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ON THE MOD-2 COHOMOLOGY OF SL3(Z[},i))

HANS-WERNER HENN

ABSTRACT. Let I' = SL3 (Z[%7 i]), let X be any mod-2 acyclic I'-CW complex on which
I" acts with finite stabilizers and let Xs be the 2-singular locus of X. We calculate
the mod-2 cohomology of the Borel construction of X with respect to the action of IT".
This cohomology coincides with the mod-2 cohomology of I" in cohomological degrees
bigger than 8 and the result is compatible with a conjecture of Quillen which predicts
the structure of the cohomology ring H*(T'; Fa).

1. INTRODUCTION

A major motivation for studying the mod-2 cohomology of SL;3(Z[3,i]) comes from a
conjecture of Quillen (Conjecture 14.7 of [Q1]) which concerns the structure of the mod-
p cohomology of GL, (A) where A is a ring of S-integers in a number field such that p is
invertible in A and A contains a primitive p-th root of unity ;. The conjecture stipulates that
under these assumptions H*(GL,,(A); Z/p) is free over the polynomial algebra Z /p[c1, . . ., ¢y]
where the ¢; are the mod-p Chern classes associated to an embedding of A into the complex
numbers. In the sequel we will denote this conjecture by C(n, A, p).

We will show in Theorem 5.1 that for A = Z[1,4] conjecture C(n, A,2) is equivalent to
the existence of an isomorphism
1
H*(GLn(Z[ia Z]); ]FQ) = IFQ[Cl, N ,Cn] X E(el, 6/1, ey egn_l,eén_l)
where the classes ¢; are the Chern classes of the tautological n-dimensional complex repre-
sentation of GL,(Z[3,i]), E denotes an exterior algebra and the classes ez;_1,€);_; are of
cohomological degree 2i — 1 fori =1,...,n.

Conjecture C(n,Z[3,i],2) is trivially true for n = 1 and has been verified for n = 2 in
[W]. On the other hand, Dwyer’s method in [D] using étale approximations X,, for the
homotopy type of the 2-completion of BGL,(Z[3]) and comparing the set of homotopy
classes of [BP, X,,] with that of [BP, BGL,(Z[3])] for suitable cyclic groups of order 2" can
be adapted to disprove C(16, Z[%, i],2). We will not dwell on this in this paper. However,
we note that étale approximations can also be used to show that if C(n, Z[%, i],2) fails then
C(2n,Z[3],2) fails as well [HL]. We also note that C(n,Z[3],2) is known to be true for
n = 2 by [M] and n = 3 by [H2] but is known to be false for n = 32 by [D] and even for
n > 14 [HL].

In this paper we give a partial calculation of H*(SL;),(Z[%,

in an attempt to study conjecture C’(3,Z[%,i],2). We propose the same strategy as the
one which was used in the case of SL3(Z[3]). In a first step one uses a centralizer spectral

sequence introduced in [H1] in order to calculate the mod-2 Borel cohomology Hf(X;F2)
where X is any mod-2 acyclic G-CW complex on which a suitable discrete group G acts with
finite stabilizers and X, is the 2-singular locus of X, i.e. the subcomplex consisting of all
points for which the isotropy group of the action of G is of even order. For G = SL3(Z[%])

i]); F2) and make a first step
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this step was carried out in [H1] and for G = SL3(Z[4,4]) it is carried out in this paper.

The precise form of X does not really matter in this step.

The second step involves a very laborious analysis of the relative mod-2 Borel cohomology
H{ (X, Xs;F9) and of the connecting homomorphism for the Borel cohomology of the pair
(X, X,). In the case of G = SL3(Z[}]) this was carried out by hand in [H2]. A by hand
calculation looks forbidding in the case of G = SL3(Z[4,1]) and this paper makes no attempt
on such a calculation. However, we do make some comments on what is likely to be involved
in such an attempt.

Here are the main results of this paper. In these results the elements by respectively bs are
of degree 4 resp. 6. They are given as Chern classes of the tautological 3-dimensional complex
representation of SLj (Z[%,z]) The indices of the other elements give their cohomological
degrees. These elements come from Quillen’s exterior cohomology classes in the cohomology
of GL3(FF,) for suitable primes p, for example for p = 5 (cf. section 3.2 for more details).
Furthermore " denotes n-fold suspension so that £F, is a one dimensional Fo-vector space
concentrated in degree 4.

Theorem 1.1. Let I' = SL3(Z[3,i]) and let X be any mod-2 acyclic I'-CW complex such
that the isotropy group of each cell is finite. Then the centralizer spectral sequence of [H1]

lim%_ryH'Cr(E); F2) = H{ (X Fy)
collapses at FEo and gives a short exact sequence
0 — XFy @ BF, @ X7Fy — Hp (X Fo) — Falby, bs] ® E(ds, dy, ds,ds) — 0

in which the second map is a map of graded algebras.

Next let
W H*(T;Fs) = HE(X;Fo) — HE(Xg;Fo) — Falbe, bs] @ E(ds, dy, ds, dy)

be the composition of the map induced by the inclusion Xy C X and the epimorphism of
Theorem 1.1.

Theorem 1.2. Let I' = SL3(Z[3,i]) and X be as in the previous theorem.

a) If SD5(Z[3,i]) denotes the subgroup of diagonal matrices of I' then the target of 1 can
be identified with a subalgebra of H*(SDg(Z[%,i]);FQ) and 1 is induced by the restriction
homomorphism H*(BT;Fy) — H*(SDs(Z[3,1]); F2).

b) There exists a map of graded Fa-algebras
¢ : Foca, c3) @ E(es, €5, e5,e5) — H*(T;Fy)
with e; and €} of degree 2i — 1 such that the composition of ¢ with v is the isomorphism

which sends ¢; to b;, i = 2,3, e; tod; and € to d;, i = 3,5.

¢) The homomorphism 1 is surjective in all degrees, an isomorphism in degrees x > 8
and its kernel is finite dimensional in degrees x < 8.

