunctions of A+wugB and {)\?0 }jen= the corresponding eigenvalues.
By using ugB as a perturbating term in A 4+ ugB, we modify the eigenvalues gaps

Ao o, VikeN*, k<N

in order to remove all the non-diagonal resonances. Afterwards, we consider @ depending on the pa-
rameter ug (instead of a) such that it is defined by the elements &y, ;(u) = <e‘i>‘ZOT¢Z°, ['7¢%°) L2 with
k,j € N* and k < N. Now, we rotate the terms of & in order to remove the resonances on the diagonal
terms. We denote by a"° the obtained map, which is defined by the elements

ak,j(u) |&j7j(u)|ak’](u>’ J,keN", K< V.

In conclusion, we use the Generalized Inverse Function Theorem with respect to the map "o

4.2 The modified problem
Let N € N* and u(t) = uo + u1(t), for ug and u;(¢) real. We introduce the following Cauchy problems
(15) i@twj (t) = (A + UQB)¢j (t) + ul(t)Bwj (t), te (0, T),

¥j = ;(0), JeN".

As B is bounded, A + uoB has pure discrete spectrum. We recall that {A\7°};en- are the eigenvalues of

A + ugB that correspond to an Hilbert basis of % made by eigenfunctions @40 := {gb}‘o }ien+. We set

(16)

0w ri= {0 hsen- € ()| 5,001 = B0 sup. 3 KoYy 62 (D2 — (@°(1), (D) < o

JEN*

with ¢%°(T) := eii’\?OTqﬁ;“’. We choose |ug| small so that \;° # 0 for every k& € N* (Lemma B.4,
Appendix B). The introduction of the new Hilbert basis imposes to define the space

iy = DA+ uwBl), |-l —(ZHW Sonel)”

Although, from now on, we consider ug in the neighborhood provided Lemma B.6 and ﬁ?o) =H ?0).

As introduced in the previous subsection, we define the infinite matrix & with elements @y j(u1) =
(¢p0(T), F%‘)*‘“lqﬁ?‘)ﬁa for K < N and j € N*. Now, the map a"® is the infinite matrix with elements

an {a}z?j(uﬁ Lealt) Gy (), Vjk €N', j,k <N,

QZ?J(U )*ak,j(ul)v vjak 6N*7 ]> Na k S N.



Let v (v) = ((du,@"")(0)) - v be the Fréchet derivative of a0 and By = (¢;°, B¢;°)r2 for k < N and
J € N*. Defined 7, ;(v) = ((dy, @)(0)) - v, we compute the elements of 4"°(v) such that

Y% = (35.50k.5 + kg — Ok RGj5)) Vi, k€ N*, j,k <N,
vg?jzak,ja Vj,kEN*7k§N,]>N,
a8) . W =g = —i [ ui(s)e TN TN ds B Vi ke N*, k#j,
Vg = R(k) =0, Vk € N*.
The relation .9, = 0 is due to the fact that (i7 ) € R since 7, ; = *ﬁ for j,k < N. Hence, the

diagonal elements of v*0 are all equal to 0 due to the rotations adopted in the definition a*°.

Remark 4.1. As O:()OT is composed by orthonormal elements, we have

Tgpuo Oeo T — {{wj}jGN* C eoo(H(?)O))| <¢1];07’l/)j>l/2 = _<¢;‘m,wk>L2}'

We refer to (7) for the definition of the space £>°(H )) Let fta be the propagator defined in Section

2.3 for t € [0,T] and u € £*((0,T),R) with T > 0. For every k € N*, u; € R and L?((0,T),R), from
Proposition 2.3 and Lemma B.6, there exists C > 0 so that

Z] o 2 Z] (T g, 630 2] = IIF"0+“1¢ZO\I SCIIF?%%Z”II?@ <00

Now, each {a;* }jen- € h3(C) (defined in (7)). The maps a0 and "0 take respectively values in
QN ::{{xk,j}k,jeN* S (h?’((C))N| Tk k S R, k < N},
E<N
G ={{zns}njen- € (BPO)Y| wry = ~Tjx, ek =05k < N}
E<N

The third point of Remark B.9 implies that the controllability in O;‘O‘)’T (defined in (16)) with ¢g > 0

ensures the controllability in O, 1 (defined in (12)) for suitable € > 0. Let {1);}jen € Ocr and T e
U(H) be so that {T'Y;}jen = {9 }jen+ and satisfying {T'¢3°}j<n C H(30), There exists C > 0 so that

ST e = Y T, ¢10) 2] < ClTo |3y < 00, Wk < N,

JEN* JEN*

thanks to Lemma B.4 and Lemma B.6. Fized e := léiioi% for j < N and e =1 forj > N,
J

{ew’< °(T),¢j)r2} k<n € Q = {{mk,J}k,JEN* eQ" | :Ep Z k6|mka _5ka| <e}.

j,keEN* jEN*
When ¥ is surjective in QY , there exist T > 0 and u € L?((0,T),R) such that
07 . @j5(w) ;
0% ) 1w 02/ jug T . e = R on Vj <N,
(19) {5 (3% ez} ren = {0 (3 THe[ ) 12} ke with o ()] ’
3. kEN* . kEN* ei =1, Vj > N.

Thus, the surjectivity of the map a0 in QN ensures the validity of Theorem 1.2 with respect the projector
N (@) in Ocr (also in OZ) 1 for a suitable €g > 0).

4.3 Proof of Theorem 1.2

In the next proposition, we state the simultaneous local exact controllability in projection for any T > 0
up to phases. The result implies Theorem 1.2.



Proposition 4.2. Let N € N* and B satisfy Assumptions I. For every T > 0, there exist € > 0 and
ug € R such that the following result is verified. Let {1;}jen- € Ocr (defined in (12)) and T € U()

be such that {f;l/)}}jeN* = {9} }jen-. If {f(/);fo }i<n C H?O), then there exist a sequence of real numbers
{0,}jen+ = {{Hj}j<N,O, ..} and v € L*((0,T),R) such that

WN((I)uo)wj = WN(q)uo)eiejF%(bgo, Vi € N*.

