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Abstract We present a specific pooling model which, while simple, still uses bi-linear ob-
jective and constraints. An absolute lower bound is available for this model. We conjecture
that any local solution is a global minimizer for this simple instance. We will motivate its
usage within a feed industry application. We will then present several experiments to sup-
port our conjecture. Since the dimension is in the hundreds, no global solver is able to solve
it. Among arguments to support our conjecture is the fact that for smaller instances solvable
by global solvers, the solutions computed by local solvers are indeed global.

1 Introduction

Finding the global solution to nonlinear nonconvex problems has been an active research
interest for several years. Few global solvers exist, as BARON [22,19] or Couenne [4] and
they use a branch-and-bound algorithm. The branch-and-bound methods consists in finding
lower and upper bounds of the nonconvex problem and refining them successively. Such
algorithms are useful and efficient for small problems that may have dozens of constraints
but if the problem is too large it cannot be solved using branch-and-bound algorithm. Thus,
some other methods have to be found for large problems. This is our case when we consider
the diet problem, especially in the pig industry. The problem that we study has 254 variables
and 2700 constraints and we would like to determine its global solution. Indeed, this study
has first and foremost a practical aim. The goal is to set up a new least cost feeding system
in farms in order to decrease the feed cost that represents more than 70% of the production
cost. Using nonlinear solver, we are able to compute local solutions to our problem. We
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conjecture that the local solution obtained is indeed a global optimum. In this paper, after
stating the problem that we are interested in, the diet problem, we will describe some useful
methods to determine upper and lower bounds to a nonlinear nonconvex problem. First of
all, we will present two different ways to formulate our problem. The pooling problems are
commonly used in petroleum industry but can be easily adapted for the agrifood industry.
These formulations make it possible to obtain an upper bound of the global optimum of
the diet problem since we are looking for a minimum. By discretizing one variables that
appears in the bilinear terms, the problem can be transformed into a mixed integer linear
problem. This method could give a good approximation of the optimal solution. Then we
will describe three relaxation methods. The best known is probably the linear relaxation
introduced by McCormick in 1976 [17]. It relaxes a nonlinear nonconvex problem into a
linear convex problem. This method leads to a lower bound as well as the one introduced
by Tawarmalani et al. in 2010 [21] which gives the convex hull of sets like B = {(x,y) ∈
Rn
+|∑n

i=1 axiyi+bixi+ciyi > r} and the semidefinite programming relaxation. We will try to
reduce the gap between the lower and upper bounds at most thanks to all these approaches
and we will see that some methods seems to be theoretically efficient but could not be in the
specific case of the diet in the pig industry.

2 Pooling formulation of a diet problem

2.1 Diet problem history

The diet problem was introduced first by Stigler, an American economist, in 1945 [20].
Initially, it was the following linear problem


min

x
ctx,

s.t. Ax > b,
x > 0.

(PL)

This problem was first solved by using heuristics. Then, in 1947, Dantzig developed the
simplex algorithm [7,8] and undertook to test his algorithm on the Stigler’s diet problem
and finally made it possible to solve this problem without using heuristics.

Until today, many studies have been performed on the diet problem in general ([15,
16,10] for example), but the linear problem is the most common model used. Moreover, a
significant progress has been made in the diet modelling with the add of upper bounds on
variables and constraints.

The diet problem interested a lot, especially the pig industry in which feed represents
70 % of the production cost and in an economic context of international competition, it is
important to reduce it. Thus, a few studies [6,1,3] have been made in order to reduce feed
cost. Those methods are currently used in the industry and use linear programming. More
recently, Joannopoulos et al. [14] presented a new way of modelling the feeding system.
This method is based on two feeds which are blended in different proportions each day. The
model representing this feeding system is bilinear. More precisely, it has a bilinear objective
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function, and bilinear and linear constraints. It can be resume by the following model :

min
x,y

∑
i∈I

∑
j∈J

Q0
i jxiy j +a0

i xi + c0
jy j,

s.t. ∑
i∈I

∑
j∈J

Qp
i jxiy j +ap

i xi + cp
j y j > dp ∀p ∈ J1,nK,

A
(

x
y

)
> b,

0 6

(
x
y

)
6

(
xM

yM

)
.

