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ABSTRACT

Scale invariance has proven a crucial concept in texture modeling and analysis. Isotropic and self-similar fractional Brownian fields (2D-fBf) are often used as the natural reference
process to model scale free textures. Its analysis is standardly
conducted using the 2D discrete wavelet transform. Generalizations of 2D-fBf were considered independently in two
respects: Anisotropy in the texture is allowed while preserving exact self-similarity, analysis then needs to be conducted
using the 2D-Hyperbolic wavelet transform ; Multifractality
enables more versatile scale free models but requires isotropy,
analysis is then achieved using wavelet leaders. The present
paper proposes a first unifying extension, which is enabled
through the following two key contributions: The definition
of 2D process that incorporates jointly anisotropy and multifractality : The definition of the corresponding analysis tool,
the hyperbolic wavelet leaders. Their relevance are studied by
numerical simulations using synthetic scale free textures.
Index Terms— Texture, Multifractality, Anisotropy, Hyperbolic wavelet leaders
1. INTRODUCTION
Context. Scale free properties, or scale invariance, is often
regarded as a central concept in real-world texture modeling
(cf. e.g., [1–9]). Fractional Brownian fields (2D-fBf), because of their conceptual and practical simplicity and because
of their being natural isotropic 2D extension of 1D fractional
Brownian motion [10], are massively used in theory and applications as reference processes to model scale free textures.
2D-fBf are isotropic, Gaussian exactly self-similar processes.
Their dynamics are thus controlled by the unique so-called
self-similarity parameter 0 < H < 1.
For practical analysis, it is nowadays well-accepted that
wavelet transforms are ideal tools to evidence scale free properties and to estimate the corresponding scaling parameters
[11, 12]. Notably, it is well documented that the moments
Work supported by French ANR BLANC 2011 AMATIS BS0101102.

of the coefficients of a 2D-Discrete Wavelet Transform (2DDWT), dX (j, k), computed on a 2D-fBf, follow, across analysis scales a = 2j , a power-law behavior with scaling exponent
controlled by H, E|dX (j, k)| = C22jH , thus easily permitting to reveal isotropic self-similarity and to estimate H (cf.
e.g., [11]).
However, as a modeling paradigm, 2D-fBf suffers from
two major limitations: i) Scale free properties are governed by
a single scaling exponent H, which excludes the use of multifractality (with a collection of scaling exponents) to better
account for the richness of scaling encountered in real-world
textures [2–6] ; ii) Anisotropy is not permitted in the classical
definition of 2D-fBf while it is another natural and important
property of texture [1].
Related works. These two restrictions have been addressed
independently. Multifractal processes [13, 14] are often used
as versatile models permitting to enrich scale free properties
by allowing fluctuations along space of the local regularity of
the process and thus requiring a collection of Hölder exponents h to account for scaling in textures instead of one single
parameter H, a richness quantified by the so-called multifractal spectrum D(h) [1, 2, 11, 14]. These richer scaling properties are obtained though at the price of maintaining isotropy.
The relevant analysis of multifractality in textures requires the
replacement of the 2D-DWT coefficients, by wavelet leaders, consisting of local hierarchical suprema of such coefficients [11]. Independently, anisotropy has been been married with scale free properties in Operator Scaling Gaussian
Random Fields (OSGRF) processes [15]. These anisotropic
Gaussian processes are exactly self-similar, which precludes
multifractal extensions. It has recently been shown that the
use the 2D-hyperbolic wavelet transform (2D-HWT) [16] enables a theoretically sound and practically efficient joint estimation of both self-similarity and anisotropy [17]. However,
there has been so far no attempt to propose models accommodating both anisotropy and multifractality in textures, or
to devise the corresponding analysis tools.
Goals, contributions and outline. The present contribution
has thus a double aim: First, a candidate model for anisotropic

multifractal texture will be defined and described (Section 2) ;
Second, a tool for the joint analysis of anisotropy and multifractality, the Hyperbolic wavelet leaders, will be proposed
(Section 3). The relevance of the proposed model and analysis tools will be illustrated and assessed using synthetic scalefree textures (Section 4).

where hα (x) is defined as an anisotropic local regularity (or
Hölder) exponent as
hα (x) = sups {s; |Xα0 ,H0 ,λ0 (y) − Px (y)| ≤ C||y − x||s2,α }
(4)
with Px (y) a polynomial of the form
X
P (y1 , y2 ) =
aβ1 ,β2 y1β1 y2β2 .
(β1 ,β2 )∈N2

