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THE GINZBURG-LANDAU FUNCTIONAL WITH VANISHING MAGNETIC
FIELD

BERNARD HELFFER AND AYMAN KACHMAR

ABsTRACT. We study the infimum of the Ginzburg-Landau functional in a two dimensional
simply connected domain and with an external magnetic field allowed to vanish along a smooth
curve. We obtain an energy asymptotics which is valid when the Ginzburg-Landau parameter
is large and the strength of the external field is below the third critical field. Compared with
the known results when the external magnetic field does not vanish, we show in this regime a
concentration of the energy near the zero set of the external magnetic field. Our results complete
former results obtained by K. Attar and X.B. Pan-K.H. Kwek.

1. INTRODUCTION

The Ginzburg-Landau functional is a model describing the response of a superconducting ma-
terial to an applied magnetic field through the qualitative behavior of the minimizing/critical
configurations. The mathematically rigorous analysis of such configurations led to a vast litera-
ture and to many mathematically challenging questions, with the aim to recover what physicists
have already observed through experiments or heuristic computations. (See [17| for an introduc-
tion to the physics of superconductivity, and the two monographs [8, 32| for the mathematical
progress on this subject).

Much of the mathematical literature concerns samples in the form of a long cylinder or a thin
film subject to a constant magnetic field. The direction of the magnetic field is parallel to the
cylinder’s axis (for cylindrical samples) or perpendicular to the plane of the thin film (for thin
film samples). For such samples, we have the following behavior (this is thoroughly reviewed in
the two monographs [8] and [32]):

e For very large values of the intensity of the magnetic field, the magnetic field penetrates
the sample which is in a normal (non-superconducting) state.

e Decreasing the intensity of the magnetic field gradually past a critical value H,,, super-
conductivity nucleates along the boundary of the sample; the bulk of the sample remains
in a normal state; this is the phenomenon of surface superconductivity (see [34]).

e Decreasing the field further, superconductivity is restored in the bulk of the sample; the
magnetic field may penetrate the sample along point defects called vortices; such vortices
indicate regions of the sample that remain in the normal state (see [32]).

In this paper, we will consider samples submitted to a variable magnetic field (both the
direction and the intensity of the field will be variable). Samples submitted to variable magnetic
fields are considered in the physical literature, see [23, 35].

For the sake of illustrating the results in this paper, let us consider a thin film sample placed
horizontally (see Figure 1). The region occupied by the sample is decomposed into two sub-
regions 27 and 2y separated by a smooth curve I'. Now, we let the sample be submitted to a
non-constant magnetic field such that the field is applied on 2; from above, while it is applied
from below on €25. We suppose that the magnetic field varies smoothly, hence it has to vanish
along the smooth curve I'. In such a situation, we have the following picture:

e For very large values of the intensity of the magnetic field, the sample is in a normal
state [28].

Date: March 17, 2015.
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magnetic field

magnetic field

FIGURE 1. sample subject to a variable magnetic field that vanishes along the
curve I

e Decreasing the intensity of the magnetic field gradually past a critical value H,,, super-
conductivity nucleates along the curve I'; the rest of the sample remains in a normal
state; this is in contrast of the phenomenon of surface superconductivity observed for
samples subject to a constant magnetic field (see [3| and the results in this paper) .

e There are two regimes describing the concentration of the superconductivity along the
curve I'. In a first regime, the distribution of the superconductivity is displayed via a
new limiting function E(-); this limiting function is defined via a simplified Ginzburg-
Landau type functional with a magnetic field vanishing along a line. In another regime,
the distribution of the superconductivity is displayed via a known limiting function g(-);
surprisingly, the limiting function g(-) is defined via a simplified Ginzburg-Landau type
functional with a constant magnetic field; the function g(-) displays the distribution of
(bulk) superconductivity for samples submitted to a constant magnetic field [33, 14].

The rest of this introduction is devoted to precise statements displaying the picture that we
have sketched previously.

In a two dimensional bounded and simply connected domain ) with smooth boundary, the
Ginzburg-Landau functional is defined over configurations (1, A) € H'(Q; C) x H(;R?) by,

E(,A) = / e, (Y A) dx (1.1)
Q
where )
en (0, A) == |(V —inHA)Y|? — k2> + %I?[)I4 + (kH)?|curl A — Byl?.

The modulus of the wave function function 1) measures the density of the superconducting
electrons; the curl of the vector field A measures the induced magnetic field; the parameter
H measures the intensity of the external magnetic field and the parameter x (k > 0) is a
characteristic of the superconducting material; dz is the Lebesgue measure dxy dzs. The function
By represents the profile of the external magnetic field in Q and is allowed to vanish non-
degenerately on a smooth curve. We suppose that By is defined and C°° in a neighborhood of
Q and satisfies,

|B()’+|VBO’ >c>0 inﬁ, (1.2)
and that the set
F={reQ : By(z) =0} (1.3)
consists of a finite number of simple smooth curves. We also assume that:

'NoN is a finite set. (1.4)
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The assumptions on I', together with (1.2), force the function By to change sign. In physical
terms, the set I splits the domain € into two parts Q1 = {By(xz) > 0} and Q9 = {By(z) < 0}
such that the magnetic field applied on €2y is along the opposite direction of the magnetic field
applied on €y (compare with Figure 1). The results in this paper do not cover the potentially
interesting case where the magnetic field By vanishes on isolated points; such an assumption
displays different physics since the magnetic field can not change sign here.

The ground state energy of the functional is,

Eu(, H) = inf{(, A) © (1, A) € HY(@;C) x H'(9R?)}. (L5)
We focus on the regime where H satisfies
H=o0kr* o€ (0,00). (1.6)

Our results allow for o to be a function of & satisfying o > x~!. Earlier results corresponding
to vanishing magnetic fields have been obtained recently in |3, 4]. The assumption on the strength
of the magnetic field was H < Ck, where C' is a constant. In the regime of large x, K. Attar has
obtained in |3, 4| parallel results to those known for the constant magnetic field in [33]. However,
it is proved in [3| that if

H = bk, (1.7)
and b is a constant, then when b is large enough, the energy and the superconducting density
are concentrated near the set I' with a length scale %. Essentially, that is a consequence of the
following asymptotics of the energy (k — 00),

H K
_ .2
Egs(k, H) = K /Qg < - BO(:L’)]> dr + o (FLH ’ln ’ + 1) , (1.8)
which is valid under the relaxed assumption that
MrY3 < H < Aok, (1.9)

A1 and As being positive constants.
In particular, the assumption (1.9) covers the situation in (1.7). The function g appears in the
analysis of the two and three dimensional Ginzburg-Landau functional with constant magnetic
field, [33, 14]. It is associated with some effective model energy. The function g will play a
central role in this paper and its definition will be recalled later in this text (see (3.49)).
One purpose of this paper is to give a precise description of the aforementioned concentration
of the order parameter and the energy when o > 1, thereby leading to the assumption in (1.6).
The leading order term of the ground state energy in (1.5) is expressed via the quantity E(-)
introduced in Theorem 3.8 below. The function (0,00) > L — E(L) is a continuous function
satisfying the following properties:
e FE(L) is defined via a reduced Ginzburg-Landau energy in the strip (this energy is intro-
duced in (3.14)).
e F(L)=0iff L > )\83/2, where )g is a universal constant defined as the bottom of the
spectrum of a Montgomery operator, see (3.4).
e As L — 0., the expected asymptotic behavior of E(L) is like L=%/3
Through this text, we use the following notation. If A and B are two positive quantities, then
o A< Bmeans A=0(k)B and §(k) — 0 as k = 00;
A < Bmeans A < CB and C > 0 is a constant independent of « ;
A> B means B< A, and A 2 B means B S A;
A= Bmeans c;B <A< B, c; >0 and ¢y > 0 are constants independent of & .

The main result in this paper is:

Theorem 1.1. Suppose that the function By satisfies Assumptions (1.2) and (1.3). Letb: Ry —
Ry be a function satisfying

lim b(k) = +oo and limsupk 'b(k) < +o0. (1.10)

k=00 K—»00
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Suppose that
H =b(k)k.
Then, as k — 400, the ground state energy in (1.5) satisfies:
(1) If b(k) > K'/2, then

Egs(k, H) = & (/F <]VB0(37)]Z)1/3 E <|VB0(:c)|Z> ds(x)) +o (’;3) : (1.11)

where ds denotes the arc-length measure in I.
(2) If b(k) < kY2, then

Egs(k, H) = KZ/Qg <f\30(x)\> dar—f—o(l;;) : (1.12)

Remark 1.2. (About the critical field H.,)
As we shall see in Section 2, Pan and Kwek [28] prove that if H is larger than a critical value
H.,(k), then the minimizers of the functional in (1.1) are trivial and the ground state energy
is Egs(k, H) = 0. Furthermore, the value of H.,(x) as given in [28| admits, as K — oo, the
following asymptotics

H., (k) ~ cor?, (1.13)
where ¢ is an explicit constant (determined by the function By). As such, the assumption on
the magnetic field in Theorem 1.1 is significant when b(k)x < H < Mk? and M € (0,co] is a
constant. Note also that our theorem gives a bridge between the situations studied by Attar in
[3, 4] and Pan-Kwek in [28].

