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Some non-intuitive properties of simple extensions of
the chemostat model
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U’Environnement et l’Agronomie), 2 pl. Viala, 834060 Montpellier, France

Abstract

We show how the consideration of two compartments in the well known chemo-
stat model could lead to non-intuitive messages in terms of performances and
stability. These compartments and their interconnections represent spatial pat-
terns and interplay with species biodiversity. The case of an inhibited resource
is also considered, for which we also study the effect of a bio-augmentation.
Keywords: chemostat, compartments, interconnections, competition, growth

inhibition, performances, stability, bio-augmentation.

1. Introduction

The chemostat model appears in the fifteens as the mathematical represen-
tation of the microbial growth in the chemostat experimental device, invented
simultaneously by Monod [1] and Novick-Szilard [2]. If s and = denote respec-
tively the substrate and biomass concentrations in a culture vessel of volume V|,
their time evolution are modeled by the following system of ordinary differential

equations

(1)
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where Y E| is the yield conversion of substrate into biomass, u(-) the specific
growth rate of the micro-organisms (which is non-negative function, null only
at s = 0), @ the input flow and S;, the input concentration of substrate.
Later, this model has been used to represent many other ecosystems in natural
environments [3, 4, 5], which have in common a continuous culture of micro-
organisms. This model (or close versions of it) is often found in bio-mathematics,
theoretical ecology or bio-processes literature (see for instance [6, [7, [8,[9]). More
generally, it is a popular model of resource-consumer in living sciences (although
the word “chemostat” is not always used).

The model is based on several essential assumptions: 1. The micro-
organisms introduced in the vessel are of a single species; 2. The substrate
(of concentration s) is the single limiting resource for growth; 3. The vessel is
perfectly mixed; 4. Its volume is constant (i.e. the input and output flows are
both equal to Q. Many extensions of this model have been studied to better
suit real ecosystems, introducing considerations such as species competition,
multiple limiting resources, non-perfectly mixed medium... Most of the stud-
ies in bio-mathematics and theoretical ecology have been conducted with the
objective to characterize the composition and the spatial distribution of the
asymptotic solutions (see for instance [10} 1T}, 12, 13} 14]). The performances
of the related ecosystems are usually not addressed in those theoretical studies.
This is different in bio-processes literature. Optimizing the performances is of
primer interest, but mixed cultures are rarely considered.

The objective of the present paper is to review studies of extensions of the
model that have revealed “non-intuitive” messages (in the sense that the
conclusions cannot be deduced straightforwardly from the equations) related
to the performances. We do not pretend here to be exhaustive but we focus
on situations for which a certain kind of complexity could emerge from quite

simple ecosystems. More precisely, we consider structures of the model in a

Lwithout any loss of generality one can assume Y = 1 in equations by simply denoting

the quantity X/Y by X
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few compartments that can change radically the behavior of the solutions and
its performances. The consideration of spatial compartments in the chemostat
model (also named gradostat which refers to the experimental device proposed
by Lovitt and Wimpenny [I5]) is not new [16, 17, 18, 19, 20, 21], 11}, 22] 23]
13|, 24, 25| [14], but we focus here on the output performances of the systems.
From another view point, interconnected chemostats are often considered in
biotechnology for optimizing the productivity [26] 27, 28] 29 B0, BI] but most
of the time the configurations are in series with pure culture. In the present
work, we consider more general interconnection structures and the possibilities
of having several species in different niches. The paper is organized as follows.
In Section[2] we analyze the effect of a spatialisation described in terms of inter-
connected compartments, and show how interconnection patterns could impact
the performances. In Section [3]we study the interest for having a diversity in the
compartments. In Section 4] we consider inhibitory resources and demonstrate
the role of patterns on the ecosystem stability and its performances. Finally,
in Section [p] the bio-augmentation is analyzed in terms of another mean that

could impact the stability of the ecosystem.

2. Spatial patterns in the chemostat

In this Section, we assume that the growth function p(-) is monotonically
increasing. A usual function is given by the Monod’s expression (see Figure

in the Appendix):

s
—_—. 2
s (2)

and define, as it is often

U(S) = MUmazx
For convenience we denote the dilution rate D = %,
made in the literature, the break-even concentration associated to the growth

function as

ss.t. u(s) =D when max, u(s) > D,
D) = 11(s) | 1(s)
400 otherwise.