Remark 1.3. In section 5 we will discuss the relation of Theorem 1.2 with a conjecture of
Quillen on the structure of the cohomology of H*(GL(n,A);Fs) for rings of S-integers A
in a number field satisfying suitable assumptions (cf. 14.7 of [Q1]). This conjecture would
hold in the case of n = 3 and A = Z[3, 4] if the maps ¢ and ¢ of part (b) of Theorem 1.2
turned out to be isomorphisms (cf. Proposition 5.5).

The following result is an immediate consequence of Theorem 1.2.
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Corollary 1.4. Let I' = SL3(Z[%,i]) and X be as in Theorem 1.1. Then the following
conditions are equivalent.

a) The restriction homomorphism H*(BT;Fs) — H*(SDs(Z[3,i]);F2) is injective and
H*(BT';Fs3) is isomorphic as a graded Fa-algebra to Fa[bs, bs] ® E(ds, df, ds, df).

b) There is an isomorphism
H{ (X, X,;Fy) = ¥°F, @ ¥°F, @ X8F,

and the connecting homomorphism Hj(X,;F2) — HFH(X, Xs;Fy) is surjective. O

The paper is organized as follows. In section 2 we recall the centralizer spectral sequence
and in section 3 we prove Theorem 1.1 and Theorem 1.2. In Section 4 we make some
comments on step 2 of the program of a complete calculation of H*(T';F3). Finally in
section 5 we discuss the relation with Quillen’s conjecture.

The author gratefully acknowledges numerous enlightening conversations with Jean Lannes
over many years on the topics discussed in this paper.

2. THE CENTRALIZER SPECTRAL SEQUENCE

We recall the centralizer spectral sequence introduced in [H1].

Let G be a discrete group and let p be a fixed prime. Let A(G) be the category whose
objects are the elementary abelian p-subgroups FE of G, i.e. subgroups which are isomorphic
to (Z/p)* for some integer k; if E; and Fy are elementary abelian p-subgroups of G, then the
set of morphisms from F; to Fs in A(G) consists precisely of those group homomorphisms
a : By — By for which there exists an element g € G with a(e) = geg™! for all e € E;. Let
A.(G) be the full subcategory of A(G) whose objects are the non-trivial elementary abelian
p-subgroups.

For an elementary abelian p-subgroup we denote its centralizer in G by Cg(E). Then
the assignment E — H*(Cg(E);F,) determines a functor from A, (G) to the category & of
graded F,-vector spaces. The inverse limit functor is a left exact functor from the functor
category E4+(G) to £. Tts right derived functors are denoted by lim®. The p-rank rp(G) of
a group G is defined as the supremum of all k£ such that G contains a subgroup isomorphic

to (Z/p)".

For a G-space X and a fixed prime p we denote by X, the p-singular locus, i.e. the
subspace of X consisting of points whose isotropy group contains an element of order p. Let
EG be the total space of the universal principal G-bundle. The mod-p cohomology of the
Borel construction EG xg X of a G space X will be denoted H(X;F,). The following
result is a special case of part (a) of Corollary 0.4 of [H1].

Theorem 2.1. Let G be a discrete group and assume there exists a finite dimensional mod-
p acyclic G-CW complex X such that the isotropy group of each cell is finite. Then there
exists a cohomological second quadrant spectral sequence

Byt = timy_ () H'(Ca(E);Fy) — H5M(X,iF,)
with B3 =0 if s > 1,(G) and t > 0.
Remark 2.2. The edge homomorphism in this spectral sequence is a map of algebras
HE (X Fp) = limy, ) H* (Ca(E); Fp)

which is given as follows.
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Let X ¥ be the fixed points for the action of £ on X. The G-action on X restricts to an
action of the centralizer C(E) on X% and the G-equivariant maps

G Xcy(EB) X¥ 5 X,, (g,2) gz .
for E € A.(G) induce compatible maps in Borel cohomology
HE(X o3 Fo) = HE(G X gy XT3 F2) = H gy (X T Fo) = H*(Ca(E); Fa)

which assemble to give the map to the inverse limit. Here we have used that by classi-
cal Smith theory X% is mod p-acyclic if X is mod-p acyclic and hence we get canonical
isomorphisms HéG(E)(XE;FQ) ™~ HEG(E)(*;]FQ) ~ H*(Cg(F);F2).

Furthermore the composition
(2.1) H*(G;F,) = H;:,(X;F,) —» HH(Xs;Fo) = H (Ca(E); Fa)

is induced by the inclusions Cq(E) — G as E varies through A, (G).

In [H1] we have used this spectral sequence in the case p = 2 and G = SL3(Z). Here we
will use it in the case p = 2 and G = SL(3,Z[3,i]). In both cases we have r3(G) = 2 and
hence the spectral sequence collapses at Fs and degenerates into a short exact sequence

(2.2) 0= limYy o H (Ca(E);Fa) —» HG (X3 Fa) = limg, (o) H' ' (Ca(E);Fa) — 0.

3. THE CENTRALIZER SPECTRAL SEQUENCE FOR SLs3(Z[3,1])

3.1. The Quillen category. Let K be any number field, let Ok be its ring of integers
and consider the ring of S-integers O K[%] Then, up to equivalence, the Quillen category of
G := SL3(Ok]|3]) for the prime 2 is independant of K. In fact, because 2 is invertible every
elementary abelian 2-subgroup is conjugate to a diagonal subgroup, and hence A, (G) has
a skeleton, say A, with exactly two objects, say Fy and FE5 of rank 1 and 2, respectively.
We take E; to be the subgroup generated by the diagonal matrix whose first two diagonal
entries are —1 and whose third diagonal entry is 1, and E5 to be the subgroup of all diagonal
matrices with diagonal entries 1 or —1 and determinant 1.

The automorphism group of E; is trivial, of course, while Aut 4(Es) is isomorphic to the
group of all abstract automorphisms of Es which we can identify with &3, the symmetric
group on three elements. There are three morphisms from F; to Ey and Aut4(F») acts
transitively on them.