Remark 1.3. (The remainder terms in Theorem 1.1)

As long as the intensity of the external magnetic field satisfies k < H < Mk? and M € (0, cp),
the remainder term appearing in Theorem 1.1 is of lower order compared with the principal term.
The function g(b) is bounded and vanishes when b > 1. Accordingly,

H H
s (rBo<x)|> a= [ ] (|B0(x)\> PNEY
Q \F {|Bo(w)l<g} \F

We shall see in Theorem 3.12 that,

(WBowg)”g B (IvBo@l %) ~ i

e
Remark 1.4. (The two regimes in Theorem 1.1)
Theorem 1.1 display two regimes governing the behavior of the ground state energy. The two

regimes appear as follows. In the regime H < k%2, if we estimate Egs(k, H) using the limiting
function E(-), then we can not manage to prove that the error terms are of lower order compared

to the term - 1/ .
. ( [(wa@is) B (1vm@l%) ds<x>> .

Surprisingly, when H < x3/2, the leading order behavior of the ground state energy Egs(k, H) is
governed by the limiting function g(-).

As such, there is a small gap between the two regimes considered in Theorem 1.1. Hence
it would be interesting to show that the two asymptotics match in this intermediate zone. A
necessary step is to inspect whether there exists a relationship between the limiting functions
E(-) and g(-).

Remark 1.5. (Curvature effects)

By analogy with the existing results for the case of a constant magnetic field in [12] and [6, 7],
one expects that the ground state energy Eqq(x, H) behaves as follows. Let ¢y be the value in
(1.13). We expect that:
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o If H = cok?+o0(k?), then the curvature of I' = { By(x) = 0} will contribute to the leading
order behavior of Egs(x, H) .

o If K32 < H < Mk? and 0 < M < cg, then the second correction term in the aymptotics
in Theorem 1.1 involves the curvature of I'.

Along the proof of Theorem 1.1, we obtain:

Theorem 1.6. Suppose that the function By satisfies Assumptions (1.2) and (1.3). Letb: Ry —
Ry be a function satisfying (1.10). Suppose that

H =b(k)k

and that (¢, A) is a minimizer of the functional in (1.1).
Then, as Kk — oo, it holds:

(1) Estimate of the magnetic energy.

K3

/-@2H2/ |curl A — By|?dz = =0 (1) .
Q H

(2) Estimate of the local energy.
Let D C Q) be an open set with a smooth boundary such that 0D NT is a finite set.
(a) If b(k) > k2, then

2
e A D) = [ (I(V ~ inHAWE - R0 + Fjult) da (114)

— </Dmr <|v30(x)|g>1/3 E (|VB0(:U)|Z) ds(x)> + ’;jo(n .

(b) If 1 < b(k) < kY2, then
3

el A D) = [ o (S1Bo)] ) dat o).

(3) Concentration of the order parameter.
Let D C ) be an open set with a smooth boundary such that 0D NI is a finite set.
(a) If b(k) > K2, then

[ 1wt = -2 ( [ (wme@i)" p (k) ds<x>> + o).

(b) If 1 < b(k) < K'Y/2, then

[ s@itar == [ o (1B ) ot o).

Remark 1.7. In Theorem 1.6, the functions o(1) are controlled independently of the choice of the
minimizer (¢, A). In the first assertion, the expression of o(1) depends only on the domain © and
the function By, while in the second and third assertions, the expression depends additionally
on the domain D.

Remark 1.8. In the two regimes displayed in Theorem 1.6, the mean term in the asymptotic
expansions vanish when D NT = (). It could be interesting to improve the remainder terms. In
Theorem 6.3, we will prove that the L?-norm of the order parameter v is concentrated near the
set I', and that v exponentially decays as k — 0o, away from I’
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2. CRITICAL FIELDS

The identification of the critical magnetic fields is an important question regarding the func-
tional in (1.1). This question has an early appearance in physics (see e.g. [17]) and was the
subject of a vast mathematical literature in the past two decades. The two monographs [8, 32|
contain an extensive review of many important results. In this section, we give a brief infor-
mal description of critical fields and highlight the importance of the case of a vanishing applied
magnetic field.

2.1. Reminder: The constant field case. When the magnetic field By is a (non-zero) con-
stant, three critical values are assigned to the magnetic field H, namely H.,, H., and H.,. The
behavior of minimizers (and critical points) of the functional in (1.1) changes as the parameter
H (i.e. magnetic field) crosses the values H.,, H., and H.,. The identification of these critical
values is not easy, especially the value H., which is still loosely defined.

Let us recall that a critical point (¢, A) of the functional in (1.1) is said to be normal if 1) =0
everywhere. The critical field H.,(x) is then defined as the value at which the transition from
normal to non-normal critical points takes place.

The identification of the critical value H., (k) is strongly related to the spectral analysis of the
magnetic Schrodinger operator with a constant magnetic field and Neumann boundary condition.
Suppose that  C R? is connected, open, has a smooth boundary and the boundary consists of
a finite number of connected components, Ay a vector field satisfying curlAg = By, the function
By is constant and positive, and A\(HkAp) the lowest eigenvalue of the magnetic Schrodinger
operator

~Apma, = —(V —ikHAp)? in L*(Q), (2.1)
with Neumann boundary conditions. It has been proved that the function t — A\(tAg) is mono-
tonic for large values of t, see [8] and the references therein. Grosso modo' the critical field H.,
is the unique solution of the equation,

M H,, (k)kAg) = k2. (2.2)
In this case, it was shown by Lu-Pan [24] that,
MNHEAp) ~ (Hk)By©g, when Hrk > 1. (2.3)

Further improvements of (2.3) are available, see [8] for the state of the art in 2009 and references
therein.
As a consequence of (2.2) and (2.3), we get for x sufficiently large,

H., (k) ~ k/(©0By) . (2.4)
The second critical field H, (k) is usually defined as follows
H., (k) =k/By. (2.5)
Notice that this definition of H,, is asymptotically matching with the following definition?,
NP(H,,(k)KkAy) = K2, (2.6)

where AP is the first eigenvalue of the operator in (2.1), but with Dirichlet boundary condition.
Near H.,(k), a transition takes place between surface and bulk superconductivity. At the level
of the energy, this transition is described in [15]. The bulk distribution of the superconductivity
near H,, is computed in [22].
We recall that ©g < 1. Hence, as expected, H.,(k) < H¢, (k) for k sufficiently large. For the
identification of the critical field H, (k), we refer to Sandier-Serfaty [32]. A natural question is
to extend this discussion in the variable magnetic field case (i.e. By is a non-constant function).

1Initially (see [24]), one should start by defining four critical values according to locally or globally minimizing
solutions. Following the terminology of [8], these are upper or lower, global or local fields. The four fields are
proved to be equal in [8].

2Assuming the monotonicity of t — AP (tAo) for t large.
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2.2. The case of a non vanishing exterior magnetic field. Here we discuss the situation
where the magnetic field By is a non-constant function such that By(z) # 0 everywhere in .
In this case, it is proved by Lu-Pan |25, Theorem 1| that,

AN HkAp) ~ (Hk) min (inf |Bo(z)|, 00 inf ]Bo(a:)]) , (2.7)
z€Q €00
as Hrx — oo . Basically, this leads to consider two cases as follows.

Surface superconductivity. First, we assume that

inf |Bo(z)| > g inf |By(x)|. 2.8
inf [Bo(x)| > ©o inf, [Bo(@)] (2.8)

In this case, the phenomenon of surface superconductivity observed in the constant magnetic field
case is preserved. More precisely, superconductivity starts to appear at the points where (By) /00
is minimal. The critical value He, (k) is still defined by (2.2). If the minima of (By) gq are non-
degenerate, then the monotonicity of the eigenvalue \(t Ag) for large values of ¢ is established in
[30, Section 6]. Consequently, we get when & is sufficiently large,

K
H., (k) ~ - . 2.9
5(%) O infzeon |Bo(w)| 2
Tentatively, one could think to define H, (k) either by
K
Ho(k)= — 2.10
) =t B 210
or by
NP(H,,(k)KkAy) = K2, (2.11)

where AP is the first eigenvalue of the operator in (2.1) with Dirichlet boundary condition.
Notice that both formulas agree with their analogues in the constant magnetic field case (see
(2.5) and (2.6)). Also, the values of H,, (k) given in (2.10) or (2.11) asymptotically match as
K — 00.

In order that the definition of H.,(x) in (2.11) be consistent, one should prove monotonicity
of t — AP (tAg) for large of values of t. This will ensure that (2.11) assigns a unique value of
H,., (k). However, such a monotonicity is not proved yet. The definition in (2.10) was proposed
in [8].

Interior onset of superconductivity. Here we assume that

inf |By(z)| < O inf |By(z)|. (2.12)
e €N

In this case, the onset of superconductivity near the surface of the domain disappears. If one
decreases gradually the intensity of the magnetic field H from oo, then superconductivity will
start to appear near the minima of the function |Byl, i.e. inside a compact subset of €.

In this situation, we need not distinguish between the critical fields H,, (k) and H.,(k), since
surface superconductivity is absent here. Consequently, we expect that,

H62(H) = HCa (’%) ~

K
inf g [Bo(z)|
A partial justification of this fact can be done using the linearized Ginzburg-Landau equation
near a normal solution. Actually, we may also define H.,(x) and H, (k) as the values verifying
(2.2) and (2.6). It should be noticed here that the vector field Ag satisfies curl Ag = By and
By cannot be constant. Under the assumption (2.12), the known spectral asymptotics (which
are actually the same in this case) of the Dirichlet and Neumann eigenvalues will lead us to
the asymptotics given in the righthand side of (2.13). Under the additional assumption that
inf__q |Bo()| is attained at a unique minimum in € and that this minimum is non degenerate,
a complete asymptotics of AV (£A4g) can be given (see Helffer-Mohamed [21], Helffer-Kordyukov

(2.13)
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[19, 20], Raymond-Vu Ngoc [31] ) and the monotonicity/strong diamagnetism property holds for
large values of ¢ (see Chapter 3 in [8]). Hence the definition of H.,(k) is clear in this case.

