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ABSTRACT. This is the first part of a three-part tutorial on dual quaternion algebra applied to
robotics, whose goal is to help readers grasp the main ideas behind dual quaternions and their
application to robot kinematic modeling and control. Part I presents the fundamentals of dual
quaternion algebra, starting from the basic definitions of complex numbers and rotations in the
plane and then extending the idea to rigid motions in the tridimensional case by means of quater-
nions and dual quaternions. In Part II, the dual quaternion algebra is applied to the kinematic
modeling of different types of robots, such as mobile robots, robot manipulators, cooperative sys-
tems, mobile manipulators, and humanoids. Finally, Part III presents several control laws that
are useful to control robots such as the ones modeled in Part II. Along with a relatively formal
presentation, all three parts present several examples and exercises that may help readers in the

comprehension of this increasingly important topic.
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CHAPTER 1

Introduction

In robotics textbooks, one of the first chapters is typically dedicated to the presentation of the
theory of rigid body motion. In general, the representations of translation and rotation are intro-
duced separately, and then they are grouped together to form the homogeneous transformation.

Typically, rotation matrices are used to represent rotation, whereas translation is represented
by the Cartesian position. Grouping them together leads to homogeneous transformation matrices
(HTM). Even in cases where different parameterizations of rigid motions are shown for the case of
completeness, the homogenous transformation matrices are used throughout the text. Examples
of this kind of exposition are found in the textbooks of Paul (1981), Spong, Hutchinson, and
Vidyasagar (2006]), Dombre and Khalil (2007) and Siciliano et al. (2009).

An alternative is presented by Murray, Z. Li, and Sastry (1994)). In their textbook, a complete
presentation of robot modeling and control is made in the light of screw theory. However, this
kind of presentation seems to be much more an exception than the rule.

Although HTM are quite common to represent kinematic motion, they impose some additional
work to control the end-effector. More specifically, a very common technique is kinematic control
in task space. Such control techniques take into consideration the relationship between the task

space variables and the joint variables. This relationship is typically given by
(1.0.1) xz=Jq,

where « is the vector of the task space variables, q is the vector of the joint variables, and J is
the Jacobian matrix relating the joints velocities and the end-effector velocities.

The parametrization of the task space variables is usually given by a vector and not directly by
the HTM. Hence, it is necessary to choose the parametrization and also to extract these variables
from the HTM that represents the end-effector pose.

Although one can consider these problems as secondary issues, the better theory is usually the
one that explains more using fewer—and preferably simpler—arguments. Hence, a theory capable
of eliminating intermediate steps between modeling and control would be better according to the
aforementioned criterion. Moreover, from an engineering point of view, fewer intermediate steps
between modeling and control can potentially reduce errors in implementation and development,

leading to safer robots.
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Murray, Z. Li, and Sastry (1994) present a more mathematical approach to robot modeling and
control based on the screw theory and matrix exponentials, whereas J. McCarthy (1990)) presents
an approach based on dual quaternions. Despite the fact that the latter is not a robotics textbook,
McCarthy and his collaborators consistently developed a theory for robot modeling using dual
quaternion theory (Dooley and J. McCarthy, 1993; Perez and J. M. McCarthy, 2004). Also, as
they are more focused on mechanism analysis, they have not provided a complete treatment on
robot control.

This tutorial presents another point of view on kinematic modeling and control based on dual
quaternions. The advantage of using unit dual quaternions is that they are more compact than
HTM, as the former has eight elements whereas the latter has sixteen. In addition, dual quaternions
have strong algebraic properties and can be used to represent rigid motions, twists, wrenches
and several geometrical primitives—e.g., Pliicker lines, planes, etc.—in a very straightforward
way. Moreover, it is easy to extract geometric parameters from a given unit dual quaternion
(e.g., translation, axis of rotation, angle of rotation) and dual quaternions multiplications are less
expensive than HTM multiplications (Adorno, 2011}, p. 42). Also, unit dual quaternions do not
have representational singularities (although this feature is also present in HTM) and are easily
mapped into a vector structure, which can be particularly convenient when controlling a robot, as
there is no need to extract parameters from the dual quaternion to perform such task. Thanks to
the aforementioned advantages, dual quaternion algebra will be used throughout the tutorial as
the main mathematical tool for both robot modeling and control.

Although this material is far from being complete, it is comprehensive and mature enough for
those wishing to obtain an initial background on dual quaternion algebra and the main techniques
of robot kinematic modeling and control. Should readers have any suggestions and/or constructive

criticisms, please email them to adorno@ufmg.br.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



CHAPTER 2

Rigid motions: from complex numbers to dual quaternions

Before entering into the world of quaternions and dual quaternions, first we are going to take
a look at complex numbers and how they can be very useful in the representation of rigid motions
in the plane. For instance, let us consider the complex plane in figure . A point (x,y) is
represented by the complex number p’ = x + iy, where 7 is the standard imaginary unit; that is,
?=—1. Sincex+iy=x(1+17-0)+y(0+17-1), therefore 1 and 7 constitute an orthogonal basis

in the complex plane.

T Re

FIGURE 2.0.1. A point in the complex plane.

If the complex plane is rotated by 6, as shown in figure [2.0.2] then 1 and 7 are mapped into a

new orthonormal basis:
1 — cosf+72sinf
7 — —sinf 4 2cosf.

As the basis has changed, a point p’ = x + iy—given initially in the rotated complex plane—when

expressed in the fixed complex plane is given by
p=1x(cosf +isinf) +y(—sinb + icosb)
= (xcosf —ysinh) + i (xsinfh + ycosh).
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Im

cosf + 1sind

—sinf + 2cosf

sin @

cos 6

FIGURE 2.0.2. Rotated complex plane.

Remarkably, if 7 £ cos + isin @, then we can verify by direct calculation that

(2.0.1) p=rp.

ExAMPLE 2.0.1 Consider a point p’ = 1 4 7 rigidly attached to a complex plane F' (that is,
p’ never changes with respect to F’). This complex plane is rotated by 7/4 and consequently
p’ rotates accordingly with respect to the fixed frame F. The new coordinates of the rotated
point p with respect to the fixed frame is
T s
p=rp = (cosz —l—isin—) (1+47)

4

(o) i)
= COS4 blﬂ4 1 bln4 COS4

— V2.

It is interesting to note that two successive rotations given by angles 6; and 6, are represented

by the multiplication 7175. This is easily shown if we use the Euler formula e? = cos@ + isin,

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



since r = € and hence
Piry = 1610

— 62(91 +02)

= cos (01 + 63) + isin (6, + 0s) .