Let us first recall the classical results about the asymptotic behavior of the

solutions of the model (1)) (see for instance [12]). The equilibria are the wash-out
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Ey = (Sin,0) and a positive steady state Ey = (A(D), S;, — A(D)) which exists
when A(D) < S;,. Under this last condition, Fy is unstable and any solution
with 2(0) > 0 converges asymptotically to Fy. On the contrary, when A(D) >
Sin, any solution converges asymptotically to Fy. Therefore, a property of the
model is that for a given dilution rate D, the output substrate concentration
at steady state is equal to A\(D) independently of the input concentration S;,,
provided S;;, to be larger to A(D). It is well known that this property is no longer
satisfied when there is spatial heterogeneity (see for instance [I5 27] where
expressions of the output concentrations at steady state depend on the input
concentration). Performances of an ecosystem can be measured by different
indexes. We consider here an index that measures the ability of an ecosystem

to convert a resource. More precisely, for a given value S;, of the resource

*
out’

density at the inlet, we define its output density at steady state, denoted s
as the performance index. To grasp the effect of spatial structures on this
performance index, we consider three patterns depicted on Figure 1| for a given

total volume V and input flow rate ). We compare the smallest value s},

Q Q Q=Q+Q,

Q Q,

diffusion

Q

serial parallel

Figure 1: Consideration of three spatial patterns with same total volume V.

for each configuration. For the single tank configuration, s}, is simply given
by A(Q/V). For the serial configuration, s%,; is function of the volume ratio
r = V1 /V. For the parallel configuration, s}, is function of r, the ratio of flow
distribution o = @1/Q and the diffusion parameter d between the two volumes.
The systems of equations (|13]) and for the serial in parallel configurations

are given in Appendix. One has the following result.
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Proposition 1. For a given input flow rate Q and volume V, there exists a
threshold Sy, > 0 such that the smallest output concentration sb,, is reached

for a serial configuration when Si, > Sin, and for a parallel configuration when

*

rut(d) admits an unique

Sin < Sin. Moreover, in this last case, the map d — s
minimum for a d* < +o0o Furthermore, there exists another threshold S;, < Sin
such that d* =0 for Sip, < S;,, and d* > 0 for S;, € (S, Sin).

=’

These results have been proved in [32] for linear growth functions and later
extended to Monod functions in [33]. We illustrate these results for a linear
growth function with total volume V and input flow rate @ such that A(Q/V) =
1. For the single tank configuration, the output concentration at steady state

is thus equal to 1. The threshold S;, can be computed to be equal to 2. On

Sk "
S5 | W] Sa=22
i ‘\ \ Si=1.75 1159 \ Sin=2
] _ \ O\
] SyE3 \ O\ o\ Sm=1.7
IS4 \&FI-S w NN
124 . 100 - —— ——
\s\\\\ 0959
0 o] Sin=1.5
in=1.3
] 0857 \ Sin=1
Sin= 1.1
08 r T T T r r T 1T 080 —— —r— T —— —— d
serial parallel

Figure 2: Output performances of the serial and parallel configurations.

*
out

Figure [2] the output concentration at steady state s*,, has been plotted for
various values of S;, as function of the parameters of the serial or parallel
configurations. On can first see that for any value of S;;,, there always exists a
serial or parallel configuration such that s, < 1 (that is consequently better
than having a single tank). When S;, is above the threshold Sin = 2, the
parallel configurations have always s}, above 1 and there exist values of r such
that the serial configuration has s}, under 1. For S;, below the threshold,

conclusions are reversed: the serial configuration has s}, always larger than

1, while there exist parameter values of d such that the parallel configuration
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has s¥ , lower than 1. Moreover, one can see that for values of S;,, under the

out

*

threshold but no too low, the smallest value of s%,,

is obtained for a positive

value of the diffusion parameter d.

3. Biodiversity and spatial patterns

Now we consider the case of two species (or two consumers) of concentrations
Z1, T2 in competition for the single limiting resource in the chemostat. A
straightforward extension of the mono-specific model is given by the system

(where the yield parameter Y has been kept equal to 1)