Besides the aforementioned linearized calculations, the results of [3] can be used to justify the
equality of the critical fields H,,(k) and H, (k) as well as their definition in (2.13).

First, we observe that if C is a positive constant such that C < - , and if

inf,, 5 [Bo(2)]
H < Ck, then the open set D = {z € Q : [By(z)| < &} # 0 is non-empty. Now, Theorem 1.4
of [3] asserts that,

J ko >0, Jep >0, / [ (x)|*de > ep >0,
D

for any k > ko and any minimizer (1, A) of the functional in (1.1).
Consequently, a minimizer can not be a normal solution.
Now, suppose that the constant C satisfies

1
C> — .
inf_ g |Bo(z)|

If H > Ck, then Theorem 1.4 of [3| asserts that any critical point (i, A) of (1.1) satisfies,

lim / (@) dz = 0,
Q

K—00

hence, loosely speaking, critical points are nearly normal solutions. However, repeating the proof
given in [8, Section 10.4] and using the asymptotics of the first eigenvalue in (2.7), one can get
that such critical points are indeed normal solutions.

The foregoing discussion shows that the value appearing in the right hand side of (2.13) is
indeed critical.

2.3. The case of a vanishing exterior magnetic field. We now discuss the case when By
vanishes along a curve, first considered in [28] and then in [3]. We assume that

|Bo| + |VBo| # 0 in Q, (2.14)

which ensures that By vanishes non-degenerately.

At each point of By 1 (0)N(2, Pan-Kwek [28] introduce a reduced model (a Montgomery operator
parameterized by the intensity of the magnetic field at this point) whose ground state energy,
denoted by A, captures the ‘local’ ground state energy of the Schrodinger operator in (2.1).

Similarly, at every point x of B 1(0) N of2, a toy operator is defined on Ri parameterized (up
to unitary equivalence) by the intensity of By(x) and the angle 6(x) € [0,7/2) between the unit
normal of the boundary and VBy(z). The ground state energy of this toy operator is denoted
by Ao(R, 0(z)).

The leading order behavior of the ground state energy of the operator in (2.1) is now described
as follows [28],

AN HkAo) ~ (Hr)*3a2/? (2.15)
as Hk — o0.
Here
o1 = min <)\g/2 min |VBy(z)|, min (R4, 9(1:))|VBO(:U)|> , (2.16)
:cel“blk (EGand
ok = {SL‘ ISV Bo(ZL‘) = 0} (2.17)
and
Ipnd = {x € 0Q : By(z) =0}. (2.18)

The critical value H.,(x) could tentatively be defined as the solution of the equation in (2.2).
However, when By = curl Ay vanishes, monotonicity of ¢ — A(tAp) is not a direct application of
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Chapter 3 in [8] (see the discussion below). Nevertheless, for the various definitions of He, (k)
proposed in [28], one always get that, for large values of &,

I€2

Hey (k) ~ (2.19)

Surface superconductivity (near H.,) is absent if

A2 min |VBy(z)| < min o(Ry, 0(2))|VBo(a)]

xelpik xel png

and in this case, we do not distinguish between H., and H.,. However, if

A2 min |VBy(z)| > min Ao(Ry,0(x))|VBo(z)], (2.20)
€l T€lMbnd
the phenomenon of surface superconductivity is observed in decreasing magnetic fields. Super-
conductivity will nucleate near the minima of the function

Tpna 2 = Xo(Ry, 0(x))|VBo(z)] .

In this case, a natural definition of H,, (k) can be,
He,(k):=—, (2.21)

for large values of & .
Here
Qg = )\3/2 min |VBy(z)]|.
€k

The methods in [10] suggest that the monotonicity ® of the eigenvalue A\(tAg) for large values of
t can be obtained in the case when (2.20) is satisfied. A necessary step is to find the second
correction term in (2.15). The work in [26] is along this direction. (Recall that A(tAp) is the
eigenvalue of the operator in (2.1) with Neumann condition).

Clearly, the condition in (1.9) is violated when the intensity of the magnetic field H is com-
parable with the critical value H.,(k) &~ k2, thereby preventing the application of the results of
Attar [3]. The case with pinning will be analyzed in [5].

3. THE LIMITING PROBLEMS

In this section, we define the two limiting functions F(-) and ¢(-) appearing in Theorem 1.1.
The limiting function g(-), that we might call the bulk energy, is defined previously in [33, 14].
It is a characteristic of superconducting samples subject to a constant magnetic field. The
limiting function E(-) arises as the limit of a certain simplified Ginzburg-Landau functional with
a magnetic field vanishing along a line. The construction of the limiting function E(-) occupies
most of this section.

This section contains three important theorems:

e Theorem 3.8 contains the definition of the limiting function E(-).

e Theorem 3.11 displays a relationship between the limiting function E(-) and the energy
of a simplified functional defined in a disc domain.

e Theorem 3.12 contains a remarkable property of the function E(:). The proof of this
property uses the function g(-);

The conclusions in the above three theorems will be used along the rest of this paper.

3Personal communication of S. Fournais.
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3.1. The Montgomery operator.

Consider the self-adjoint operator in L?(RR?)

.7}2 2
P=_ <am1 — 122> -2, (3.1)

The ground state energy
Ao = inf o(P) (3.2)

of the operator P is described using the Montgomery operator as follows.
If 7 € R, let A(7) be the first eigenvalue of the Montgomery operator [27],

Py =L 4 (5“2% +r)2, in L2(R). (3.3)

Notice that the eigenvalue A(7) is positive, simple and has a unique positive eigenfunction ¢” of
L? norm 1. There exists a unique 79 € R such that

Ao = A7) - (3.4)
Hence Ay > 0. We write
o = ™
Clearly, the function
Yo(x1, T2) = 717021 wo(z2), (3.5)

is a bounded (generalized) eigenfunction of the operator P with eigenvalue \g. Moreover (see
[18] and references therein) the minimum of A at 7y is non-degenerate.
We collect some important properties of the family of operators P(7).

Theorem 3.1. ([18])
(1) T0<0.

(2) lim; 100 A(T) = 00.
(3) The function A(T) is increasing on the interval [0,00) .

3.2. A one dimensional energy.

Let b > 0 and « € R. Consider the functional

enn= [ (rf’<t>|2+(’;+a)|<>r bSO + b\f(t)!4> a(36)

defined over configurations in the space
BY(R) = {f € HY(R;R) : t*f € L*(R)}.
In light of Theorem 3.1, we may define two functions z;(b) and z9(b) satisfying,
21(b) < 19 < 22(b), AT ([10,b)) = (21(b), 22(b)). (3.7)
Notice that, if b < A(0), then 2z5(b) < 0. This follows from (3) in Theorem 3.1.
Theorem 3.2. (8, Sec. 14.2])

(1) The functional 51D has a non-trivial minimizer in the space BY(R) if and only if
AMa) < b. Furthermore a non-trivial minimizer fo can be found which is a positive
function and +f, are the only real-valued minimizers.
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(2) Let
b(a,b) = inf{E)L(f) : f€B'(R)}. (3.8)
There exists ag € (z1(b), 22(b)) such that,
b(a,b) = Oiérgl%b(@,b). (3.9)

(3) If b < A(0), then ap < 0.
(4) (Feynman-Hellmann)

/_Z <tz2 * 0‘0> [ fao (D)2 dt = 0. (3.10)

The proof of this theorem can be obtained by adapting the analysis of [8, Sec. 14.2| devoted
to the functional

e b
780 = [T (PP + @+ @2 f0F -0l 0P + JrOf) . @
We note for future use that a minimizer of 5&2 satisfies the Euler-Lagrange equation:
2
— () + (5 + )R f () — b () + (1) =0, (312)

and that f € S(R).
According to Theorem 3.2, we observe that the functional Sclfb) has non-trivial minimizers if
and only if a € (z1(b), z2(b)).

3.3. Reduced Ginzburg-Landau functional.

Let L >0, R>0,Sgr=(—R,R) xR and
2

X
App(@) = ( -2, o) : (1‘ = (21,22) € Sp = (—R, R) x R) . (3.13)
Consider the functional
2 ays g2 LT3
E1 p(u) = /5 (V — Bl — L2l 4 ) dr (3.14)
R

and the ground state energy
¢es(L; R) = inf{&EL p(u) : (V —iAupp)u € L*(Sg), u € L*(Sr), and u =0 on dSg}. (3.15)

Following the analysis in [29] and |16, Theorem 3.6], we can prove that the functional in (3.14)
has a minimizer. If ¢7, g denotes such a minimizer, then we will prove in Theorem 3.3,

ol 2(V — iAapp)pr.r € L*(Sk),  |22|"?orn € L*(Sr) and  |as|*?|op r|* € L*(Sk).
(3.16)

Useful properties of the minimizer ¢, g are collected in the next theorem. They give a rough
description of the decay of the minimizer ¢y g at infinity. Most importantly, the estimates in
(3.20) and (3.18) describe the decay at infinity and are valid when R — oo and L — 0.