2. ANISOTROPIC MULTIFRACTAL TEXTURES
Definition. Combining the definition of multidimensional
isotropic multifractal random fields, introduced in [13] as
a natural extension of univariate multifractal random walks
(cf. e.g., [18]), with the definition of of OSGRF in [15],
an anisotropic extension of 2D-fBf, we propose the following original operational definition of anisotropic multifractal
textures
Z
Xα0 ,H0 ,λ0 (x) =

R2

(e

ihx, ξi

− 1)

(H +1)
||ξ||2,α00

Gλ0 (ξ)dξ

(1)

where x = (x1 , x2 ) and ξ = (ξ1 , ξ2 ) denote respectively
the space and Fourier domains coordinates. This toy-model
is constructed to incorporate the three-properties targeted
here: Parameter 0 < H0 < 1 controls the global scale
free property of the process via the fractional intergration
(H +1)
kernel ||ξ||2,α00
; Parameter λ0 > 0, referred to as the
intermittency or multifractality parameter, controls the degree of variation of the local regularity along space, via the
intermediate process Gλ0 (ξ) defined as the Fourier transform of g(x) = eω(x) dW (x), where dW (x) correspond to
a 2D-Wiener measure and ω(x) to an independent Gaussian
stationary process whose covariance is chosen of the form
cov(ω(x), ω(y)) = −λ20 log(||x − y||2 ),

(2)

to ensure scale-free properties ; Parameter 0 < α0 < 2
controls the global anisotropy
p via the use of an anisotropic
pseudo-norm ||ξ||2,α0 =
|ξ1 |2/α0 + |ξ2 |2/(2−α0 ) in the
fractional integration kernel.
Setting α0 ≡ 1 obviously permits to recover the isotropic
case and thus corresponds to the isotropic multifractal random
fields in [13]. While λ0 = 0 is in principle excluded from the
definition, we will by convention set ω(x) ≡ 1 for λ0 = 0. In
this case, one recovers the classical exactly self-similar Gaussian OSGRF defined in [15]. Setting jointly α0 ≡ 1 and
λ0 ≡ 0 obviously yields the simple Gaussian isotropic exactly self-similar 2D-fBf.
Anisotropic multifractal analysis. Elaborating on isotropic
multifractal analysis, we propose here to characterize scalefree properties by an anisotropic multifractal spectrum, defined mutatis mutandis from its isotropic counterpart [11, 19]

Scale-free properties. Based on the theoretical results obtained for isotropic multifractal fields in [13] and anisotropic
self-similar processes in [17], one can naturally conjecture
that the scale-free properties of Xα0 ,H0 ,λ0 (x) are wellcharacterized by its anisotropic multifractal spectrum taken
in the nominal anisotropy direction α ≡ α0 (with c1 =
c1 (α0 ) = H0 − λ2 and c2 = c2 (α0 ) = λ2 ):
Dα0 (h) = 2 − (h − c1 )2 /c2 .
3. HYPERBOLIC WAVELET LEADERS
Hyperbolic wavelet transform. The definition of 2D-DWT
coefficients, dX (j, k) = hX(x)|2−2j ψ(2−j x − ki, relies on
the use of one same dilation factor 2j for both directions, with
the mother wavelet written as ψ(x1 , x2 ) = ψ0 (x1 )ψ0 (x2 ),
cf. e.g., [12]. In contrast, the hyperbolic wavelet transform
(HWT) [16] is defined using two independent dilations factors
(2j1 , 2j2 ) for the x1 and x2 coordinates
dX (j, k) =
hX(x1 , x2 )|2−j1 ψ(2−j1 x1 − k1 )2−j2 ψ(2−j2 x2 − k2 )i
where j = (j1 , j2 ). It was shown in [17, 20, 21] that it is
precisely the use of these two independent dilation factors in
the analysis that permits to disentangle self-similarity from
anisotropy. HWT coefficients can be efficiently computed using alternate iterations of the classical 1D and 2D pyramidal
algorithms underlying the DWT.
Hyperbolic wavelet leaders. To extend the anisotropy resolving property of HWT to multifractal analysis, we define
hyperbolic wavelet leaders [21] in analogy with the 2D-DWT
leaders for isotropic multifractality proposed in [11]. Let
β > 0 and let λj (k) denote hyperbolic dyadic rectangles [21]
λj (k) =]