3.2. The centralizers and their cohomology. For the centralizers in H := GL3(Ok[3])
we ﬁnd OH(E1) = GLQ(OK[%D X GLl(OK[%]) resp. OH(EQ) = D3(OK[%]) lf DH(OK[%])
denotes the subgroup of diagonal matrices in GL,, (O |[3]). This implies
- 1 - 1.0 1. 1.5
Ca(E1) = GL2(Ok[35]).  Ca(B2) = D2(Ok[5]) = Ok [5]" x Ok 5]
From now on we specialize to the case K = Q[i] where we have Ok [3] = Z[3,i]. In

this case the cohomology of the centralizers is explicitly known. In the sequel we abbreviate
SLg(Z[%,i]) by T.
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3.2.1. The cohomology of Cr(Es). There is an isomorphism of groups
1
ZJ/AX T Z[g,i]x, (n,m) —i"(14i)™

and therefore we get an isomorphism

1 . 1 .
(3.1) H*(Cr(Ey);Fy) = H*(Z[?@]X X Z[?@]X;]Fé) = Foly1,y2] ® E(x1, 2, 22, 5)

with y; and y, in degree 2 and the other generators in degree 1. We agree to choose the
generators so that y1, x1 and 2} come from the first factor with x; and 2} being the dual
basis to the basis of

HL(2l, i3 Fa) = 203, i)* /(2l5,1)°) 2 2/2 < 22

given by the image of i and (1 + i) in the mod-2 reduction of the abelian group GL1(Z[3, 1))
and y; coming from H?(Z/4;Fs); likewise with yo, 79 and o, coming from the second factor.

3.2.2. The cohomology of Cr(E1). This cohomology has been calculated in [W]. In fact,
from Theorem 1 of [W] we know

1
(3.2) H*(Cr(Ey);Fg) = H*(GLg(Z[E,i]);Fg) & Fyler, co) @ E(er, €, e3,€5) .

In the sequel we give a short summary of this calculation. The classes e;, €], e3 and e}
are pulled back from Quillen’s exterior classes ¢; and g3 [Q2] in

(3-3) H*(GLy(F5); Fa) = Faler, c2] @ E(q1,q3)

via two ring homomorphisms

1 1
(3.4) W:Z[i,i]—)lﬁg ) W/ZZ[g,Z.]—)IF5 .

We choose 7 such that 7 is sent to 3 and 7’ such that 4 is sent to 2.
Then consider the two commutative diagrams (with horizontal arrows induced by inclu-
sion and vertical arrows induced by 7 resp. ')

Dy(Z[3]) — GLy(Z[L))

(3.5) 1 1

DQ(F5) — GLQ(IF5) .

By abuse of notation we can write
(3.6) H*(D2(Fs5); F2) = H*(F5 x F5';F2) = Faoly1, y2] ® E(21, 72)

with y; € H*(FX;F2) and z; € H*(FY;F2) coming from the first factor and likewise with
y2 and xy coming from the second factor. Then these ring homomorphisms induce two

homomorphisms

%]);]Fz)

which in term of the isomorphisms (3.6) and (3.1) are explicitly given by

7,1 L H*(Do(Fs); Fy)) — H*(Do(Z]

Ix

(3.7) ™ () = v =7 (yi), (@) =, 7 (x;) =x+a) for i=1,2.

The cohomology of GLo(F5) is detected by restriction to the cohomology of diagonal
matrices and restriction is given explicitly as follows:

(3.8) c1— Y1 +yY2, C2—>Y1Y2, 1> T1+ T2 q3— Y1T2 + Y2y -
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/ / 3
Then ey, €1, e3, e5 are defined via

(3.9) e1 =7"(q1), es=7"(g3), €y =7"(q1), e3=1"(g3) .

If ¢; and ¢y are the Chern classes of the tautological 2-dimensional complex representation
of GLy(Z[%], ), then the restriction homomorphism from H*(GLo(Z[3,4]); F2) to the coho-
mology of the subgroup of diagonal matrices is injective and by using (3.5) and (3.8) we see
that it is explicitly given by

1= Y1ty C2 = Y1Y2
(3.10) el T1+ T2 €3 > Y102 + Y21
i x4+ +xe+xh ey yi(ze+ah) +ya(xr + %) .

3.2.3. Functoriality. We note that together with the isomorphisms (3.1) and (3.2) the re-
striction (3.10) also describes the map

Oy * H*(CF(El), ]FQ) — H*(CF(EQ), IFQ)
induced from the standard inclusion of E; into Fs.
To finish the description of H*(Cr(—);F3) as a functor on A it remains to describe the

action of the symetric group Auta(E2) = &3 of rank 3 on H*(Cr(E2);F2) = Faly1, 2] ®
A(zq, 2, 22, x4) and because of the multiplicative structure we need it only on the generators.

If 7 € Aut4(E2) corresponds to permuting the factors in Cp(Es) = GLl(Z[%,i]) «
GL1(Z[%,4]) then
(3.11) ) =vyo (@) =20 T(2)) =ab
T*(y2> =4 T*(xg) =T T*(,’I,‘é) = g)&

and if 0 € Aut(FE2) corresponds to the cyclic permutation of the diagonal entries (in
suitable order) then

(3.12) o) =1 oum)=m .} =
. a*(y2):y1 + Y2 0*(x2):g;1_|_$2 0*(1"2):

3.3. Calculating the limit and its derived functors. In Proposition 4.3 of [H1] we
showed that for any functor F from A to Z,)-modules there is an exact sequence

(3.13) 0 — limusF — F(E;) —% Homye,|(Stz, F(E2)) — lim 4 F — 0

where Stz is the Z[&3] module given by the kernel of the augmentation Z[&3/&2] — Z, and
if @ and b are chosen to give an integral basis of Stz on which 7 and ¢ act via

T«(a) =b 7«(b) = a

ox(a)==b o.(b)=a—b

then p(x)(a) = a.(z) — (0.)%a.(z) and p(2)(b) = . (z) — owan () if 2 € F(E).