The estimates obtained in Theorem 3.3 will serve in computing various quantities involving
¢r,r- With these estimates in hand, one can cut the domain of the variable x5 at the price of a
small controlled error (see the proof of Theorem 3.11).

Theorem 3.3. Let L > 0, R > 0 and ¢, r be a minimizer of the functional £r, g in (3.14). It
holds,

lor,rlleo < 1. (3.17)
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Furthermore, there exists a universal positive constants C such that the minimizer @1, r satisfies
the following inequalities:

/ el al? do < CLY2R, 519
SrN{|z2|>4L-2/3}
/ |22’ r,r|" dw < CLPR, (3.19)
SrN{|z2|>6L-2/3}
and
/s omon iy PNV~ iAapp)ornltdo < C LA R, (3.20)
RM|z2|>6L~
Proof.
The minimizer ¢y, g satisfies the Ginzburg-Landau equation,
~(V — iAapp) oL, r = L7231 - lor.rl?) oL R (3.21)

Hence (3.17) results from the strong maximum principle.

In the sequel, if z denotes a variable point in Sgr, then the coordinates of x will be denoted
(x1,22) so that x; € (—R, R) and 3 € (—00, +00).

For m > 4L~2/3 we construct 7,, € C2°(R) and ¢ as functions satisfying

C
Supp Nm C (=2m,2m), nm=1 in (—m,m), |n,,]<— inR,
m

and
C=0 in[-2L723 2072, ¢=1 iR\ [-4L7%34L7%3), |¢'|<CL*? inR?,

where C' is a constant independent of m and L.
Below, ¢ and 7,,, will denote the associated functions on R?,i.e. (21, 22) + N (22) and (21, z2)

C(x1,22).

We have the simple decomposition formula,

‘ B L—2/3
(V= iAapp) Cimpr,r) > — L7238 Cnmpr r* + ——=—Cnller gl do
B 2
R

2dx < CR | crr2s, (3.22)
m

— [ lcnmYorn

Sr
The upper bound for the integral in the r.h.s. follows of the condition on the support of 7, (',
the bounds |n.,| < C/m, |¢'| < CL*? and ||¢r gl < 1 (see (3.17)). Since (nmpr.r € Hy(Sg)

and ¢ =0 in {|zs| < 2L‘2/3}7 then we can write,

2 dx

/ (V= iAupp) (Cmpr )2 da > / | curl Ao [0 2
Sr Sr

= / 22| [Cnmerr|? dz . (3.23)
{|x2|22L—2/3}

In that way, we infer from (3.22),
Z2
/{ ] [¢meL,R

2€SR ¢ |1a|>2L-2/3} 2

CR

2de < == + CRL*3.
m

Sending m to 4+o0o (and using monotone convergence), we arrive to

/ @KQOL,RPC&SCLWK?R.
{28k : |wa|>2L-2/3) 2
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Since ¢ = 1 in {|zo| > 4L72/3}, we get further,
x

/ Ja] lor.r|?de < CL*®R. (3.24)

{¢€Sg : |za|>4L-2/3} 2

This proves that |z2|'/2¢ g € L?(Sg) and the estimate in (3.18).
Next we prove that |z2|%2|pr r|? € L?(Sg). To that end, let x € C°(R) be a function (of
the variable x2) satisfying,

X(w2) =0 if Jao| 4L, x(aa) = |22f*? if [a] > 61777,
and X/ (z29)| < CL™Y3 if |2y <6L7%3.

We have the decomposition formula,

2 L=23 2 2 4 / 2
HE el e = [l eral do.

2 Sh
(3.25)
Using the bounds satisfied by 7/,, X' and 7, the condition on the support of 7, and the
inequality in (3.24), we may write, for all m > 6L~%/3,

/ |(mX)'L,R|? dx
Sr

/S [(V—iAapp) (M Xer.7) >~ L2 nmxerr
R

<c (ol (1 (22))? ol da + C / X (@) P o gl? de
{z€Sr : m<|z2|<2m} Sr

<C / |22 oL, r|* dz + L_Q/g/ oL r|* dz
(2SR © |v2|>4L-2/3} (2SR ¢ |v2|>4L-2/3}

< CL*PR. (3.26)

Next, we use the inequality

/ (Y = iAapp) oy ) do > / | curl Ao il d = / 2] oL m
Sr

Sr Sr

2dz,

the fact that xy = 0 for |zo| < 4L~2/3 to infer from (3.25) and (3.26),
L—2/3
2

/ 2 x3er.rltde < CL?PR.

SR
Sending m to +oo, we get that |zo|*?|¢r r|> € L?(Sg) and the estimate in (3.19). Also, we
infer from (3.25) that,

3

3T = A o) de < CLR. (3.27)
Sr

Using a simple commutator argument, we write,

. 1 .
| =i )nxer P de = 5 | 00 (V=iBupm)oral do=4 [ | prnle)? do.
R

Sr Sr
By (3.26), we get further,
, 1 .
[ = i) mxern)Pde = 5 [ 0PV - iAmp)eral do - CLPR.
SR SR
We insert this into (3.27) to get,
3

2 [ 0?9 = iRl dr < LR,
R
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Sending m to +oo, we deduce that |z23%(V — iAupp)pr.r € L?(Sg) and the estimate in
(3.20). O

Remark 3.4. We can bootstrap the argument in the proof of Theorem 3.3 to get the following
improvement of (3.18): For all n € N, there exists C,, > 0 such that, for all L > 0,

2 2n/3
/ (2| [ 91,82 dz < CuL?"/3R
SrN{|z2|>4nL=2/3}
As a consequence of Theorem 3.3, we can obtain a uniform estimate of the energy components
of a minimizer ¢ g .

Proposition 3.5. Let A > 0. There exists a positive constant Cp such that, for all L € (0,A)
and R >0,

/ |90L,R(33)’2 dx < CAL_2/3R and / ‘(V _ Z'Aapp)SOL,RP dr < CAL_4/3R ‘
Sr Sk

Proof. As a consequence of the inequalities in (3.17) and (3.18), we have,

/ \SDL,R(UTT)’2 dx
Sr

2llorr(@)? do + / (2l o, r () 2 de
SrN{|z2|>4L~2/3}

/sRn{xzs4L—2/3}
<8L2BR4+CLY? = L7308+ CL?).

Since L=2/3(1 + CL?) ~ 8L=%/% when L — 04, we get a constant Cy > 0 such that, for all
L e (0,7),
| lorata)fde < CaL-?.
Sr
To finish the proof of the theorem, we multiply both sides of (3.21) by ¥z r and integrate by
parts. In that way we obtain

[ iAo de <272 | Jpnp@)Pds < CoL 0 R,
SR SR
(I
The value of the ground state energy defined in (3.15) is related to the eigenvalue Ao in (3.4).
We will find that the energy vanishes when L > X\, 3/ 2, and we will give a rough estimate of the

energy when L — Ay 32,

Proposition 3.6. For R > 0, L > 0, if egs(L; R) denotes the ground state energy in (3.15), it
holds:

(1) If L > Ay*?, then egs(L; R) = 0.

(2) There exist positive constants Cy, Ca and C3 such that, if L < )\83/2 and R > 0, then
_ L; R) _ Cs
o1 r< wER) o epp O 2
Ch S A= w2 S Cy + R (3.28)

Proof.

Suppose that L > X, 32 Letu e HE(Sg). The min-max principle and the condition on L tell
us that €7 r(u) > 0 and consequently egs(L; R) > 0. But egs(L; R) < €1, g(0) = 0. This proves
the statement in (1).

Now, suppose that L < )\63/2. Let 6 € C2°(R) be a function satisfying,

suppf C (—=1,1), 0<6<1, 6=1in(-1/2,1/2),

and let
Or(x) :=60(z/R).
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Let ¢ > 0 and
u(wy,z2) = tOp(21) Yo(r1, 22),

where 1) is the function in (3.5).
Recall that ¢ satisfies —(V — iAapp)? o = Aotbo . An integration by parts yields,

/SR (V — iAapp)U|2 dx =t (<9R(x1)21/)0 ,—(V — iAapp)2¢0> I /

Sr

(o (z2) (1) 2 da:)
=t (<9R($1)2¢0 , —(V - iAapp)2¢O> + ;/9/(331)2 d:nl)

= ¢2 (Ao /SR |eR(x1)¢0(x)|2dx+§> .

As a consequence, we get that,

—2/3

_ C L
eos(L, R) < Ep plu) < 2 <>\0 - L 2/3) /5 |Oribo|? dz + tQE + 7542/8 0R(21)Y0(z)| dx .
R R

c
<42 23\ L © ~2/3.4
<t <R</\0 L >+R>+RVL "
Here
y= / o) dacy
R

and ¢ is the L2-normalized function introduced in (3.17).
Selecting ¢ such that

()\0 - L*2/3) fop 2 = L ()\0 - L’Z/?’)
2
finishes the proof of the upper bound.

The lower bound is obtained as follows. Let ¢, g be the minimizer in Theorem 3.3. It follows
from the min-max principle that,

ews(Li R) = Eprlonr) = LML 1) / orr(@)da.

Sr

Under the assumption L < A, 2/ 3, Proposition 3.5 tells us that

/ lor.r(z)?de < C,L73R.

Sr

As a consequence, we get the lower bound. O

Remark 3.7.
In light of Propositions 3.5 and 3.6, we observe that:

(1) If L > )\82/3, then ¢y, g = 0 is the minimizer of the functional in (3.14) realizing the
ground state energy in (3.15).
(2) If L < )\52/3, every minimizer ¢y, p satisfies,

/ (V = iAapp)orr(z) 2 de < CL™43, / lor.r(z)?de < CL723R, (3.29)
Sr

Sr

where C is a universal constant.