ExXAMPLE 2.0.2 Consider the rotated point of example If another rotation of 7/4 rad
is performed, the final rotation is 7/2. Thus, after the second rotation the rotated point is

given by
(cos% + isin%) i\@ =—1+1.

If we rotate the original complex plane by 7/2, the point p’ = 1 +7 will be rotated accordingly
and the final rotated point, with respect to the fixed frame, is

(cos%%—isin%) (14+7)=—-1+1.

It should be clear by now that two rotations of 7/4 correspond to a single rotation of 7/2, as
expected.

A rotation of —6 is given by e~¥; that is,
e = cos (—0) + isin (—0)

= cosf —2sin6

:’r*,

where r* is the complex conjugate of r. Since r*r = rr* = 1, we conclude that r* is the inverse
operation of r. This is true only for complex numbers = such that ||r| = 1, which is the case of
complex numbers representing rotations in the plane.

Let us recall that a rotation r relates the coordinates of the point p’ in the rotated complex
plane F’ to the coordinates of the point given in the fixed frame F by means of the equation
p = rp’. If a point is given in the fixed frame F and we want to find the coordinates of this

point in the rotated frame F’, we can exploit the fact that r* is the inverse of r to find p’. More

specifically,
rp' =p
’I‘*’l"p/ _ ’I“*p
(2.0.2) p =r'p.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



10 2. RIGID MOTIONS: FROM COMPLEX NUMBERS TO DUAL QUATERNIONS

ExAMPLE 2.0.3 Consider a rotated frame F’, which suffered a rotation of /2 with respect
to the fixed frame F, and a point p = 1 + 7 given with respect to F. This point, represented

in the rotated frame F’, is given by

/

p=rp

T T
_ T o) (1w
((3052 zst)( +1)

=1-—4i.

From example [2.0.3] we realize that the complex number r = cosf + isiné also provides a
mapping of the same point between two coordinate systems. If we denote the fixed frame as Fy
and the rotated frame as Fi, the complex number r represents the rotation of F; with respect to
Fo, and it is appropriate to explicitly indicate this rotation as 7. In this notation, the superscript
always represents the reference frame, and hence p° and p' represent the coordinates of point p

with respect to frames Fy and Fi, respectively. This way,
(2.0.3) p’ = rip'
provides the mapping of point p from frame F; to frame Fy. The inverse mapping is given by

(2.0.4) p' =rep’,

where r} = (r?)".

2.1. Basic facts and definitions of quaternions

Quaternions were introduced by Hamilton in the nineteenth century and can be regarded as

~

an extension of complex numbers, where the three imaginary (also called quaternionic) units i, j, k

are defined and have the following properties (Hamilton, 1844):
(2.1.1) 2 ==k =jk=-1.
This way, the set H of quaternions is defined formally as
(2.1.2) H L {h1 4 ihy + ihs + khy : by, ha, ha, hy € ]R}.

From ([2.1.2]) we see that C C H], that is, a complex number is a particular case of a quaternion
where the coefficients related to the imaginary units 7 and k are both equal to zero.
Using an analogy with standard complex numbers, quaternions can be divided in real and

imaginary parts. The real part of h, denoted by Re (h), is the scalar h;. The imaginary part,

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



2.1. BASIC FACTS AND DEFINITIONS OF QUATERNIONS 11

denoted by Im (h) is the one containing the imaginary components; that is, Im (h) £ ihy+jhs+khy.
Hence, h = Re (h) 4+ Im (h).
The addition /subtraction and multiplication of quaternions use the properties of the imaginary

units and are given by the next two definitions.

DEFINITION 2.1.1 (Quaternion addition/subtraction)
Let h = hy +ihy + jhs + khy and h' = b, +ihly + jhly + kh/, be two quaternions. The quaternion

sum (the subtraction is analogous) is

h+h =hy+ R +i(hy+ hY) + 7 (hs + hy) + k (hg + R))

DEFINITION 2.1.2 (Quaternion multiplication)
Let h = hy +ihg + jhs + khy and b’ = b, +ihly + jhly + kh/, be two quaternions. The quaternion

multiplication is
hh' = (hy + ihy + jhs + kha) (R} + bl + jhl + khY)
— (hah, — hahly — hshly — hyhl)+
i(hahly + hol'y + hahly — hahly)+
J(hihly — hohly + hgh! + hyhl)+
le(hyll, + hohly — hshly + halt)).

The set of quaternions H forms a group under quaternion multiplication (Murray, Z. Li, and
Sastry, [1994). It is easy to show that quaternions are associative and distributive, but non-

commutative. The next two definitions refer to the conjugate and norm of quaternions.

DEFINITION 2.1.3 (Quaternion conjugate)
The conjugate h* of a quaternion h = hy + thy + jhz + khy is analogous to complex numbers;
that is,

h* = Re (h) — Im (h)

:h1—<%2+ﬂm+@m>.

DEFINITION 2.1.4 (Quaternion norm)

The norm of a quaternion h is defined as

|h| = VhRR* = VR'h.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



12 2. RIGID MOTIONS: FROM COMPLEX NUMBERS TO DUAL QUATERNIONS

It is easy to show that the norm of a quaternion is a non-negative real number (see exer-
cise [2.8.4)).

Fact 2.1.1
For a non-zero quaternion h, its inverse is given by
ok
R

Proof. By definition, if A" is the inverse of h, then
h™'h=1=hh"".

Thus, starting from the first equality we have

h™'h=1
h™'hh* = h*
h™'||h|?* = h".

Since ||h|” is a scalar, then h™' = h*/||h||*. The reasoning for the second equality is the same

and yields, as expected, the same result. |

Sometimes it is useful to perform the multiplication between matrices and quaternions. Some
authors prefer to use an implicit notation for this operation; that is, they implicitly consider the
parametrization of the quaternion into a vector before doing the multiplication. However, this
type of notation can lead to confusion, mainly if several complex operations are performed mixing
quaternions and matrices. In the sequel, the vecy operator is introduced, followed by the definition

of the multiplication between four-by-four matrices and quaternions.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



2.1. BASIC FACTS AND DEFINITIONS OF QUATERNIONS 13

DEFINITION 2.1.5

Given a quaternion h = hy+2hy+ jhs +/%h4, the vecy operator performs the one-by-one mapping
vecy : H — R*; that is,

hy

ho

hs

ha

A
vecy h =

P
The inverse operation is given by vec, : R* — H; that is, let w = |u; wuy ug u4] ,

h = vec, u,
Re (h) = Uy,

Im (h) = uyi + usj + usk.

The vecy operator just takes the coefficients of the quaternion and stacks them in a vector. The
inverse operation just takes a four-dimensional vector and maps its elements to the coefficients of

a quaternion.