Proof. 1) Let ug belong to the neighborhoods defined in Appendix B by Lemma B.4, Lemma B.5,
Lemma B.6 and Remark B.9. As discussed in Remark 4.1, the surjectivity in Q¥ of the map a°
guarantees the simultaneous local exact controllability in projection up to phases in O, 7. We consider
Generalized Inverse function Theorem ([Lue69, Theorem 1; p. 240]) since @~ and G" are real Banach
spaces. If v%0 is surjective in G, then the surjectivity of a® in Q¥ is ensured for e small enough. Now,
the map ~"0 is surjective when the following moment problem is solvable

T
(20) 7%/ BrY = —i/ u(s)e "N N s, Wi ke N, k<N
0

for every {z}% } € GN. We notice that the equations (20) for k = j are redundant as ;5 = 0 and

j,keN*
k<N

2% = 0 for every k < N and {xzof}kk”ff\} € GV. The same is true for j,k < N such that j < k since

{zjr )ik, {viwljeen  with  we L*((0,7),R),
are skew-hermitian matrices. Thus, we can prove the solvability of (20) for k£ < j and j = k = 1. Now,

we have {a:Zf’j}j’keN* € (h*)N and {'ny’j}j’keN* € (h®)N. Lemma B.5 (Appendix B) yields that

k<N k<N
u u 2 N u u 2 N
{23%/B5 ) pen- € ()Y, {W5/B%} j wen- € (B(C)N.
k<N k<N

Thanks to Lemma B.8 (Appendix B), for IV defined in (4), there exists

4 = sup ( Cimf e A - +Am) > = nf A - AR - A >0
ACIN \N(G.k),(n,m)eIN\A (4,k),(n,m)eT
(4,k)#(n,m) (4,k)#(n,m)

where A runs over the finite subsets of IV (see the next point for further details on ¢). The solvability
of the moment problem (20) is guaranteed from Remark A.1 by considering the sequence of numbers

u u
{/\jo - )\ko} J,kEN*, KN -
k<j or j=k=1

Indeed, 21 = 0 and Remark B.9 ensures that A° — A # X' = Au for every (4, k), (I, m) € I (see (4))
such that (4, k) # (n,m). In conclusion, the solvability of the moment problem implies the surjectivity of
~v* and the Generalized Inverse function Theorem ([Lue69, Theorem 1; p. 240]) ensures the surjectivity
of a0 in Q¥ for T > 0 large and suitable e. The proof is achieved as discussed in Remark 4.1.

2) We show that the controllability ensured in 1) is valid for every time 7" > 0 since ¢ = +oco. Let
AM = {(jyn) € (N*)?] jyn > M; j#n}, M eN".
Thanks to the relation (38) in the proof of Lemma B.4 (Appendix B), for |ug| small enough, we have
AT = Ao > A = An| = O(Jug|) > 2 min{Aj 41 — Aj, At — A} — O(Jugl).
Hence, for every K € R, there exists My > 0 large enough such that

inf A0 \Uo| > | = 4 > su inf  [AY0 — A¥0| —2)%9) > 0.
(a‘m)@AMK' / | - Meg* ((j,meAM' / | V)

In conclusion, for |ug| small enough, Lemma B.4 implies the existence of C' > 0 such that

. . . 2_2\ _
g > C(A}gnoo (j,;;lefAM IAj = An| = 2)y) > C Jim Ay = Anrsr — 2N?7%) = +o0. O
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5 Simultaneous global exact controllability in projection

5.1 Preliminaries

The common approach adopted in order to prove global exact controllability results consists in gathering
the global approximate controllability and the local exact controllability. Nevertheless, this strategy can
not be used to prove the controllability in projection as the propagator I'}. does not preserve the space
WN(\IJ)HESO) for any ¥ := {¢;}jen- C H?O). For instance, let U = {4¢;}en~ be an orthonormal system

and Y1, ¢? € H (30) be unitarily equivalent. When we have
(W) = m(W)D 2 abe, T, Ty >0, uy € L*((0,T}),R), up € L*((0,T}),R),
it is not guaranteed that there exists T' > 0 and a control u € L?((0,T),R) such that
Ty = 7(W)e)e.

To this purpose, we adopt an alternative strategy based on the “transposition argument” introduced by
Theorem 1.1. We prove the simultaneous global exact controllability for N problems (BSE) (without
projection) in (H (30))N . In such space, we can concatenate and reverse dynamics since it is preserved by
the dynamics. Second, we ensure Theorem 1.3 thanks to Theorem 1.1.

5.2 Simultaneous approximate controllability
In this section, we prove the simultaneous global approximate controllability for finite number of (BSE).

Definition 5.1. The problems (BSE) are said to be simultaneously globally approximately controllable

in H(30) when, for every N € N* 91, ....;¢n € H(?)o)v Te U (%) such that f’L/Jh ....,fd)N € H(30) and € > 0,

there exist T > 0 and u € L%((0,7T),R) such that ||T%y — f'l/)k-”(g) < eforevery 1 <k <N.

Theorem 5.2. Let B satisfy Assumptions I. The problems (BSE) are simultaneously globally approxi-
mately controllable in H?o)'

Proof. In the point 1) of the proof, we suppose that (A, B) admits a non-degenerate chain of connect-
edness (see [BACC13, Definition 3]). We treat the general case in the point 2) of the proof.

[
1) Preliminaries. Let m, be the orthogonal projector m, : J€ — J&, = span{¢; : j <m}
for every m € N*. Up to reordering of {¢y }ren+, the couples (7, Ay, T Bmy) for m € N* admit non-

degenerate chains of connectedness in . Let ||| sv(r) = [||5v(©0,7),r) and || -l ) = [l - L(H}y )

for s > 0. Thanks to the validity of Assumptions I, we have B : H (20) — H (20).

Claim. For every € > 0, there exist Ny € N* and I'y, € U(H#) such that mx, (®)n,7n, (®) €
SU (A, ) and

(21) ITn, 65 —Tosllre <€, Vj<N.

Let N7 € N* be such that N1 > N. We apply the orthonormalizing Gram-Schmidt process to {7, (@)fgbj bi<n
and we define the sequence {ij}jSN that we complete in {ggj }i<ni, an orthonormal basis of %, . The
operator le is the unitary map such that le Q; = $j, for every j < Njp. In conclusion, we consider Ny
large enough so that the statement is verified.

Finite dimensional controllability. Let 7,4 be the set of (j,k) € {1,...,N1}? such that B; :=
(¢j, Bér)r2 # 0 and |\j — Ag| = |\ — Ag| with m,l € N* implies {j, k} = {m, [} for B,,; = 0. For every
(j,k) € {1,...,N1}* and 6 € [0,27), we define EY, the Ny x Ny matrix with elements (E?,); . = 0,

(B )ik = € and (BY) )y ; = —e~ % for (I,m) € {1,..., Ny }>\{(j, k), (k, 5)}. Let Eag = {EY, : (j,k) €
Tud, 6 € [0, 27r)} and Lie(E,.q). Fixed v a piecewise constant control taking value in E,4 and 7 > 0, we
introduce the control system on SU ()

{j;(t) =z(t)o(t), te(0,7),

(22)
:E(O) = IdSU(é’le)'

11



Claim. (22) is controllable, i.e. for R € SU(Hk,), there exist p € N*, My, ..., M, € E,q,
ai,...,a, € RT such that R = e*1Mi o oMo,

For every (j, k) € {1,..., N1}?, we define the Ny x Ny matrices R;x, C;x and D; as follow. For (I,m) €
{1,...,]\71}2 \ {(], k),(k,j)},we have (Rj,k)l,m =0 and (Rj,k)j,k = 7(Rj,k)k,j = 1, while ( 3,k

and (Cjr)jx = (Cjx)k,; = i. Moreover, for (I,m) € {1,...,N1}*\ {(1,1),(4,5)}, (Dj),
(Dj)i1 = —(Dj);,; =i. We consider the basis of su(J&y,)

e:={R;r}jk<n, U{Cik}jkan U{D;}j<n, -

Thanks to [Sac00, Theorem 6.1], the controllability of (22) is equivalent to prove that Lie(E,q) 2
su(Hy, ) for su(#y,) the Lie algebra of SU(#n, ). The claim si valid as it is possible to obtain the
matrices R; k., C; and D; for every j,k < Np by iterated Lie brackets of elements in Fqq.