(3.14)

Because in our case the functor takes values in Fa-vector spaces we can replace Homys,)
by Homp, (s, and Stz by its mod-2 reduction. The following elementary lemma is needed
in the analysis of the third term in the exact sequence (3.13).

Lemma 3.1.
a) Let St be the Fo[S3]-module given as the kernel of the augmentation Fo[S3/Sq] — Fy.
The tensor product St ® St decomposes as F[S3]-module canonically as
St ® St 2 Fa[G3/A3] ® St

where As denotes the alternating group on three letters. In fact, the decomposition is given
by
St ® St = Im(id + 0. + 02) @ Ker(id + 0. + 02)
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and the first summand is isomorphic to Fo[S3/A3] while the second summand is isomorphic
to St.

b) The tensor product Fo[G3/As] @ St is isomorphic to St & St.

Proof. a) It is well known that St is a projective Fo[G3]-module, hence St ® St is also
projective. It is also well known that every projective indecomposable F2[S5]-module is
isomorphic to either St or F2[&5/A3]. Both modules can be distinguished by the fact that
e :=1id+ o, + o, acts trivially on St and as the identity on Fo[S3/As].

Furthemore e is a central idempotent in Fo[&3] and hence each Fy[S3]-module M decom-
poses as direct sum of Fy[S3]-modules

M=Im(e: M - M)®Ker(e: M - M) .

An easy calculation shows that in the case of St ® St both submodules are non-trivial and
this together with the fact these submodules must be projective proves the claim.

b) Again each of the factors in the tensor product is a projective F3[S3]-module, hence the
tensor product is a projective Fy[G3]-module. Because o acts as the identity on Fo[G3/As]
we see that the idempotent e acts trivially on the tensor product and this forces the tensor
product to be isomorphic to St & St. O

Lemma 3.2. The Poincaré series x2 of Homg,(a,](St, Fa[y1, y2] ® E(21, 7, 22, 15)) is given
by
_22(1 + 3t + 3t +1°) 4 2¢(1 4 2t 4 2t + 265 +¢8)
X2 (1 — (1 — 1)

Proof. The isomorphism of (3.1) is an isomorphism of Fo[S3]-modules where the action of &3
is given by (3.11) and (3.12). In particular we see that H'(GL1(Z[%,i]) x GL1(Z[3,i]); F2)
is isomorphic to St @ St generated by x1, ', x2, 25. The exterior powers of H' are given as

k
E*(zy, 10,27, 7%) = E¥(St & St) = D) E7St ® EF 7 St
j=0

and, because E¥(St) is isomorphic to X*F, if k& = 0,2, isomorphic to XSt if &k = 1, and
trivially otherwise, we obtain

Sk, k=04
Sk (St @ St k=13
E* (21,29, 7], 74) = 2( 2) ) B
S2F, @ $2(St ® St) & $2Fy k= 2
0 k40,1,2,3,4

where Fy denotes the trivial Fo[&3]-module whose additive structure is that of Fs.

Therefore the Poincaré series xo of Homp,[g,)(St, H*(Cg(E2); F2)) decomposes according
to the decomposition of A(z1,xh, 2], x}) as sum

(3.15) X2 = (14262 + tY)x2,0 + t2x2,1 + 2(t + %) x2,2

where X2 is the Poincaré series of Homg,|s,)(St, F2[y1,2]), x2,1 is the Poincaré series of
Homg,[e,)(St, St ® St @ Faly1,y2]) and xa,2 is that of Homg,(s,](St, St @ Fa[y1, y2]).
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Furthermore it is well known (and elementary to verify) that there is an isomorphism of
F3[&3]-modules St @ St @ Fo[S3/As] = F3[G3] and therefore an isomorphism

Faly1,y2] = Homp, s, (St & St © F2[&35/A43], Fa[y1,y2])
=~ Homp, (e, (St, Fa[y1, y2])®* @ Fa[y1, ya] e .

Together with the elementary fact that the As-invariants F3[y;,y2]4? form a free module
over Faly1,v2]$ = Falca, c3] on two generators 1 and 43 + 192 + y3 of degree 0 resp. 6 this
implies

1+ t° 1

Mot T T e T G- p)

and hence

t2
(3.16) X2,0 =

I-e)(i—6)

It is elementary to check that St and Fy[S3/A3] are both self-dual Fy[G3]-modules and
hence Lemma 3.1 gives
St ® St* =2 Fy[G3/A3] ® St
and
St ®@ St* @ St* = (F[G3/As] @ St) @ St*
= (Fo[63/A3] ® St) @ (St ® St)

Therefore, if xp,[y, 4,45 denotes the Poincaré series of the Aj-invariants then

3t2 1416 1+ 32 + 3t +1°
3.17 —3 _ _
( ) X2,1 X2,0 T XFa[ys,y2] 43 (1—12)(1 - t°) + (1—t4)(1 - t°) (1—t4)(1—15)

(3.18) Xa2 = X0 + Xey(pypalte = 12 N 1+16 :1+t2+t4+t6.
: , 2wl T2y 1 —46) T (T (1—16) (1 —4)(1 — 1)
Finally (3.15), (3.16), (3.17) and (3.18) give
(14262 + 2 (1 +2) +12(1 + 32 + 32 +15) + 2(t + 3) (1 + 2 + ¢4 4 15)
(1 —t*)(1—15)
2t2(1 + 3t2 4 3t* +10) + 2¢(1 + 2% + 2t* + 216 + %)
- (1—t%)(1—19) ’

and this finishes the proof. O

Theorem 1.1 is now an immediate consequence of Theorem 2.1 and the following result.
Proposition 3.3. Let p =2 and I' = SL3(Z[4,1]).

a) There is an isomorphism of graded Fa-algebras
hmA*(F)H*(CF(E);]FQ) = Fz[bz, b3] ® E(dg, é, d5, dg) .
Furthermore, if we identify this limit with a subalgebra of H*(Cr(F1);Fa) = Fale, ca] ®
E(ey, €, e3,€5) then

by ZC%—FCQ bs = c1eo
d3 = €3 d5 = c1e3 + cge1
dy = ef di = cref + ca€f .