. T
EXAMPLE 2.1.1 Let h = a + b + jc + kd, then vecy h = [a b ¢ d] .

T .
Letv:[() a 0 —b] , then vec, v = ia — kb.

Definition leads to an important result in terms of quaternion multiplication, shown next.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



14 2. RIGID MOTIONS: FROM COMPLEX NUMBERS TO DUAL QUATERNIONS

DEFINITION 2.1.6
Using definition [2.1.2] it is easy to verify by direct calculation that, for h, h’ € H,

+
vecy (hh') = H 4 (h) vecy h'

- H, (h') vecy h,
where
hi —hy —hs —hy hy —hy —hi —hj
; he hi —hs h _ A A
Hy(hy=|> ™ ™ " m@w= 2 " T
hs ha  hi —hs W,o—h, KR
ha —hs hy I LN, R,

+ =
and H, (-) and H () are called Hamilton operatorsH

%The term Hamilton operator is not commonly used, at least in the robotics literature. But since it seemed
appropriate, I borrowed the term from Akyar (2008).

This latter definition states that, even though the quaternion multiplication is not commutative,
the Hamilton operators commute between them. As it will become evident in the next chapters,
this property is quite useful. For a more complete account on the properties of Hamilton operators,
see the works of Chou (1992) and Akyar (2008)]]

2.1.1. Pure imaginary quaternions. Quaternions with only imaginary part are called pure

imaginary quaternions or simply pure quaternions. They form the set
(2.1.3) H, = {p€H : Re(p) =0}

and are particularly interesting in the sense that they have close connections to R*. For example,
given two pure quaternions we can define the cross product and dot product using only quaternion
operations.

DEFINITION 2.1.7

Let w and v be two pure quaternions. The cross product is defined as

A UV — VU
UXv=——-—
2

It is easy to show that the previous definition corresponds to the standard cross product between

two vectors in R? (see exercise [2.8.5)).

11t is important to note, however, that Akyar’s definition of Hamilton operators is somewhat different from the one
presented here.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



2.1. BASIC FACTS AND DEFINITIONS OF QUATERNIONS 15

DEFINITION 2.1.8
Let w and v be two pure quaternions. The dot product is defined as
r  (uv+vu)
u-v=-—-—-—"—""
2
As in the case of the cross product, it is easy to show that the previous definition corresponds
to the standard dot product between two vectors in R? (see exercise [2.8.6)).
If u and v are pure quaternions, using directly the definitions of dot product and cross product

we can verify that
(2.1.4) uv = —u-v+uXo.

This is particularly interesting because if w and v are orthogonal, then uv = u x v.
Analogously to complex numbers, which represent rigid motions in the plane, quaternions may

be used to represent rigid motions in three dimensions.

2.1.2. Translation. Since pure quaternions are directly related to vectors in R3, they repre-
sent translations in three dimensions. For instance, consider figure The translation quater-
nion p = p,i + pyJj + p.k has each one of its coordinates along the orthogonal axes represented by
the imaginary units. In addition, analogously to complex numbers, the imaginary units and the
real part form an orthogonal basis but since we can visualize only three coordinates, the real axis
is omitted.

2

7

FIGURE 2.1.1. Translation quaternion p = p, +pyj—|—pzl%. Note that both the real
and the imaginary axes form an orthogonal basis, but the real axis is omitted.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



16 2. RIGID MOTIONS: FROM COMPLEX NUMBERS TO DUAL QUATERNIONS

2.1.3. Rotation. Let us consider the unit quaternions w,v € M, such that w-v = 0 and
w = u X v. From (2.1.4), w = wv. This way, {u,v,w} is an orthonormal basis, and hence

uv = w, wu = v, and vw = u (exercise [2.8.8). The orthonormal basis {u,v,w} is shown in

figure [2.1.2a]

Aw
v
u
(A) Coordinate system represented by the (B) Projection of {u,v,w}, after a rota-
orthonormal basis {u, v, w}. tion, onto the fixed coordinate system.

FIGURE 2.1.2. Rotation ¢ around axis w.

Now we are ready to show that a unit quaternion r = cos (¢/2)+w sin (¢/2) (see exercise 2.8.10))

represents a rotation of ¢ around the rotation axis u. Let us first consider the transformation rur*:

o3 () o (3) ()
(e 6) () )
o (e (5= (5) (€)oo ()

(2.1.5) — u.

If r is really a rotation around axis u, then the projection of w in the new rotated coordi-
nate system should be unchanged, as expected (see figure [2.1.2bf). Now, let us proceed with the

transformations of v and w:

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



2.1. BASIC FACTS AND DEFINITIONS OF QUATERNIONS 17

)
)

rwr”

(e (2) v () ) (2
E (5o () () w9

¢
2
¢
2

(0) - (€)oo ()

(2.1.6) cos ¢ — vsin ¢.

The projection of the rotated w axis onto the fixed coordinate system is given by (2.1.6]), as shown
in figure [2.1.2bl The same reasoning is applied to v to obtain

(2.1.7) ror® = v cos ¢ + wsin @,

which represents the projection of the rotated v axis onto the fixed coordinate system, as shown
in figure 2.1.2b, Thus, we conclude that » = cos(¢/2) + usin (¢/2) is a rotation of ¢ around
rotation axis w, which is equivalent to say that the plane normal to u is rotated by ¢. In this

sense, a general rotation ¢ around an arbitrary unit norm rotation axis n = n,i + n,j + n.k (see

figure [2 is given by

(2.1.8) r = cos (g) + sin (g) n.

Furthermore, as shown by (2.1.5)—(2.1.7), a point p’ in frame F; may be projected onto another

frame F; by means of

(2.1.9) p =rip (r]) |

where the same notation for complex numbers was used; that is, the quaternion 'r;- represents the
rotation of F; with respect to JF; and, conversely, rg represents the rotation of F; with respect to

Fj.
It is easy to see that, since r has unit norm, its inverse is given by

. (qs)_. (qs)
" =cos| = sin| = | n
2 2
= cos (%) + sin (%gb) n,

o N . s\ K y N
which means that r* represents the rotation of —¢ around axis n. Hence, (1";) = r]. Also, since

*

is the inverse of r, then

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



18 2. RIGID MOTIONS: FROM COMPLEX NUMBERS TO DUAL QUATERNIONS

FIGURE 2.1.3. Rotation angle ¢ around the unit rotation axis m, represented by

r = cos (¢/2) + nsin (¢/2).

It is important to note that » = 1 represents absence of rotation, because cos(0 — nsin(0 = 1.