Finite dimensional estimates. Thanks to the previous claim and to the fact that 7wy, (®)Ty, 7, (®) €
SU(An, ), there exist p € N*, My, ..., M, € E,q and g, ..., € RT such that

(23) 7N, (D), Ty, (B) = €M o o e2rMp,

Claim. For every [ < p and e from (23), there exist {T}jen+ C RT and {u!, },,en+ such that
ul, 2 (0,T!) — R for every n € N* and

l
(24) lim [|T%7 ¢ — e* Mg 2 =0, Vk < Ny,
n— oo n
sup |[up|| gy (r,) < 0, sup [|ul, || o (0,1, ,%) < 00,
(25) neN* neN=*

sup T lub, || Lo (0,1, 1) < 0©.
neN*

We consider the results developed in [Chal2, Section 3.1 & Section 3.2] by Chambrion and leading to
[Chal2, Proposition 6] since (A, B) admits a non-degenerate chain of connectedness ([BACC13, Defini-
tion 3]). Each e*Mt is a rotation in a two dimensional space for every I € {1,...,p} and this work allows
to explicit {T% }ien- C RT and {ul },en- satisfying (25) such that v, : (0,T}) — R for every n € N* and

ul o
(26) Jim |7y, ()T 6 — e Mg =0, Yk < N

As €M € SU(Hy, ), we have i, [T 65 — €M1 gy |2 = 0 for k < Ny

Infinite dimensional estimates.

Claim. There exist K1, K2, K3 > 0 such that for every € > 0, there exist 7 > 0 and u €
L2((0,T),R) such that |[T%¢y — Ty 2 < € for every k < N; and

(27) lull Bv (1) < K1, lull Lo ((0,7),r) < K2, Tlull o ((0,7),r) < K3.

We assume p = 2, but the following result is valid for any p € N*. Thanks to (24), there exists n € N*
large enough such that, for every k < Ny,

M
2 1 1 2

[Dqalin o — e®2M2e Mgl < [[Dingy — e Mgl + > |(Tadr — e*2M2¢;) (g1, e M) 2| 2
n n n n

=1
1

N
1 2 5
< ||F%1:¢k — ea1M1¢k||L2 + ( E HF;EQZ)I — ea2M2¢l||2L2) 2 <e.
=1

In the previous inequality, we considered that e®*M1 ¢, € #y,. The identity (23) leads to the existence
of Ki,Ks, K3 > 0 such that for every ¢ > 0, there exist 7 > 0 and u € L?((0,T),R) such that
IT% ¢ — I'n, dillL2 < € for every k < N; and

(28) lullpviry < K1, lullpeo,m)r) < Koy TlJul|poeo,1),r) < K3.

12



The relation (21) and the triangular inequality achieve the claim.

Global approximate controllability with respect to the L?-norm. Let us recall that {j}i<n C
H{y and I' € U () satisfies {T'y;}j<n C Hpp,.

Claim. There exist K17K2,K3 > 0 such that for every € > 0, there exist T > 0 and u €
L2((0,T),R) such that ||[T%¢y, — Dty g2 < € for every k < N and

(29) lullpvr) < K1, [l Lo (0,7),R) < Ka, T|ullzo(0,1),r) < K3.

We assume that ||9;||2 = 1 for every j € N*, but the same proof is also valid for the generic case.
From the previous claim, there exist two controls respectively steering {¢;};<n close to {¢;};<n and

{o;}i<n close to {T'¢;} <y thanks to the fact that Ny > N. Vice versa, thanks to the time reversibility
(see Section 2.3), there exists a control steering {¢;};<n close to {¢;};<n. In other words, there exist
Ty, Ty >0, u; € L2((0,T1),R) and uy € L?((0,T3),R) such that

Iz %5 = d5llz= < 5, 26, —Tollre < 5, Vi< N.

2’

The chosen controls u; and ug satisfy (29). The claim is proven as
||F%§F 7/’] ijHLz < ||F%§F 1/’3 F%@HB =+ ||F ¢J *D/’J”L? <€ vj < N.
Global approximate controllability with respect to the H, (30)-norm.

Claim. There exist T > 0 and u € L?((0,T),R) such that | T%y — I‘?/Jk||(3) < ¢ for every k < N.

We consider the propagation of regularity developed by Kato in [Kat53]. We notice that i(A +
u(t)B — ic) is maximal dissipative in H(QO) for suitable ¢ := ||u g (0,r),r)- Let A > ¢ and HZ‘O) =
D(A(iX— A)) = (0) We know that B : H(o) C H(O) — H(o) and the arguments of Remark 2.1 imply

that B € L(Hzlo) H(QO)) For T'> 0 and u € BV((0,T),R), we have || u(t)B(ix — A)~1|| (2) < 1 and
M := sup IN—A—u - < bup B(ix—A ! < 4o00.
sl OB) " i, < ﬂ;yn "l

We know ||k + f()llBv(o,m).r) = I fllBviomr).r) for f € BV((0,T),R) and k € R. Equivalently,

= JliA—A—u()B]| Jallmver B s, rs, ) < +o0:

BV ((0.7).L(H, 1)) — )

(0)’

We call Cp == || A(A+u(T)B — i\t (2) < oo and Uy' the propagator generated by A+ uB — ic such
that Uj*ep = e~ “'T'#4p. Thanks to [Kat53, Section 3.10], for every v € H(40), it follows

1(A+u(T)B = iU || 2y < MeMN (A= iXNll ey = [IT%]la) < CLM N[ ).

For every T > 0, u € BV((0,T),R) and ¢ € H40) there exists C(K) > 0 depending on K =

(Hu||BV(T),Hu||Loo((07T)7R),THu||Loo((07T))R)) so that [|[T%¢]l4) < C(K)||¥]|(4). From (25), there exists
C' > 0 such that

ul
(30) I 1l < €

For every ¢ € H?O)’ from the Cauchy-Schwarz inequality, we have [[Av||2. < ||A%4¢]|2][¢|r2 and
1AZp|[4s < (A%, Ap)12)” < | A%]13.]| Ad[|3., which imply

(31) 191Gy < 1elZ2llCs).

