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Abstract

We propose a novel nonparametric approach for estimating the location of block boundaries
(change-points) of non-overlapping blocks in a random symmetric matrix which consists
of random variables having their distribution changing from one block to the other. Our
method is based on a nonparametric two-sample homogeneity test for matrices that we
extend to the more general case of several groups. We first provide some theoretical results
for the two associated test statistics and we explain how to derive change-point location
estimators. Then, some numerical experiments are given in order to support our claims.
Finally, our approach is applied to Hi-C data which are used in molecular biology for better
understanding the influence of the chromosomal conformation on the cells functioning.

Keywords: Nonparametric tests, change-point estimation, Hi-C data

1. Introduction

Detecting and localizing changes in the distribution of random variables is a major
statistical issue that arises in many fields such as the surveillance of industrial processes,
see [Basseville and Nikiforov| (1993), the detection of anomalies in internet traffic data, see
Tartakovsky et al| (2006) and [Lévy-Leduc and Rouefl] (2009) or in molecular biology. In
the latter field, several change-point detection methods have been designed for dealing with
different kinds of data such as CNV (Copy Number Variation), see Picard et al. (2005) or
Vert and Bleakley| (2010), RNAseq data, see Cleynen et al.| (2013)) and more recently Hi-C
data which motivated this work.

The Hi-C technology corresponds to one of the most recent chromosome conformation
capture method that has been developed to better understand the influence of the chromo-
somal conformation on the cells functioning. This technology is based on a deep sequencing
approach and provides read pairs corresponding to pairs of genomic loci that physically
interacts in the nucleus, see Lieberman-Aiden et al.| (2009). The raw measurements pro-
vided by Hi-C data are often summarized as a square matrix where each entry at row i and
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column j stands for the total number of read pairs matching in position ¢ and position 7,
see Dixon et al. (2012) for further details. Blocks of different intensities arise among this
matrix, revealing interacting genomic regions among which some have already been con-
firmed to host co-regulated genes. The purpose of the statistical analysis is then to provide
an efficient strategy to determine a decomposition of the matrix in non-overlapping blocks,
which gives, as a by-product, a list of non-overlapping interacting chromosomic regions. It
has to be noticed that this issue has already been addressed by |Lévy-Leduc et al.| (2014
in the particular framework where the mean of the observations changes from one diag-
onal block to the other and is constant everywhere else. In this latter work, the authors
use a parametric approach based on the maximization of the likelihood. In the following,
we shall address the case where the non-overlapping blocks are not diagonal anymore by
using a nonparametric method. Our goal will thus be to design an efficient and nonpara-
metric method to find the block boundaries, also called change-points, of non-overlapping
blocks in large matrices which can be modeled as matrices of random variables having their
distribution changing from one block to the other.

A large literature is dedicated to change-point detection and estimation in the very
general mutivariate setting. To list but a few, Bai (2010 proposed a change-point es-
timation method in the case where both the number of observations and the number of
vectors can go to infinity but with different rates. Horvath and Huskova (2012) proposed
a change-point detection approach also in the context where the number of observations
and the number of vectors go to infinity but cannot be equal. Cho and Fryzlewicz (2015)
devised a parametric approach for identifying multiple change-points in the second-order
structure of a multivariate (possibly high dimensional) time series based on localized peri-
odograms and cross-periodograms computed on the original multivariate time series. |Jirak
(2015)) proposed non parametric change-point tests in the very general high dimensional
settings. Matteson and James| (2014) devised a nonparametric change-point estimation
procedure which allows them to retrieve change-points within n K-dimensional multivari-
ate observations where K is fixed and n may be large. It is based on the use of an empirical
divergence measure derived from the divergence measure introduced by Szekely and Rizzo
(2005)). Another approach based on ranks has also been proposed by Lung-Yut-Fong et al.
(2015) in the same framework as Matteson and James| (2014). More precisely, the approach
proposed by Lung-Yut-Fong et al.| (2015) consists in extending the classical Wilcoxon and
Kruskal-Wallis statistics (Lehmann and D’Abreral (2006)) to the multivariate case.

In this paper, we propose a nonparametric change-point estimation approach based on
nonparametric homogeneity tests generalizing the approach of Lung-Yut-Fong et al. (2015)
to the case where we have to deal with large matrices instead of fixed multidimensional
vectors. Moreover, our methodology is adapted to our very specific problem where we have
to process a large symmetric matrix X = (X; j)1<; j<n such that the X, ;’s are independent
random variables when ¢ > j. Hence, in our case, the number of observations and the
number of vectors are equal and go both to infinity, which is a very particular setting that
has not been studied yet to the best of our knowledge.

The paper is organized as follows. We first propose in Sections and nonpara-
metric homogeneity tests for two-samples and several samples, respectively. In Section
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we deduce from these tests a nonparametric procedure for estimating the block boundaries
of a matrix of random variables having their distribution changing from one block to the
other. These methodologies are then illustrated by some numerical experiments in Section
An application to real Hi-C data is also given in Section 4] Finally, the proofs of our
theoretical results are given in Section [6]

2. Homogeneity tests and multiple change-point estimation

2.1. Two-sample homogeneity test

2.1.1. Statistical framework

Let X = (X;;)1<ij<n be a symmetric matrix such that the X, ;’s are independent ran-
dom variables when i > j. Observe that X can be rewritten as follows: X = (X(l)7 e X(”)),
where XY = (X, ;,..., X,.;)" denotes the jth column of X.

Let ny be a given integer in {1,...,n}. The goal of this section is to propose a statistic
to test the null hypothesis (Hy): “(XW, ..., X)) and (X™+D . X™) are identically
distributed random vectors” against the alternative hypothesis (Hy): “(X®, ..., X™)) has
the distribution P; and (X(m“), . ,X(”)) has the distribution Py, where P; # Py”. Note
that the hypotheses (Hy) and (H;) can be reformulated as follows. The null hypothesis (Hy)
means that forall : € {1,...,n}, X;1,..., X, are independent and identically distributed
(i.i.d) random variables and the alternative hypothesis (H;) means that there exists i €
{1,...,n} such that X;1,..., X;,, have the distribution P! and X;,,.1,..., X;, have the
distribution P, with P! = P%.

For deciding whether (Hy) has to be rejected or not, we propose to use a test statistic
inspired by the one designed by |Lung-Yut-Fong et al.| (2015) which extends the well-known
Wilcoxon-Mann-Whitney rank-based test to deal with multivariate data. Our statistical
test can thus be seen as a way to decide whether n; can be considered as a potential change
in the distribution of the X; ;’s or not. More precisely, the test statistic that we propose
for assessing the presence of the potential change n; is defined by

Sp(n1) = Z U3 (), (1)

where

Un,i(”l) -

1 -
it 2, 2 M Ko

Jjo=1j1=n1+1
with A(z,y) = Liz<yy — Liy<ay}-
The great difference between our framework and the one considered by Lung-Yut-Fong

et al.| (2015)) is that, in their framework, the vectors XU) are K-dimensional with K fixed
whereas, in our framework, the vectors are n-dimensional where n may be large.