EXAMPLE 2.1.2 The point p' in coordinate system F; projected onto the coordinate system
Fo is given by

(2.1.10) p’ =rip' (r})’

Conversely, the projection of p° onto coordinate system F, yields

(2.1.11) p' =rip’ (ry)”

Alternatively, (2.1.11)) can be found from using the fact that the inverse of 70 is (r9)":

rip' (r})" =p

()" rip! (r})" 7} = () p'r]
p' = (r}) p'r
0

Both projections are shown in figure 2.1.4]

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



2.1. BASIC FACTS AND DEFINITIONS OF QUATERNIONS 19

FIGURE 2.1.4. The point p® in frame F; (left) may be projected onto the rotated
frame F; (right) by means of p' = rip°® (r})".

An important fact is that the product of two unit quaternions is also a unit quaternion, and

hence a rotation. This is easy to see if we consider three frames F;, F;, and Fj. Thus,
(2.1.12) p =rlp (),
(2.1.13) pt=rip’ (rj)".

Replacing (]2.1.12[) in (]2.1.13[) yields p* = r;‘?'rgpi (r{)* (r;“)* As (ab)” = b*a*, then (rj)* (r’?)* _

i J
(ré‘?rf)*, thus p* = r?rfpi (rfrf)* But we already know that the projection of p’ on Fj is

p* = rkp (’rf)* Consequently, we conclude that r¥ = r;?rf. Conversely,

r = (rf)’

- (rirl)’

(r})” ()"

|
=TT

EXAMPLE 2.1.3 Let a unit quaternion r) = 1 represent the initial orientation of a reference
frame Fy. After n rotations, the final orientation is given by 70 = r% ... 7"~ Note that the

superscript and subscript represent the original and final frames, respectively.

Given transformations such as ([2.1.9)), there is an equivalent—but more compact—representation

given by the adjoint transformation, as shown in the next definition.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



20 2. RIGID MOTIONS: FROM COMPLEX NUMBERS TO DUAL QUATERNIONS

DEFINITION 2.1.9

Given a unit quaternion r and a pure quaternion p, the adjoint transformation is defined as

Ad(r)p £ rpr*.

It is easy to see, by direct calculation, that
Ad (ry7m2) p = Ad (1) Ad (72) p.

Unit norm quaternions form, under multiplication, the algebraic group Spin (3) (Selig, 2005).

2.1.4. Rigid Motions in three dimensions. The complete rigid motion between F, and

JF can be represented by a translation p%, and a rotation ¢, as illustrated in figure [2.1.5|

Zb

a

Ly

La

FIGURE 2.1.5. Rigid motion represented by quaternions: first a translation p¢, is
performed, followed by a rotation rj.

The sequence of rigid motions using quaternions is given by the ring operations (addition and
multiplication) of H. For instance, let the tuple (p%,, ) represent the rigid motion from F, to F
and (pgc, rg) represent the rigid motion from F, to F. (see fig. . The resultant rigid motion

2Note that, sometimes, it is convenient in a sequence of rigid motions to represent the original and final frames in
the subscript of translation quaternions; for instance, p¢, is a translation from F, to F3, represented in F,. On the
other hand, pgb is the same translation from F, to Jj, but represented in Fy.

Robot Kinematic Modeling and Control Based on Dual Quaternion Algebra — Part I: Fundamentals, by Bruno V. Adorno



2.1. BASIC FACTS AND DEFINITIONS OF QUATERNIONS 21

from F, to F, is given by

(Phes78) = (Pl + Pier T370)
= (g + ripheri, TiTe)
(2.1.14) = (Pl + Ad (r}) p},, TiTh)
that is, the final rotation is given by the composition between the intermediate rotations, whereas
the final position takes into consideration the frame-rotation movement; that is, p?, is projected

onto F, by a frame transformation pf, = r¢ph r? = Ad (r}) p?. (recall that v’ = r¢*), and then

Pay + Phe = Paec-

FIGURE 2.1.6. Sequence of rigid motions represented by quaternions.

2.1.5. Relationship between the unit quaternion derivative and angular velocity.
One very useful result provided by quaternion algebra is the relationship between the unit quater-

nion derivative and the angular velocity of a frame, given by
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1
(2.1.15) Ty = iwgbrl‘},
where 7} is the rotation of frame JF;, with respect to frame F, and w9, is the angular velocity of

frame F, with respect to frame F,, expressed in frame F,.

Proof. First let us consider a point p® rigidly attached to F, such that p* = 0. Since p® = rip°r?,
then

ca, b b a bbb

(2.1.16) P =TpT, + TP T,
Isolating p® and substituting in ([2.1.16] yields
La. b _a ap,axb

p* =ryr,p* + piryr,.
Let o = 77, thus Re () = 0 (see fact 2.7.2) and a* = r{7 (see exercise [2.8.16|). Hence,

pa — apa+paa*
= ap’ — p'a
(2.1.17) =2(a x p).

Since the linear velocity is the cross product between the angular velocity and the position—that

is, p* = w?, x p®—it follows that
2 (e x p") = wg, X P,
which means that
woy = 2a
= 27l
Finally, isolating 7} yields the quaternion propagation equation:

ca a ..a

2.2. Dual quaternions

The previous section showed how quaternions are used to provide a complete description of
rigid motions. However, as we can note from (2.1.14]), complete rigid motions—i.e., rotations

and translations—are represented by using ring operations on set H; that is, we must use both
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quaternion additions and quaternion multiplications. Moreover, operations are done on pairs of
quaternions, (p, r), which is not a problem per se, but it may be desireable to have a more compact
representation. One such representation is the unit dual quaternion, which requires only group
operations on set H—i.e., only dual quaternion multiplications—and which are done on single
elements. Such compact representation leads to a cleaner presentation and the algebra involved
turns out to be simpler, allowing straightforward algebraic manipulations.

In order to define dual quaternions, in addition to the imaginary units 2, 7, and k, we must add
a new algebraic unit—mnamely the dual unit e—to form a new algebraic structure. The algebra
induced by the dual unit was introduced by Clifford (1871)) and is called algebra of dual numbers.

In this algebra, ¢ is nilpotent and has the following properties:
e#£0, =0

For a dual number @ = a + ca’, the number a is the primary part whereas a’ is the dual
part. Also, the primary and dual parts can be extracted by using the operators P (a) and D (a),
respectively. Hence,

a=7P(a)+eD(a).

Typically, the primary and dual parts are composed of the same type of elements, that is,
scalars, complex numbers or quaternions. In the more general case, when the primary and dual
parts consist of quaternions, dual numbers are usually called dual quaternions and form the set

‘H, which is formally defined as follows:
(2.2.1) HE{hi+chy: hy,hy €H, e #0,>=0}.