In conclusion, the previous claim, the relation (30) and the relation (31) ensure the claim.
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2) Conclusion. Let (A, B) do not admit a non-degenerate chain of connectedness. We decompose
A+u()B = (A+uoB) +u1(-)B, o €R,  uy € L2((0,T),R).

We notice that, if (A, B) satisfies Assumptions I, then Remark B.7 and Remark B.9 (Appendix B) are
valid. We consider ug belonging to the neighborhoods provided by such remarks and we denote {¢;° }ren-
a Hilbert basis of 5 made by eigenfunctions of A + ugB. The step 1) of the proof can be repeated by
considering the sequence {¢,°}ren+ instead of {¢i}ren+ and the spaces D(|A + uoB |2) in substitution
of H ?0). The claim is equivalently proved since, thanks to Remark B.7, there exist C,Co > 0 such that

C1|[|1A +uoBI2y|| < [¢ll3) < Ca|[|A +uoBI2 4|, Vi € Hiy = D(JA +uoB|?). O

5.3 Proofs of Theorem 1.3

In the current subsection, we provide the proof of Theorem 1.3 which requires the following proposition.

Proposition 5.3. Let N € N* and B satisfy Assumptions 1. For any {{i}k<n, {¥itr<n C H(30)
orthonormal systems, there exist T >0, u € L*((0,T),R) and {0y }r<n C R such that

Thapl = e g2, Vk < N.

Proof. Let N € N* and let uy € R belong to the neighborhoods provided by Lemma B.5, Lemma B.6
and Remark B.9 (Appendix B). Let ¥ be the map with elements

a5 (u1)]

aj.j(u1) ak,j(“l)y Vi, k e N*, j,k <N,
Ok, j(u1), Vj,keN*, k>N, j <N.

The proof of Proposition 4.2 can be repeated in order to prove the local surjectivity of a“0 for every
T > 0, instead of a“ introduced in (17). The discussion from Remark 4.1 implies that this result
corresponds to the simultaneous local exact controllability up to phases of N problems (BSE) in the
neighborhood

ONp = {{s}isn C Hiy| (s, v)ne = Gixs sup |1y — 60|y < e}
J<N

with € > 0. Hence, for any {¢x }r<n € Oy, there exist u € L?((0,T),R) and {6;};<n C R so that
POy = ey, Vi< N.

Thanks to Theorem 5.2, we have the following result. For any {1/)]1 ti<n C H, (30) composed by orthonormal
elements, there exist Ty > 0 and u; € L2((0,Ty),R) such that, for all j < N,

u U € u
HFTi 31 - ¢j0H(3) < N e {FTi,(/)jl'}jSN € O?fT'

The local controllability is also valid for the reversed dynamics (see Section 2.3) and for every T' > 0,
there exist u € L*((0,7T),R) and {6,};<n C R so that

(Tl en = {€9TheY oy = {e TITEY v = {64} j<n-

Then, there exist To > 0 and uy € L?((0,7%),R) such that {e " TiZ¢l}cy = {65 }j<n. Now,
the same property is valid for the reversed dynamics of (11) and, for every {1/}?}]5 N C H?o) com-
posed by orthonormal elements, there exist 75 > 0, uz € L*((0,T3),R) and {#)};<x C R such that

{e= f;ﬂi 2}i<n = {¢j°}j<n. In conclusion, for Uz(-) = uz(Ts — -), the proof is achieved as

{e7 OOl ) o = (¥2}en. O

Proof of Theorem 1.3. Theorem 1.3 is proved by repeating the proof of Theorem 1.1. In particular, it
follows from the proof of (2) = (1) by keeping in mind the validity of Proposition 5.3. O
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6 Global exact controllability in projection for density matrices

Let 91, 92 € 2. We define the rank one operator |¢1)(1)?| such that |11 (1%|¢p = 1 (1h?,9) 12 for every
Y € A . For any I € U(H), we have

L) (9?] = [Tyh) (2], [ph) (@20 = [ph){Ty?].
Let 5 be an infinite dimensional Hilbert space. In quantum mechanics, any statistical ensemble can

be described by a wave function (pure state) or by a density matrix (mixed state) which is a positive
operator of trace 1. For any density matrix p, there exists a sequence {1 }jen+ C S such that

(32) p=3 Lyl S =1, 1;>0, VjeN

jEN* JjEN*

The sequence {1} en+ is a set of eigenvectors of p and {l;};en- are the corresponding eigenvalues. If
there exists jo € N* such that [;, = 1 and [; = 0 for each j # jo, then the corresponding density matrix
represents a pure state up to a phase. For this reason, the density matrices formalism is said to be an
extension of the common formulation of the quantum mechanics in terms of wave function. We also
notice that for any density matrix p and a complete orthonormal system {t; };en+ in 2, there exists a
positive hermitian matrix {p; »}; ken- such that

(33) p=Y_ piklt) (Wl

§,kEN*

Now, for any other density matrix p, there exists an orthonormal system {1;] }jen+, such that

(34) P= D pinldi)(Wul.

J,kEN*

Let us consider T' > 0 and a time dependent self-adjoint operator H (t) (called Hamiltonian) for ¢ € (0, 7).
The dynamics of a general density matrix p is described by the Von Neumann equation

{izm = [H(t),p(t)], te(0,7),
p(0) = p°, ([H.pl = Hp - pH),

for p° the initial solution of the problem. The solution is p(t) = U;p(0)U;, where U, is the unitary
propagator generated by H(t). In the present work, we have 5 = L?((0,1),C), H(t) = A+ u(t)B and
Ut corresponds to T'y. In this framework, the problem (35) is said to be globally exactly controllable if,
for any couple of density matrices p* and p?, there exist T > 0 and u € L?((0,T),R) such that

p* =Tipp' (D)".
Thanks to the decomposition (32), the controllability of (35) is equivalent (up to phases) to the simul-

taneous controllability of the infinite bilinear Schréodinger equations (BSE). This idea is behind the
following theorem which follows from Corollary 1.4.

(35)

Theorem 6.1. Let B satisfy Assumptions I. Let p* and p? be two density matrices with eigenfunctions

in H?O) and T' € U(A) be the unitary opeator so that

pl _ prf*.

1) Let U := {¢; }jen~ be an orthonormal system composed by the eigenfunctions of p?. For any N € N*,
there exist T > 0 and u € L*((0,T),R) such that

7 () D! ()" 7y () = 7y (B) p2 7y (D).

2) Let ¥ := {¢j}j<n C H(?)o) be an orthonormal system such that {fd}j}jSN C H(30) with N € N*. Let

{pj.k}jk<n be the positive hermitian matriz such that

TN ()N () = Y pinltos) (Wl

Jik<N
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There exist T > 0, u € L?((0,T),R) and {0; 1 };k<n such that

V(D) T (T8 an (D) = Y €5 pj klabs) (nl.