Note that the statistic U,; can also be written by using the rank of X;; among
(Xi,b Ce 7Xz',n>~ Indeed,

2 "L n+1 (i) 2 u (@ N+ 1
Upi(n1) = ( - R ) = (R, — ,
nny(n —mny) ]0221 2 70 nni(n —ny) le;H . 2
(2)

where .
Rj('z) = Z ]l{Xi,kSXi,j} (3)
k=1

is the rank of X;; among (X;1,...,X;,). This alternative form of U, ; will be used in
Section [2.2] in order to extend the two-sample homogeneity test to deal with the multiple
sample case.

2.1.2. Theoretical results

If the cumulative distribution function of the X; ;’s is assumed to be continuous then the
following theorem establishes that the test statistic S, (n;) is properly normalized, namely
Sy (n1) is bounded in probability as n tends to infinity under the null hypothesis (Hy).
Note that the null hypothesis (Hy) assumes that for all i € {1,...,n}, X;1,...,X;, are
i.i.d random variables. Since we also assume that X = (X ;)1<; j<n iS @ symmetric matrix
such that the X;;’s are independent random variables when ¢ > j, it implies that under
the null hypothesis (Hy) all the rows ¢ have the same distribution. Hence, all the X; ; such
that ¢ > j are i.i.d.

Theorem 1. Let X = (X, ;)1<ij<n be a symmetric matriz of random variables X, ; such
that the X, ;’s are i.i.d. when i > j. Assume that the cumulative distribution function of
the X, ;’s is continuous and that there exists 7 € (0,1) such that ny/n — 171 as n — oo.
Then,
To(ny) :=n~1/? (Sn(n1) = E(Sp(n1)) = Op(1) as n — oo,
where
n+1

E(Sn(nl)) = 3

The proof of Theorem [I]is given in Section

Observe that the assumptions under which Theorem [1|is established correspond to the
null hypothesis (Hp) described in Section Hence, we shall reject this null hypothesis
when

T,(n1) > s, (4)

where s is a threshold. A way of computing this threshold in practical situations will be
given in Section [3.1.1]

2.2. Multiple-sample homogeneity test

The goal of this section is to extend the two-sample homogeneity test of the previous
section to deal with the multiple sample case.
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2.2.1. Statistical framework

Let us assume that X = (X, ;)1<ij<n is still a symmetric matrix such that the X ;’s
are independent random variables when ¢ > j. Let 0 =ng <n; < ... <np <npy1 =n
be L integers given in {1,...,n—1}. We propose in this section a statistic to test the null
hypothesis: “(X(l), o ,X(”l)), (X("1+1), o ,X(”2)), o ,(X("L“), o ,X(”)) have the same
distribution” against the alternative hypothesis: “there exists ¢ € {1,...,L} such that
(X et X)) has the distribution Py and (X™ Y X" has the distribution
]P)g_H, where Pg 75 Pg_,_l”.

The homogeneity test presented in the previous section for two groups can be extended
in order to deal with L + 1 groups instead of two by using the following statistic:

L n 2
4 —6) n+1
Sn (nlv s anL) - n2 § (nﬂ'f'l - TL[) E : (RE) - 2 ) ) (5)

=0 1=1

with

Ne41
1

-0 i

ekl — e 20

where the rank R;i) of X, ; is defined by and _Réi) is its mean in the group /.

Let us observe that can be seen as a natural extension of the classical Kruskal-Wallis
statistic for univariate observations to the multivariate case, see (van der Vaart, 1998| p.
181).

Remark 1. Note that when L = 1, S, (ny) defined in boils down to S, (n1) defined in
since

n ni ) 2 n n ' 2
L (25t oo (L 3 -t

i=1 \'"tj=1 i=1 ™M i
4 & +1 ’ 4 - - +1 ’
Non NN
_ RO _ P (R@_ )
S (- ot o 2 (-

+g(n—n1){ 1 i (Rj(»i)— n—;l)}Q ngi,i(m),

nni(n —ni) 5

by using (2)), which corresponds to (I]).



2.2.2. Theoretical results

If the cumulative distribution function of the X; ;’s is assumed to be continuous then the
following theorem establishes that the test statistic S, (n1,...,ny) is properly normalized,
namely S, (ny,...,ng) is bounded in probability as n tends to infinity.

Theorem 2. Let X = (X, ;)i1<ij<n be a symmetric matriz of random variables X, ; such
that the X, ;’s are i.i.d when i > j. Assume that the cumulative distribution function of
the X, ;’s is continuous and that there exist 0 < 7 < 17 < ... < 7 < 1 such that for all

te{l,...,L}, ng/n — 1, as n — oo. Then,
nV2(8, (n,...,ng) —E[S, (n1,...,n1)]) = Op(1) as n — oo,
with
B[S, (m,... ng)) = D

The proof of Theorem [2]is given in Section

Note that the n,’s can be seen as the boundaries of groups of random variables having
different distributions. We shall explain in the next section how to derive from this theorem
a methodology for estimating the n,’s when they are assumed to be unknown.

2.3. Change-point estimation
We propose in this section to use the test statistic (5]) defined in Section [2.2] to derive

the location of the block boundaries n] < nj < --- < nj. More precisely, we propose to
estimate (nf,n3,--- ,n}) as follows:
(My, -+, np) = Argmax o, o, < Sn(n1,...,nL), (7)

where S, (nq,...,ny) is defined in ().

2.3.1. Theoretical results
The following theorem establishes that the procedure provides a consistent estimator
for the change-point location in the case where L = 1.

Theorem 3. Let X = (X, ;)1<ij<n be a symmetric matriz such that the X;;’s are inde-
pendent random variables when i > § with a continuous cumulative distribution function.
Let PY be the distribution of X;; for i,j € {1,...,ni}, P the distribution of X;; for
ie{l,...,n}, j€{ni+1,...,n} and P} the distribution of X, fori,j € {nj+1,...,n}
where P # P or P # P}. Assume that

PX<Y)# g, (8)

where X ~P) (or PY) and Y ~ P (or P}). Assume also that there exists 7 € (0,1) such
that ny/n — 17, as n tends to infinity. Then, for all positive §,

P(|f, — nj| > nd) — 0, as n — oo,

where Ny is defined by (7) when L = 1.



Remark 2. Note that Assumption in Theoremis classical in the context of rank based
test statistics such as the Mann-Whitney test (see van der Vaart| (1998))).

2.3.2. Practical implementation

In practice, directly maximizing is computationally prohibitive as it corresponds
to a task which complexity exponentially grows with L. However, thanks to the additive
structure of , it is possible to use a dynamic programming strategy as we shall explain
hereafter. We refer here to the classical dynamic programming approach described in |[Kay
(1993)) which can be traced back to the note of |[Bellman, (1961)).

Let us introduce the following notations

n i n —+ 1 2
Alng+1:np1) = (Nep1 — ne) Z (RE) - ) ,
i=1

where EE") is defined by (@) and

I(p) = max Z A(ng+1:np), 9)

1<ni<--<nr<np41=p =0
for L € {0,1,..., Lyax} and p € {1,...,n}, where L,y is assumed to be a known upper
bound for the number of block boundaries. Observe that I (p) satisfies the following
recursive formula:

Ir(p) = max {1 (ny) + Alng +1:p)} (10)

which is proved in Section . Thus, for solving the optimization problem , we proceed
as follows. We start by computing the A(i : j) for all (¢,7) such that 1 <i < j <n. All
the Iy(p) are thus available for p = 1,...,n. Then I;(p) is computed by using the recursion
(10) and so on. Hence the complexity of our algorithm is O(n?).