(3)

k2 k2 + 1
k1 k1 + 1
, j1 ]×] j2 , j2 ] ,
j
1
2
2
2
2

(6)

Let 9λj (k) denote the union of 32 such rectangles:
2j1 k1 − 1 2j1 k1 + 2
2j2 k2 − 1 2j2 k2 + 2
,
]×]
,
].
j
j
1
1
2
2
2j2
2j2
Hyperbolic wavelet leaders at scales j and location k are defined as local suprema of the HWT coefficients in a spatial
neighborhood across finer scales j10 ≤ j1 et j20 ≤ j2 :
9λj (k) =]

(β)

Dα (h) = dH ({x | hα (x) = h}),

(5)

LX (j, k) =
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j 0 ,k0 ⊂9λj (k)

2

(j1 +j2 )β
2

|dX (j 0 , k0 )|.

(7)

j
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)
)

0
0
,
(8)
LX (j, k) ≤ 2
which paves the way towards the estimation of Dα0 . Here, the
parameter β permits to ensure that the process X has enough
regularity for the corner stone Eq. (8) to hold, cf., [11, 21].
Anistropic multifractal spectrum estimation. To emphasize the targeted anisotropic nature of the analysis, we make
use of relabelled scales j α (j) = (αj, (2 − α)j), with 0 <
α < 2 the analysis anisotropy angle. Elaborating by analogy on calculations achieved independently for anisotropic
Gaussian self-similar process [17] and isotropic multifractal
processes [13], Eq. (8) above enables to conjecture that
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Fig. 1. Anisotropic multifractal textures. Plots of Cp and
cp for p = 1 (top row) and p = 2 (bottom row). Left column:
E(|LX (αj,(2 − α)j, k)| ) ≈
Cp (j1 , j2 ) surface with the dashed black and the blue solid


(9)
j
2−α
q−(τα0 (q)+(1+β)q) max( αα , 2−α
)
0
0
lines indicating the isotropic and the estimated anisotropic di,
2α
rections α ≡ 1 and α = α̂0 , respectively. Middle column:
where τα0 (q) denotes the Legendre transform of Dα0 [11].
C (j (j)) as functions of j, for α ≡ 1 (black line with ’∗’)
2−α
)) p α
The quantity τ (q, α) = (q−(τα0 (q)+(1+β)q) max( αα0 , 2−α
0
and for α = α̂0 (blue line with ’o’). Right column: cp (α) as
is further maximal when α = α0 , which motivates the profunctions of α (average and standard deviations across realposed estimation procedure.
izations). The location and value at the maximum of cp (α)
The estimation of the multifractal spectrum in isotropic
permits to estimate α0 and cp . The theoretical values for
multifractal analysis can be based on several procedures (cf.
(α0 , c2 ) are shown with red lines.
e.g., [11] for reviews). We follow here a parametric strategy
targeting the direct estimation of c1 and c2 in Eq. (5) [11],
based on cumulants of the log hyperbolic wavelet leaders:
(α0 , H0 , λ0 ) are
√ studied: a multifractal anisotropic texture
i
1 Xh
with (0.8,
0.7, 0.025); a multifractal isotropic texture with
(β)
√
C1 (j α ) =
(10)
log LX (j α , k) ,
(1, 0.7, 0.025); a self-similar (non multifractal) anisotropic
nj α
k∈Z2
texture (OSGRF) with (0.8, 0.7, 0). For each parameter seti
h
X
2
1
(β)
2
ting, N = 100 independent copies of size 1024 × 1024
C2 (j α ) =
log LX (j α , k) − [C1 (j α )] , (11)
nj α
are generated with M ATLAB routines designed by ourselves
k∈Z2
(and available upon request). Samples for the three cases
where nj α denotes to the number of hyperbolic wavelet leadare shown in Fig. 4. Daubechies least asymmetric mother
ers available at scales j α . For the anisotropic multifractal texwavelet with 3 vanishing moments [12] are used to compute
ture defined in Eq. (1), Eq. (9) leads to
the hyperbolic wavelet leaders for j1 and j2 ranging from
C1 (αj, (2 − α)j) ∼ c1 (α) ln 2j
(12)
1 to 7. Eqs. (12) and (13)) are used to estimate c1 (α) and
C2 (αj, (2 − α)j) ∼ −c2 (α) ln 2j
(13)
c2 (α) by linear regressions. Estimation of c1 (α) and c2 (α)
and of α0 , c1 and c2 is then performed on each realization
and estimates ĉp (α) can thus be obtained by linear regressions
independently. Average results for the three cases are plotted
of Cp (αj, (2 − α)j) versus j, cf. [11, 21]. The parameters
in Figs. 1 - 3, respectively, and further quantified in Tab. 1
(α0 , ĉ1 , ĉ2 ) are then obtained as
Performance assessment. Fig. 1 shows that for anisotropic
α̂cp = argmaxα cp (α), ĉp = cp (α̂cp )
(14)
multifractal textures, both functions c1 (α) and c2 (α) display
clear maxima located at the same α, thus yielding consistant
and are straightforward to translate into estimates for H0 and
estimates α̂0 ' 0.79 of α0 . Because it is not granted by conλ0 . Note that the use of the analysis angle α = 1 in this
struction,
such consistency in the estimation of α0 is a satprocedure essentially amounts to recovering the classical 2Disfactory
outcome
validating the relevance of the procedure.
DWT leaders proposed in [11].
The values for cp are also satisfactorily estimated, with small
biases and variances. For isotropic multifractal textures (cf.,
4. PERFORMANCE ASSESSMENT
Fig. 2), α̂0 ' 1 consistently for both p = 1 and p = 2, indicating the absence of anisotropy. For that case, the hyperbolic
Synthetic textures and performance assessment. To assess
wavelet leaders essentially amounts to the classical 2D-DWT
the relevance and performance of the proposed model and esleaders, yet without having been selected a priori. Moreover,
timation procedure, three different settings for the parameters
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Fig. 2. Isotropic multifractal texture. Legend as in Fig. 1.
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Fig. 3. Anisotropic non multifractal texture. Legend as in
Fig. 1.
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Iso. MultiF. Aniso. Non MultiF.
0.013 (0.044)
0.039 (0.007)
0.008 (0.085)
0.041 (0.053)
0.002 (0.012)
0.001 (0.003)
0.021 (0.125)
0.034 (0.080)