§ = —pa(8)Ta — pp(s)wy — D(Sin — 3)
To = Ma(8)xe — Dz, (3)
.i‘b = ub(s)a:b — D.’L’b

where D = @Q/V is the dilution rate, as before. On can see, from the two last
equations, that a coexistence of both species at steady state would imply the
existence of a (positive) steady state value s* such that pq(s*) = up(s*) = D.
This is a very restrictive condition that cannot be met generically. If the graphs
of the functions p,(-), pp(-) do not cross away from 0, this condition cannot be
fulfilled. Otherwise, the condition can be fulfilled at the graphs intersections,
which are generically isolated points. Therefore, such a condition can be satisfied
at most at some isolated values of D, which are hardly possible to observe in
practice. This is the core of the well known Competitive Exclusion Principle
(CEP) that states moreover that the species i € {a, b} with the smallest break-
even concentration A;(D) wins the competition (when X;(D) < S;,, otherwise
both species are washed-out). This is a particular case of a more general result
that was proved for an arbitrary number of species in [I0] (for Monod functions)
and in [36] (for any monotonic growth functions). Note that the winning species
could depend on the value of the dilution rate D when the graphs of the two
growth functions p,(-), us(-) intersect away from 0, as depicted on Figure

for two Monod functions, that is when the following assumption is fulfilled.
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Hypothesis 1. (Crossing assumption) There exists D > 0 such that

D>0,D#D = (A(D)—N(D))(D~D) >0 (4)

species b 52
species a Sou Sau
Sm
D «Q
S s
S
Sout

(a) When D < D, the species a wins, (b) Four possibilities of occupancy by a single
while species b wins when D > D species in each tank, according to the CEP

Figure 3: The case of two species under the crossing assumption.

In [34] the question of an optimal design of two tanks in series has been
addressed with two species in competition under the crossing assumption (the
equations of the system are given in the Appendix). In the first tank, the
equations are exactly with D replaced by Q1/V;. Therefore, the CEP holds:
either species a or b wins (on the condition that the volume Vj is such that
min;—, p A;(Q1/V1) < Sin). In the second tank, the CEP cannot be applied
due to the inlet of the winning species from the first tank. In [34], it is shown
that a coexistence of two species is possible in the second tank, but the optimal
distribution of the volumes cannot sustain both species. Moreover the optimal
solution for the bio-conversion performance is robust with respect to invasion,
in the sense than a less efficient species cannot invade the ecosystem, while
a better species replaces the existing one. For the parallel configuration, one
has the exclusion of one (or both) species in each tank when the tanks are
isolated (i.e. with no diffusion). The four options are depicting on Figure
depending on which species has been chosen in each tank. The equations

of the dynamics are given in the Appendix.
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For convenience, we denote the modified break-even concentration

Then, the output concentration at steady state when species ¢ and j are present

in the first and second tanks, respectively, is given by

Fii(ra) = a; (%D) +(1—a)h G‘%) (6)

—r
where r denotes the ratio V1 /V, as before. We look for situations for which
having different species in each compartment is beneficial for the performance,

according to the following definition.

Definition 1. (Ouver-yielding). A configuration (r,«) presents over-yielding
when there exits i # j such that

F; j(r,a) <min (F, o(r, o), Fy (1, 0)) . (7)

Consider @ and V such that Q/V = D, and a configuration (r, o) with a/r < 1.
One has necessarily (1 — a)/(1 —7) > 1. Denote then D; = (a/r)D and
Dy = (1 —a)/(1 —r)D the dilution rates for the two compartments. If Dy <
min(p; (Sin), p2(Sin), one has Aq(D1) < Ag(D1) and A\y(D2) < Ao(D3). Then,
one obtains

o~ l1—«

Fop(r,a) = ;)\a(Dl)Jrl

— A 2(D2)

11—«

o- -
—M\(D
< , b( 1)+1

S\b(Dg) = Fb,b(ra a)

and similarly Fy, (r, @) < Fy o(r, ). So an over-yielding occurs for the particu-
lar value of D = D. One can show that this also occurs for any D not too far

from D, as stated in the following result.

Proposition 2. From Assumptz'on over-yielding occurs for (r,«) such that

I
%D <D< 17_2‘0 < min(pa(Sin), 1t6(Sin))- (8)

We illustrate this result considering two Monod functions with an intersection

at a common (positive) value D = p,(5) = () for some 5. For a value D close
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to D, we compare the options of having the same species (a or b) in both tanks
or having having different species in the two tanks: Figure [4] shows the graphs
of Fup(-), Faa(), Fyp(-) as functions of « for a fixed value of r. One can see
that the values of F, ;(-) are significantly below the minima of Fy, ,(-) and Fj 3(-)
(more precisely a gain of 12% is obtained on this example). This demonstrates
the benefit of having different species in the two tanks, which play then the role

of two niches. One can also remark that the functions F; ; depicted on Figure

Figure 4: F; ; as function of o for » = 0.4, with pa(s) = 2s/(3 + s), up(s) = /(0.3 + s),
D =0.9 and S;, = 10.

are non-convex, although the functions \; are convex (when the functions p;
are concave, which is the case for Monod functions). This comes from the fact
that one has to consider the saturated break-even functions ); in the definition

of the performance index F; ;.