Jk<N

Proof. 1) Let {zbjl }iens C H, (30) be an orthonormal system made by eigenfunctions of p'. We have

=SNGl 2= L) ).
j=1

Jj=1

The sequence {l;}jen+ C RT corresponds to the spectrum of p! and p?. Now, thanks to Corollary 1.4,
there exist T > 0, u € L*((0,T),R) and {6;};<n such that 7y (¥) T%e; = eimn (V) 4 for every
j < N, while 7y () T4¢j = 7n(P) 95 for every j > N. Thus,

~(0) T p (I Zl | 7 (W) Tp}) (T (W) €|
+ Z Lilmn (W) F%zﬂ >< Lrrn(¥) | = Zl TN (U) 1) (W]mn () = T () prrn (D).
j=N+1

2) A similar approach can be used in order to prove the second point of the theorem. In particular, the
statement follows by decomposing p? with respect to {1;};en+ as done in (33). Such step provides a
positive hermitian matrix {p;x};ren+. Now, we define {wjl }jen+ as the orthonormal system such that
(34) is valid for the density matrix p'. The claim is proved by simultaneously steering {t;}jen+ in
{%;}jen+ with respect to the projector m(¥) by using Corollary 1.4.

7 Conclusion

In this manuscript, we study the controllability of the infinite bilinear Schrodinger equations (BSE) at
the same time 7" with one unique control u by projecting onto suitable finite dimensional subspaces of 7.
The first result of the work is Theorem 1.1 which shows that the simultaneous global exact controllability
of the (BSE) in projection onto a suitable N dimensional space is equivalent to the controllability of N
problems (BSE) (without projecting). Our second outcome is the simultaneous local exact controllability
of infinite bilinear Schrodinger equations in projection and in any positive 7' > 0. The property is stated
by Theorem 1.2 and Proposition 4.2. Afterwards, we prove Theorem 1.3 that allows to control with a
single u and at the same time T any finite number of components of infinitely many solutions of the
problems (BSE). The outcome is guaranteed when the orthogonal projector is defined by an orthonormal
systems verifying a “H (Z)’O)—compatibility condition” exposed in (5). In conclusion, we rephrase the main
results in terms of density matrices.

As explained in Section 1.2, one can notice the parallelism between our results with the ones provided
in [MN15] by Morancey and Nersesyan. From this point of view, our purpose is to add a contribution to
the theory presented in the mentioned paper. More precisely, even though Theorem 1.1 and the theory
from [MN15] allow to prove similar results to the ones of our work, such outcomes would be guaranteed
under the validity of hypotheses on the operator B which are not easy to confirm. From this perspective,
we aim to provide explicit conditions on the problem, such as Assumptions I, ensuring the controllabilty
and to this end, we develop a new set of techniques from the ones adopted in [MN15]. For instance,
we present an alternative strategy to the “Coron’s return method” (used in [MN15]) to prove the local
controllability ensured by Theorem 1.2 (see Section 4.1). Having explicit conditions on the control field
allows to consider specific B satisfying Assumptions I (see Example 2.2) and for which the controllability
is guaranteed.

Here, one could wonder if the techniques developed in this manuscript can be applied to study the
controllability of infinite (BSE) (without projecting). Although, a direct application is not possible.
Indeed, one of the crucial points of our strategy is the possibility of decoupling with a uniform gap
the eigenvalues resonances (Lemma B.8) appearing in the proof of Theorem 1.2 (see Section 4.1 for
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further details). Such property is provided via perturbation theory techniques when the third condition
of Assumptions I is verified and a uniform gap is guaranteed when the eigenvalues resonances are finite.
Thus, projecting the dynamics onto finite dimensional spaces allows to have only finitely many resonances
which is crucial for our strategy.

In any case, a possible approach that might lead to the controllability of infinite (BSE) is the following.
As already done in our work, one could act a perturbation in order to decouple the eigenvalues resonances
appearing in the proof of the simultaneous local exact controllability. In such framework, we do not expect
to have a uniform spectral gap and then the Haraux’s Thoerem [KL05, Theorem 4.6] can not be applied.
As a consequence, the solvability of the moment problem (such as (20)) appearing in this proof can
not be achieved in #2. Nevertheless, we do not exclude the possibility of proving its solvability in some
spaces h® with s € [0,1) (defined in 7) by using more raffinate techniques as the Beurling’s Theorem
[KLO5, Theorem 9.2] (see also [AI95, Chapter 1.2]). If such result would be valid, then the well-posedness
of the (BSE) can be provided in H (30")’ ® by imposing slightly more regularity on the operator B and we
might conclude the proof as done in the current work.

Acknowledgments. The author thanks Thomas Chambrion for suggesting him the problem and
Nabile Boussaid for the periodic discussions. He is also grateful to Morgan Morancey for the explanation
about the works [Mor14] and [MN15].

A Moment problem

In this appendix, we briefly adapt some results concerning the solvability of the moment problems
(as (13) and (20)). Let [BL10, Proposition 19; 2)] be satisfied and {fr}rez be a Riesz basis (see

[BL10, De finition 2]) in X = span{fy: k € Z} . C 4, with s and Hilbert space. For {vy}rez
the unique biorthogonal family to {fi}rez ([BL10, Remark 7]), {vi}rez is also a Riesz basis of X
([BL10, Remark 9]). Thanks to [BL10, Proposition 19; 2)], there exist C7,Cs > 0 such that

CvY el < lullZe < Ca ) lawl?, u(t) =Y wkoi(t), {zi}ren- € £2(C).

kEZ kEZ kEZ

Moreover, for every u € X, we know that u = ), ., vk (fr, u)» since {fy}rez and {vy}rez are recipro-
cally biorthonoromal (see [BL10, Remark 9]) and

(36) Cr Y WS woel® < llullbe < Co Y 1 fiyu) el
keZ kEZ
When Haraux’s Thoerem [KLO5, Theorem 4.6] is verified, for T > 0 large enough, {e**()},c7 is a Riesz
2

, L
basis in X = span{ei*+() : ke Z}  C L*((0,T),C). The relation (36) is satisfied and F' : u € X —
{(e0)] U>jf}k€Z € (?(C) is invertible. For every {z }rez € £2(C), there exists u € X such that

T
Ty = / u(s)e M5 ds, ke Z.
0

Remark A.1. Let {\;}ren+ be an ordered sequence of pairwise distinct real numbers such that Ay = 0.
Let G := infyj |A\p — Aj| > 0 and G’ = supgcn- inf 1z |Aw — Aj|, where K runs over the finite
k,jeEN*\K

subsets of Z. For k € N*, we call wy, = —\j, while we impose wy, = A_y, for —k € N*\ {1}. We call
7* = 7\ {0}. The sequence {wy }rez-\{—1} Satisfies the hypotheses of [KL05, Theorem 4.6] for

sup inf |wp —w;j| =G
Kcz:\{-1} k-,,jl?Néf\K

Let {zi}pen» € £2(C). We call {Tp}rez-\(—13 € (*(C) so that Ty = xy, for k € N*, while T, = T_y, for
—k € N*\ {1}. For T > 2n/G’, there exists u € L?((0,T),C) such that, for every k € Z* \ {—1},

T ' _ (T iMes Je — [T iARs * 1
% :/ u(s)e—rods,  —> Tp fOT u(s)esds = [ u(s)e M 4ds, Vk € N*\ {1},
0 xy = [, u(s)ds.

