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1 Relationship between the squared modulus of the S-transform and

the Wigner-Ville distribution
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As the Wigner-Ville distribution can be seen as the Fourier transform of the instantaneous autocorrelation

function of a signal x

WV, (t,w) = / x(t+ I)Jc(t - Z)* e T dr.
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Hence, using the inverse Fourier transform we obtain
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we obtain A = & (t — T 747 and 7 = & (7" —1') thus we have
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and 75 = 7 — 7, we obtain

7_/ T + T2
()= (:73).

as a result for a multiple substitution integration we obtain

dr' dr" = |det Jg|dry dmo = d7y dT3

If we define 71 =

v
2

where det Jp is the determinant of the Jacobian of matrix ®. As a result, (11) can be expressed as
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1.1 Wigner-Ville distribution of a Gaussian analysis window
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If we define h(t) = —== e~ 272, its Wigner-Ville distribution can be expressed as
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Thus, from (17) we finally obtain
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2 Frequency domain expression of the S-transform

As a signal x can be expressed as the inverse of its Fourier transform
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thus, ST, (¢, w) can now be expressed as
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3 S-transform of particular signals

3.1 S-transform of a time-delayed signal

If y(t) = z(t — t1), then we obtain
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3.2 S-transform of a frequency-shifted signal

If we define y(t) = z(t) e/“'?, then using Fy(w) = F,(w — w;) we obtain
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we finally deduce that
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3.3 S-transform of a rescaled signal

If we define z(t) = %x (4), then we have
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3.4 S-transform of a sinusoid
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If we consider a signal z(t) = Ae’“1!, we have F,(w) = 2mA§(w — wy). Hence, the S-transform of x can be

expressed as
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3.5 Tuning wyT to compute the S-transform of a sinusoid

_ (w1 —w)? (woT)?

Let’s begin with the S-transform of a sinusoid expressed as ST, (t,w) = Ae 202 e/ (@1=9)t Tf one wants
the set {w, |ST,(¢t,w)| > T'} with " < 1, to have a width Aw; around wy, we have to find the two values w and
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3.6 S-transform of an impulse signal

If 2(t) = 6(t — t1) then we obtain
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3.7 Tuning w71 to compute the S-transform of an impulse

_wZ(t—t1)? .
Let’s begin with the S-transform of an impulse located at instant ¢; expressed as ST, (t,w) = \/%il} 7€ 2(woT)? @ Iwit,
0

If one wants the set {t, Ssg’”(i% > I'} with T’ < 1, to have a width A¢; around ¢;, we have to find the two

values t and ¢’ that verifies At; = ¢ — t’ obtained by solving the equation
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4 Marginalization of the S-transform over time
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5 S-transform simplified reconstruction formula
5.1 Proof
The S-transform simplified reconstruction formula leads to the following result
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we obtain
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Hence, = can be recovered from ST, using the simplified S-transform inversion formula
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5.2 Relationship with the Morlet wavelet synthesis formula
For the wavelet transform of a signal = expressed as
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the simplified wavelet reconstruction formula is given by
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Using the relation between the S-transform and the Morlet wavelet transform expressed as MW, (t,w) =
\/2w0T7T1/4\/% e/“IST,(t,w) (see the main article) and using Eq. (89), we obtain from Eq. (85)

wl

P (t) = ! w) 2
i(t) = T TG, T /R MW, (t,w) T (90)
= 70}1(30011) /]RSTCE(t,w) ejwtcij (91)

that is the simplified S-transform reconstruction formula given by Eq. (82).

As the Morlet wavelet is considered to be be approximately analytic (Fyg(w) = 0 for w < 0 when woT > 0),
thus we have |Cpsi| < co. Using the relationship of Cj(woT) and Bj(woT') with Cy, one can deduce that
|Ch(woT)| < oo and |Bp(weT)| < o0.



6 Energy conservation of the S-transform

Starting from the frequency domain expression of the S-transform given by Eq.(33)
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that corresponds to a smoothed version of the energy spectral density of the analyzed signal x.
Now, one can calculate
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we obtain

+o0 / +o0 0O
JL st @ < [ ine —wp [ o 5
w

So finally, the Parseval’s theorem leads to
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where the proportionality factor Bj(woT) is given by
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7 Frequency derivative of the phase of the S-transform
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Let define the S-transform as a particular case of the Short-Time Fourier Transform (STFT) using the window
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When w # 0, we have
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8 Computation of the reassignment operators using S-transforms
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8.1 time coordinate

We consider first the definition of the reassigned time coordinates
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where Ri(t,w) = z(t)F,(w)* e 7 is the Rihaczeck disctribution. Thus we have

t(t,w) = MRE} (/R ( )Th(wo(t—T))e_j‘”dT-/RFI(Q)*F;L(L:O(Q—w))*e_j(Q_“)t;lS) (115)

/Rx(ﬂ')(t _ T)h(wio(t — 1)) e T drS T, (t, w)*
=t—Re ERTRITE (116)
Tg w
=t —Re (M) (117)