The attentive reader will notice that R € C C H C H. More specifically, a real number is
a complex number with imaginary part equal to zero (e.g., a = a + 0i); a complex number is a
quaternion in which the coefficients related to the imaginary numbers 7 and k are equal to zero
(eg,a+bi=a+bi+0j+ 012:); finally, a quaternion is a dual quaternion with dual part equal to
zero (e.g., a+ bi+ ¢j+ dk = a + bi+ ¢j + dk + £(0 + 00 + 0j + Ok)).

The usual operations—sum/subtraction, multiplication—of dual quaternions take into account

the € operator and are defined bellow.

DEFINITION 2.2.1

Let a, and a, be dual quaternions. The sum/subtraction between them is

a, +a,=P(a;) =P (a,) "‘E(D (a;) iD(QQ))-
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DEFINITION 2.2.2

Let a, and a, be dual quaternions. The multiplication between them is

a,a, = (P(a;) +eD(a;)) (P (ay) +eD(ay))
=P (a;)P(a) +&(P(a;) D(ay) +D(ay) P(ay))-

Note that the nilpotent property of the € operator is used in the multiplication operation.
The operators and properties derived for quaternions in section are easily extended to dual

quaternions. For instance, the real and imaginary parts of a dual quaternion are given by
Re (k) £ Re (P (h)) +<Re (D (h)),
Im (h) £ Im (P (h)) + e Im (D (h)).
This way, given h € H, it is straightforward to show that h = Re (h) + Im (h), since
Re(h) +Im (h) = Re (P (h)) + e Re (D (h)) + Im (P (h)) + ¢ Im (D (h))
— Re (P (h)) + Im (P (b)) + =(Re (D (h)) + Im (D (h)))

P(h) D(h)
=P (h)+eD(h) = h.

DEFINITION 2.2.3
The conjugate of the dual quaternion h = Re (h) 4+ Im (h) is

h* 2 Re(h) —Im (h).

It is easy to show that h* = P (h)" + D (h)" (see exercise [2.8.18).
The set H,, of pure dual quaternions is defined formally as

(2.2.2) H,2{h €H : Re(h) =0}.

The cross product and dot product are also defined for pure dual quaternions; that is, given
a,b € H,, the cross product is defined as

(2.2.3) gxl_lé_b;b_a,
and the dot product is defined as

b+b
(2.2.4) a-bs _a_g——_a
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When the primary and dual parts of a dual number are composed of real scalars, usually we
call it a real dual number or, when there is no ambiguity, simply dual number. The set D of real

dual numbers is formally defined as
(2.2.5) D= {hecH: Imh)=0}.

FAcT (Taylor expansion). The Taylor expansion of the function f(z) = f(P (x)+eD (g)) at
the point x, = P (x), where x € D, is (Gu and Luh, |1987):

= Flao) £ ) (22 + T (0
—1P@) + PP @)@+ LD py)

(2.2.6) = f(P(2)) +ef (P(2)D(z),

where f™(z) denotes the n-th derivative of the function f at x.

DEFINITION 2.2.4

Analogously to quaternions, the norm of the dual quaternion h is given by

||| = VRh" = \/h'h.

Fact 2.2.1

The inverse of the dual number a € D is

a1 _gD(g) a
¢ TP P<Q>Q’P<—>#O'

Proof. Let f(z) =z~ '. Since f (P (z)) = P(lx) and f' (P (z)) = —ﬁ, using (2.2.6) with z = a
leads directly to the expression of a~*. ]
FAct 2.2.2
For a non-zero dual quaternion h, its inverse is given by
h™!= o
L - 2°
L
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Proof. By definition, if A" is the inverse of h, then
h™h=1=hh""

Thus, starting from the first equality we have

h'h=1
h~'hh* = k'
h7'|R|* =R

Since ||h|® is a dual scalar, then h™* = h*/||h|*>. The reasoning for the second equality is the

same and yields, as expected, the same result. [ ]

The vec operator and its inverse can be extended to dual quaternions, analogously to quater-

nions, as shown below.

DEFINITION 2.2.5

Given a dual quaternion h € H, the vecg operator performs the one-by-one mapping vecs : H —
R3; that is,

h
vocs b — vecy (P (h))
vecy (D (h))
T
The inverse operation is given by vecg : R® — H; that is, let u = [ul e ug} ,
h = vecgu,

Re (h) = uy + cus,

Im (ﬂ) = iUQ T jU3 ar %U4 € (iue T jU7 aF %Ug) o

T N
EXAMPLE 2.2.1 Letuz[O 200123 4] ,thenv_ecgu:i2+5<1+i2+33+k4>.
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DEFINITION 2.2.6

For h, h' € H, using definitions [2.2.5| and [2.1.6] it is easy to verify, by direct calculation, that

+ _
vecg (hh') = Hg (h)vecsh' = Hg (h') vecs h

L)

where
1, (h) = 134 (P (h)) 04  Hy (W) = H, (P (h)) 04 7

H,(D (k) H.(P(h) H,(D(K)) Hy(P(R))

+ —
and Hg and Hg are the Hamilton operators extended to dual quaternions.

2.3. Unit dual quaternions

Unit dual quaternions (i.e., dual quaternions possessing unit norm) play a very important role

in the representation of rigid motions, and they belong to the set
SE£{heH : |h|=1}.

Elements of S equipped with the multiplication operation represent elements of Spin(3) x R?,
the group of rigid motions that double covers SE(3) (Selig, [2005)). Considering r € Spin(3) and
p € H,, the unit dual quaternion corresponding to the translation p followed by the rotation 7 is
given by

(2.3.1) =7+ g%pr.

First, it is straightforward to see that & € & because

1 1
zx" = {r + 5§pr} {r* + 5§r*p*}

1 1
=rr’+e¢ <§rr*p* + §prr*>

=1

Y

where we used the fact p* = —p and rr* = 1. In addition, P (z) = r and D (z) = (1/2)pr, so
the primary part of & represents the rotation and the dual part of & contains the information of
translation. This way, for any & € S the rotation is given by r = P () and the translation is

given by

(2.3.2) p=2D(z)P (z) .
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Remarkably, the composition of rigid transformations is given by a sequence of dual quaternion
multiplications. More specifically, consider ,,z, € 8§ such that ; = r; + ¢(1/2) p;r; and

T, =19+ e (1/2) pyra, thus

1 1 1
(2.3.3) I3 = {"‘1 + 551917“1] {’I‘Q + 551927“2] =rirs + 55 (ripyra + piriTe)
Clearly, 3 € S because
Ty = |T17T2 + £5 (ripore + pirTe)| |THTT + €5 (r3por] + r5rip))
* * 1 * * * * * * * * * *
= T1raryr] + = (Treripir] + Tireri TPl + TP Ters T + PyTiTrsT])

2
1 * * * *
=1+ 55 (rip5r] + Pl + T1poT] + Py)

1 * * *
=1+e;[ri(p5+py) ] +P] + ]

2
= 1.