Figure (1| displays the computational times in seconds associated with our multiple
change-point estimation strategy based on the dynamic programming algorithm. We ob-
serve from this figure the polynomial computational time of our procedure. For instance,
it takes 15 minutes to our algorithm for processing a 500 x 500 matrix. Note that in the
framework of univariate time series segmentation, the PELT procedure devised by Killick
et al. (2012)) performs multiple change-point detection at a linear computational cost. It
could be interesting to see if the computational burden of our procedure could be reduced
by using an extension of their approach.

3. Numerical experiments

3.1. Statistical performance of the two-sample homogeneity test

3.1.1. Practical calibration of the rejection region
We propose hereafter a procedure for calibrating the threshold s of the rejection region
T, (n1) > s defined in . For ensuring that the two-sample homogeneity test is of level a,
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Figure 1: Computational times in seconds for the dynamic programming algorithm described in Section
as a function of n for different values of Lyax-

an estimation of the (1 — «) quantile of T,(n;) has to be provided. In the sequel, such an
estimation is given in the case where a = 0.05.

We generated 10* n x n symmetric matrices X = (X; ;) with n € {50,100, 500, 1000}.
More precisely, the (X, ;);>;’s are independent random variables distributed as a zero mean
standard Gaussian distribution (N(0, 1)), a Cauchy distribution with 0 and 1 location and
scale parameters (Cau(0, 1)), respectively or an Exponential distribution of parameter 2
(Exp(2)). We shall consider two values for ny: ny = [0.1n]| and n; = [0.5n], where |x]
denotes the integer part of x.

The empirical 0.95 quantiles of T,,(n;) are given in Table |1, We observe from this table
that the empirical 0.95 quantiles do not seem to be sensitive neither to the values of n;
and n nor to the distribution of the observations since they slightly vary around 0.8.

ny = [0.1n] ny = [0.5n]
N(0,1) Cau(0,1) Exp(2) | N(0,1) Cau(0,1) Exp(2)
n = 50 0.83 0.83 0.82 0.78 0.79 0.76
n = 100 0.81 0.8 0.82 0.78 0.8 0.78
n = 500 0.78 0.8 0.81 0.8 0.78 0.77
n = 1000 0.79 0.78 0.79 0.78 0.77 0.79
Table 1: Estimation of the empirical 0.95 quantiles of T;,(nq).




3.1.2. Power of the test statistic

In this section, we study the power of the two-sample homogeneity test defined in
Section 2.1.1] We generated 10* n x n symmetric matrices X = (X;;) split into four
blocks defined as follows and n € {50, 100,500, 1000}. Let

Il:{(27])1§]§7/§n1}7 12:{(Z7j)1§j§n17 nl‘{’léZSTl},

and
Ty ={(i.j) :m +1<j <i<n}

In the sequel, we assume that (X;;)q ez i L1, (Xij)a.)ets i Ly and (X ;)@ j)ezs i Ls

and we take the following values for ny: ny = [0.1n]| and ny = |0.5n].

Figure[2]displays the power curves of the two-sample homogeneity test defined in Section
in the case where £, = L3 = N(0,1) and L5 = N(p, 1) where p belongs to the set
{0,0.01,0.02,...,0.99,1}.

We can see from this figure that for large values of n our testing procedure appears to
be powerful whatever the value of u. For small values of n, we observe that our testing
procedure is all the more powerful that u is large.

1.00 | - 1.00 |
0.75 — n 0.75 n
100 100
9] 1000 & 1000
& o050 - H
£ o S 050 |
——— 50 | —— 50
500 “ 500
0.25 — 0.25
0.00 — I I I I I I I I I
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
H H

Figure 2: Power curves for the two-sample homogeneity test as a function of y for different values of n,
ny = [0.1n] (left) and ny = [0.5n] (right).

3.2. Statistical performance of the multiple change-point estimation procedure

In this section, we study the statistical performance of the multiple change-point esti-
mation procedure described in Section This method is implemented in the R package
MuChPoint, which will be available on the Comprehensive R Archive Network (CRAN).

We generated 10% nxn symmetric matrices X = (X; ;) where n € {50, 100, 200, 300, 400}
with different block configurations and L = 10 block boundaries (change-points).
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We shall first consider the Block Diagonal configuration. In this case, the matrix consists
of diagonal blocks of size n/10. Within each of these diagonal blocks, the X; ;’s such that
¢ > j are independent and have the distribution £,. The X ;’s lying in the extra-diagonal
part of the lower triangular part of X are independent and have the distribution £, which
is assumed to be different from L£;. The upper triangular part of X is then derived by
symmetry.

We shall also consider the Chessboard configuration. In this case, the matrix consists of
non overlapping blocks of size n/10. The X ;’s belonging to two blocks sharing a boundary
have different distributions. This configuration implies that only two distributions £; and
Lo are at stake. The distribution of the upper left block is denoted by £ in the sequel.

For these two configurations, we shall consider for £; a N'(1,02), a Exp(2) or a Cau(1, a)
distribution where o and a are in {1,2,5}. The £, distributions associated with each of
them are N (0,0%), Exp(A\) and Cau(0,a) where A € {1,0.5,4}. We display in Figure
some examples of the Block Diagonal and Chessboard configurations for the Gaussian,
Exponential and Cauchy distributions. In these plots, large values are displayed in red and
small values in blue.

Figure 3: Examples of 400 x 400 matrices X. Top: Block Diagonal configuration. Bottom: Chessboard
configuration. Left: £ = N(1,4), Lo = N(0,4), middle: £y = Exp(2), L2 = Exp(1l) and right: £ =
Cau(1,1), L3 = Cau(0,1).

In the Gaussian Chessboard configuration, Figure |4|displays the frequency of the number
of times where each position in {1,...,n—1} has been estimated as a change-point. We can
see from this figure that the true change-point positions are in general properly retrieved by
our approach even in cases where the change-points are not easy to detect with the naked
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eye. However, we observe that in the cases where o increases, some spurious change-points
appear close to the true change-point positions.

o=1 oc=2 o=3>5
100- 20-
75 ™ 15
50+ 507 104
g
0 R 0-
0 2% 5 75 100 0 25 50 75 100 0 25 50 75 100
1001 100 80
75+ 75+ 60
50- 50- 40-
25- 25- 20
N N NIEENERERY
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400

Figure 4: Barplots associated with the multiple change-point estimation procedure for n = 100 (top),
n = 400 (bottom), £; = N (1,02) and L5 = N(0,0?) for different values of o. The true positions of the
change-points are located at the multiples of n/10.