Notice that the energy £r, r(u) in (3.14) is invariant under translation along the x;-axis. This

allows us to follow the approach in [14, 29| and obtain that the limit of w as R — oo exists.

The precise statement is:
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Theorem 3.8. Given L > 0, there exists E(L) < 0 such that,

s(L;
lim 7%( R)

=FE(L).
R—o0 2R ()

The function (0,00) 3 L+ E(L) € (—00,0] is continuous, monotone increasing and

E(L)=0 if and only if L > X\;*/%.
Furthermore,
(L R
VR>0,YL >0, E(L)geg(QR), (3.30)
and there exists a constant C' such that
L.
Y R>2,VL>0, egS(QR’R) <E(L)+C (1 + L*2/3) R/, (3.31)
Proof.
There is nothing to prove when L > X\, 3/ 2, hence we assume that
0<L <A

Step 1. Let n > 2 be a natural number, a € (0,1) and consider the family of strips
L=(-n—1-a+@-1)(1+3), =1+ @2j+)(1+3) xR, (je).

Notice that the width of each strip in the family (I;) is 2(1 + a), and if two strips in the family
overlap, then the width of the overlapping region is a. Consider a partition of unity of R? such
that,

C
j J
where C is a universal constant.
Define x g j(z) = x;j(z/R). That way we obtain the new partition of unity,

Z ’XR,j’Q = 17 0< XR,j < 17 Z ‘VXRJ| 2R2 , SUPP XR,j C IR,ja

where I ; = {Rx : x € I;}.

Notice that (Ir;j)jef1,2,. n2} 18 a covering of Spop = (—n?R,n’R) x R by n? strips, each
having side-length 2(1 4+ a)R

Let ¢r n2p € H(S,2R) be the minimizer in Theorem 3.3. It holds the decomposition,

egs(L; nQR) = Ern2r(PLn2R)

n2

> Z (EL,nQR(XR,j(pL,nZR) - H ‘VXRJ| ()OL,anHiQ(SnQR)>

=1
n2 n2

= | Y €rn2r(xriPrner) —/ > IVxrsl? | lorn2rl do
j=1 Sn2R )
n2

Cn2L~2%/3

> ZgL,n2R(XR,j<PL,n2R) T T RR [By Remark 3.7] .

=1

The function X g ¢y, n2g is supported in an infinite strip of width 2(1 + a)R. Since the energy
Er,r(u) is (magnetic) translation-invariant along the z; direction, we get

Vi, Ern2r(XRjPrn2r) = ees(L;(1+a)R)
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and consequently,
n2[,—2/3
a’R
Dividing both sides of the above inequality by n?R and using the estimate in Proposition 3.6,
we get

¢gs(L;n*R) > nPeqs(L; (1 +a)R) — C

egs(Lin°R) _ egs(L; (14 a)R) ayy, L7
> _claL .
R - R “ T oRe

Using the trivial inequality (1 + a) < (1 + a)?, we finally obtain:

s (Lin?R) _ ego(Li (14 a)R) Ly, L
> — L . .32
n’R  — (14 a)’R “le + a’R? (3:32)
Step 2. Let £ > 0. Let us define,
¢gs(L; £ i, L
d(,L) = gs(z ) fer)= (52 )

Clearly, the function ¢ — d(¢,L) is decreasing. Thanks to Proposition 3.6, we observe that
d(¢,L) <0 and f(¢, L) is bounded. Furthermore, (3.32) used with R = ¢2 tells us that,

_ 1
f(nt,L) > f((l —l—a)ﬁ,L) - C (aL 23 4 a2€2> )
By [16, Lemma 3.10], we get the existence of E(L) such that
lim f(¢,L)=E(L).
{—00

The simple change of variable £ = /R gives us,

L.
i e B) E(L).
R—o0 2R

Step 3. Using a comparison argument and the translation invariance of the energy &1, g(u), we
observe that,
VneN, egw(L;n*R) < n’ey(L;R).
Dividing both sides of the above inequality by 2n?R and taking n — oo, we get,
. eas(L;n?R eos(L; R

The matching lower bound for F(L) is obtained by taking n — oo in (3.32), selecting a = R~%/3
and replacing R by (1 + a)?R.

Step 4. Proposition 3.6 tells us that F(L) = 0 if and only if L > )\63/2. The continuity and

monotonicity properties of E(L) are easily obtained through the study of the energy £, p(u) as
a function of L along the same methods used in [16, Thm 3.13]. O

It would be desirable to establish a simpler expression of E(L) when L € (A(O)_% ROV
Conjecture 3.9. Let A be the function introduced in (3.3). If
Ao < L7213 < X\(0), (3.33)
then
E(L) = E'P(L7%/3).
Here, for b > 0, E'P(b) = b(ay, b) and b(ag,b) is defined in (3.9).
In the case of a constant magnetic field, a similar statement to Conjecture 3.9 has been
conjectured in [29]. A partial affirmative answer was given in [2] and [13]. The conjecture has

been proved recently in [6, 7]. The methods in [6, 7] do not yield an affirmative answer for
Conjecture 3.9.
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Remark 3.10. In [18], the following numerical estimate is given: A\g &~ 0.57. Furthermore, the
lower bound:

\O0) < (i) <1, (3.34)

is proved. Finally the strict inequality Ao < A(0) is a consequence of the uniqueness of the point
of minimum of the function A\(7).

3.4. The approximate functional. Let v € [0,27) be a given angle. Define the magnetic

potential:
2
Aapp () = —’a;‘n, n = (cosv,sinv), (z=(v1,22)€R?). (3.35)
Clearly, v is the angle between the z1-axis and the line {curl A,y = 0}.
Let k >0, ¢ € (0,1), D, = D(0,¢) the disc centered at 0 and of radius ¢, and L > 0. Consider

the functional:

. K2
G(¥) = /D (|(v — LK App )0 — K22 + 2|@z)|4> dz, (3.36)
4
together with the ground state energy
Egsr(k, L,v; 0) = inf{G(¢)) : ¢ € HY(Dy)}. (3.37)
The change of variable x — /m k x yields
EgS,r(’%7 L; E) = egs,disc(ya L; R) 3 (338)
where m = L?/3, R = \/mr{, Dr = D(0, R),
2 oz e L2
Enanlt) = [ (17 = il = L2 4 Z—fult) o (3.39)
Dr
and
egs disc(V, Ly R) = inf{€, 1. r(v) : u € Hy(DRr)}. (3.40)

We now show that the ground state energy eqs gisc(V, L; R) is independent of v. Let u be a given
function in H{(Dg). We perform the rotation

(x1,22) — (:c1 cosV + xosiny, —xy sinv + o cos 1/) ,

which transforms the function u to a new function @, then the gauge transformation

~ 223 /R~
U v =e"1/%7 and get

L—2/3
Evpr(u) = / <|(V — iAapp)v\Q — L*2/3\v]2 + 2|v\4> dz =: G r(v),
Dr

where A,pp is introduced in (3.13).
Hence we get,

eg&disc(lj, L; R) = inf{GLR(U) NS H&(’DR)} . (341)
This simple observation allows us to prove the following Theorem 3.11 below, which indicates a
situation where the energies egs(L; R) and egs gisc(v, L; R) match.

Theorem 3.11. Forv € [0,2m), L >0 and R > 0, we have,
egs,disc(ya L; R) = egs,disc(o) L; R) > egS(L; R) ; (342)

where egs(L; R) and egs gisc(V; L; R) are the ground state energies introduced in (3.15) and (3.40).
Moreover, there exists a constant C' such that, for L >0, a € (0,1/2), and

R > 4max (a71/2L72/3, 1) ,
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we have

C L2/3
eg&disc(o, L, R) S egs (L7 (1 — CL)R) + m (1 + CIM) . (343)
Proof.

The independence of v was observed in (3.41). From now on we can take v = 0.

Lower bound. Let u € H& (Dr) be a minimizer of the functional G g. The function u
can be extended by 0 to a function in Hg(Sg). Thus,

egs,disc(()? L; R) = GL,R(U) = gL,R(u) > egs(L; R) .

1), R=(1-a)R and

Upper bound. Let a € (0,5

v = goLﬁ S H&(SR')

3/2 (Proposition 3.6). We impose

a minimizer of G ». Remember that ¢, 7 = 0 when L > Ao
the condition

VaR > 4L723, (3.44)
Consider a test function x € C2°(R) such that,

0<x<1, suppx C (—va(2—a)R, \/a(2—-a)R),
x=1in (—v/a(l —a)R, \/a(l —a) R),

< S ad <%

Let
u(ry, x2) = x(x2) v(x1,22), (x1,22) € R?.
Clearly, u € H}(Dg). Thus,
egs,disc(O7 L; R) < GL,R('U') = 8L7R(u)
—2/3

= /S <><(962)2|(v — iAapp)v]” — x(@2) X (22)[v]* — L2 |x(wa)v]* + = !x(:vz)v\4> dx

,-2/3
< / (V= iAagp)02 = L2302 + 2o ) da
Sk 2

L2/3
+Ls / (1 —x3)|v|? dx + oL
Sr

a3/2 R2
-
1,2/3

C
—2/3 2 2
b /SR(l Xl dx+a3/2R2

-2/3
((v A )ol? — Lot 4 er‘*) dx

R

~ c  CL?3
< egs(L: ==
< egs( R)+a1/2+a3/2R2

The two terms L3 fSR(l — x(22)?)|v(21, 22)|? dr and fSR x(z2)x" (z2) |v(z1, 72)|? dz have been

controlled by using the decay of v = ¢, 5 established in Theorem 3.3 (Formula (3.18)). Here,
we have used Assumption (3.44) (and (3.18)) to write,

CL*3

/ [v(a1,22)|” dz < CL*PR x (VaR)™ = =5

{lz2[=va R} a

Remembering that R = (1 —a)R, this achieves the proof of Theorem 3.11. O
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3.5. Bulk energy.