Mod-2 cohomology of SL3(Z[%,1]) 9

b) There is an isomorphism of graded Fq-vector spaces

lim}y, oy H*(Cr(E); F2) & $°F; @ 2°F, ® £F; .

¢) For any s > 1

Proof. a) It is straightforward to check that the subalgebra of Fa[ci, c2] ® E(eq, e, es, €h)
generated by the elements c? + ca, c1c2, €3,€5, c1e3 + cae1, c1es + c2€) is isomorphic to the
tensor product of a polynomial algebra on two generators by and bs of degree 4 and 6 and an
exterior algebra on 4 generators ds, dj, ds and df of degree 3, 3, 5 and 5. In fact, it is clear
that c% +c2 and c¢;cq are algebraically independant and the elements es, e}, c1es +caeq, cres+
co€) are exterior classes; their product is given as c3eszefere] # 0, and this implies easily
that the exterior monomials in these elements are linearly independant over the polynomial
algebra generated by c? + ca, c1ca. From now on we identify by, b3, ds, dj, ds and d with
2 + ca, c109, €3, €5, crez + caeq and crely + cael.

Now we use the exact sequence (3.13) and the description of ¢ to determine the inverse
limit. Because a. is injective, we see that if we identify H*(Cr(E1);Fq) with its image in
H*(Cr(E,);Fy) then the inverse limit can be identified with the intersection of the image
of a,, with the invariants in Faly, y2] ® E(x1, 2], 22, 25) with respect to the action of the
cyclic group of order 3 of Aut4(F3) = &3 generated by o. This action has been described
in (3.12) and with these formulas it is straightfoward to check that the elements

by = y}+yiye +y3
bs = y1ya(y1 +y2)
d3 = y1w2 + Y211
(3.19) ds = (y1+v2) (122 + yor1) + y1ye(z1 + 22) = Yiz2 + Y321

ds

yl(CEz + x/g) + y2($1 + xll)
(y1 + y2)(y1 (e + ) + ya(1 + 7)) + v1ye(v1 + o) + 22 + )
= yi(wg + o) + y5(z1 + 7).

all belong to the inverse limit.
Now consider the following Poincaré series

3\2 5y2

X0 1= 350 dime, (Fa[ba, bs] © Ees, ¢4, e5, e5))im = LU
X n " 1 2(11.43)2
X1 = ano dlIIl[F2 H (CF(El);FQ)t = %

2621438243t 10+ 2t (14262 214 265 +15)
X2 = (T—¢0)(1—£9) :

Then we have the following identity

p
Xo+Xx2—x1= (EDED)
with
p= 1+ (1+1°)%+267(1 4 3> + 3t* + 1%
+ 201+ 262+ 2t + 2t +8) — (1 + )21+ £2)2(1 + 12 + t%)
=263 416 — 247 — 29 — 10 — 12 4 2413 1416 = (263 +45) (1 — 1) (1 — 1Y)
and therefore

(3.20) Xo +x2 = x1+ (262 +9) .
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This together with the fact that lim 4 (ryH*(Cr(E);F2) contains a subalgebra which is
isomorphic to Fa[ba, b3] ® A(ds, d5, ds, ds) already implies that the sequence

0 — Fa[by, b3]|® E(ds, dj, ds, dy) — H*(Cr(E4); F2) —— Homp, (e, (St, H*(Cr(E1);F2)) — 0

in which the left hand arrow is given by inclusion is exact except possibly in dimensions 3
and 6.

In order to complete the proof of a) it is now enough to verify that in degrees 3 and 6 the
inverse limit is not bigger than Fo[bs, bs] ® E(ds,d5,ds,ds). We leave this straightforward
verification to the reader.

Then b) follows immediately from (a) together with (3.20) and the exact sequence (3.13),
and (c) follows from Theorem 2.1 and the fact that ro(G) = 2. O

We can now give the proof of Theorem 1.2.

Proof. a) The exact sequence of Theorem 1.1 is obtained from the exact sequence (2.2) via
Proposition 3.3. Therefore the epimorphism of Theorem 1.1 is the edge homomorphism
of the centralizer spectral sequence. The result then follows from (2.1) by observing that
we have identified the target of the edge homomorphism with the subalgebra Fy[be, bs] ®
E(ds, d}, ds, dj) of H*(Cr(E)); Fa) and by recalling that Cr(E) is equal to SDs(Z([3,i]).

b) The two ring homomorphisms 7,7’ : Z[%,i] — F5 of (3.4) determine homomorphisms
SL3(Z[%,4]) € GL3(Z[3,i]) — GL3(Fs5). By [Q2] we have
H*GL3(Fs5); F2) = F[c1, c2,¢3] ® E(q1, 3 95) -
We get a well defined homomorphism of Fo-graded algebras
¢ : Faoca, c3) @ E(es, €5, e5,e5) — H*(T;Fy)

by sending ¢; to the i-th Chern class of the tautological 3-dimensional representation of T’
and by declaring (e;) = 7*(¢;) and @(e}) = 7*(¢;) for i = 3,5. The classes g1 resp. g3
resp. g5 are the symmetrisations of x; resp. y1xo resp. y1y2x3 with respect to the natural
action of &3 on H*(GL3(F5);Fa) = Faly1, y2, y3] @ E(x1,x2,23) (cf. (5.1) below).

Next we determine the composition ¥¢. The universal Chern classes ¢; are the elementary
symmetric polynomials in variables, say y;, and the inclusion GLo(C) C SL3(C) C GL3(C)
imposes the relation y; + y2 +y3 = 0. This implies that the behaviour of 1 on Chern classes
is given by

c1—~0, coa— C% + c2 :y% + Y1Y2 +y§ =by, c3—cic2 =y1y2(y1 +y2) = b3 .