We also compared our multiple change-point estimation strategy (MuChPoint) to the
one devised by Matteson and James| (2014) (ecp), which is, to the best of our knowledge, the
most recent approach proposed for solving this issue. The results are gathered in Figures
and @ which display the boxplots of the distance D, defined in , between the change-
points provided by these procedures in the Block Diagonal and Chessboard configurations
for the Gaussian, Exponential and Cauchy distributions. To use the ecp package, we have
to chose a € (0;2] such that E UXH < +o00. By default o = 1 and we keep this value for
the Gaussian and the Exponential distributions but, for the Cauchy distribution, we need
to have a < 1 thus for this case we used a = 0.99. These boxplots are obtained from 100
replications of n x n symmetric matrices where n € {50, 100, 200, 300, 400}. More precisely,
the distance D is defined as follows

K*
~ s 1 ~ .
D(@,n) =~ > (A —np)?, (11)
k=1
where n* = (nj,...,nj.) denotes the vector of the true K* change-point positions and

-~

n = (Ny,...,Ng+) its estimation either obtained by MuChPoint or ecp. Note that, it
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actually corresponds to the usual 5-norm of the vector 7*—7 where 7% = (7], ..., 7)), T =
(T1,y ..., Tr+) with nf = |n7} ] and g = |n7x|. In order to benchmark these methodologies,
we provide to both of them the true value K* of the number of change-points, which is
here equal to 10.

o=1 a=1 A=1/2
. 0.20 =
0.04
0.9
0.15
0.03
0.6 0.10
0.02
0.3
0.01 0.05
000 —48M —— — ——— — 0.0 == — — — 000 —4 —— — ——— ———
50 100 200 300 400 50 100 200 300 400 50 100 200 300 400
n n n
g = a = )\ =

0.6
0.6

o4 0.75 : 0.4
0.50 |
0.2 = 0.2
0.25 -
0.0 -t 0.00 - — — 0.0 :
50 100 200 300 400 50 100 200 300 400 50 100 200 300 400
n n n
1.00 1.00 -
0.4
0.75 0.75
. 0.3
0.50 0.50 -
0.2
0.25 0.25 0.1
0.00 =Ll . 0.00 0.0 oo
50 100 200 300 400 50 100 200 300 400 50 100 200 300 400
n n

Figure 5: Boxplots of the distances D for MuChPoint and ecp in the Chessboard configuration. Left: £, =
N(1,02), Ly = N(0,02), middle: £; = Cau(1,a), Lo = Cau(0,a) and right: £, = Exp(2), Lo = Exp(N)
for different values of o, A and a. The boxplots associated with MuChPoint are displayed in gray and the
ones of ecp in white.

We observe from Figures [ and [6] that both approaches have similar statistical perfor-
mance. However, MuchPoint performs better than ecp in the Cauchy case. In the Gaussian
framework, the performance of ecp are a little bit better for small n and large o.
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o=1 a=1 A=1/2

0.6
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08 1.2 . } .
0.6 .
06 . 0.9 : : : T
: . . - 0.4
' .
0.4 0.6 .
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0.2
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n

Figure 6: Boxplots of the distances D for MuChPoint and ecp in the Block Diagonal configuration. Left:
L1 = N(1,0%), Ly = N(0,0?), middle: £; = Cau(1,a), Lo = Cau(0,a) and right: £; = Exp(2), Lo =
Exp()) for different values of o, A and a. The boxplots associated with MuChPoint are displayed in gray
and the ones of ecp in white.

4. Application to real data

In this section, we apply our methodology to publicly available Hi-C data (http:
//chromosome . sdsc.edu/mouse/hi-c/download.html) already studied by Dixon et al.
(2012). This technology provides read pairs corresponding to pairs of genomic loci that
physically interacts in the nucleus, see Lieberman-Aiden et al.| (2009) for further details.
The raw measurements provided by Hi-C data is therefore a list of pairs of locations along
the chromosome, at the nucleotide resolution. These measurements are often summarized
by a symmetric matrix X where each entry X, ; corresponds the total number of read pairs
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matching in position ¢ and position j, respectively. Positions refer here to a sequence of
non-overlapping windows of equal sizes covering the genome. The number of windows may
vary from one study to another: Lieberman-Aiden et al.| (2009) considered a Mb resolution,
whereas Dixon et al. (2012)) went deeper and used windows of 40kb (called hereafter the
resolution).

In the sequel, we analyze the interaction matrices of Chromosome 19 of the mouse
cortex at a resolution 40 kb and we compare the location of the estimated change-points
found by our approach with those obtained by Dixon et al.| (2012) on the same data since
no ground truth is available. In this case, the matrix that has to be processed is a n x n
symmetric matrix where n = 1534. N

We display in Figurethe estimated matrix X obtained by using our strategy for various
numbers of estimated change-points. This estimated matrix is a block-wise constant matrix
for which the block boundaries are estimated by using MuChPoint and the values within
each block correspond to the empirical mean of the observations lying in it. We can see
from this figure that both the diagonal and the extra diagonal blocks are properly retrieved
even when the number of estimated change-points is not that large.

I_| i | | I_|

* % K

|
i
aﬂ % R

Figure 7: Estimated matrices X for different number of estimated change-points: 35 (left), 55 (middle)
and 75 (right).

In order to further compare our approach with the one proposed by Dixon et al.| (2012},
we computed the two parts of the Hausdorff distance which is defined by

d (ﬁBa ﬁ) = Inax (dl ('ﬁ’Ba ﬁ’) 7d2 (Iﬁ’Bv ,ﬁ’)) ) (12)

where n and np are the change-points found by our approach and Dixon et al.| (2012),
respectively. In (12)),

dy (a,b) = supinf|a—b|,
beb aca

dy(a,b) = d;(b,a).
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More precisely, Figure [§ displays the boxplots of the d; and ds parts of the Hausdorff dis-
tance without taking the supremum in white and gray for different values of the estimated
number of change-points, respectively.

40-

20-

!

105 115 125 135

i

35

75

Figure 8: Boxplots for the infimum parts of the Hausdorff distances dy (white) and da (gray) between the
change-points found by [Dixon et al.| (2012) and our approach for different values of the estimated number
of change-points.

For comparison purpose, we used the R package Capushe which implements a model
selection approach based on the slope heuristics theory and described in |[Baudry et al.
(2012). Tt can be used here to estimate the number of change-points L. According to the
outputs of this package which are given in Figure[J} L is estimated by 40. The corresponding
estimated matrix X is displayed in Figure

When the number of estimated change-points considered in our methodology is on a
par with the one of Dixon et al. (2012), that is equal to 85, the positions of the block
boundaries are very close as displayed in Figure

15
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Figure 9: Outputs of the R package Capushe.
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Figure 10: Estimated matrix X when L is estimated by using the R package Capushe.
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Figure 11: Topological domains detected by [Dixon et al.| (2012) (upper triangular part of the matrix)
and by our method (lower triangular part of the matrix).

5. Conclusion

In this paper, we designed a novel nonparametric method for retrieving the block bound-
aries of non-overlapping blocks in large matrices modeled as symmetric matrices of random
variables having their distribution changing from one block to the other. Our approach is
implemented in the R package MuChPoint which will be available from the Comprehensive
R Archive Network (CRAN). In the course of this study, we have shown that our method,
inspired by a generalization of nonparametric multiple sample tests to multivariate data,
has two main features which make it very attractive. Firstly, it is a nonparametric ap-
proach which showed very good statistical performances from a practical point of view.
Secondly, its computational burden makes its use possible on large Hi-C data matrices.