8.2 Frequency coordinate

We consider first the definition of the reassigned frequency coordinates
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If we define Dg(t) = %
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9 Computation of the Levenberg-Marquardt reassignment opera-

tors using S-transforms

Starting from the Stockwellogram classical reassignment operators given by
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we directly obtain
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The coefficients of matrix V'R, (t,w) can be detailed as below.
9.1 Computation of the partial time derivatives of R,(t,w)
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Using STPY(t,w) = —%STIg(t,w) we have

Dg UJ2
88;;6 (t,w) = —% [(wOT)QSTIg} (145)
w2 Tg
- _(wiiT)STTg(t “) = (ool (%(t@) (146)
o T9(t, w w? T29(+ o w? T9(¢. w TI(t w
— (on) ———ST,9(t, )+(OJ()T) ST, 9(t,w) — (on) ———=ST, 9(t, )+Jt( TP STT9(t,w) (147)
we obtain
Dg w
- 8i llm (SSTT((LL))N (148)
OST ’ 4 8ST,
( )
o) ST” (b€)STa(tw) | WP STT'Y(t,w)STy(t,w) = STT (t,w)STI(t,w))
ST (woT)? ST, (t,w)?

WP STT*9(t,w)ST, (¢, w) — (STT9)?
T ol ST, (t,w)?

B _Re<ST[D9(t,w) STZQ(t,w)Sng(t,w)>_ w3 (sﬂsg(t,w) Sng(t,w)ST[g(t,w)>

ST (t,w) ST, (t,w)? (ol ST, (1 w) ST (L.o)?
2w ST (t,w)
T ™ ( ST, (t,w) ) (151)

10 Definition of the S-transform local instantaneous modulation op-
erator

Let be z(t) = a(t) e/*®) a Gaussian-modulated linear chirp (i.e. ¢(t) and log(a(t)) functions are quadratic.
Thus, the frequency modulation §, can be defined as

G (t,w) = %(t) (152)

The proof of this result follows. By definition, z(t) is differentiable and its derivative is

0= (50455 0a0) &2 (153)
— (5 Goxta(t) +55(0)) a0 (154

1(t)

where [ is an affine complex-valued function since log(a(t)) and ¢(t) are quadratic. Thus, there exists complex
numbers « and 8 such that I(¢) = at + 8 with

dl d? d*¢

o= 50 = = (og(a(t) + 525 (1), (155)

Using ST, (t,w) = e 7! / z(t 4 7)g(—7,0) € %7 dr as the expression of the S-transform of a signal x, we
R
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obtain

95T, (t,w) = —jwe It / z(t+7)g(—7,00) €T dr + eI / d—x(t +7)g(—T7,0¢) eI dr (156)
ot B W dt
= —jwST,(t,w) + e« / I(t+7)x(t +71)g(—7,00) 97 dr (157)
R
= —jwST,(t,w) + e_j“ta/ ot + 1)t +7)g(—7,00) e T dr + ST, (t,w) (158)
R
= —jwST,(t,w) — oz/ z(T)((t — 1) — t)g(t — 7,0¢) € 7T dr 4 BST,(t,w) (159)
R
= —jwST,(t,w) — a (STT(t,w) — ST, (t,w)) + BST4(t,w). (160)

Dividing by ST, (t,w) we obtain

B (t,w)  STDI(t,w) i (STITg(tw) _ t) + 8. (161)

ST,(tw)  ST,(tw) ST, (t, )

Differentiating with respect to t, we obtain

Dg Tg
0 (STt w) Cw 0 (ST (tw) ) 1 (162)
0t \ ST.(t,w) 0t \ ST.(t,w)
Thus, we have
8 (STP9(t,w)
d? d*¢ ot ( ST, (tw) )
« dt (log(a(t))) + j di2 (t) B (STIg(t,w)) 1 (163)
ot \ STy (t,w)
that leads to
TP*9(t,w)ST, (t,w) — STPI(t, w)?
ST, “9(t,w)STy(t,w) — ST, (¢, w)ST, 7 (¢, w)

11 Implementation of the reassigned Gabor spectrogram and of the
synchrosqueezed STFT

The discrete-time Gabor transform of a signal = can be approximed by FZ(nTy, 32%) ~ Ff[n,m] with n € Z
and m € M as ‘

K/2 -
Fd[n,m) = e %5 " w[n+ klgl—k, L]e /5" (165)
k=—K/2
e‘jh% KZ/Q [ k;] k2 j2j7r7nk ( )
= — rin+ kle 202 /7 1 166
V2L bR /2
n?
with g[k, L] = Tsg(kTs, T%) = \/217L e 217, where K = 2L+/21log(1/T") is obtained by setting a threshold I" thus
we have
(K/2)?
e 22 <T. (167)

The signal = can be recovered using the STFT synthesis formula as

1 2T

&[n] = 70.T) Z FI[n,m) e Aw with Aw = T, (168)
meM
A 2 2jmmn
b T > Fgn,mle w. (169)
meM