In these equations we have identified H*(G Ls (Z[%, i]; F2), as in the proof of Proposition 3.3,
via restriction with a subalgebra of Fa[y1, y2] ® E(z1, 2}, x5, 2%).

In order to determine the composition ¢ on the classes e3, €4, e5 and ef, we calculate at
the level of F5 and use naturality with respect to the homomorphisms induced by 7« and 7’.
In fact, the inclusion

VE GLQ(FS) C SL3(]F5) C GL3(IF5)
induce in cohomology a map
F3c1, c2,¢3) ® E(q1,q3,q5) — Falc1, ca] @ E(e1, e3) C Faly1,y2] ® E(q1,q3)

which is easily determined from (5.1) below by imposing the relations y; + y2 + y3 = 0
and 1 + z2 + 3 = 0 on the symmetrisation of the classes yixo resp. yi1y2x3 with respect
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to the natural action of &3 on the cohomology of diagonal matrices H*(Ds5(F5);Fo) =
IE‘I2 [yl, Y2, y3] ® E(xla T2, x3)' EXphCltly we get

a0, oyl +yye + 5, s yiye(yr +y2)
g1 — 0, g3+ y122 + Y21, @5 > y%xz + ygffl

and if 7 denotes the inclusion

GLy(Z[5,i]) € SLs(Z[3, ) € GL(Z]3, )
then (3.7) and (3.19) imply
P(ples)) = i*(m"(g3)) = 77j"(gz) = 7 (12 +yer1) = d3
V(ples)) = i*(n%(gs)) = m*(¢5) = 7 (Wiz2+yiz) = ds
Ylplez)) = (7™ (g3)) = 7"5*(gz) = 7*(pr2+yox1) = ds
U(ples) = *(n"™(g5) = 7*j*(gs) = 7*(yiza+yiz1) = dj

where we have identified the target of 1 with a subalgebra of H*(GLs(Z[3,1];F2) and the
latter via restriction with a subalgebra of Fay1, yo] ® E(z12), x5, 2%).

c) The space X can be taken to be the product of symmetric space X, := SL3(C)/SU(2)
and the Bruhat-Tits building X5 for SL3(Qs[i]). Now SL3(Q2[i])\ X2 is a 2-simplex (cf. [B])
and the projection map X — X5 induces a map

SL3(Qali])\X — SL3(Q2[i])\ X2

whose fibres have the homotopy type of a 6-dimensional SLs(Z[3, i])-invariant deformation
retract (cf. section 4). Therefore we get HA(X, Xs;Fe) = 0 if n > 8 and the inclusion
X, C X induces an isomorphism HJ(X;Fq) = HA(X,;Fy) if n > 8. Then part ¢) simply
follows from a) except for the finiteness statement for the kernel for which we refer to (4.1)
and (4.2) below. O

4. COMMENTS ON STEP 2

The situation for p = 2 and G = SL3(Z[3,1]) is analogous to the situation for p = 2
and G = SL3(Z[3]) for which step 2 was carried out in [H2] via a detailed study of the
relative cohomology H (X, X,;F2) for X equal to the product of the symmetric space
X = SL3(R)/SO(3) with the Bruhat-Tits building X5 for SL3(Q2); the spaces involved
had a few hundred cells and the calculation was painful. In the case of SL3(Z[3,]) with X
the product of SL3(C)/SU(3) with the Bruhat-Tits building for SL3(Qxz[i]) the calculational
complexity of the second step is much more involved and an explicit calculation by hand
does not look feasible. However, in recent years there have been a lot of machine aided
calculations of the cohomology of various arithmetic groups (for example [GG], [BRW]) and
a machine aided calculation seems to be within reach.

The natural strategy for undertaking this second step is to follow the same path as in
[H2]. The equivariant cohomology H}:(X, X,;Fy) can be studied via the spectral sequence
of the projection map

p:X:XOOXXQ%XQ.

This gives a spectral sequence with

(4.1) EY = @D Hi (Xoo, XoosiF2) = HETH(X, X Fy) .
o€,

Here A, indexes the s-dimensional cells in the orbit space of X5 with respect to the action
of T'. The orbit space is a 2-simplex, i.e. Ag and A; contain 3 elements and A, is a singleton.
Furthermore I',, is the isotropy group of a chosen representative in X5 of the cell ¢ in the
quotient space. For fixed s all s-dimensional cells have isomorphic isotropy groups because
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the I'-action on the Bruhat-Tits building is the restriction of a natural action of GL3(Z[3, ])
on Xo and this action is transitive on the set of s-dimensional cells (cf. [B]).

Therefore all isotropy subgroups for the action on X5 are, up to isomorphism, subgroups of
SL3(Z[i]) which itself appears as isotropy group of a 0-dimensional cell in X5. The isotropy
groups of 1-dimensional and 2-dimensional cells are isomorphic to well-known congruence
subgroups of SL3(Z[i]). By the Soulé-Lannes method the fibre X, of the projection map
p admits a 6-dimensional SLj3(Z[i])-equivariant deformation retract (the space of “well-
rounded hermitean forms” modulo arithmetic equivalence) with compact quotient (cf. [Ash])
and therefore we have

(4.2) EP' =0 unless s = 0,1,2, 0 <t <6, and dimp, E"* < oo for all (s,t) .

The E;-term of this spectral sequence should be accessible to machine calculation. The
spectral sequence will necessarily degenerate at F3 and the calculation of the d;-differential
and, if necessary the do-differential, is likely to need human intervention, as it was necessary
in the case of SL(3,Z[3]) (cf. section 3.4 of [H2]). Likewise the calculation of the connecting
homomorphism for the mod-2 Borel cohomology of the pair (X, X) is likely to require human
intervention.