6. Proofs

In this section, we prove Theorems [l] and Equation (10). The proofs of the
theorems given below use technical lemmas established in Section

6.1. Proof of Theorem ]
For proving Theorem [I] we first compute the expectation of S, (n1).
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n

E[Sn(n1)] =) E[U2;(m)]

i=1

:nm n—n1 ZE (Z Z h 1,50 131)>

Jjo=1ji1=n1+1

- — Z Z Z E [h(Xi gy Xiji )P (Xikg, Xiky )]
nn1 n ’I’L1

i=1 1<jo,ko<ni n1+1<j1,k1<n

:mZ{Z Z E [17(Xi o, Xi)]

Jjo=1j1=n1+1

+ Z Z B [h(Xi o, Xig )2 Xi o, Xie,)]

Jjo=1 n1+1<j17£k1 <n

+ Z Z E[h Xijos 1]1)h<Xi,k07XiJl)]

1<]076k0<n1 ]1 =n1+1

+ Z Z E[h(Xl]leh)h(Xi,kovXi,kl)]} .

1<jo#ko<n1 n1+1<j1#k1<n

By using Lemma [I], we get that

1 - 1
E [Sn(nl)} = m — {nl(n - nl) + gnl(n - nl)(ﬂ — Ny — 1)
1
+§n1(n1 — 1)(71—711)}
n—ny — 1 ny — 1 n+1
pu— 1 p—
* 3 3 3

In order to derive the asymptotic behavior of S, (n;) we write the centered version of
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Sn(nq) as follows:

Sn<n1)—E[Sn(n1)]:mZ<Z Z h i jos ”1)> _n-?i)-l

=1 Jjo=1j1=n1+1

= PP PR RED

i=1 jo=1j1=n1+1

+ Z Z Z {h(Xi,joa Xi,jl)h<Xi:j0’ Xi,kl) - 1/3]

i=1 jo=1 n1+1<j17£k‘1 <n

+ Z Z Z Uo’ Zﬂl)h(Xz}kov Xi,jl) - 1/3]

=1 1<jo#ko<n1 ji=n1+1

+Z Z Z h(XZJovXzﬂ)h(Xi,kai,kl)}

i=1 1<jo#ko<ni n1+1<j1#k1<n

1
- {A+B+C+D},

nni(n —ny)

where each term of this equality is centered. First, we observe that A = 0 a.s. (almost
surely) by Assertion [(ii)| of Lemma
By using the Markov inequality we get that for all € > 0,
B

P(% >6?ng>
<en "E[ B[] /6

< 6n7/2 Z [ Z Z [R(Xi jos Xi o )X jos Xigy) — 1/3]

Jo=1n1+1<j1#k1<n
By using the Cauchy-Schwarz inequality, we thus get that

(2] 2
£

< 6n7/2 Z (Z Z [h<X1]O’XZJ1)h(XZJsz k;l) - 1/3])

Jo=1n14+1<j1#k1<n

6n7/2 Z ( Z Z Z E[(h(XZJle]l)h(Xl]O?XZ k‘l) - 1/3)

=1 1<j0,44<na n1+1<j1#k1<n n1+1<j] #k <n

] |

1/2

1/2
< (W(Xij0, X )h(X”,XZ,g/)—l/?))]) .
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By Assertion of Lemma , the above expectation is equal to zero when the cardinal-
ity of the set of indices {jo, ji, j1, j1, k1, k1 } equals 6. Indeed, the right-hand and left-hand
side of the product in the expectation are independent in that case. Thus, only the cases
where the cardinality of the set is smaller or equal to 5 have to be considered. Moreover,
note that

|(h(z,y)h(z,t) — 1/3) x (h(z',y")h(z',¥') — 1/3)| < 16/9 < 2,

for all x,y, z,t,2',1y/, 2/, t'. Hence we get that, for all € > 0,

B 6n’ E ~—=n 5/
v ( NG T) S Gni2 ;2" =e/s. (13)

Using similar arguments, we get that for all € > 0,

=| > 6?713) <¢e/3. (14)

p(i

By using the Markov and the Cauchy-Schwarz inequalities as previously, we get that, for
all € > 0,

D 3n?
Pl|—|>—
(=)
<en ’E[|D[] /3
< 3n7/2E [ > Y Yo X, Xig ) Xiky, Xig,) ]
i=1 1<jo#ko<ni n1+1<j1#k1<n

1/2

2
< 3n7/2 (Z Z Z h(Xl JonZ Jl)h<Xi,ko>Xi,k1)>

i=1 1<jo#ko<ni n1+1<j1#k1<n

3n7/2 <]E[Z Z Z h(Xi jo» Xi o )P Xi ks Xiky)

i=1 1<jo#ko<ni nm1+1<j1#k1<n

" /
X Z Z Z h(Xi’,jéaXi’,ji)h(Xi’,kéaXi’,kll):|>1 2.

/=1 1<, Ak <n1 ni+1<j] #K <n

The above expectation is equal to zero when the cardinality of {4, ', jo, ji, ko, ko, J1, 77, k1, k4 }
is greater than 8 and smaller than 10 by Assertion [(v)| of Lemma [I] Only the cases where
the cardinality of the set is smaller than 7 have to be considered. Observe moreover that

’h(m,y)h(z,t)h(x’,y')h(z’,t’)‘ <1, forall z,y,2,t, 2y, 2 t € R.
Therefore, for all € > 0, we get,
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3n3 € 7
E— —_— /2 —
> . > < 57/ X n e/3. (15)

D

Pl =

(17

Finally, by combining (13), and ([15]), we obtain that, for all € > 0,

P (mh(n —ny) X [ (111) _\)];[Sn(nl)” - 156713)

which can be rewritten as

1Sy (n1) — B[S, (n1)]] 15n2
P( NG z sn1<n—n1>> :

Since we assumed that ny/n — 7 as n — oo, we get that

€,

E.

Sn(n1) = E[Sn(n)]
NG

which concludes the proof of Theorem

= Oz(1),

6.2. Proof of Theorem [

Let us start with the computation of the expectation of S,, (n,...,nz). First observe
that, for any i € {1,...,n} and ¢ € {0,..., L},

2 41 2
() (¥

Negg1 — Ty 1
B 1 % (R(i) n+1 ) 2
(o412 — me)? fR—— ! 2

1 )y n+1l y n+1
(%) ()
T e D <Rj T )(Rj' T )

2
n —n
(nes1 —1e) neH1<j£j' <ng i

Ne+1

Y (16)

2
n —n
(nev1 — ) j=ng+1 ne+1<j#5 <ngia

where

2
G _ (pa  ntl G _ [ pe  ntl @ ntl
AY = (R- - ) and Bjj, = (Rj - Rj, - .
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By using the definition (6] of Rg-i), we get that,

2
i . n+1 - n+l
AE‘) N (Z Lix, sy — 2 ) e Z sy = 2
k=1

k=1
ki
2
. 1
= Z IL{Xi,kSXi,j} - 5
k=1
k#j
= > 90Xk X))+ D) 9(Xig, Xi))g(Xiw, Xij),
k=1 k=1 k'=1
k#j k#j k' Ak
k#j
where g(z,y) = 1,<, — 1 and, by Assertions and of Lemma , we get
a1 1 (n—1)(n+1)
E[A(.z)}:— D)+ —(n—1)(n—2) = .
0] = 2= 0+ - D —2) = =N
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Then, we decompose BJ(;), in the four following terms.