4. Inhibitory resources in the chemostat

In this Section we consider non-monotonic growth functions p(-), that are
increasing for values of s up a threshold s, and decreasing for values of s larger
of $;,. A typical instance is given by the Haldane function (see Figure in

the Appendix).
s

M) = P TR Y
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Andrews has shown that such functions well represent a growth inhibited by
large densities of the resource [35]. For such functions, the concept of break-
even concentration recalled in Section |2 has to be revisited. Following [36], we
consider the interval

I(D) = {s>0]u(s) > D} (10)

that we assume to be an interval (A~ (D), AT(D)), possibly empty. Note that for
monotone functions u(-), A~ (D) coincides with A(D) defined in Section 2} and
AT (D) = +oco. The mathematical analysis of the chemostat model reveals then
three possible behaviors of the dynamics (depicted on Figure , depending on

the input parameters (D, S;,,) (see for instance [12]).

1. If I(D) = 0 or S;, < A~ (D), the wash-out Ey is the unique equilibrium,
which is globally asymptotically stable.

2. If S;, > AT(D), there are two positive equilibria EfF = (AT (D), Si, —
AT (D)). Ef is a saddle equilibrium point and there is bi-stability between
Ey and E] .

3. When S;, € I(D), the wash-out Ej is repulsive and E; is the unique

positive equilibrium which attracts any trajectory with z(0) > 0.

x Sin w Sin

(a) no positive equilibrium (b) 2 positive equilibria (c) 1 positive equilibrium
Figure 5: Consideration of the Haldane function in the chemostat model.
The second case can faces irreversibility when a sudden drop of the biomass
occurs, due for instance to temporary toxicity or harvesting. It can lead the

state to the attraction basin of the wash-out equilibrium. Contrary to the

monotonic case, the biomass cannot recover from such event and finally dies.

10
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One may then wonder what role a spatialisation could play concerning this
instability.

Given @ and V, we consider rich environment, that is for S;, > AT(D).
If one considers a serial configuration, the wash-out equilibrium stays attrac-
tive in both compartment, as the dilution rates are Q/Vy, Q/Va2 are above D.
For the parallel configuration (with no diffusion) a dilution rate @1/V; small
enough makes the wash-out equilibrium repulsive in the first compartment, but
one can easily check that this implies to have the dilution rate Q2/Vs larger
than D and thus the wash-out equilibrium is attractive in the second com-
partment. However, we show that there exists another configuration with two
compartments (without diffusion) that allows to preserve robustly biomass in

both compartment, that we call buffered connection as drawn on Figure[6} The

MRS

N

s
IS,

7

Figure 6: The buffered chemostat.

equations of the dynamics of this configuration are given in the Appendix.
It is convenient to parameterize this configuration with the pair (r, ) defined
asr = V1/V and a = (Q2/V2)/D. We note that the second tank has a single
input and therefore behaves as a single chemostat. Let us fix a < 1 such that
Q2/Va = aD < u(S;) guarantees to have a single positive state (s}, x%) with
s5 = A7 (Q2/Va) and x5 = S;, — s3, as in case 3 above. Note that at this
stage we have not yet chosen Q2 and V5 but simply the ratio Q2/V2. Then,

a straightforward computation gives a positive equilibrium (s%,7) in the first

11
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tank with s7 solution of the equation

2=t o) (1)

st =2 —ap (1- 1) S22
along with x7 = S;,, — s7. The solutions of this equation can be graphically
interpreted as the intersection of the graphs of the functions p(-) and ¢, ().
It has been shown in [37] that the graphs of the family of functions ¢,(-) for
r € (0,1) have the point (51, D) in common, where 5; = asy + (1 — @)Sip.
Figure [7| depicts the family ¢,(-) and the intersections with u(-), depending on

the position of 5; with respect to AT(D). One can see that among this family

X 1A x s
Figure 7: Family of functions ¢, (-) (in blue single intersection with the function pu).

there always exist functions ¢,.(-) whose graph possesses a unique intersection
with the graph of p(-). For such cases, there is a unique positive equilibrium in

the first tank as well. In [37], the following result is given.