(PBL)

2.2 The pig’s diet model

The model corresponding to the pig’s diet problem is slightly different than the general one.
Indeed, by referring to the (PBL), no linear terms appears when there are the bi-linear ones
and the model is written as follow :

min
x1,x2,y1,y2

∑
i∈I

∑
j∈J

q0
i (x1iy1 j + x2iy2 j) ,

s.t. dp
j 6 ∑

i∈I
qp

i (x1iy1 j + x2iy2 j)6 dp
j ∀p ∈ P,∀ j ∈ J,

b 6 A


x1
x2
y1
y2

6 b,

0 6


x1
x2
y1
y2

6


mx

1
mx

2
my

1
my

2

 .

(PPig)

In this model, each constraint is lower and upper bounded and is at least non-negative.
Upper and lower bounds are equal in case of an equality constraint. Variables x1 and x2 are
of size 16 and represent the feeds while y1 and y2 are of size 111 and represent the quantity
of each feeds given at each day. It has a total of 2700 constraints, including 115 equality
constraints and 2515 inequality constraints.

A particularity of the problem is that we already know a lower bound of the optimal
value which is given by an ideal model.

2.3 The ideal model

The ideal problem consists in using the optimal cost feed at each day. This model is a
relaxation of the problem (PPig) and can be modeled as a linear one as follow :

min
x

∑
i∈I

∑ j∈J q0
i xi j

s.t. dp
j 6 ∑

i∈I
qp

i xi j 6 dp
j ∀p ∈ P,∀ j ∈ J,

b 6 Ax· j 6 b, ∀ j ∈ J,

(PPigId)

Moreover, it is separable and we can write it as a small linear problem for each day.
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|J| Couenne BARON Ipopt
obj. value CPU time obj. value CPU time obj. value CPU time

2 N/A TL 1.01754 0.144977 1.01754 0.162931
3 N/A TL 1.53933 0.132979 1.53933 0.122153
4 N/A TL N/A TL 2.06981 0.437493
111 N/A TL N/A TL 96.2316 8.29799

N/A : not available, TL : time limit reached (28,800 s)

Table 1 Comparison of non-linear solvers (Couenne, BARON and Ipopt) solution and CPU time.

In that model the vector x· j represents the diet given to the pigs at day j. The global
solution to this problem can be obtain easily by a linear solver and its optimal value is
94.8423. Nevertheless, the associated feeding system is impracticable for growers due to
the high number of feed to store (1 per day), but the solution will be kept in mind as a lower
bound of the problem (PPig).

2.4 Performance of global solvers

In order to solve the bilinear problem (PPig), the modelling were done using AMPL [9]. The
global solution of the problem could be obtained by using global solvers like Couenne [4] or
BARON [22,19], while Ipopt [23] guarantee a local optimum only. As we can see in table 1,
neither Couenne nor BARON can return optimal solution of the whole (PPig) problem, i.e.
when |J| = 111, and reached the time limit set to 8 hours. Considering a smaller problem (|J|
= 2 to 4), Couenne is not able to return the global solution and also reached the time limit,
while BARON, for its part, return the global solution for |J| = 2 and |J| = 3 but is not able
to obtain the solution for an higher value of |J|.

On the contrary, Ipopt returns a solution for each instance, but it guarantees only local
optimum. However, we can notice that the optimal point obtained for |J| ∈ {2,3} is in reality
a global optimal solution. Hence, we conjecture that the solution returned by Ipopt is a global
optimal solution.

2.5 Pooling problem

The diet problem as we described it above can be associated to a particular pooling problem.
Here, we will describe two way to model a pooling problem, the p-formulation and the q-
formulation.