0 @ n+ 1 @ n+ 1

n—+1 n—+1
— ZH{X““Q{”}_ 5 >(Z Xw<Xiyt — "5 >

k=1 k'=1

- n+1 " n+1
= | 1D Ly — — T4 D e, —
k=1 k'=1
k#j k' #j

n

1 o 1
|2 (v —3) | | 2 (vevwexn - 3)
k'=1

k=1 -
k#j K45

= ZZ XZk‘7X7,j (sz’ X /)

k=1 k'=1
k#j k'#j'

= (szX ) (XZ]7X )

+Zg(Xz,kaXz]) (Xl],X )
k

=1
k#j
k#j’

+ E X Xij)g(Xiw, Xijr)
K =1
k' #5'
K%

Z Z 9(Xin, Xij)g(Xin, Xijr)

k=1 k'=1
k#j K'#j5'
k5 k£

= B1 +BQ+Bg+B4 (19)
By Lemma [2] we obtain that

1 n—2 n—2
E[Bl} = _Z_l’ E[BQ] :E[Bg] = — and]E[B4] = 12 ;

since the only term in the sum defining B, having a non null expectation is the one for
which k& = k’. Hence,

; 1 n—2 n-—2 1 n—2 n-+1
E [B(Z),} = _—__9 - __ _ _ ) 20
s 1T T 112 12 (20)
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By (16), (I8) and (20),

2
@  n+1
R, —

1 H (n—1)(n+1 n+1

E

— o2
e O P net1i gy <y L2
_ 1 (n=D@+1) (e —ne)(nen —ne—1)  (n+1)
(ng_,_l — ng) 12 (ng_H — ng)Q 12
B 1 (mn—=Dm+1) (n+1)(ne1—ne—1)
(g1 — ) 12 12 '
By , we get that
L n 2
4 =@ n+1
E[Sn (nlv"'anL)] = ﬁ (n€+1_n£)ZE <R€ - 92 >
(=0 i=1
A [(=Dn+1) (1) (e —ne— 1)
on 12 12
(=0
4(n+1) L(n+1)
= ——{(L+1))n-1)—(n—L—-1)}=——.
(L )= 1) — (- L 1)y =
Now we focus on the asymptotic behavior of S, (nq,...,ny). For this, we decompose the
centered version of S, (n1,...,ny) as follows.

Sn(ny,...,ng) —E[S, (n1,...,nL)]

L
L

4 —» n+1\> Ln+1)
_EZ(WJrl—W)Z(Re T > T3

1 <—>Z[<;(Z (49— & [49))

£=0 i=1

ng+1<j#j <npi1
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where Agi) and B](;), are defined in and (19), and the Zi(t) are defined as follows:

Te41 n
z{V = Z Z {Q(Xi,kaXi,j)2 - i} :

ng4+1 n

Zi(2) = Z ZZ{ szaij (Xi,k’ X ) 112}

Jj= W+1k 1k'=1
k#j k'#£k
k#j

Z® = > {(X”,X )9(Xi s, Xijr) + i}

ne+1<j#j' <ngt1

Zi(4) = Z Z{ (Xi, Xij)g(Xij, Xiy) + %}’

ne+1<j#j <ney1 k=1
k#j
k#j’

5) _ 3 Z 1
Z’L Z] ? )g(X'L:k 7X17.7 ) + 12 )
ne+1<j7#5' <nesr k=1
K'#j'
k/séj

Zi(6) _ Z Z { szaXZj (Xz',k,X@j/) — 1—12} ,

ne+1<j#j' <ng+1 k;él,
k#j'

zZ" = Z ZZ 9( X, Xij)g(Xigr, Xijr)-

ng+1<j#j'<ng11 k=1 k'=1
k#j K #5'

k#j" K #£j5

s

Then, we get that, for all M > 0,

Sn(nl,...,nL)—E[Sn(nlv""n’:)]’ >M)

Z ARIBS

=1

M (ngpy —ng)n®?
28(L+1) '

<i2}p<4;
- n?negr — Ny

My/n
(L+1)

Sn(nl,...,nL)—E[Sn(nl,...,n,;)]’ >M) SZZM 28(L+

(ne+1 - ne n5/2

"

>z




By using the Cauchy-Schwarz inequality we obtain that

Pdsn(nl,...,m) —ﬁ[sn(nl,...,nL>]’ >M)

L 7 (L+1) n “ 2
>yt (=] (L

(=0 t=1

We shall now give upper bounds for E [(Z ) Z ) } forallt € {1,...,7}. First, by using
Assertion [(ii)] of Lemma [2 we get

=1

=1 i'=1

33 3 5 8 e faexgr - o x- 2] <o

i=1 i'=1 j= n;—i—lk 1r= nﬁ—ls 1
k#j S

Then,

E (Zn: Z?)) B Zn: zn: E|Z970]
=1 =
Net1 n Te4+1 n

S HIDIDH DI I FETEBIEISBES

i=1 /=1 j=ny+1 k 1 k'=1r=ne+1 s=1 s'=1
#j k' #k SET §'ts
k#j S#ET

1
{g(Xi’sa Xz"r)g(XZvS/, Xi’r) — ﬁ} } .

The above expectation is equal to zero when the cardinality of the set of indices
{i,i',7,k, k' r, 5,8} equals 8 by Assertion of Lemma 2] Hence, only the cases where
the cardinality of this set is smaller or equal to 7 have to be considered. Since

(stennaten) - 35) (s a0 - 5 )| < 19 21,

for all x,y, z,t, 2,1y, 2/, t' € R, we get that,

n 2
(Z Zf”) <.
i=1
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By using similar arguments and Assertion of Lemma [2| we get that
n 2
(Z Zf“) <.
i=1

2
By using similar arguments as those used for bounding E {(27—1 Zz‘(2)) } and by Asser-
tion of Lemma 2| we get that E[g(X,Y)g(Y,Z2)] = —E[¢(X,Y)g(Z,Y)] = —1/12.

Hence,
n 2 n 2
(Z Zf‘”) <n” and E (Z Z§5’) <n.
=1 =1

By using Assertion [(ii)] of Lemma[2] we obtain that

(é Zf‘””) lelE[ 928
YOy Y E

i=1 /=1 ne+1<j#j' <ngp1 ne+1<r#r' <ngyq

{(X”,X 09(Xi 5, Xij) + le}

1
{g(Xi/r/’ X’i/T)g(Xi/T7 Xi/T‘/) _|_ Z_l} — O
Finally,
n 2 n n
M1 | = (1) (1)
2| () |33 [aar]
=1 i=1 i'=1

5 D SEED 35 D SIS S LI FEHE Ve e ch

1=1 /=1 ny+1<j#5" <ngq1 k7£1 k' =1 ne+1<r#r'<ngyq s=1 s'=1
K'#5"

SET o !
k#j" K #£5 s#r! s'#r
K4k s's

9(Xis, Xin)g(Xow, Xow)|.

The above expectation is null when the the cardinality of the set of indices
{i,7,7,7', k,K',r,1" s, s’} is equal or greater than 8, by using Assertion of Lemma
Observe moreover that

l9(2,y)g(z, )g(',y")g(z", )| < 1/16 < 1,
for all x,y, z,t,2',y/, 2/, t' € R. Therefore, we get,

n 2
(Z Zf”) <.
i=1
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Thus, we obtain that, for all M > 0,

"

Since for any ¢

Sy (niy...,ng) —E[S, (ny,...,np)]
\/ﬁ

> 5x 28(L + 1)n"/?
(et — ne)n®?