In this subsection, we recall the construction of a function that describes the energy of the
Ginzburg-Landau model with constant magnetic field [1, 14, 33]. Consider b € (0,00), r > 0,
and Q, = (—r/2,r/2) x (—=r/2,r/2). Define the functional,

1
Fyo,(u) = / <b|(V —iAg)ul* — |u* + Qu\4> de, foruec HY(Q,). (3.45)
Here, Ay is the magnetic potential,
1 2
Ap(x) = 5(—3:2,371), (z = (z1,22) € R?). (3.46)
Define the two ground state energies,
ep(b,r) = inf{Fy 0, (u) : uwe Hy(Qr)}, (3.47)
en(b,7) =inf{F, o, (u) : uve H(Q,)}. (3.48)
It is known [4, 14, 33| that,
. ep(b,r) . en(br)
vVb>0, g(b)= lim = lim , 3.49
O= 5o ~ M o] (349
where |Q,| denotes the area of @, (|Q.| = 7?) and ¢ is a continuous function such that
1
g(0) = —3 and g(b) =0 when b > 1. (3.50)
Furthermore, there exists a constant C' such that, for all » > 1 and b > 0,
Vb en(b,r) _ ep(b,r) Vb
b) —C— < - < - < g(b)+C—. 3.51
== T = T ST (351

We will use the function g(-) to prove Theorem 3.12 below. This theorem concerns the limt-
ing function E(-). It contains sharp bounds on E(-) in the regime L — 04 (compare with
Proposition 3.6). The function g(-) provides us with a test function to prove:

Theorem 3.12. There exist two positive constants C1 and Cy such that, if L € (0, )\83/2] , then
—C1(1 = NL*P) L™ < B(L) < —Cy(1 — N L*/3) L™4/3

Proof. The lower bound follows immediately by sending R to oo in the lower bound in Proposi-
tion 3.6 (see also Theorem 3.8). The upper bound in the second item of Proposition 3.6 gives us
the upper bound

E(L) < —C (1= L) L72/3 (3.52)
for all L € (0,05°?).
We have just to improve it as L — 0.

The improved upper bound with order L=%/3 follows from the construction of a test function as
follows. Let us cover R? by a lattice of squares @y ;, where Qp; = (—¢ + a;, £ + a;) and

¢ =mL'3. (3.53)

The choice of the positive constant m will be specified later. Notice that the magnetic potential
A,pp (cf (3.13)) satisfies

B.pp = curl Ay, = 22
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Let Ao be the magnetic potential in (3.46), a; = (aj,1, a;2) be the center of the square Qg ; and

Fj(z1,22) = ( - %(3:2 —aj2)?, %(:ng —aj2)(x1 —aj1) ). It is easy to check that

curl A,pp, = curl (aj’gAg + Fj) in Q-
Since the square Qg ; is a simply connected domain in R?, then there exists a real-valued smooth
function ¢; defined in Qg ; such that
Aapp = aj72A0 + Fj — V(ﬁj in Q&j .
Thanks to the definition of F;, we have,
Fj(z)| < in Q.

Thus, for any j, we can select a gauge ¢;, such that, in the square @)y ;, we have,

‘Aapp(x) - (aj,2A0(96 —a;) — V(ﬁj)‘ <.
Now, we define the test function as follows,
i (@) ur (/a2 (x —a;))  if aj2 > 0 and
x€Qpj C{|z1] < Rand SL™2/% < 2y < eL2/3},
v(z) = (@) ur(v/lajol (x —aj)) if aj2 <0 and
x € Qj C{|lr1] < R and %L‘2/3 < —my < eL 723},
0 otherwise,

(3.54)
where the function u, € H}(Q,) is a minimizer of the ground state energy Fy g, introduced in
(3.45) and € € (0,1) is a positive constant (to be determined in (3.56)).

We impose the following condition on m and €

m\/g > 1. (3.55)
We will use the notation

1
e A (T T e T R
Qe,j

Notice that, if ajo > 0 and Qp; C {|z1] < R and $L2/3 < |z| < eL~2/3}, then, for all n > 0,
EL,r(V; Quj)

Qe,j

+ Cn~Le0

7,-2/3
+Cn~ L0

L—2/3
< a9 (g(LZ/gan(l+77)>’aj,2|€2+C L2/3@j,2(1+77)\/a]7€>+()771£6.
]7

To write the last inequality, (3.51) is used with b = L?/3a;9(1 +7) and r = /a5 £. (Thanks to
the condition (3.55), we have r > 1).
Similarly, if aj2 < 0 and Qg ; C {|21| < R and SL™Y/3 < |29| < eL72/3}, then,

I,-2/3
EL,r(v; Q) < 7— (g (L2/3|aj,2!(1 + 77)) |ajall® + Cy/ L23(1 + n) a2l f) +Cn7

’ J72|

<L2/3(1 +)|(V —ia;2A0(x — aj))U\Q — sz/?’]v|2 + éL*Z/?’ \U\4> d:c)

1
<L2/3aj,2(1 +n)|(V — Z'Ao(ac))ur(acﬂ2 — L_2/3\v|2 + 5 L2/3 |v|4> dz

a2t
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Notice the simple decomposition of the energy of v,
ELr(v) =) Err(v;Qu ),
JjET

where 7 = {j : Q¢ C {a1] < R and §L7/% < |aa| < eL/%}}.
Let

n = Card J .

The numbers L and ¢ are small enough such that,
(LPR<ne < JL7PPR<LVPR.

Now, we have the following upper bound on the energy of v,

5L7R(U)§L72/3 ZQ(L2/3]aj72|(1+7]))€2+Cn\/L2/3(1+17)€ +Cnn 1.

J

We select n = % Having in mind (3.50) we can select € sufficiently small such that

1
g(t) < 1 Vit e 0,2e. (3.56)
Observing
L Jajal (147) < 2e,

we get, for R > n L3 ,

tes(LiR) _ ELr(v) _ oo (—i L7213 4203 723 Fl) + 20 L~2/3 ¢
R ~ R -~ 16 '

Sending R — oo, we deduce that,

B(L) < - L+ ont et 4 oL,

Having in mind (3.53), we get
C

E(L) < (—;2 - m) L3 om* L3, (3.57)

Recalling (3.55) and (3.56), we select m such that

C 2
—i+f<0andm> -
32 m €

In that way, (3.57) gives us the existence of a constant C’ > 0 such that, for sufficiently small
values of L,

E(L) < —C'L™%3,
Since L is sufficiently small, we may write

el
—C'=(1- L)\OLQ/?’)W < —C'(1— LA L*?),

and get the upper bound in Theorem 3.12 when L — 04 . O
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4. A PRIORI ESTIMATES AND GAUGE TRANSFORMATION

Let k > 0, H > 0 and (¢, A) be a critical point of the functional in (1.1), i.e. (¢, A) satisfies,

—(V—icHA)*Y = &> (1 = [¢*)y, (4.1)
~ VL owl(A - F) = é (B(V - ikHA)) in Q, (4.2)

and the two boundary conditions
v-(V—ikHA)) =0 and curlA—-F)=0 on 012,

where v is the unit exterior normal vector of 0f). B
We note for further use the following identity. Multiplying both the equation in (4.1) by
then integrating over €2, we get,

2 2
Eot, A; ) :=/ (|(V—mHA>w2—fe2|¢|2+2|¢|4) dx:—*;/gwdxso. (43)

Q
We need the following estimates on ¢ and A that we take from [8]. Earlier versions of these
estimates are given in [24] when the magnetic field is constant.

Proposition 4.1. Let o € (0,1). There ezists a constant C = C(a, ) > 0 such that, if kK > 0,
H >0 and (¢, A) a critical point of the functional in (1.1), then,

[¥]lc <1, (4.4)
C
leurl(A = F)llz < 2 [|9l2, (4.5)
I(V —icHA)Y|2 < k]2, (4.6)
1+ kH + K?
1A = Fllosa) < O [l 161 (4.7
Using the regularity of the curl-div system, we obtain the following improved estimates of

A -F.

Proposition 4.2. Let a € (0,1). There exists a constant C = C(a, ) > 0 such that, if K > 0,
H > 0 and (¢, A) a critical point of the functional in (1.1), then,

1 .
JA = Fllon < C (H cwl(A ~ Bz + ||V — inH A5 kuoo) .

Proof. Let a = A — F. Notice that a satisfies diva =0 in Q and v -a = 0 on 0€2. Thus, there
exists C'(2) > 0 such that for all a satisfying the previous condition

lallg20) < C(Q)]| curlal g1(q) -
Since (1), A) is a critical point of the functional in (1.1), then

1 _
V-t curla = Elm (v (V—icH)Y).