Proposition 3. Assume Si,, > AT(D). For any a € (0,1) such that aD <
1(Sin), there exists r € (0,1) such that buffered chemostat configuration with
(r,a) has an unique positive equilibrium. Moreover, for any initial condition

with x2(0) > 0, the solution converges asymptotically to this equilibrium.

One can also see on Figure [7] that the price to pay for stability with a buffered
interconnection is that the output concentration of the resource s}, as steady
state (which is equal to s7) is larger than A~ (D), which is the output concentra-
tion of the single chemostat of volume V at the positive equilibrium. In [37], the
problem of minimizing s},, among all the buffered configurations that ensure

global stability is also studied. The following result is provided in [37].

12



Proposition 4. Assume S;;, > A\T(D). The configuration (r*,a*) minimizing
the output substrate concentration sk, (r, ) at steady state among all the globally

stable configurations fulfills the following properties.

1. One has o* = p(s*) where s* mazimizes the function

245 on the interval [0, A\~ (u(Sin)]-
2. There exists a threshold S, > 0 defined as
max  1(s) = Sin — AT (D)
s€[0,2A7 (1(Sin)]
such that * € (0,1) when S;y, is under this threshold and r* =1 when S,

s abowve.

Indeed, the threshold S;, corresponds to the limiting case for which it is not
250 possible to have an unique s7 solution of with s1» < §; for a = a*. Then,
a configuration with a single tank (r = 1) and a by-pass (i.e. @1 such that
Q1/V < p(Sin) passes through the tank while Q2 by-passes it) is the most
efficient way to ensure a global stability of the system. This amounts to say
that for very rich environment a global stability is quite penalizing in terms of

performances (see Figure .

by—pass

o0 ‘ = Sin
A Sin

Figure 8: Best output concentration that ensures a global stability as function of the input

concentration.

255
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5. Bio-augmentation and stability

In this Section, we consider a species a for which the resource is inhibitory, as
in Section {4, with input parameters (D, S;,) such that S;, > A} (D). For such
case, we study the effect of adding a species b on the stability of the ecosystem.
One cannot have (generically) both species at steady state, as explained in
Section 3] but differently to the monotonic case, the winning species could depend
on the initial condition. Denote the possible equilibria Ey = (S;,,0,0), EF =
(AF(D), Sin. — AT (D),0), E;7 = (A (D), 0, S, — A (D)). One has the following

result.

Proposition 5. Assume Si, > A} (D) and A\, (D) # A, (D). Let i* € {a,b} be
such that \; (D) = min(A; (D), A, (D)), and consider the set

I = (1.(D) U I,(D)) N[0, Sin)- (12)

1. If I is an interval with Si, € I, E;; is the unique stable equilibrium that
attracts any solution with z,(0) > 0 and x,(0) > 0.

2. If I is an interval with S, ¢ I, there is a bi-stability between Ey and E, .

3. If I is not connected with S;, € I, there is a bi-stability between E, and
E .

4. If I is not connected with S;, ¢ I, there is a tri-stability between Ey, E;
and E,.

This result has been proved in [36] and later extended in [38] [39, 40] for different
removal rates.

Let the species a be alone with a initial condition in the attraction basin
of the wash-out equilibrium: species a goes to the wash-out (see Figure .
Consider a bio-augmentation at initial time with a species b whose growth func-
tion is monotonic but less efficient at steady state (i.e. such that Ay(D) >
A, (D)). Figure [9] shows two possible candidates for the species b to compete
with a. Species b (in green) is more efficient than species ¢ (in blue).

The simulations presented on Figure have the same initial conditions

$(0), 2,(0) but with an additional small quantity x;(0) > 0 on Figures [L0(b)|

14
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005 005

Ha Ha Hp

002 002

001 001

Figure 9: Consideration of bio-augmentation with the green or the blue species.

110(c)} On Figure [L0(b)} species b has been added. We are in the case 1. of

15 [/ resource / “' ~— resource species a /. ‘\\ . resource
" / '
w{ ) f’ ' o ! RRREEE
\ /
, \ s /N species b
J species a 1 AR ~— species b W]/
[ A it t - species a ¢
(a) species a alone (b) bio-augmentation (c) bio-augmentation

Figure 10: Effect of a bio-augmentation.