5. RELATION TO QUILLEN’S CONJECTURE

The next result gives gives 2 reformulations of Quillen’s conjecture which we had briefly
discussed in the introduction. The classes eg—1, €5, figuring in part ¢) will be introduced
in (5.1) below.

Theorem 5.1. Suppose n > 2. Then the following statements are equivalent.

a) C(n,Z[%,i],Q) holds, i.e. H*(GLn(Z[%,i]);]Fg) is a free module over 7/2[cy, ..., cy)
where the ¢; are the mod-2 Chern classes of the tautological n-dimensional complex repre-
sentation of GLy(Z[%,1]).

b) The restriction homomorphism H*(GLy(Z[3,1]);F2) — H*(Dn(Z[5,i]);F2) is injec-
tive where D, (Z[%,1]) denotes the subgroup of diagonal matrices in G Ly (Z[3]).

¢) There are isomorphisms
. L
H (GLn(Z[§, i]);Fa) = Faler, ..., cn] @ Eler, el ... ean_1,€5, 1)

where the classes ¢y are the Chern classes of the tautological n-dimensional complex repre-
sentation of GLy(Z[3,1]) and the classes ea—_1,€h,_, are of cohomological degree 2k — 1 for
k=1,....,n.

Proof. Tt is trivial that (c¢) implies (a).

In order to show that (a) implies (b) we observe that D,,(Z[%,14]) is the centralizer of the
unique, up to conjugacy, maximal elementary abelian 2-subgroup FE,, of GLn(Z[%, i]) given
by the subgroup of diagonal matrices of order 2. Now consider the top Dickson invariant
w in H*(BGL,(C);Fy), i.e. the class whose restriction to H*B([[\_; GL1(C));F2) is the
product of all non-trivial classes of degree 2. The image of w in H*(G Ly, (Z[%,4]); F2) restricts
trivially to the cohomology of all elementary abelian 2-subgroups E of GL,, (Z[%, i]) of rank
less than n. If (a) holds then the image of w is not a zero divisor in H*(GLy(Z[3,i]); F2)
and hence Corollary 1.5.8 of [HLS] implies that the restriction to the centralizer of E,, is
injective.
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The implication (b) = (c) follows from Proposition 5.3 below. O

Before we go on we introduce the classes eg;—1 and e}, ;. As in the case of GLy they
are obtained from Quillen’s classes qor—1 € H?*~1(GL,(F5);F2) [Q2] which restrict in the
cohomology of diagonal matrices in F5 to the symmetrization of the class y; ... yx_12r where
yx, is of cohomological degree 2 corresponding to the k-th factor in the product []}_, FX
and xy is of cohomological degree 1 of the same factor. Then we define

(5.1) eok—1 =T (Qor—1), €op_q =7 "(qor—1)

where 7,7’ are the two ring homomorphisms Z[3,i] — F5 with 7 sending i to 3 and «’
sending ¢ to 2 which we considered earlier in section 3. If we identify the mod-2 cohomology
H*(D,(Z[%,1]); F2) with Foly1,...yn] ® E(z1, 2] ..., 20, 2,) with y, k = 1,...,n of degree
2 and zp, 2}, k =1,...,n of degree 1 where as before we choose z;, and ) to be the basis
which is dual to the basis of the k-th factor in
1 . 1 5 1 . 1 2\"
Da(Z1, 1))/ Da(Z1G, i) 2 (23,3 /@5, 1*)?)

given by the classes of ¢ and 1+ ¢ then we get the following lemma which generalizes (3.10)
and whose straighforward proof we leave to the reader.

Lemma 5.2. The class eap_1 restricts in the cohomology of the subgroup of diagonal matri-
ces H*(D,,(Z[5,i];F2)) to the symmetrization of yy ...yx—17x and the class e, | restricts
to the symmetrization of Y1 ... yp—1(xK + ). |

The following result determines the image of the restriction homomorphism and shows
that (b) implies (c) in Theorem 5.1. It resembles results of Mitchell [M] for GL,(Z[1]) for
p =2 and of Anton [Anl1] for GL,(Z[3, (3]) for p = 3.

Proposition 5.3. Let n > 1 be an integer. The image of the restriction map
" H (GLn(Z[ﬁ,z]);IFg) — H (Dn(Z[g,z]);Fg) > Folyr,...Yn] @ E(x1,2) ..., Tp,2))
is isomorphic to
Faler,...cn] @ E(er, €, ... ean_1,€5, 1) -

Here we have identified the Chern classes ¢; and the classes eg;—1 and e}, ; with their
image via i*. The images of the elements ¢; are, of course, the elementary symmetric
polynomials in the y; and the images of the classes eg;—1 and e, _; have been determined
in Lemma 5.2. We remark that even though i* need not be injective, it is injective on the
subalgebra of H*(GL”(Z[%, i]); F2) generated by the classes ¢;, e2;—1 and €}, 1, 1 <i < n.

This proposition is an analogue of Proposition 3.6 of [An2]. Its proof uses crucially
condition (5.3) below, which also plays a central role in [An2].

Proof. In this proof we denote the subalgebra
IF2[CI7 o cn] b2 E(el7e/17 -ee5€2n—1, 6/271—1) .

of H*(D,, (Z[%, i]); F2) by C,, and the image of the restriction map by B,,. We need to show
that B,, = Cy,. This is trivial if n = 1 and for n = 2 this follows from Theorem 1 of [W] (cf.
(3.2) and (3.8) and Lemma 5.2).

The classes c1,...,c, are in B,, as images of the Chern classes with the same name and
the classes ey, ...ean—1, €],...€5, 1 are in B, by Lemma 5.2. Therefore we have C,, C B,.
We will show B,, C C,, for n > 2 by induction on n. This will be done in three steps.
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1. From the inclusions

GLn—Q(Z[%v’L]) X GLQ(Z[%JD C GLn(Z[%vZD

GLu1(ZI3,1)) x GLi(ZIL,i)) C  GLa(ZIL,1)

given by matrix block sum and the identifications of D,,_5(Z[3, i]) x D2(Z[3, i]) with D,,(Z[3, ])
and of D,,_1(Z[%,4]) x D1(Z[,1]) with D, (Z[3,i]) we see that
B, CB,-1®B1NB,_2® Bo
and by induction hypothesis the latter subalgebra is equal to
Crho1®CiNC,_2®Cy

in particular we have

(5.2) B,CcCh1CiNCL_2®Cy .