In addition,
(234) P (@3) =Tiro
and

Py =2D (z3) P (£3)*

= (T1PyT2 + P T17T2) T

(2.3.5) =p; +Ad(r1) p,.

Comparing (2.3.4)) and (2.3.5) to (2.1.14) we conclude that multiplications of unit dual quaternions

represent indeed the composition of rigid transformations.

Last, given € S the inverse transformation is given by the dual quaternion conjugate x*,
which corresponds to the group inverse of Spin(3)xR? because z*z = xz* = 1 (Selig, 2005).
(Consequently, 1 is the group identity of Spin(3)xR? because £1 = 1z = x.) In order to see that

* is the inverse rigid transformation of &, first one must realize that if p = 0 and » = 1, then

T
x =71 +¢(1/2)pr = 1, which can be regarded as “absence” of rigid transformation as there is no
translation (p = 0) and no rotation (i.e., » = 1 = cos (¢/2) + nsin (¢/2), which implies ¢ = 0).
By the own definition of &, its elements have unit norm and hence Ve € § — zax* =x*x =1,
which implies that the transformation given by x is “canceled” by x* and vice-versa. Hence x*
corresponds to the inverse transformation of .

The next three statements are related to unit dual quaternions and will be useful in the next

sections.
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PRroPoOSITION 2.3.1
Let h = r + e3pr be a unit dual quaternion with r = cos (¢/2) + sin (¢/2) n, where n =
W A iy kn, and P = ipy + jpy + l;;pz. The logarithm of h is

on p
1 = — —.
ogh 5 +52

Proof. See (Han, Wei, and Z.-X. Li, 2008). |

Note that logh € H and Re (log h) = 0; hence, logh € H,,.

PROPOSITION 2.3.2
Let g € Hp, the exponential of g is

(2.3.6) expg =P (expg) +cD (g) P (expg)
sin||P(g) | ;
(2.3.7) Plepgl=4 1P @I+ T P @ i P (9] #0
1 otherwise.

Proof. Eq. (2.3.6) is a direct consequence of (2.2.6)) (the extension of the Taylor expansion to H is
left as an exercise to the reader) and (12.3.7)) is shown by M.-J. Kim, M.-S. Kim, and Shin (1996)).
]

DEFINITION 2.3.1

Given propositions [2.3.1] and [2.3.2] the geometrical exponentiation of the unit dual quaternion
h—i.e., h raised to the A-th power—is

h™ £exp(Alogh).
If the unit dual quaternion h is written in terms of its geometrical components, that is, h =
r +¢(1/2) pr, where r = cos (¢/2) + nsin (¢/2), then
B = 0 4 et
= 2 Y
where 7 = cos (A¢/2) + nsin (\¢p/2).

2.4. Pliicker lines

Section has shown that quaternions are used to perform point transformations; that

is, given a rotation quaternion r¢ between frames F, and JF,, a point p’ is expressed in frame
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F. by means of the transformation p® = Ad (r¢) p’. As we shall see in the following sections,
dual quaternions perform line transformations, that is, transformations of lines between different
frames. In order to proceed with this idea, first we must learn how lines are represented in a three
dimensional space by means of Pliicker lines (Bottema and Roth, [1979).

Consider figure[2.4.1] where I € H, with ||I|| = 1 represents the direction of the line and p € H,
is a point in the line. A Pliicker line is represented by the dual quaternion (Daniilidis, |1999))

l=1+em,
where m is the line moment; that is,
m =p x L.

Whereas 1 represents the direction of the line, the quaternion m determines its spatial location
independently of p. To see that, consider an arbitrary point p, = p + Al, where A € R, which is
clearly on I. The new line moment, m,, is given by
il —Ip,
2
P+ AN)l—-l(p+ ) pl+Nl—1Ip— Nl
2 B 2
_pl—lp _
== =m
In addition, since Re(l) = Re(m) = 0, then Re(l) = 0; this way, Pliicker lines are pure dual

my,=p, Xl =

quaternions and form the set #, C #H. Furthermore, since ||l|| = 1 and I - m = 0, an arbitrary

Pliicker line has four degrees of freedom (Daniilidis, [1999)).

2.4.1. Transformation of Pliicker lines. In the next paragraphs, first a Pliicker line is
represented with respect to two different frames; then, the result is used to show the existence of a
unit dual quaternion (i.e., a dual quaternion with unit norm) that corresponds to a transformation
between these two frames.

Consider two frames F, and Fy, a reference frame F, and the Pliicker line I = I + em shown
in figure The Pliicker line with respect to F, is I* = I* + em? and with respect to F; is
1" = 1" + em?. From the definition of a Pliicker line, m¢ = p? x 1* and m{ = p? x I”. Hence,

blb_lb b
my = P2,
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FIGURE 2.4.1. Pliicker line.

From figure , one can see that p} = p?, + Ad (7‘2) pe, and thus

(Db, + Ad (2) p2) 1" — 1" (P}, + Ad (r}) ps)
2
pl b —1°pl,  Ad(r}) pil® — I°Ad (r}) p2
- 2 * 2
Ad (T‘Z) pglb —I°Ad (T’Z) po
5 .

b _
m, =

= Ph, ¥ U+
Using the transformation 1” = r1°r¢,
TaPaTiTl Tl — Tl TiTapiT]
2
T (Pl —U'py) T
2

my = Py, x I’ +

=pp, x ' +
= ph, X I+ rhmir
(2.4.1) =pb, x 1"+ m?.

Since dual quaternions perform line transformations analogously to the way quaternions per-

form point transformations, the goal is to find the dual quaternion QZ that satisfies I® = QZL“_Z,
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FIGURE 2.4.2. Pliicker line with respect to frames F, and Fy.

where hy = (QZ)*, and 1 and I” are the Pliicker lines with respect to frames F, and Fp, respec-
tively; thus,

(2.4.2) 1" = hilhy
(24.3) 1" +emy = (P (hg) +¢D (h)) (1° +emg) (P (k) + D (hy)).

Expanding the previous equation yields
(2.4.4) 1" =P (h;) 1" P (hy)

and

(2.4.5) mj="P (h))1“D (hy) + P (h)) m’P (h})
+D (h))1“P (h]).