In conclusion, if x1 € R, then solvability of the moment problem is provided with u real.
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B Analytic Perturbation

Let us consider the problem (15) and the eigenvalues {\;°};en+ of the operator A + ugB. When B is
a bounded symmetric operator satisfying Assumptions I and A = —A is the Laplacian with Dirichlet
type boundary conditions D(A) = H?((0,1),C)N H((0,1),C), thanks to [Kat95, Theorem VII.2.6] and
[Kat95, Theorem VI1.3.9], the following proposition follows.

Proposition B.1. Let B be a bounded symmetric operator satisfying Assumptions 1. There ezists a
neighborhood D(0) of u =0 in R small enough where the maps u — A} are analytic for every j € N*.

The next lemma proves the existence of perturbations, which do not shrink the eigenvalues gaps.

Lemma B.2. Let B be a bounded symmetric operator satisfying Assumptions I. There exists a neigh-
borhood D(0) in R of u = 0 such that, for each uy € D(0), there exists r > 0 such that, for every
JeN,

_ AT Am

Ky = 2

Proof. Let D(0) be the neighborhood provided by Proposition B.1. We know (A — p;) is invertible in
a bounded operator and p; € p(A) (resolvent set of A). Let ¢ := minjen«{|A;j41 — Aj|}. We know that
(A=) || < supgens “Lj;\k‘ = ‘)\j+127>\j| < 2. Thus, for ug € D(0),

€p(A+uB),  (A+uB—pu) | <.

_ _ 2
(A= 1) o B < Juol 1 (A = ) I Bl < Sluol 1 B

and if |ug| < % for € € (0,1), then || (A — pj) tugB|| < 1 — €. The operator (A + ugB — p;) is

invertible and || (A +uoB — ;) 'l < 3 as [[(A +uoB — pj)¥llrz > (A = p)¥llre — [uo Bl >
Sllze — MlT_E)kuLz for every ¢ € D(A). The parameter r stated in the lemma corresponds to 2/(d¢),
while the neighborhood is {ug € D(0) : |ug| < 6(1 —¢€)/(2]| B]I|)}- O

Lemma B.3. Let B be a bounded symmetric operator satisfying Assumptions I and qu; be the projector
onto the orthogonal space of ¢r. There exists a neighborhood D(0) of 0 in R such that

(A + UOP(bLkB — )\ZO)
is invertible with bounded inverse from D(A) N ¢y to ¢ for every ug € D(0) and k € N*.

Proof. Let D(0) be the neighborhood provided by Lemma B.2. For any uy € D(0), one can consider

the decomposition (A + uoP(;kB —Ai%) = (A= \°) +uo Py, B. The operator A — A\ is invertible with

bounded inverse when it acts on the orthogonal space of ¢, and we estimate || ((A—A;°) ‘q“ )_1u0P¢Lk B]|.
k

However, for every ¢ € D(A) N Ran(P;. ) such that [[¢[|f> = 1, we have
(A = APl L2 = mind[Arpn = Ag] [AL = A [HI]] 2

Let 6, = min {|Asy1 — Ap°L,[AL° — Ax—1]}. Thanks to Lemma B.2, for |ug| small enough, A\° €

Ak—1+A Ap+Apt1
( 5 ) and then

2 )

Ak—1 + A
2

(2k — 1)7?
2

Ak + Akt ‘

k.
B >

O > min{‘)\k+1 -

—)\kq‘}z

Afterwards, || (A=X)],) " uoP4 B Il < 3ol | B | and, if juo| < (1-r) g < {57 forr € (0,1),

then it follows ||| ((A — )\go)|¢t)’1u0P¢ﬂ;B I < (1—7r) < 1. The operator A, := (A — A\;° +ugPy, B) is

invertible when it acts on the orthogonal space of ¢ and, for every ¢» € D(A) and r = %,

u 1
1Akllze > (A= X)llz2 = luo Py BYllze > el e — NuoPy Bl 1¥]lz2 = lI¥ll2.

In conclusion, || ((A — AL + uquka)’%)_l I <2 for every k € N*. O
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Lemma B.4. Let B be satisfy Assumptions I. There exists a neighborhood D(0) of 0 in R such that, for
any ug € D(0), we have )\}“’ # 0 and there exist two constants C1,Cy > 0 such that

C1)\j < )\;LO < CQ/\j, VJ e N*.

Proof. Let ug € D(0) for D(0) the neighborhood provided by Lemma B.3. We decompose the eigen-
function (;5}“’ = a;j¢; + n;, where a; is an orthonormalizing constant and 7; is orthogonal to ¢;. Hence
A2 @° = (A4uoB)(ardr +nr) and A\ ardr + AL°n, = Aagor + Ang +uoBagdy, +uo By, By projecting
onto the orthogonal space of ¢y,

)\Zonk = Ank + UOP(;; Bag¢r + UOP;a; B,

However, Lemma B.3 ensures that A 4 uOPdf;c B — \j° is invertible with bounded inverse when it acts on
the orthogonal space of ¢ and then

(37) e = —ar((A +uo Py B = Ni°)| )" uo Py, By,

= A = (a;05 + 1y, (A +uoB) (a0 + 1)) 12 = laj|*Aj +uola;d), Bajé;) e
+(a;jdj, (A+uoB)n;)rz + (nj, (A+uoB)ajdj)rz + (nj, (A +ueB)n;)Le.
By using the relation (37),
(i (A+uoB)n;)2 = (nj, (A+ugPy, B — Xi®)n;) 2 + APln;l1 72 = Al [17-
+ <nj, —a;(A+uoPy B = X°)(A+uoPy B = N°)| )" uo Py, B¢j>L2.