The standard pooling problem was introduced by Haverly [13] in 1978. The concept of
the pooling problem is the following : inputs are send into pool tanks to be blended together.
Then mixtures from the pools are sent to outputs to get the final products. Moreover, inputs
can be directly added to the final products. The pooling problem may be illustrated by a
graph (Figure 1).

In the p-formulation of a pooling problem, the variables, associated to the flow, are
modeled in quantity flowing on each edge. The particularity of this formulation is that we
have to add a flow conservation constraint in addition of all the specification requirements.
This constraint can be formulated

∑
i∈I

wi,p = ∑
j∈O

yp, j ∀p ∈ P.
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INPUTS POOL OUTPUTS

i1

i2

i3

i4

p1

p2

j1

j2

j3

j4

wi1 p1

wi1 p2

wi3 p1

wi3 p2

wi4 p2

yp1 j1

yp1 j2

yp2 j2

yp2 j3

yp2 j4

zi2 j4

Fig. 1 Illustration of the pooling problem

This is how Haverly introduced the pooling problem.
Then, Ben-Tal et al. [5] propose to model the flow between inputs and pools in propor-

tions. This is the q-formulation. In this formulation we also have to add a constraint defining
the proportion entering in tanks

∑
i∈I

wip = 1 ∀p ∈ P.

Both formulation are equivalent but the way to model the problem is different. We can
wonder if the non-linear algorithms handle both model in the same way.

In the case of the pig’s diet problem, inputs cannot be directly added to outputs. For
example edge zi4 j4 form i4 to j4 on figure 1 will not be allowed. From now on, we will not
consider these edges.

These two formulations of the pooling problem were implemented in AMPL. Both p-
formulation and q-formulation return exactly the same solution when they are solved by the
non linear solver Ipopt, which is the same as the one given in table 1.

This result supports the conjecture we claimed that it is a global solution of the pig’s diet
problem. In order to verify the conjecture, we will present several approaches. All of them
are either approximation or convex relaxation.

3 Relaxations of bi-linear terms

3.1 Approximation of the global optimal solution using variables discretization

The initial bilinear problem is designed in continuous variables. We will see that discretiz-
ing one of the variables involved in the bilinear terms give at the end a mixed integer linear
problem.
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|J| Solution value CPU time (in s)
(PPig) (PpigDisc) (PPig) (PpigDisc)

2 1.01754 1.01754 0.162931 5.63164
3 1.53933 1.53933 0.122153 79.3265
4 2.06981 2.06986 0.437493 714.843
5 2.60897 2.60911 0.180731 3 832.76
6 3.15681 3.15717 0.339369 30 988.7
7 3.71333 3.71396 0.478266 433 168

Table 2 Optimal cost of the discretized (CPLEX solver) and bilinear (Ipopt solver) model and CPU time.

This section is inspired from [18]. Let 0 6 xi 6 xM
i and 0 6 y j 6 yM

j be the variables
and consider one bilinear term xiy j. One variable is discretized in base 2, for example y, as
follows

y j = yM
j

K

∑
k=0

2−k
α jk

where α jk ∈ {0,1} is a binary variable and K is the precision of the discretization.

Now, the bilinear term is given by

xiy j = xiyM
j

(
K

∑
k=0

2−k
α jk

)

= yM
j

K

∑
k=0

2−k
α jkxi.

We can see here that even by discretizing one variable the term is still bilinear. However,
this could be modified by introducing a new variable. Let xi jk be this one, such that

xi jk =

{
0 if α jk = 0
xi if α jk = 1.

This variable is set thanks to the four following inequality


xi jk > 0,
xi jk− xi 6 0,
−xi jk + xi− xM

i (1−α jk)6 0,
xi jk− xM

i α jk 6 0.