From , I’ =P (k) 1°P (), and hence P (h{)=r¢ and P (k%) =r’. Compare and
to obtain\c

py, x ' = 21D (hy) + D (k) l*ry,
b

b a,.a bja
P, roliry —rol
2

[ P))
“oP — yl1"D () + D (kL) 7}
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which implies
D (hg) = 5PhaTs
and
a 1 a b
(2.4.6) D (h;) = ~ 5" Pra-
It is straightforward to show that D (hy) = D (QZ)*
Since h! = P (QZ) +eD (Qg), hence
1
(2.4.7) hY =7rb + 8§p2arz.
It is easy to see that H QZH = 1. From the dual quaternion norm, if H QZH — 1, hence h°h%* = 1.

This is verified by direct calculation:

1 1
ot = (ot eplart) (v - <rind. )

1
__.b.a b b _.a b_.a. b
=TTy + 85 (pba’rarb - Tarbpba)

=1.

2.5. Planes in dual quaternion space

A plane can be completely described by the unit norm vector normal to the plane and the

perpendicular distance from the origin of a given coordinate system (Selig, 2000), as shown in

Fig. [2.5.1, When written in dual quaternion form, the unit norm vector is given by n € H,, such

that ||n|| = 1 and the perpendicular distance d is given by d = q - n, where g € H,, is an arbitrary

point in the plane; thus, the plane 7 is given by

(2.5.1)

PROPOSITION 2.5.1
Let the plane be represented in frame F, by ®w® = n® + ed*, where d* = q

A

T=n+ed=n-+eq-n.

plane, represented in frame Fy, is given by

(2.5.2)

where ¥ = 7% + £(1/2)ph, 7’ is the rigid transformation from F, to F,,

(2.5.3)

'’ = Ady (20) ©*,

Ady (z) y £ 2y’

a

n

a

. The same
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and

(2.5.4)

2. RIGID MOTIONS: FROM COMPLEX NUMBERS TO DUAL QUATERNIONS

\.

FIGURE 2.5.1. Plane with respect to frames F, and F,.

' £P(z)—eD(x).

Proof. The plane, with respect to JF, is given by w® = n’ 4 ed®, where

(2.5.5)

and d® =t -

Since q° - n®

(2.5.6)
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n’ = Ad (P (@Z)) n‘

nb, with ¢ = p?, + q° (see Fig[2.5.2). Thus,

b b t'n® + nbtb
b=
_ (Pt d)n’+n’ (P, + )
T 2
B pganb + nbpll;a qbnb + anb
2 2

=Py’ +q"- .
= q” - n° (see exercise [2.8.15|), hence

d"=t"-n’=pp -nb4d"
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From , , and , we obtain
m’ = Ad; ()
= ()" =" (a})’

1 1
= (rZ - eaplgar(ﬁ) (n® +ed") (TZ* - 5§7°Z*pga)

(2.5.7) =n’+¢e(d"+pj, n).

Comparing (2.5.7)) to (2.5.5)) and (2.5.6]), we conclude the proof. |

FIGURE 2.5.2. Plane with respect to frames F, and F,.

2.6. Relationship between the derivative of unit dual quaternions and twists

Let us consider the unit dual quaternion jy = rj + ¢ (1/2) p%,ry. Then

-, a 1 a a
(2.6.1) z, = 5§,
where £ = wg, +¢ (v% + p% X w?).

Proof. Taking the first derivative of xj, we obtain

*a *a 1 * a a a >a
Xy, =T, + 5 (PoyTs + PapTy)
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such that, using equation (2.1.15) and pj, = v%,, we get

-a . a 1 a a
P(xy) =7, = §wabrbv

(2.6.2) oy .
D () = 5 (vt + gpit ) 7t
Expanding (2.6.1)) we obtain

sa 1 a a a 1 a ..a
=1 (€) +e0(€)] 5+ i
1 a a a a 1 a a a
=3 P (é;b) Ty +c|D (§ab> Ty + 3 P <§ab> PopT
1 a a 1 a 1 a a a
(2.6.3) =3P (&,) i+ 5 (P (&,) + 5P (&2,) P ) i
Comparing equation ([2.6.2)) with equation (2.6.3|) we obtain P <§Zb> = wi, and

a 1 a ,a a 1 a , a
D (§ab> + §wabpab = Vg + §pabwab

D (g2,) = viy + Pl X iy

2.6.1. Numerical integration of unit dual quaternions. Consider the unit dual quater-
nion z (t) = r(t) + e (1/2)p (t) r (t)—where 7 (t) = cos (¢/2) + nsin (¢/2), with ¢ = ¢ (t) and
n = n (t)—and its corresponding time derivative & (). When performing the numerical integration

of &, one may be tempted to use the simple first-order approximation

Ly T L
T~ T )
to obtain

where T is the integration step. The problem with such approach is that  has unit norm and
belongs to a multiplicative group, but x, usually does not have unit norm due to the approximation
error of and the additive operation. This is particularly troubling, since rigid motions are
represented by unit dual quaternions, thus not only has intrinsic approximation errors, but
from an algebraic point of view, does not make sense. Approximative methods should at least

respect the group operation of unit dual quaternions. In order to derive such method first consider
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the angular velocity w = nq§ and the linear velocity v = p associated to x, thus

(2.6.5) bu DO — A~ T
and
(2.6.6) b % — Ap~Th,

where A¢p = ¢ — ¢p—1 and Ap = p, — p,_;. These approximations related to the linear velocity
and angular are embedded into the twist £ = w + ¢ (v + p X w)—where w £ w (), p £ p(¢), and

v £ v (t)—in the following manner:

T T X
_§:w +€(—U+p w)T

2 2 2
nTé (pT—l—p X nTgf))
=+ > .

Using (2.6.5) and ([2.6.6) we obtain

T_§_ %jL Ap +p x nA¢
g ~ My TE 2
T¢

1
— exp (7—) =7TaA+ 5§pArA,

where py = Ap +p x nA¢ and ra = cos (Ag/2) +nsin (Ag/2). Since £ is given with respect to
the inertial frame, thus the associated transformation must be performed using the inertial frame

as reference; that is,

(2.6.7) T, = exp (@) Lp_q-

EXAMPLE 2.6.1 Consider the time-varying trajectory given by
1

z(t) =7 () +e3p (07 (1),

where p (t) = icost + jsint + kt and
r(t) = cos (@) + n (t) sin (@)

with ¢ (t) = 2t and n(t) = icos(t) /V2 + jsint + kcos(t) /v/2. (Note that ||n| = 1, as
expected.) Figure shows the trajectory for the time interval ¢ = [0,5]s. In order to
illustrate the numerical integration given by ([2.6.7)), we must first find the twist £ () associated
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to & (t). Thus,
v(t)=p(t)=—sin(t)i+cos(t)j+ k.
From the quaternion propagation equation (2.1.15)),
w(t)y=2r)r )"
=2(n(t)+n(t)sintcost — n (t) n (t)sin’t) .