However, (A+uoP(j-jB - A;%O)((A—kuopdf;)B - )\;%0)|¢ji)71 = Id and (n;, (A+uoB)n;)2 = /\?0”773'”%2 _
uoaj(nj,Pqi,B¢j>L2. Moreover, we have (¢;, (A 4+ uoB)n;)r2 = uo(p;, Bnj)r2 = uO(P(ﬁLjB@,nﬁLz and
<’I7j, (A + UOB)¢j>L2 = u0<77j7 P(;;B¢J>L2 ThllS

(38) Xj© = la;[*A; + wola;* By + Afnj |72 + woa; (Py, Boj,nj) L2

One can notice that |a;| € [0,1] and ||n;|/z2 are uniformly bounded in j. We show that the first
accumulates at 1 and the second at 0. Indeed, from the proof of Lemma (B.3) and the relation (37),
there exists C7 > 0 such that

C
12 1
(39) Imjlizz < fuol* IN((A +uoPg; B = X3, )7 1 ey PIBes 122 < —5
for » € (0,1), which implies that lim;_,« ||n;||z2 = 0. Afterwards, by contradiction, if |a;| does not
converge to 1, then there exists {a;, }ren+ a subsequence of {a;};en- such that |a;_| == limy_ o |a;, | €

[0,1). Now, we have
L= lim 80l < dim a5 e + el = Jim fag |+ g, 2 = Ja | <1

that is absurd. Then, lim;_, |a;| = 1. From (38), it follows that there exist two constants C,Cy > 0
such that, for each j € N*, (1 \; < /\?0 < Cy\; for |ug| small enough. The relation also implies that
Aj? # 0 for every j € N* and |ug| small enough. O

Lemma B.5. Let B be a bounded symmetric_operator satisfying Assumptions I. For every N € N*,
there exist a neighborhood D(0) of 0 in R and Cn > 0 such that, for any ug € D(0), we have

wo C e
(@, Béj )2l > S5, VkjEN, j<N.
Proof. We start by choosing k € N* such that k # j and uy € D(0) for D(0) the neighborhood provided
by Lemma B.4. Thanks to Assumptions II, we have

(", BO§°) 12| = [{ax¢r + i, Bajd; +ny)) L2 |

(40) ara; | __
>COn=3" — | (dn, Bnj) iz + aj(i, Bj) e + (g, Bj) 2.
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1) Expansion of (1, Bo;)r2, (¢, Bnj)r2 and (ng, Bn;)r2:  Thanks to (37), we have (ng, Bo;) 2 =
(—ap((A+ uquka — )‘ZO)’¢L>_1“0P<;>L;¢B¢7€7 quk_B@)Lz for every k € N* and 7 < N, while the operator
k

((A+UOP(;;B - )\ZO)|¢?)71 corresponds to ((A — )\ZO)P(;C)*I > (uo((A— )\ZO)PJ}C)AP(;;BPﬁk)n for
lug| small enough. For My, := 3> (uo((A — AZ“)P{;@)_lPéCB)nPﬁ, we have
(41) (e, Boj) 12 = —uolar My By, (A — A\°) Py )" Py, Bj) .
Thanks to B : D(A) — D(A), for every k € N* and j < N,

(A= X{°) Py ) "' Py, Boj = Py B(A— N°) Py )~ 65 — [Py, B, (A= N{°) Py ) "' Py ]

= Py, B(A = N°)Pg )~ 65 — (A= A") Py )~ Py B AJ(A = A\°) Py ) ™19y
For By, := ((A— )\}:O)P(z}k)_lP(;c [B, A], we have ((A— /\zO)Pdfk)_quka@ = qulk (B—I—Ek)(/\j —A0) "L,
and, for every k € N* and j < N,

(42) (e, Boj)r2 = (axMyBéx, (B + Br)d;) 2.

___ 0
Aj— A0

For every k € N* and 5 < N, we obtain
[, Bnj) 2| = [(Brw, mj) 2] = [(woar B((A = X°) Py, )™ My Bepy,

— 2
_ | @i%U
=R (ks Li,jb5) o

43
(43) woa; (A — A" PE) " M, B} 1o

with Ly j = (A — A\{°) BM((A — )\EO)P(;C)*P(;;B((A - )\;“’)P(j;)*leB. Now, there exists € > 0 such
that |a;| € (e, 1) for every I € N*. Thanks to (42), (43) and (40), there exists Cy such that

U U -~ 1 U ~
(640, BOY®) 12| = Covs = | 555 (MiBow, (B + Br)oy)
(44) J k ,
2 _((B+ B;)pp, M;Bo, U I b
N m« + B;) ok, MjBdj) 2| — m@k, k,J¢J>Lz-

2) Features of the operators My, By, and Ly ;. Each M for k € N* is uniformly bounded in

L(H(QO), H(QO)) when |ug]| is small enough so that || ug((A — )\}:")P(;;)*IP;;BP(;C Il Lz, < 1. The defini-

tion of By, implies that EkPLk =((A- /\ZO)Pqifk)_qufk B(A— /\ZO)quLk - quk BPdfk. Hence, the operators
By, are uniformly bounded in k in L(H(QO) N Ran(ij),H(QO) N Ran(P(jk)). Third, one can notice that
B((A - )\?O)P(;j)_leB € L(H(QO),HEO)) for every j € N*. Then, for every k € N* and j < N,

(A= N BM((A= \)PS) T PA = (A= N)B((A - X2 PE) ™

> (woPy, B(A= M) Py )™ )" Py, = (A= M) ((A = A\p*) Py )~ Py, (Bi + B) M,
n=0
with M, := Y2 (uo Py, B((A — )\ZO)P(;;)’l)anﬂ;. Now, the operators M, are uniformly bounded in

L(H(QO)7 H(zo)) as Mj,. Hence Ly ; are uniformly bounded in L(H(QO), H(QO)).
Let {F;};en+ be an infinite uniformly bounded family of operators in L(H(QO)7 H(zo)). For every [, 7 € N*|
there exists ¢;; > 0 such that >~ [k*(¢x, Fi¢p;) 12|* < oo, which implies [(¢r, Fi¢;) 2| < G4 for every
k € N*. Now, the constant ¢; ; can be assumed uniformly bounded in [ since, for every k, j € N*,

sup |k*(¢x, Fidj)r2[* < sup Y [m* (b, Fighs)r2|* < sup [|Fig; 7y < oo.
LN len- 2. len

Thus, for every infinite uniformly bounded family of operators {F}}jen- in L(H, (20)7 H (20)) and for every
j € N*, there exists a constant c; such that

.
(45) [(Pr, F195) 12| < k—;, Vk, 1 e N*.
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3) Conclusion. We know that [A; — Ai°[~" and A, — Aj°|~" asymptotically behave as k=2 thanks to

Lemma B.4. From the previous point, the families of operators { BM(B + ék)}keN*, {Li,j}ken~ are
uniformly bounded in L(HQO), H(QO)) and BM;(B + B;) € L(H(QO), H(QO)) for every 1 < j < N. Hence, we
use the relation (45) in (44) and there exist C1, Cs, C3,Cy > 0 depending on j € N* such that, for |ug

small enough and k € N* large enough,

Cy|uo| Ca|uol Csluo|?