(1)

Thus, we get

xiy j = yM
j

K

∑
k=0

2−kxi jk

which is a linear term in xi jk. Therefore, by replacing each bilinear terms by a variable like
xi jk and adding the four equations (1) as constraints for each one, the problem become linear.
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First we decided to discretize y1 and y2. Applying it on PBL, we obtain the following
linear model :



min
x1,x2,y1,y2,x1,x2,α,β

∑
i∈I

∑
j∈J

∑k∈K q0
i 2−k

(
my

1x1
i jk +my

2x2
i jk

)
,

s.t. dp
j 6 ∑

i∈I
∑

k∈K
2−kqp

i

(
my

1x1
i jk +my

2x2
i jk

)
6 dp

j , ∀p ∈ P,∀ j ∈ J,

b 6 A


x1
x2
y1
y2

6 b,

0 6


x1
x2
y1
y2

6


mx

1
mx

2
my

1
my

2

 ,

x1
i jk > 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

x1
i jk− x1i 6 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

−x1
i jk + x1i−mx

1(1−α jk)6 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

x1
i jk−mx

1α jk 6 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

x2
i jk > 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

x2
i jk− x2i 6 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

−x2
i jk + x2i−mx

2(1−β jk)6 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

x2
i jk−mx

2α jk 6 0, ∀i ∈ I,∀ j ∈ J,∀k ∈ K,

α jk,β jk ∈ {0,1}, ∀ j ∈ J,∀k ∈ K.
(PpigDisc)

This problem could be solved by mixed integer linear solvers and return an approx-
imation of the solution of the initial problem (PPig) written in continuous variables. The
implementation was done in AMPL and we solved it using CPLEX 12.6 as a mixed integer
linear solver.

In order to test this methods, we started with a small problem, namely |I| = 16, |J| =
2 and |K| = 4 and then |J| has been increased. Table 2 shows the results for |J| = 2 to
|J| = 7. We can notice that the gap between both models is really small. It means that this
approximation of the solution is a good one. However, if we look at the CPU time taken by
CPLEX to solve (PpigDisc) problems, we notice that it grows exponentially. It is tenfold for
each time that |J| is incremented by one. In the initial problem, |J|= 111. Thus, the needed
time to solve the general discretized problem could be 10100 years.

Use (PpigDisc) instead of (PPig) is a good idea to get an approximation of the global
solution but is not appropriate to our problem due to its size and we don’t go further in the
idea. Moreover the same result appears when the variables x1 and x2 are discretized instead.

3.2 Convex relaxations

This section will be devoted to the presentation of three convex relaxations. These methods
will give lower bounds of the initial (PPig).



8 Emilie Joannopoulos et al.

3.2.1 McCormick relaxation

The first relaxation that we will present is the best known. McCormick [17] introduced it in
1976. It provides a linear relaxation of the initial problem by using only the bounds variables.
The concept is the following. Suppose that we have two variables xi and y j that appear in a
bilinear term and such that

lxi 6 xi 6 uxi ,

ly j 6 y j 6 uy j .

From these equations, we get


(xi− lxi)(y j− ly j ) > 0,
(xi− lxi)(uy j − y j) > 0,
(uxi − xi)(y j− ly j ) > 0,
(uxi − xi)(uy j − y j) > 0,

⇐⇒


xiy j− xily j − y jlxi + lxi ly j > 0,

xiuy j − xiy j− lxi uy j + y jlxi > 0,
y juxi −uxi ly j − xiy j + xily j > 0,

uxi uy j − y juxi − xiuy j + xiy j > 0.

Let zi j = xiy j then we get the system


zi j− xily j − y jlxi + lxi ly j > 0,

xiuy j − zi j− lxi uy j + y jlxi > 0,
y juxi −uxi ly j − zi j + xily j > 0,

uxi uy j − y juxi − xiuy j + zi j > 0.

This system is linear in zi j,xi and y j.

A linear relaxation of the bilinear initial problem is given by replacing all the bilinear
terms xiy j by zi j and adding in the model the system described above. This relaxation is
called the McCormick relaxation and is very commonly used.