L
£=0

1
>M) < —
) <3

P the right-hand side of the above inequality
tends to 0 when M — oo, which concludes the proof.

1

Te+1—T¢’

converges to

6.3. Proof of Theorem []
For all § > 0, let us define

Cors={m €{l,....n—1} : [ny — nj| > né}.
Note that

P (|1 — ni| > nd)

<P max {sn(m) - Sn(n’{)} > o)

ni ecn’f ,0

ni ecn’f 0

<P max {Su(m) = Su(ni) ~ E[Su(m) = Su(n)] + E[Su(m) = Su(n})] } = o)

<P| max {Sn(nl) S, (n) — E[Su(n1) — Su(n?)] } > — max {E[Sn(nl) S, (n)] }) .

nleCnT,é ni Ecn’l‘,6
By Proposition [I] given below,

IP’(|ﬁ1 —nj| > né)

<P ( max {Sn(nl) — Sp(n}) —E[S,(ny) — Sn(n])] } > /{’n25>

ni ecn*{,é

28



for large enough n for some positive constant «’. Hence,

P (|7 — ni| > nd)
<P < max
7’7/1€Cn{75

P max
ni Ecni«’(;

Sulnr) = Su(n}) = E[Sp(m1) = Su(m})] | 2 H’n%)

IN

Sn(n1) — E [Sn(ny)] ) > “/n%s)

§2P<

mecnw

+e(

We mimic the proof of Theorem [I] to obtain that

0
g
|
&=
"
3
v
z\
3
no
(o)
N———

Su(nf) — E[Su(n3)] \ > as)).

Z P (\Sn(nl) —E[S,(n)]| > %,nzé)

mecnw
2 971/2
< > ey [1Sn(n1) = E[Sn(n1)][]
nlecnik’(;
- K'n26nni(n —ny) K6 ni(n —mny)
n1€Cpx 5 n1€C,x 5
Observing that
1 1{ea 1 & 1 2 ¢ 1 _log(n)
— <= — =— — ~2
R PO IR B SRS L
TL1€CTL?5 ni=1 ni=1 ni=1

as n tends to infinity, concludes the proof.
In the following, we establish the proposition that we use for proving Theorem

Proposition 1. Under the assumptions of Theorem [3, there exists a positive constant k,
such that

E[Sn(n1) = Su(ni)] = —kn|ni —m| (1 + en(na)),

where maxy, cc . , |en(n1)| = 0, as n tends to infinity.
0
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Proof. We first compute the expectation of S,,(n}).

E[S,(n})] = Y E[U2,(n})]

2
n

1 SR
= 2B | (2 X (e Xua)

i=1 jo=1j1=nj+1

1 n
= E [h(X: 0, Xij ) (X, X
T D DI DI E S IICoRe N

i=1 1<jo,ko<n] n]+1<j1,k1<n

1 n ny n
= T 2] 2 2 Bl (X X))
1

= Jjo=1j1=ni+1

ni
+Y Y E(X iy, Xig)h(Xi o, Xiy)]

Jo=1ni+1<j1#ki<n

+ D B Xii )Xk, X))

1<joF#ko<n} j1=nj+1

+ ) > E(Xiges Xi )W Xiggs Xin)]

1<jo#ko<n] ni+1<j1#k1<n
A+ B

nni(n —nj)’

where A corresponds to the sum over ¢ which goes from 1 to nj and B to the sum from nj+1
to n. Let us introduce the independent random variables W, Y and Z, such that W ~ P{,
Y ~ P! =P} and Z ~ P} and denote W W@ WO y®) y@ yE zWO 72 706) their
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respective independent copies. Observe that

A= Z Z Z h2 X’JO’XZh + Z Z E[h’<leoaXz]1)h(Xz]07Xz k1)]

= Jo=1j1=ni+1 Jo=1ni+1<j1#k1<n

+ ) Z B [h(Xi o Xig )Xo X )]

1<jo#ko<n} j1=n}+1
+ > Yo B Xii )W Xiggs X))
1<jo#ko<n nf+1<j1#k1 <n
= n’f{nf(n —nj)E [h2(W, Y)] +ni(n—ni)(n—nj — 1E [h(VV, Y)h(W, Y(l))}
+ni(nf — 1)(n — n)E [A(W,Y)R(WM, V)]
+ (0} = 1)(n = n})(n = n} = DE [o(W, Y)W,y )] 1.

In the same manner, we can see that,

B=(n-— n’{){n’{(n —n})E [R3(Y, Z)] + nj(n —n})(n —n} — DE [L(Y, Z2)h(Y, ZW)]
P =1 (n—n)E [, 2)h(YV, Z)]

+nj(n] —1
1)(n —n})(n —n} — VE [A(Y, Z)h(YD, 20)] }

(
+ny(ny — 1)(
Note that all the absolute values of the above expectations in A and B are bounded by 1
by the definition of the function h.
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Then we compute the expectation of S,(n1) in the case where n; < nj.

E[Sn(nl)]:nnln_nl ZE (Z Z h 1,50 Zh))

Jjo=1ji1=n1+1

= ) Z > Y ER(Xu X)X X))

i=1 1<jo,ko<ni n1+1<j1,k1<n

- mZ{Z S B (X X

Jjo=1j1=n1+1

+ Z Z E [h(Xuonm)h(XUO’Xl "31)]

Jo=1 n1+l<j1;ék:1 <n

o) Z o Xe i )h(Xiko, Xi))]

1<jo#ko<n1 j1=n1+1

Py EWXWXm>h<xz-vko,xi,kl>1}

1<jo#ko<ni n1+1<j1#k1<n
C+D

nni(n —mny)’

where C' corresponds to the sum over ¢ which goes from 1 to nj and D to the sum from
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ni + 1 to n. Observe that

¢= Z Z Z h2 X”(”XZJI +Z Z h2 XZJmXZh)}

= Jjo=1j1=n1+1 jo=1j1=n}+1

+ Z Z ]E[h(XUo’XZJI)h<X”0’X’ k1>]

Jo=1n1+1<g1#k1<n}

+ Z Z E[h(XZN’XUl)h(XUo’XZ k1)]

Jjo=1 7’L*+1<j1;ék1 <n

+22 Z Z zJO’ Ul)h(leonNﬁ)]

jo=1j1=n1+1k1=nj+1

+ Z Z zjov ZJ1)h(Xi7k07XiJ1)]

1<]07£k0<n1 ]1 n1+1

o) Z Xijos Xij )N Xigos X))

1<jo#ko<n1 j1=nj+1

+ Z Z E [h(leoaXl j1)h(Xi,k07Xi,k1)]

1<jo#ko<n1 n1+1<j1#k1<n]

+ ) Yo EA(Xige Xi )Xk, Xin,)]

1<joA#ko<n1 ni+1<ji£ki<n

nj n
+2 Z Z Z E [h(XZ',jO, Xi,jl)h(Xz‘,km Xi,kl)]

1<jo#ko<n1 j1=n1+1 k1=nj+1
= n’{{nl(ni —ny)E [h2(VV, W(l))] +ni(n—n))E [hQ(VV, Y)]
ni(nf — ) (n —ny — DE [h(W, W)W, W®)]
+n1(n—n})(n—nf — DE [A(W,Y)R(W,Y1)]
+2n1(nf — 1) (n —n})E [R(W, WOR(W,Y)]
+n1(n1 — 1)(nf = n)E [R(W, WR(WE b))