- - >C
N = ATk2 T = A[R2 T g — AR T RS

U ) ~ 1
(46) |<¢k aB¢j >L2| > ONE -

Let K € N* be so that [(¢;°(T), B¢;°(T))r2| > Cy75 for every k > K. For j € N*, the zeros of
the analytic map ug — {[{¢;°(T), B¢;°(T)) 2|} k<i € R are discrete. Then, for |ug| small enough,
(83" (T), B¢ (T)) 2] # 0 for every k < K. Thus, for every j € N* and |ug| small enough, there exists

Cj > 0 such that [(¢,°(T), B¢ (T)) 2| > % for every k € N*. In conclusion, the claim is achieved for
every k € N* and j < N with Cy = min{C; : j < N} O

Lemma B.6. Let B be a bounded symmetric operator satisfying Assumptions I. There exists a neigh-
borhood D(0) of 0 in R such that, for any ug € D(0), there exist Cy,Cy > 0 such that

Ol(leA“w ) (Zu 05 90P)’ < Ca( SNl ual?)
j=1

Proof. Let D(0) be the neighborhood provided by Lemma B.4. For |ug| small enough, we prove that
there exist C; > 0 such that |||A + uoB|2v| 2 < C1|||A|29||p2 for s = 3. We start with s = 4 and we
recall that B € L(H(QO)) thanks to Remark 2.1. For any ¢ € Hélo)v there exists Cy > 0 such that

Nl

1(A +uoB)*llz < [[A%] L2 + Juol* | B* | L2 + [uoll[ Al L2 (I Bl o) + B < Coll AP e

Classical interpolation arguments (see for instance the proof of [BACC13, Lemma 1]) imply the validity
of the relation also for s = 3. There exists C' > 0 such that ||1/)||I§<3) = |[|A4uoB|2¢||2 < C|l|A|24|| 12 =
0

C||1/J||H3 for every ¢ € H(g’o) Now, H(2 = D(|A]) = D(|A+uoB)) = ~(20) and B preserves fI(QO) since
B : H(o) — H(o) The arguments of Remark 2.1 imply that B € L(H(zo)) and the opposite inequality
follows as above thanks to the identity A = (A + upB) — uoB. O

Remark B.7. Let B be a bounded symmetric operator satisfying Assumptions I. The techniques of the
proof of Lemma B.6 also allow to prove that, for s € (0,3), there exists a neighborhood D(0) of 0 in R

such that, for any ug € D(0), it follows (Z |(/\“°) ((;5]0, >L2|2>§ = (ZJ 1 13%(@j: ) L2 )

Lemma B.8. Let B be a bounded symmetric operator satisfying Assumptions I and N € N*. Let € > 0
small enough and IV be the set defined in (4). There exists a D, C R\ {0} such that, for each ug € D,,

M

inf AT — AR — AL+ ATR] > e
(j,k),(n,m)eIN

(3.k)#(n,m)
Moreover, for every § > 0 small there exists € > 0 such that dist(D.,0) < é.

Proof. Let us consider the neighborhood D(0) provided by Lemma B.3. The maps u + Af= A —An A%,
are analytic for each j,k,n,m € N* and v € D(0). The number of elements such that

(47) Aj = Ak — An + A =0, Vi, n,k,meN* km<N

is finite. Indeed A, = k?m? and (47) corresponds to j2 — k% = n? —m?2. We have |j2 — n?| = |k? —m?| <
N? — 1, which is satisfied for a finite number of elements. Thus, for IV (defined in (4), the following set
is finite

R:= {((.]7k)7 (n7m)) € (IN)2 : (.]7 k) 7& (n,m); >\j - )‘k - /\n + )\m = O}
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1) Let ((j,k), (n,m)) € R, the set V{; xn.m) = {u € D| A = A= An + A, = 0} is a discrete subset of
D(0) or equal to D(0). Thanks to the relation (38),

XY= Af = A+ N = [ai PN + ulag [P By s + NlIngll72 + ua;(Py, Béj,ms) e — laxl* A
- U|ak|2Bk,k - QkLanHZL? - U@<P$,€B¢kﬂ7k>m - ‘anP)\n - u|an|2Bn,n - /\Z||77n||%2
- u@(P(;;Ban, Mn)r2 + |am|2>‘m + u|am|23m,m + )\fnllﬂmlliz + UW<P;_MB¢ma77m>L2

= A AN AL = |aj|2>‘j — lar Ak — lan* A + lam[*Am

(48)
+ (|aj|2Bj1j - |ak|2Bk,k - |an|23n,n + |am|2Bm,m)u + o(u).

For |u| small enough, thanks to lim|uH0|aj|2 =1 and to the third point of Assumptions I, each map
ur AL = AL — AL A

can not be constantly equal to 0. Then, V(;  ,.m) is discrete and V = {u € D| 3(j,k,n,m) € R :
A = Ap = AL + A, = 0} is a discrete subset of D(0). As R is a finite set U :={ue D:Y(jknm)e
R| INY — A = AL+ Aq,| > €} has positive measure for € > 0 small enough. Moreover, for any ¢ > 0 small,
there exists ¢y > 0 such that dist(0,U,,) < 0.

2) Let ((j, k), (n,m)) € (IN)?\ R be different numbers. We know that|A} — X] — A% + \,| = 72[;2 —
k? —n? + m?| > 7%, First, thanks to (38), we have A} < |a;[?X; + |u|Cy and Ay > |a;|*X; — |u|Cy for
suitable constants C7,Cs > 0 non depending on the index j. Thus

NS = Ak = A%+ AL > Ml PA; = lar® Ak = lan*An + |am[*Am| = [ul(2C1 + 2C2).

Now, limg o |ax|? = 1. For any w in D(0) and e small enough, there exists M. € N* such that
lla;[2A;—|ak|*Ae = |an|*An+|am|*Am| > 72 —€ for every ((4,k), (n,m)) € R® := (IV)*\ R and j, k,n,m >
M.. However lim,_¢|ax|* = 1 uniformly in k thanks to (39) and then there exists a neighborhood
W, C D(0) such that, for each u € W, it follows ||a;|*X\; — |ax|*Ax — |an[*An + |am|*An] > 7% — € for
every ((4,k),(n,m)) € R® and 1 < j,k,n,m < M,.. Thus, for each v € W, and ((j,k), (n,m)) € R®
such that (j,k) # (n,m), we have [X¥ — A} — Al + X | > 72 — e

3) The proof is achieved since, for ¢; > 0 small enough, (751 N W, is a non-zero measure subset of
D(0). For any u € U, N W, and for any ((j,k),(n,m)) € (IV)? such that (j, k) # (n,m), we have
A% = X = Au + A | > min{r? — e, e}, O

Remark B.9. Let B be a bounded symmetric operator satisfying Assumptions I. By using the techniques
of the proofs of Lemma B.5 and Lemma B.8, one can ensure the existence of a neighborhood D1 of ug
in R and Dy, a countable subset of R such that, for any uy € D(0) := (D1 \ D2) \ {0}, we have:

1. For every N € N*, (j, k), (n,m) € IN (see (4)) such that (j,k) # (n,m), there holds \j* — \° —
Ao 4 \U0 £ 0,

2. B = (¢7°(T), B (T)) 12 # 0 for every j, k € N*.

3. Let T >0 and €g > 0. For |ug| small enough, the neighborhood O ;. (defined in (16)) contains
Oc,r (defined in (12)) for € > 0 sufficiently small.
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