In the case of the diet problem in pig industry, the bilinear terms looks like xtiyt j for
i ∈ I, j ∈ J and t ∈ {1,2}. x1 and x2 never appears in the same bilinear term, as well as y1
and y2, x1 and y2 or x2 and y1.

Let x1i j = x1iy j and x2i j = x2iy j. If we applied the McCormick relaxation to (PPig), we
obtain the following problem :
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min
x,y

∑
i∈I

∑
j∈J

q0
i (x1i j + x2i j) ,

s.t. dp
j 6 ∑

i∈I
qp

i (x1i j + x2i j)6 dp
j , ∀p ∈ P,∀ j ∈ J

b 6 A


x1
x2
y1
y2

6 b,

0 6


x1
x2
y1
y2

6 m.

x1i j > 0 ∀i ∈ I,∀ j ∈ J
my

1 jx1i− x1i j > 0 ∀i ∈ I,∀ j ∈ J
mx

1iy1 j− x1i j > 0 ∀i ∈ I,∀ j ∈ J
mx

1im
y
1 j−mx

1iy1 j−my
1 jx

1i + x1i j > 0 ∀i ∈ I,∀ j ∈ J

x2i j > 0 ∀i ∈ I,∀ j ∈ J
my

2 jx2i− x2i j > 0 ∀i ∈ I,∀ j ∈ J
mx

2iy2 j− x2i j > 0 ∀i ∈ I,∀ j ∈ J
mx

2im
y
2 j−mx

2iy2 j−my
2 jx

2i + x2i j > 0 ∀i ∈ I,∀ j ∈ J

(PPigMC)

This problem is linear and can be solved using CPLEX. The optimal cost is then 94.1812
which is less than the lower bound known. However the model can be improved. Indeed, in
(PPig) appears the constraints

y1 j + y2 j 6 w j (2)

∑
i∈I

x1i = 1 (3)

∑
i∈I

x2i = 1 (4)

By multiplying (3) by y1 j, as well as y2 j by (4), we get that

y1 j = ∑
i∈I

x1iy1 j

y2 j = ∑
i∈I

x2iy2 j

which leads to the modification of the constraint (2) by

y1 j + y2 j = ∑
i∈I

x1iy1 j + x2iy2 j 6 w j

⇐⇒∑
i∈I

x1i j + x2i j 6 w j.
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Identically, the constraints (3) and (4) can be modify in the two following

y1 j = ∑
i∈I

x1i j

y2 j = ∑
i∈I

x2i j

Doing these modifications we just add some valid cutting plans which we hope improve
the relaxation.

And hopefully, solving this problem leads to a slight improvement. The optimal cost
returned by solvers is 94.8423, which is exactly the lower bound already known give by
solving (PPigId).

After some studies of this model, we can notice that the McCormick relaxation including
cutting planes is, in fact, exactly the same linear problem that model the diet using the
optimal cost feed at each day, namely (PPigId) the model giving the lower bound. Indeed,
let xi j = x1i j + x2i j which correspond to the quantity of ingredient i for the diet of day j.
Then when it is replaced in the model (PPigMC) and we can see that it corresponds exactly to
(PPigId) problem.

3.2.2 Tawarmalani et al. convex hull

More recently, Tawarmalani et al. [21] stated a new result about the convex hull of a bi-linear
set.

Proposition 1 Consider B =
{
(x,y) ∈ Rn

+×Rn
+|∑n

i=1(aixiyi +bixi + ciyi)> r
}

, where, for
each i ∈ {1, ...,n}, ai,bi and ci are non-negative and r is strictly positive.

Let ηi(xi,yi) =
1
2

(
bixi + ciyi +

√
(bixi + ciyi)2 +4airxiyi

)
. Then,

conv(B) =

{
(x,y) ∈ Rn

+×Rn
+|

n

∑
i=1

ηi(xi,yi)> r

}
is the convex hull of B.