+ni(ny — 1)(n —n))E [ (W, Y)h(W(l), Y)}

+n1(ni — 1) (nf —n1)(nf —ny — DE [A(W, WD) )R(W S W]
+n1(m —1)(n —n})(n —n] = DE [A(W, Y)h(WH, v )]

+ 20y (ny — 1)(n] — n1)(n — n)E [(W, WOYR(W ), V)] }

33



In the same manner, we can see that

D=(n- n*{){nl(n’{ —n)E[R*(Y,YD)] + ni(n —n))E [R*(Y, Z)]
+ni(nf —n1)(nf —n — DE [R(Y, YD)A(Y, Y(Q))}
+ni(n—nj)(n—nj — DE [A(Y, Z)(Y, Z(l))}
+ 2ny(ny —ny)(n —ni)E [h(Y, Y(l))h(Y, Z)}
+n1(ny — 1)(nf —n)E [R(Y, YD)R(Y®) Yy )]
+n1(ny — 1)(n — n})E [(Y, 2)h(YV, Z)]
+n1(n — 1) (n —n1)(nf —ni — DE [A(Y, Y)R(Y P, Y®)]
+ni(ny —1)(n—nj)(n—nj —1E [h(Y, Z)h(Y(l)7 Z(l))]
+2ny(ny — 1)(n} — ny)(n — )E [(Y, YO)R(Y®), 2)] }

where the absolute values of the above expectations are bounded by 1.
By Lemmal [T}, we get that

E [Sn(n1) = Sn(ni)]
~ C+D A+B
nni(n —ny)  nnj(n—ni)
_ (i—nm)(ny =2)  ni(n—ni - D(ni —m)
3(n—mn1) n(n —mny)

E [h(W,Y)h(W,Y1)]

2ni(ni —m)(n —nj)

n(n —ny) E [n(W, W )h(W,Y)]
_ ni(nf —ni)(n— 1)E [h(W, Y)h(W(l)’Yﬂ

n(n —nq)

_ TLI(TL — TLI _ 1)(”{ - nl)(n — 1>E [h(W, Y)h(W(l),Y(l))}

n(n —ni)
- ol g gy, 2y, 20)
o M

g [0, (. )
_(n=ni)(n— nl( - 1)(71)“{ —m)(n 1) (h(Y, Z)h(Y D, Z0)]
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E [Sn(n1) = Sn(n7)]

=l OO g gy (i
(2 —n7) ni(n —nj—1) "
3n(n —ny) n%(n —ny) E [A(W. Y)R(W, Y]
— 2%1@ [h(W, V[/(l))h(V[/7 Y)} + %E [h(VV, Y)h(W(l), Y)]
+ 2 Zizyin__nni Vg [h(Y. Z)n(Y, ZV)] — 2%1@ [h(Y, Y)h(Y, Z)]
(n—nt)(n — 1) 1
o= B 2p 0, 2)] |

Note that E [A(W,Y)] # 0 or E[h(Y, Z)] # 0 by (8] since

D (ney, 2P

E[h(W,Y)] =E [Tgreyy — Liy<wy] =PW <Y) —P(Y <W) =2P(W <Y) — 1 #£0.

Hence, there exists a positive constant , such that
E [Sn(n1) = Sn(ni)] = —kn(ni —n1) (1 +en(na))

where max,, cc, . , |€,(n1)] — 0, as n tends to infinity, since
TLI,

ny n—nt
1-t<—1<1

n n—ng

and nj/n — 7.

We conclude the proof by using similar arguments in the case where ny > nj. ]

6.4. Proof of Equation (@

By (9.
Iy(p) = max A(l:ny) =A(1:p)

1<ni=p

and

Li(p)= max {A(l:n)+AMn+1:p)} = max {ly(n)+ A +1:p)},

1<ni<n2=p 1<ni1<na2=p

which is when L = 1. By @,

L(p) = max  {A(1:n)+An+1:n2) +Ane+1:p)}.

1<ni<na2<nz=p

By using the previous expression of I1(p), we get that
L(p) = max {[1(ny) + A(ny +1:p)},
1<na<p

which is when L = 2 and so on, which gives (10).
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7. Technical lemmas
Lemma 1. Let h be defined by h(x,y) = Liz<yy — Liy<ay- Then,
(i) E[M(X,Y)] =0,
(i1) h*(X,Y) =1 a.s.,
(1i1) E[h(X,Y)h(X, Z)] =1/3,
(iv) E[L(X,Y)h(Z,Y)] =1/3,
(v) E[L(X,Y)h(Z,T)] =0,
where X, Y, Z and T are 1.1.d. random variables having a continuous distribution function.

Proof. (i) Let X and Y be i.i.d. random variables with cumulative distribution function
F. We have:

E[A(X,Y)] =E[Lixery] - E [Lyyexy] =E[1 - 2F(X)] =0,
where we used that F'(X) is a uniform random variable on [0, 1].

(ii) Forallz £ yin R, B*(z,y) = (Liazy) — Liyery)” = Liazy) + Liy<o) — 2oy Liyeay =
1. Consequently, h*(X,Y) =1 a.s..

(17i) Let X, Y and Z be i.i.d.random variables with cumulative distribution function F.
We have:

E (X, Y)WX, Z2)] = E[(Lixevy — Yyvexy) (Tixezy — Lizexy) ]
=E [Iixavylixzz] — E [Lxevylizexy]
—E[lyexilixez] + E[Lyexizex]
=E[(1-F(X))?] - 2E[F(X)] - E [F(X)?]) + E [F(X)?]
= 1/3 — 2(1/2 — 1/3) + 1/3 = 1/3,

where we used that F'(X) is a uniform random variable on [0, 1].
(iv) Since E[h(X,Y)W(Z,Y)] = E[h(Y, X)h(Y, Z)] = 1/3, the result comes from (7).
(v) By independance of (X,Y') with (Z,T),
E[h(X,Y)h(Z,T)] = E[h(X,Y)|E[h(Z,T)] = 0.
]

Lemma 2. Let us define the function g as g(x,y) = Lz<yy — 3. Let X, Y and Z be i.i.d.
random variables having a continuous distribution function. Then
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(i) Elg(X,Y)] =0,

(11) 9(X,Y)* =1 as.,
(ii) Elg(X,Y)9(Z,Y)] = 13,
() Elg(X,Y)g(X, Z)] =

Proof. (i) E[g(X,Y)] =E[F(Y)] —1/2 =0, since F(Y) is a uniform random variable
on [0, 1]

(77) For all z,y in R, 9(z,9y)* = (L{acy) — %)2 = T{o<y} + 3 — L{a<y} = 5. Consequently,
F(X,)Y) =1 as.

(17i) Let X, Y and Z be i.i.d.random variables with cumulative distribution function F.
We have:

Bl V(2] = | (1iven - 3 ) (tizen -5 )]

1 1
=E [Tix<vyliz<yy] — SE [Tiz<vy] — S [Tix<vy] + 5

1
4

where we used that F'(X) is a uniform random variable on [0, 1].

(iv) Note that

Blp(X. 19X, 2] = | (1veny - 5 ) (1even = 5|

1 1
(S [
1
o[ on) o)
1

=E[g(Y,X)g(Z,X)] =

—_

N}

by (iid).
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