Consequently, we get

1 .
lellzoy < € (lcwl(A = Bl + -V~ isH A2 6] ) -

This finishes the proof of the proposition in light of the continuous embedding of H?(€2) in
C%e(Q) . a

In the subsequent sections, we will need to approximate the magnetic potential F generating
a non-constant magnetic field by a simpler magnetic potential generating a constant magnetic
field. The approximation will be done in domains with small area and in general will lead to
large errors. By applying a suitable gauge transformation, one can absorb the large errors and
be left with small errors. The next proposition provides us with useful gauge transformations.
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Proposition 4.3. Given Q and By as in the introduction, there exists a constant C' > 0 such
that the following is true.

(1) Let £ > 0, aj € Q, D(aj,f) C Q and x; € D(aj,l). There exists a function @; €
CY(D(aj,?)) such that, for all x € D(aj,l),

[F(x) — (Bo(z;)Ao(x — a;) + Vi;) | < C 42 (4.8)

(2) Let £ > 0, aj € T and z; € D(aj,¢) NT'. There exist v; € [0,27) and a function
¢; € CY(D(aj,£) N Q) such that, , for all x € D(a;,) NS,

[F(2) = (IVBo(x)| Aapp,y,; (x — aj) + Vo) | < CF. (4.9)

Proof.
The function ¢; in (1) is constructed in [3].
We give the construction of the function ¢; announced in (2). The vector field F and the function

By are defined in a neighborhood of € (w.l.o.g. we can even assume that they are defined in R?).
In particular, F(z) and By(x) are defined in D(a;, ) even when D(a;,?) ¢ Q.
Select v;j € [0,2m) such that,

VBy(aj) = |VBo(aj)|(cosv;,siny;) .
We apply Taylor’s formula to the function By near a; . Since a; € I', we get,
Bo(x) = |[VBo(aj)|(cosvj,sinvy) - (x — aj) + fij(x), (4.10)
where
fj(@)| < Cle—a;> <C 2, (x € D(aj,0)).

Taylor’s formula applied to the function |V By| near a; yields,

[VBo(;)| = [VBo(ay)| + ¢; ,
where

lej| < Claj —aj| < CL.

In that way, (4.10) becomes,

Bolw) = [V Bo(a)|(cos vy, sin ;) - (@ — a) + ;(), (411)
where g;(x) = fj(z) + ej(cosvj,sinv;) - (x — a;) and satisfies
lg;()| < C €.

Define the vector field:
1
Gj(y) = (/0 595 (sy + aj)d5> (—y2,y1), fory = (y1,12).

Clearly, |G;(y)| < C, when y € D(0,¢) and y + a; € Q.
We perform the translation y = x — a; and define

F(y) = F(y + aj), forye D(0,7).
In that way, the formula in (4.11) reads as follows,
curl (f‘ — |VBo(xj)]Aapp7Vj) =curlG; in D(0,¢),

where Agpp,.; is introduced in (3.35).
Consequently, we deduce the existence of a function q~5j € CY(D(0,/)) such that,

F — [VBo(xj)|Aupps; = Gj + Ve, in D(0,4).
The function ¢; is defined by ¢;(z) = @(a: —a;), for x € D(a;,?). O
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5. ENERGY UPPER BOUND

In this section, we determine an asymptotic upper bound of the energy in (1.5). The upper
bound is valid under the assumptions

k>1 and k< H S kK2,

and matches with the asymptotic expansions announced in Theorem 1.1.
The conclusion in Theorem 1.1 displays two regimes for the behavior of the energy in (1.5),

Regime I : 2 < H < K2,
Regime 11 : k< H< 2.

As such, this section will present two independent constructions devoted to the aforementioned
two regimes (Regime I and Regime II). Each construction will be the subject of an independent
subsection.

5.1. Upper bound: Regime I.

This subsection is devoted to the proof of:

Proposition 5.1. Let A > 0 and e : R — Ry such that lim x'/?¢(k) = +00 and lim e(k) = 0.
K——+00 K—r00
If e(k)r? < H < Ak?, then the ground state energy in (1.5) satisfies,

Eg(r, H) < & (/F <\VB0(33) Z)US E <|v30(m)|g> ds(m)) +o <’§> (ko o0), (5.1)

where ds is the arc-length measure on T.

The proof of Proposition 5.1 consists of computing the energy of a relevant test configura-
tion. The construction of this test configuration hints at the actual behavior of the minimizing
configurations.

The conclusion in Proposition 5.1 is a straightforward application of Lemma 5.2 below. One
part of Lemma 5.2 is devoted to the construction of a test configuration. The construction
requires that we cover the curves where the magnetic field vanishes by a collection of discs
satisfying

e The centers of the discs are in the set I' = {By(x) = 0} ;
the interiors of the discs are disjoint ;
all the discs have equal radii ¢;
if D is a disc in this collection, then the arc-length of the curve D NI is approximately
the diameter of D.

The proof of Lemma 5.2 contains the detailed construction of these discs with precise statements
of their properties.

The statement of Lemma 5.2 below requires to introduce the quantity v (ui, g2, a) which is
defined for p1 > 0, p2 > 0, and a € (0,1) by

Wi, 2, 0) = max (4027t py )

Lemma 5.2. Let A > 0, n € (0,1/2) and b : R — Ry such that ILm b(k) = oo and

li_>rn K_l/Qb(H) = 0. There exist positive constants C, ko and Ly such that the following is
K oo

true.
Suppose that a € (0,1/2), £ € (0,4), 6 € (0,1), k > ko, H > 0 satisfy,

H H
> [ = inf |V 2 inf |V .
k> <H2 ;rellﬁl By(z)], pe ;reuli\ By(x)], a) , (5.2)

and

b(k)k3? < H < Ak?.
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Then, the ground state energy in (1.5) satisfies,

ol H) < 5 [ (VBo<x>Z)1/3 B (IVBa@) 3 ) dste) + Clat ), (53)

r
where

e ds is the arc-length measure on T,
o o= HDOK13/90=2/3 4 ¢~1/2 (6‘1 + a‘lﬁ_2€_3> + (5&2 + 5‘1m2H2€6) l,

;3
= 0 —.
e B=Mm+di+ta) 5
Proof.
Step 1. Ezistence of {y.
This step is devoted for the definition of the constant £y appearing in the statement of Propo-

sition 5.1. Recall the assumption that I' is the union of a finite number of simple smooth curves
and I'N 0N is a finite set. Given i > 0, there exists a constant ¢; € (0,1) such that, for alla € T

and ¢ € (0, ¢;) with D(a, ) C €, then D(a,f) NT" is connected and

20— Ty < / ds(z) < 20+ 2¢. (5.4)
2 D(a,0)nT 2

Notice that / ds(z) is the arc-length (along I') of D(a,?) NT. Thus, the choice of ¢; is
D(a£)nT
such that the arc-length of D(a,¢) N T is approximately 2¢, whenever ¢ € (0, ¢1).
The arc-length measure of I' is denoted by |I'|. By assumption, I' consists of a finite number

of simple smooth curves (I';)F_,. Let

(. b ( 77)_1
by = — Lil, = (14 = .
0 mm(m B AR TA G
If ¢ € (0,4p), then, on the one hand,
26 n
R < -,
Tl 4
and, on the other hand, ¢ < ¢; and (5.4) is satisfied.
Step 2. A covering of .

In the sequel, we suppose that ¢ € (0,¢y). Consider i € {1,---,k} and the curve I';. Let
n; € N be the unique natural number satisfying

D) crem <Dl (5.6)

Select n; distinct points (b;;); on I'; such that,

(1+77)€<%1, (5.5)

, . T

v J> dlStFi (bj7i, bj+1,i) = M ,
n;

where distr; is the arc-length measure on I';.

ITs]

n; °

Obviously, the Euclidean distance e; := [bj1+1,, — bj;| satisfies e; < distr, (i, bjt1,1) =
Thanks to (5.6) and (5.5), we have,

€e; §2£(1+?7) <.
Thus, if D(b;;,e;) C €2, we can use (5.4) with £ = e; and get,

T

n;

Ui

4

§2€j<1+z).
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Thanks to (5.6), this leads to

|Fi|( n
> 1—f>>2£.
%= n; 4/ —

Now, define the index set
Ji=A{j + D(bj,e5) CQ},
and N; = Card J;. Notice that, if j € J;, then e; > 2¢ and D(b;;,¢) C D(bj;,e;/2) C 2. The
sets (D(bj4,4)) ey, are pairwise disjoint.
Since I'; N ON is a finite set, then there exists a constant ¢ such that,

If a € T; and dist(a,0Q2) > ¢/, then D(a,?) C Q.
Consequently, the number N; satisfies
n, —C <N; <n,
where C' > 0 is a constant. Thus, thanks to (5.6) and (5.5),

mif (14 g)*l ~ot<Nixa < (1+7)

Now, collecting the points (b;;);c 7 ic{1, k}» We get the collection of points on I',

(aj)jeq = (bji)jed icfl,— k} »
such that,

VieJ, ajel and D(aj,¢) CQ,

k k

N=CardJ =) N; and [[|=) |,
=1 =1

|F\<1+Z>71—C£§Nx2€§|F|(1+g)71. (5.7)

Notice that

U (rmD(aj,£)> cr.
J
and the arc-length measure

J (F m W) ) /Uj (Fﬁ%,@)) s

Z/  ds(x)
FﬂD(a]’,Z)

J

J

satisfies

Tl = o <|J (0N Dl 0)| < [rl+Cn.