Unlike the McCormick relaxation, this one is a non-linear convex relaxation. It repre-
sents the convex hull of the bilinear set B.

We will now apply this approach to the pig’s diet problem. Because all coefficients in
the objective function and constraints are positive, the relaxation can be applied only on the
”greater or equal” constraints. The relaxation obtained is not convex due to the bi-linear
constraint of type ”less or equal”, but it can give an idea on the fact that we will be able to
improve the lower bound.

Solving this problem using Ipopt, the optimal cost returned is 89.54 which is far from
the lower bound.

This relaxation is supposed to be the convex hull of the set while McCormick is only a
linear relaxation. The fact that the optimal solution of the Tawarmalani et al. relaxation is
smaller than the one of McCormick relaxation is due to the bounds on variables.

The next section is devoted to show how bounds on variables act on these two relax-
ations.
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3.2.3 Illustration of McCormick and Tawarmalani relaxations

As an illustration of these two relaxations, consider the set

B =
{
(x,y,z) ∈ [1,5]3|xy+ z > 4

}
.

This set is represented by all the point belonging to [1,5]3 and above the surface on figure 2.

Fig. 2 Representation of the bi-linear set B ={
(x,y,z) ∈ [0,5]3|xy+ z > 4

}
.

Fig. 3 Representation of the bi-linear set B and the
McCormick relaxation set BM .

Fig. 4 Representation of the bi-linear set B and the
convex hull of Tawarmalani BT .

Fig. 5 Representation of the bi-linear set B and
both McCormick and Tawarmalani relaxations.

Using equations determined in section 3.2.1, the feasible set given by the McCormick
relaxation of B is given by

BM =

{
(x,y,z) ∈ [0,5]3 | z > 4−5x

z 6 4−5y

}
which is represented in figure 3 by all the point above the grey surface.

If we apply the proposition 1 to the set B, we get the following set

BT =
{
(x,y,z) ∈ R3

+ | 2
√

xy+ z > 4
}

which is represented in figure 4 by all the point above the black surface.
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Finally, figure 5 includes both relaxations in addition to the initial bi-linear surface.

We can see that both relaxations intersect each other. Thus it may happen that the Mc-
Cormick relaxation is better than Tawarmalani’s et al. Even more interesting, if conditions
are right, the McCormick relaxation can be strictly included in the convex hull describe by
Tawarmalani et al.

For example, if we consider the bi-linear set

B =
{
(x,y,z) ∈ [0, tx]× [0, ty]× [0, tz] | xy+bz > r

}
then the convex hull is given by

B′ =
{
(x,y,z) ∈ [0, tx]× [0, ty]× [0, tz] |

√
rxy+bz > r

}
.

The convex relaxation for this set is given by the four following equations

xy > 0 (5)

x(ty− x)> 0 (6)

(tx− x)y > 0 (7)

(tx− x)(ty− y)> 0 (8)

By (6) and (7) we can deduce that

r−bz 6 tyx, (9)

r−bz 6 txy. (10)

Moreover we get by definition of B′ that

r−bz 6
√

rxy.

Then McCormick relaxation is strictly included in B′ if and only if{
tyx 6

√
rxy

txy 6
√

rxy

⇐⇒
{

tyx 6
√

rxy
txtyxy 6 rxy

⇐⇒
{

tyx 6
√

rxy
txty 6 r

Thus if r > txty then McCormick relaxation is always better than then convex hull of
Tawarmalani et al. Figure 6 illustrates this case for the numerical example.

Considering theses results, Tawarmalani et al. relaxation does not help to determine if
the local solution is in reality a global minimum.
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Fig. 6 Illustration when conditions are met so that McCormick relaxation strictly included in the convex hull
describe by Tawarmalani et al.

3.2.4 SDP relaxation

Another way to get a lower bound of a bi-linear problem is to use the semidefinite program-
ming relaxation.