The resultant twist is given by

EW)=wt)+e(v(t)+pt) xw(t)).
The trajectory obtained by numerical integration is given by

(26.5) 2, +1) = () 2, 0

z;(0) =z (0).

The effect of the integration step 7' in the trajectory approximation is shown in figure 2.6.2]
For T' = 0.01 s, the numerical approximation is very accurate as the trajectory generated by
(2.6.8)) (black curve) is very close to the trajectory generated analytically (red curve with red
circles). On the other hand, for increasing values of 7' the numerical approximation starts to
have large deviations from the analytical trajectory, which is expected, since the larger the

value of the integration step, the more inaccurate is the numerical approximation.

2.7. Additional facts and properties of quaternions and dual quaternions

This section presents additional facts and properties of quaternions and dual quaternions which

were ommited from the main text in order to ensure a smoother reading.

2.7.1. Quaternions.
Fact 2.7.1

Consider hi,hy € H. From definition [2.1.2] it is easy to verify, by direct calculation, that
Re (hi1hy) = (vecy hl)T vecy hy.

FacT 2.7.2
Let h be a quaternion with unit norm; hence Re (hh*) = Re (hh*) =0.
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FIGURE 2.6.1. Time varying trajectory in Spin (3) x R? of example m

Proof. Taking the first derivative of hh* = 1, we get hh* + hh' = 0, which means that
Re (hh* - hh*> = 0. Thus,

0= Re (hh*) + Re (hh*)
— (vec4 h) ! vecy h + (vecy h)T vecy b
T
=2 (Vec4 h) vecy h.

AT : -
Hence, (vec4 h) vecy h = 0, which implies Re (hh*) = Re (hh ) =0. |
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Coeff. 1 Coeff. 2 Coeff. 3

FIGURE 2.6.2. Effect of the integration step in the trajectory approximation. Each
figure corresponds to a coefficient of the dual quaternion. The curve with red circles
corresponds to the trajectory obtained analytically, whereas the black (T = 0.01s),
dark green (T = 0.05), blue (T' = 0.1) and dashed blue (T = 0.2 s) curves currespond
to the trajectories obtained numerically.

PROPOSITION 2.7.1
Given a constant A and a unit quaternion = with constant rotation axis, such that » = (1/2) wr,

the angular velocity wy associated to the time derivative of M is given by

Wy = \w.
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Proof. Consider r = cos (¢/2) + msin (¢/2), then]

rM = cos & + msin &
2 2
d A AP\ A
- %r{’\} = [— sin (?) + m cos (%ﬁ)] %b
From the quaternion progapation equation,
wy = Q%T{A}T{A}*
= )\(Z}n

= \w.

PROPOSITION 2.7.2
Given A € R and a unit quaternion 7 = cos(¢/2) + nsin(¢/2), then {2 = (pDH)" = ()P,

Proof. The proof can be verified by direct calculation. ]

PROPOSITION 2.7.3
Given A € R and a unit quaternion r = cos(¢/2) + nsin(¢/2),

ir“} = \prP1
dt

Proof. From propositions [2.7.1{ and [2.7.2 and the fact that r{r{st = p{t+s} (see exercise [2.8.20)

d 1
Dy Z 2 e

dt 2

3Note that the geometrical exponentiation, as presented in Definition is defined only for unit dual quaternions.
This way, the notation P s ambiguous and thus we use dri* /dt instead.
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2.8. Exercises

EXERCISE 2.8.1. Show that a complex number » = cos§ + 2sin # has unit norm.
EXERCISE 2.8.2. Show that rotations in the plane are commutative.

EXERCISE 2.8.3. Show that the following relations

—ji=ij=k
—kj= k=1
—tk=ki=)

are a direct consequence of ([2.1.1]).

EXERCISE 2.8.4. Given a quaternion h = hy + ihy + jhs + kha, show that ||h| = |[vecs b =
Vh3+ h3 + h3 + hi.

EXERCISE 2.8.5. Given the pure quaternions w = 17 + ugj + u;;/% and v = v12 + vo) + vgl%,

show that the cross product defined in definition [2.1.7| corresponds to the cross product between
T

T
twovectorsu:[ul Uo U3i| andfv:[vl () Ug]

EXERCISE 2.8.6. Given the pure quaternions w = i + ug) + usk and v = vii + V2] + ?ng%,
show that the dot product defined in definition corresponds to the dot product between two

T
vectors u = [ul Uy Usg } and v = |:U1 Vg Ug]
EXERCISE 2.8.7. Show that H, is isomorphic to R? under the addition operation.

EXERCISE 2.8.8. Show that if {u, v, w} is an orthonormal basis, then uv = w, wu = v, and
VW = u.

EXERCISE 2.8.9. Show that, for a,b € H, the following equality holds: (ab)* = b*a*.

EXERCISE 2.8.10. Show that if n is a pure quaternion with unit norm, then quaternions of the
form r = cos (¢/2) + sin(¢/2)n also have unit norm.

EXERCISE 2.8.11. Show that if r; and r, are rotation quaternions, then r = 717y has unit
norm.

EXERCISE 2.8.12. Show that if r is a rotation quaternion, then —r represents the same rotation.

EXERCISE 2.8.13. Show, by means of quaternion operations, that a rotation angle ¢ around

rotation axis m is equivalent to the rotation angle —¢ around rotation axis —mn.
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EXERCISE 2.8.14. Show that, if » = cos (¢/2)+n sin (¢/2) and s = cos (7 — ¢/2)—nsin (7 — ¢/2),
then s = —r.

EXERCISE 2.8.15. Given p% t* € H, and r® € Spin (3), show that p® - t* = p® - t*, where
p’=Ad (r}) p® and t* = Ad (v}) t* .

EXERCISE 2.8.16. Given the unit quaternion r{, show that
d a " d ax d b

EXERCISE 2.8.17. Show that, given two frames F, and F3, and a rotation r{, if the angular

velocity is expressed with respect to Fp, then the quaternion propagation equation is given by
7y = (1/2) riwy,.

EXERCISE 2.8.18. Show that Re (h) — Im (h) =P (h)" +¢D (h)".

EXERCISE 2.8.19. Given a constant A € R and a unit dual quaternion & = r + £(1/2)pr, such
that £ = (1/2)fx with { = w +£(p+p x w) and r = (1/2) wr, show that the twist £, related
to dxtM /dt is given by £ =Awt+e(@+Ipxw).

EXERCISE 2.8.20. Given the unit quaternion r = cos (¢/2) 4+ nsin (¢/2), the unit dual quater-
nion = 7 + < (1/2) pr, and s,t € R, show that r{stp{th = plsttt and gledglth £ gls+th
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