Table 1. Bias and standard deviation for estimates.
Fig. 3 indicates that for anisotropic self-similar (non multifractal) textures, c1 (α) also displays a clear maximum whose
location α̂0 ' 0.83 nicely estimates α0 and whose value
ĉ1 = c1 (α = α̂0 ) ' 0.73 nicely matches H0 . Conversely, the
function c2 (α) remains essentially flat at 0, showing no multifractality ĉ2 ' 0, with a slight practical maximum with same
location as that of c1 (α), a satisfactory practical outcome of
the procedure. The performance for all three parameter settings are further quantified in Tab. 1. The results indicate that
the proposed multifractal anisotropic analysis procedure consistently yields satisfactory estimates with small biases and
variances for all textures, be they anisotropic or not, multifractal or not.
Finally, Fig. 4 compares the multifractal spectra obtained
using hyperbolic wavelet leaders to those obtained using classical 2D-DWT leaders. As expected, for isotropic textures,
both methods yield equivalent estimates that match well the
theoretical multifractal spectrum. Yet, for the anisotropic
multifractal and the anisotropic non multifractal textures,
2D-DWT leaders fail to provide relevant estimates of the
multifractal spectra and significantly overestimate the multifractality of the texture. In addition, note that it would not be
possible for practitioners to detect that their 2D-DWT leaders
based analysis is fooled by anisotropy. In contrast, estimates
obtained with the proposed hyperbolic wavelet leaders remain
excellent, which further underlines their benefits.
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Fig. 4. Hyperbolic versus classical wavelet leaders multifractal textures. Top row: sample textures. Bottom row:
multifractal spectra estimated using 2D-DWT classical leaders, i.e., α = 1 (black) and hyperbolic wavelet leaders, with
α = α̂0 (blue) compared to the theoretical spectrum (red).

5. CONCLUSION AND FUTURE WORKS
A double contribution has been proposed here: An operational anisotropic multifractal texture has been defined,
which, to the best of our knowledge, was so far not available
in the literature ; A procedure for the anisotropic multifractal
analysis has been devised, which again is seen as an original
contribution. Elaborating on the present work, the statistical
properties of the proposed anisotropic multifractal texture
model will be further assessed in a more theoretical framework. Accordingly, the properties of its hyperbolic wavelet
leaders will be further consolidated theoretically. At the
practical level, we believe that the proposed analysis tool is
now ready and sound enough for application to real-world
textures, where both anisotropy and scale free properties
are likely to be relevant together, and will thus permit an
estimation of multifractality not fooled by anisotropy.
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