The idea to use it comes from the paper [2]. Every bi-linear problem can be written as a
quadratic program. Indeed, (PBL) can be rewritten

min
x,y

a0x+ xtQ0y+ c0y,

s.t. apx+ xtQpy+ cpy > dp ∀p ∈ J1,nK,

A
(

x
y

)
> b,

0 6

(
x
y

)
6 m,

The aim of the SDP relaxation is to write the problem as

min
x,y,Z

f (x,y,Z),

s.t. b 6 g(x,y,Z)6 B,

Z � 0,

where f and g are linear functions.
First, let the inner product of two matrices A and B be defined as

A•B = tr(AB).

A quadratic term wtQw can then be written using the inner product of two matrices. Let
W = wwt . Thus

wtQw = Q•W.
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By a small changing of variable z =
(

x
y

)
and adjusting the data matrices, we are able to

state the bi-linear problem as follows :

min
z,Z

Q0 •Z + c0z,

s.t. Qp •Z + cpz > dp ∀p ∈ J1,nK,

Az > b,

0 6 z 6 m,

Z = zzt .

It is then relaxed by replacing Z = zzt by

Z � zzt ⇐⇒ Z− zzt � 0

⇐⇒
(

Z z
zt 1

)
� 0

Thus the SDP relaxation of a bi-linear problem can be written as

min
z,Z

Q0 •Z + c0z,

s.t. Qp •Z + cpz > dp ∀p ∈ J1,nK,
Az > b,
0 6 z 6 m,(

Z z
zt 1

)
� 0

(PSDP)

In order to accelerate computation of the solution of the SDP problem, we separate it by

blocks. So, here, we will consider z1 =

(
x1
y1

)
and z2 =

(
x2
y2

)
. Then the problem looks like



min
z,Z

Q0 •Z1 +Q0 •Z2

s.t. Qp •Z1 +Qp •Z2 > dp ∀p ∈ P

A
(

z1
z2

)
> b

0 6

(
z1
z2

)
6

(
m1
m2

)
(

Z1 z1
zt

1 1

)
� 0(

Z2 z2
zt

2 1

)
� 0

(PPigSDP)

To this problem we can add several valid cutting planes. For example, the new vari-
able Z1 and Z2 represent the quadratic term and then can be lower bounded by 0 and upper
bounded by mimt

i .

The modelling was done in Matlab R2015b. Solving this problem using CVX [12,11]
and in particular the solver SDPT3 leads to an optimal cost of 94.8423, namely exactly the
lower bound already known.
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After studying this model, we noticed that the SDP relaxation is the same problem
that give the lower bound, namely the ideal problem (PPigId). For the same reasons that we
claimed in 3.2.1, it is easy to see that by replacing Z1 +Z2 by a new term in (PPigSDP) leads
to solve a problem that determine the optimal cost diet at each day. Moreover, no additional
valid cutting planes can be added in order to improve it.

Conclusion

Section 2.5 includes two different way to formulate the diet problem that we are interested
in. These two formulations provide solutions of the problem. These solutions are guaranteed
to be a local minimum only but we conjecture that they are global minimum. However they
provide upper bounds of the global solution.

The others methods presented in this paper are relaxation or approximations. We are
able to get a mixed integer linear problem by discretizing some variable involved in bi-
linear terms. This method can lead to to a solution close the global minimum of the bi-linear
problem. However, it is too slow to solve the entire problem due to the branch and bound
algorithm used. As an example, solve the problem with 32 continuous variables and 14 in-
teger variables (instead of 222) took around 4× 106 seconds. It is a good method but not
appropriate in our case since the problem is too large.

We also presented three relaxations. These approaches provide lower bounds of the bi-
linear problem but does not improve the one already known. However, some of them provide
the same lower bound and the gap between lower and upper bound is only 2%. They are good
bounds but each method that we try could not improve it due to peculiar shape of our diet
problem. In the general case, these methods can produce a good lower bound.
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