13



11.1 Computation of the spectrogram and the reassigned spectrogram

The spectrogram is simply computed as |F¢[n, m]|?> and the reassigned spectrogram is computed as

RV, [n,m] =Y Y [F[n,m][*6[n — iln,m]]6[m — [n,m]| (170)
neEZ meZ

where 7 and m correspond to the reassigned time-frequency coordinates computed as

RTI W alIXT am
i) =+ [ (B am

(173)

where Tg(t,T) = tg(t,T) and Dg(t,T) = %(t,T) = = Tg(t,T).
The Levenberg-Marquardt reassigned time-frequency coordinates are computed as

(7?[”’7”]) - (”) - H(VtRw[n,m] +u12)_1Rx[n,m]]] (174)

m[n, m] m

with Ry[n,m] = (mn B 7?1[7[17; 77717]1]) (175)
FIDg[n,m] Fjg[n,m]ng[n,m] T;2FZ29[n,m] T;lF;rg[n,m] 2
1+ Re( Fffnm] —  Ff[nm]? ) _Im< Fimm] ( FI[r,m] )
V'Ry[n,m] = ) (176)
I T2FP"9[n,m) Ts FP9[n,m] 2 R FTP9[n,m] F79[n,m]FP9[n,m]
T T E mm] . U Felnm] R\ TETm] F[n,m]?

where TDg(t,T) = t%(t,T), T2g(t,T) =t2g(t,T) and D?*g(t,T) = %(t,T). Thus, the Levenberg-Marquardt
spectrogram is simply obtained by replacing (72, 7h) by (72, ) in Eq. (170).
11.2 Computation of the synchrosqueezed STFT
The discrete-time synchrosqueezed STFT can be defined as
2jmm/’n

L] = 5= 3 Feln |5 5’ — sl m] (177)
m’eM

where (7,m) can be replaced by (7, m) to obtain the Levenberg-Marquardt synchrosqueezed STFT.
The signal x can be recovered from the synchrosqueezed STFT as

1

#n] = 0.7 m;M T [, m) Aw (178)
T 3/2
:7(2])\4 L Z Ty [n,m). (179)
m’'eM

11.3 Computation of the vertical synchrosqueezed STFT

Let be a signal 2(t) = A(t) e/?®) with ¢(t) = ¢o + wt + q—f. Thus we have

dA
) = ( i +jflf<t>> () (150)

1(®)

thus, there exists (o, 8) € C? thus we have [(t) = at + 3, L(t) = j—; (log (A(1))) +jchf(t), hence ¢ = Im(a).
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Thus, as FJ(t,w) = e I«! / z(t+7)g(—7,T)e 7“7 we have

R
a . —Jwt dI‘ —JwT
o (Fl(t,w)) = —jwF(t,w) + e | —(t+7)g(—7,T)e 7 dr (181)
ot Rk dt
= —jwFI(t,w) + e It / (a(t+ 1)+ Ba(t+7)g(—7,T) e 7“7 dr (182)
R
=(B—jw+at) FI(t,w) —ae I« / z(t+7)(—=1)g(—7,T) e 7“7 dr (183)
R
= (B — jw+ at) F{(t,w) — aF]9(t,w) (184)
then,
0 T
ot (Fx(t7w)) . wg( 70.})
= (B - t) — 185
F () (B —jw+at) — o Tt0) (185)
then,
9 (p9 t, FTyg
O (gFEEw)\ (0 (FO(tw) (186)
ot Fi(t,w) ot \ Fi(t,w)
Ff2g(t,w)F£(t,w) B FzDg(tvw) —all1= (Fg(t,w) + FJDg(t’W))Fg(ta w) - FzTg(t’W)Fn?g(tvw) (187)
FI(t,w)?2 - F{(t,w)? '
Hence we have )
F:Z) g(tvw)Fag(taw) — FzDg(tvw)2
a=— o) =5 . (188)
Fy g(tvw)Fm g(t7w) - F; g(taw)Fg(taw)
As a result, the discrete-time local frequency modulation can be estimated as
T2EP*9[n, m] FY — (T, FPs 2
(j:c [n,m] _ T;2Im 7_s T [’n,,DTYL] T [nam} Té T [nvm]) (189)
Fxg[n7m]Fﬂfg[nvm]7Fz g[nvm]Fiq[nam}
thus an enhanced frequency estimator is given by
_ . M, .. .
mg[n, m] = mln, m] + %TS Gz[n, m](n — f[n,m]). (190)

So finally, the vertical synchrosqueezed STFT is obtained by replacing m[n, m| by my[n, m| in Eq. (177).

12 Fourier transform of the Morlet Wavelet

According to the definition of the Morlet mother wavelet, we have

+oo )
Fo(w) = / W(t) e~ dt (191)
— 00
—-1/4 +oo )
= ﬂ\/:? o i)t gy (192)
w272
— \aTrt/ e~ (193)
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