Proposition |5 Any small initial quantity s;,(0) is enough to allow species a to
survive and then win the competition. Therefore, the presence of species b is
necessary to avoid the wash-out of species a, but it is asymptotically eliminated
from the ecosystem. A bio-control strategy could then consist in a regular input
of species b for guaranteeing a recovery of the performances of the ecosystem
in case of a sudden drop of species a. On Figure species ¢ is added
instead of species b. We are in the case 3. of Proposition species ¢ could
win the competition, depending on the initial condition. The performances of
the ecosystem is irreversibly impacted, compared to the stable equilibrium with
species a. At the first look, it could appear paradoxical that species ¢ can settle
in the chemostat, while the more efficient species b cannot. An interpretation is
that species ¢ being less efficient then species b, is not fast enough to consume

the resource for avoiding the species a to be washed-out.

15
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6. Concluding messages

The present study highlights several messages in terms of input-output per-
formances of an ecosystem, which seems to be original in the ecology literature.

It can be summarized as follows.

e There always exist spatial distributions which improve the substrate con-

version compared to a single perfectly mixed volume. For rich environ-
ments (i.e. for large value of S;,), a serial distribution can be the most
efficient, while for a poor environment a parallel distribution can be the

best, and a moderate diffusion could even improve it.

While spatial patterns could allow to have different species present in the
ecosystem at steady state, there is no interest of having more than one
species in serial configurations in view of performances. Situation is much
different for parallel configurations. Under the crossing assumption, one
can have two niches in parallel with a different species in each niche that
together have a better utilization of the resource than having the same

species in each niche.

In presence of inhibition, particular spatial patterns such as the buffered
interconnection could bring global stability instead of bi-stability, but at

the price of a trade-off with its performances.

Bio-augmentation could be another mean to obtain a global stability in
presence of inhibition, allowing to recover the initial performances in case

of a sudden drop of the most efficient species.

Finally, we have shown that the consideration of simple extensions of the
well-known chemostat model could reveal properties, that we consider to be
non-intuitive, in terms of performances and stability. This strengthens the con-
tribution of mathematical analysis for a deeper understanding, that could be
applied on similar or closed models, such as the ones used for instance for soil

ecosystems or epidemiology.
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Appendix

Monod

Haldane

— g

Figure 11: Graphs of Monod and Haldane functions.

The system of equations for the serial configuration is:

$1 = —p(s1)zr+ %(Sm —s1)
jf'l = ,[,L(Sl)l'l — %xl (13)
b9 = —p(s2)wa + %(81 — 52)
by = p(s2)ry + (w1 — a2)
with Sout — S2.
435
The system of equations for the parallel configuration is:
& = — Qg _ 4 (g, —
$1 = —p(s1)z1+ 37 (Sin — 81) + 7 (s2 — 81)
T = ,u(sl)xl — %Z‘l + Vil(.%‘g — .731) (14)
S5 = —pulsa)ws + F(Sin —s2) + (£ (s1 — 52)
Ty = p(s2)re — %2152 + Vil(xl —T3)
with syt = 7621@5118252.
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The system of equations for the serial configuration with two species is:

51
j:a,l
Ty,
59
ia,?
Tp,2

a0 With Sout = S2-

—ta($1)Ta1 — pi($1) 251 + T2 (Sin — 1)

/J/a(sl)xa,l - %xml
g (s1)ae1 — Fran 15)
—ta($2)Ta2 — fin($2)T.2 + T2 (51— 52)

:U/a(s2)xa,2 + C‘?/722(3711,1 - xa,2)

po(s2)an,2 + B (1 — a3,2)

The system of equations for the parallel configuration (with no diffusion) is:

51 = —pa(s1)Za1 — to(s1)zp1 + %(Sm —51)

i'a,l = ,Ufa(sl)xa,l - C‘;)/Tlxa,l

Tp1 = pp(s1)Tp1 — %xb,l (16)

59 = —pa(52)Ta2 — p(52)Te2 + %(Szn — $2)

i’a,Q = Na(SQ)ma,Q - %xa,Z

Tp2 = p(s2)wpe — %xb,z

with 5o, = $518202
ws The system of equations for the buffered chemostat is:

51 = —p(s1)r + —leiﬁ%ersl
p o= Qoma— Qw1
t1 = psi)mr + 25 (17)
5 = —pls2)za + FE(Sin — s2)
To = ps2)xs — %272

with sgu: = s1.
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