2. The monomial basis in
1

H*(Dn(Z[§,i]);IF2) ~Folyr, ..., yn) @ E(x1,. .. 2, T, ..., 2)

is in bijection with the set S(n) of sequences

I=(a,e1,1,€21,---+0n,E1,ns62,n)
where the a; are integers > 0 and ¢; ; € {0,1} for i = 1,2 and 1 < j < n. More precisely to
I we associate the monomial

I._ a1 an 1,1 €1, /€21 ! €2,n
Y o=y Yty Coa T,

We equip S(n) with the lexicographical order and denote it by <,. This order has the
property that for each 1 < k < n it agrees with the lexicographical order on S(k) x S(n — k)
if S(k) and S(n — k) are equipped with the orders <; and <,_j and S(n) is identified with
S(k) x S(n — k) via concetanation of sequences.

In the sequel we replace the symmetrizations of the elements y; ...y;—1(z; + ), i =
1,...,n, by the symmetrization of y; ...y;—12} and by abuse of notation we continue to
denote them by e, ;. This does not change the subalgebra C,,. This subalgebra

/

Faler,...cn] @ E(er, €, ... ean_1,€5, 1) CFaly1, ..., yn] @ E(z1,... 20,20, ...,20)

has a monomial basis which is in bijection with the set T'(n) of sequences

K=(ki,....kn;011,-- s P11 02,1 - -, P2.n)

where the k; are integers > 0 and ¢; ; € {0,1} for i = 1,2 and 1 < j < n. More precisely to
K we associate the monomial

K= c’fl .. .cﬁ"efl’l . ei1="ef2’1 . eﬁQ*" .
We define a map
a:T(n)— S(n)

by associating to K € T'(n) the largest monomial in S(n) which occurs in the decomposition
of ¢ as linear combination of elements 2! with I € S(n). The proof of the following result
is elementary and is left to the reader.

Lemma 5.4. The map « is explicitly given by

a((kla ey kn7 d)l,la crty ¢1,n; ¢2.,1 ey ¢2,n)) - (a1351,1752,17 oo aan,gl,n752,n)
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with

2
a = k1+~--kn+2(¢i,2+~--¢i,n)
i=1

2
ag = k2+.../€n+z<¢i,3+~~¢i,n)
i=1

2
aj = kj+'~-kn+2(¢i,j+1+...¢i,n)
im1
Ap = Rp
€ij =iy, 1<j<n, i=12. O

From this lemma it is obvious that « is injective and a sequence
I=(a1,611,€2.15---,0n,E1,m,E2.0) € S(n)
is in the image of « if and only if we have
(5.3) aj —ajp1 > €141 +e2541 forall 1<j<n.

In particular, if an element z is in C), then the maximal sequence which appears in the
decomposition of x as a linear combination of the monomials #7 with I € S(n) satisfies (5.3)
for all 1 < j < n. Likewise, if x is in C; ® C),_; then this maximal sequence is equal to the
maximal sequence which appears in the decomposition of z as a linear combination of the
monomials z! with I € S(k) x S(n — k) and hence it satisfies (5.3) for all 1 < j < i and
1+1<75<n.

3. Now let x be a homogeneous element of B,, and let I be the maximal sequence in
S(n) appearing in the decomposition of = as a linear combination of the monomials ! with
I €S(n). By (5.2) we have z € C,,_; ® Cq and z € C,,_o ® Co, and I remains the maximal
sequence in S(n—1) x S(1) resp. S(n —2) x S(2) appearing in the decomposition of x as a
linear combination of the monomials z! with I € S(n—1) x S(1) resp. I € S(n—2) x S(2).
Hence I satisfies conditions (5.3) for 1 < j<n—1lresp. 1 <j<n—2and j=n-—1
In particular condition condition (5.3) holds for all 1 < j < n and therefore there exists
Ko € T(n) such that a(Ky) = Ip. Then x — ¢ is still in B,, and the maximal sequence
appearing in the decomposition of  — ¢%° is smaller than that of z. By iterating this
procedure we see that = belongs to C),. O

Finally we relate C(3,Z(3,i],2) to the behaviour of the restriction homomorphism
H*(T;Fg) — H*(Cr(Es);Fa) .
For this we observe that the subgroups I' = SL3(Z[4,i]) and the center Z = Z[$,i]* of
GL3(Z[%,4]) have trivial intersection and their product is the kernel of the homomorphism
1. 1 1. 1.
GLy(2l5,1) — (@, i)* > @, 1)* /@l i))* = 2/3

given as the composition of the determinant with the natural quotient map. Therefore the
spectral sequence of the extension

1— SLg(Z[%,i]) X Z — GLg(Z[%,z'D —Z/3—1
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gives an isomorphism

G4)  HGL(Ely, i) Fa) = (H(STa(Ely, i) Fa) © HY(2512)) 7

Proposition 5.5. The conjecture C(3, Z[%,i], 2) holds if and and only if either
a) H*(SL3(Z[3,1]); Fa) 2= Falba, bs] @ E(ds, dj, ds, dj) or

b) the kernel of the map ¢ of Theorem 1.2 is a finite dimensional vector space for which

the action of Z/3 = (Z[%,1])* /(Z[%,4])*)® has trivial invariants.

Proof. The quotient Z/3 = (Z[L,i])* /(Z[5,4])*)? acts clearly trivially on H*(Z;F;) and on

2 29
the image of the homomorphism ¢ of Theorem 1.2. Hence, the corollary follows immediately
from (5.4) and Theorem 1.2. O
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