J

Thus, the arc-length measure of the set I' \ J; (F N D(aj,f)) satisfies,

n\U(rnDa.0)| < on. (5.8)

Step 3. Construction of a test configuration. For each j, select an arbitrary point x; €
D(aj,¢) NT and write

VBy(z;) = |VBo(xj)|(cosvj,siny;),
with v; € [0, 27).
Define

H
L= Lj = [VBo(z;)|

. R=R;= L'3ke. (5.9)
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Thanks to the assumption in (5.2), the following condition holds,
R > 4max (a—1/2L—2/3, 1) . (5.10)

We can apply the result of Theorem 3.11. We define a function w € H'(£2) as follows. Consider
the set of indices J = {j : D(a;,¢) CQ}. Let x € Q and j € J. If v € D(aj,¢), define,

w(z) =" M%upy, (v —a;), (5.11)

where ug 1, € Hg(D(0,¢)) is a minimizer of the functional in (3.36) with v = v, and ¢; is the
function constructed in Proposition 4.3. If x ¢ U D(a;, ), we set w(z) =0.
JET
Clearly, w € H*(Q).
Step 4. Upper bound of E(w,F).
Notice that curl F = Bj and that the magnetic energy term in (1.1) vanishes for A = F. Thus,
we have,

E(w,F) = &E(w,F;Q) = Z&)(w,F;D(aj,é)), (5.12)

where the functional & is defined in (1.14).
Recalling the definition of w, we observe that,

Eo(w, F; D(aj, l)) = Eo(urep; (x — aj), F — Vs D(aj,{)) .
Thanks to the choice of ¢;, we infer from Proposition 4.3,
| IV Bo(25)|Aapp,, (& — aj) — (F = V)| < C £ (5.13)
As a consequence, applying the Cauchy-Schwarz inequality, we get that, for any 6 > 0,
50(w> F; D(aj’ 6)) < (1 + 6)50(UL,€,VJ' ($ - aj)7 |VBO($j)|Aapp,Vj (.I’ - aj); D(aja E)) +r,
where

ri = C (k% + 5 K2 H2(O) / s, (x — a;)] da.
D(ajve)

Recall that ur, ¢,, being a minimizer, it satisfies
|uLyevl/j’ S ]' °
Thus,
r < C(0k° + 6 K2H? () 2 (5.14)
Now, performing the translation x — x — a;, we observe that,
Eo(w, F; D(aj, 0)) < (1+8)&(ur,ep;, |VBo(2))|Aapp,v;; D(0,£)) + 11
With L = Lj and R = R; in (5.9), we get in light of Theorem 3.11:

2/3
c, L
Dl P)) < (1R 4 J '
Eo(w, A; D(aj, £)) < (1+ 0)egs (Lj; (1 — a)Ry) + al/2 (1 - aRjz) T
Thanks to Theorem 3.8, we deduce that,
Eo(w, F; D(az,0)) < 2(1+6) (1 - a)R; E(L;) + C (1 + L;*)R}/?
2/3
¢, L

Recall the definition of L; and R; in (5.9), and that the number of discs D(aj, ) is inversely
proportional to ¢, i.e. of order ¢! .
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Substituting (5.15) into (5.12) yields,

H\'? H
E(w,F) <2rl(1+46)(1—a) Z (\VBo(xj)] /<;2> E (’VB()(CL']‘)”#)
J

+ O HOK1/972/3 4 0g /2 (e—l +a ) Ot (5.16)

Thanks to (5.7) and the upper bound on E(-) obtained in Theorem 3.12, the term
H\'? H

> (]VBo(a:j)| ,@) E <|v30(xj)\ﬁ12> (5.17)

J
is of order x2/H. Thus, (5.16) becomes,

H\'/3 H K3
E(w,F) <k Z% <\VBO(3:]-)| HQ) E (|VBO(xj)|,%2> + 0(5 + a>ﬁ
j
+CH5913090-2/3 | 0g1/2 (e—l + a_lm_zﬁ_?’) Lol (5.18)

In (5.17), replacing 2¢ by the arc-length measure of D(a;,¢) NT' produces an error n¢/2 and the

sum becomes a Riemann sum over Vy = {J;c 7 (I'n D(aj,0)).
The points x; can be selected such that the Riemann sum is a lower Riemann sum. Thus,

> (yVBo(xj)! Z)l/g E <’VBO<$J')‘£>

H\'? H K>
< [ (vl ) # (VB ) dst) + o'y
Inserting this into (5.18), we get,
H\'? H K?
E(w,F) < (/w <|v30(x)| ,<2> E <|v30(x)|52> ds(x)) + C(n o+ a>ﬁ
+ CHRI2 4 0o P (0 o ) O

As pointed earlier, the arc-length measure of the set I"\ V; does not exceed Cn. Recall the upper
bound on E(-) obtained in Theorem 3.12. In that way, we get,

/r\w <|VBO(:E)| 5)1/3 E (|VB0($)|£{2> ds(z)

Consequently, we deduce the following upper bound,

2
SCU%-

3

E(w,F) <k </F <|VBo(m)| 52)1/3 E (|VB()($)|Z> dg(x)) + C<n +0+ a)%

+ CHPPRO 4 0o 2 (7 0T ) O

The definition of the ground state energy in (1.5) tells us that Eg(k, H) < £(w,F). Recalling
the definition of 71 in (5.14) finishes the proof of (5.3). O

Proof of Proposition 5.1. We use the upper bound in Lemma 5.2 with the following choice of the
parameters:
(=rSBHBA 5= YEHT3A (5.19)



30 BERNARD HELFFER AND AYMAN KACHMAR

Clearly, the parameters § and ¢ satisfy as k — 400
(<< d<<1.

Let us show that the two conditions in (5.2) are satisfied. Observing that the parameter a €
(0,1/2) is fixed, i.e. independent of k., the conditions in (5.2) will follow from

Kkl = kBB H > max{a™V/?k?H 1, H—%Ii%}7

a consequence of the assumption that we are in Regime 1.
Now, since (5.2) is satisfied, we can apply Lemma 5.2. By comparison of each term, the remainder
« in Lemma 5.2 satisfies

a< PH.
Sending k — 400, the upper bound in Lemma 5.2 becomes,

lim sup %{EgS(K,H) e </F <|v30(x)|5)1/3 B <\VBO(95)\Z> ds(m)) L <Cta).

k—oo K

Since this is true for all n € (0,1/2) and a € (0,1/2), we get by sending n — 04 and a — 04,

i sup 25 { B, H) — 2 ( / (IVBo(w)Ilg)l/g 5 (1) ds<w>) L <o,

and the conclusion in Proposition 5.1 follows. g

5.2. Upper bound: Regime II.

In the next proposition, we give an upper bound of the ground state energy in (1.5) valid in the

regime k' < H < w32,

Proposition 5.3. Let A > 0 and € : R+ — Ry be a function satisfying lim e(k) = 0 and
K—00

lim ke(k) = oo.

RKR—00

If e(k)k < H < AK3/2, then the ground state energy in (1.5) satisfies,

9 H I
Ees(k, H) <k* | g| —|Bo(z)| | dx+o|— ), (5.20)
Q K H
where g(+) is the function introduced in (3.49).

Proof. Here, we construct a test function as in (5.21) below. Let ¢ = x~ /16 ~1/2 and (Qx )
be the lattice of squares generated by the square

_(_¢¢ €<
Q‘<2Q “\ 22 )
Notice that ¢ satisfies ( < 7 < 1. Define

I:%:chmmmDSM%}md&wm@szq,

where M > 0 is a constant selected sufficiently large so that, if dist(x,I") > M {7, then |By(z)| >
77- Notice that, since By vanishes non-degenerately on I', if k¥ € Z, then

|B()(J,‘)| > M/C >0 in Qk:( .

For all k € Z, let aj, be the center of the square 9y, ¢ and select an arbitrary point z;, € Qy ¢.
If r > 0and b > 0, let u, € H}(Q,) be the minimizer of the ground state energy [} o,

introduced in (3.47). For all k € Z, let 1, = (\/kH|Bo(z)|, br = Z|Bo(zk)|, uk = ur, and ¢y,
be the gauge function satisfying (see Proposition 4.3),

|F(z) — (Bo(zk)Ao(x — ar) + Vi) | < CC*,  in Qpc.
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Define the test function v as follows,

e 9k(@) uk(% (x—ay)) if 2 € Qe C {Bo(z) > 0},
v(z) = e O m(E (v — ax)) if 2 € Qpe C {Bolx) < 0}, (5.21)
0 otherwise .

We outline the computation of & (v, F). The details of the computations are given in [3]. In
every square Qj ¢, we have,

F U
Eo(v, F; Qre) < (14 k~1/19) kaka(k) L+ /16,226
k

Thanks to the assumption on H and the definition of { = kI =1/2 we have 1, > 1. Thus,
we may use (3.51) and write,
2
b
Eo(v, F; Qre) < (14 k71/10) % <g(bk) + c\/T“> + kY162 2(0
k Tk

— 1+ n 90 (g (Lipoanl) + 0o

We sum over k and select the points zj, as follows

|Bo(zx)| = min{|By(x)| : = € Q¢ }-

) + K1/16H2H2C6 '

In that way, we obtain,

Eo(v,F) =) &, F; Q)

kel

< (14_/{—1/16)/{2/ -
Ukez @ri.c

< (1+/€_1/16)/€2/
Ukez Qk.c

Notice that, since g(b) = 0 for b > 1 and By vanishes non-degenerately on I', then

/UkEZQk,C 9 <Z|Bo(x)|> dx < /Qg <Z|Bo(x)|> dx + %0(1).

H 2 3 3
W, F) < (1+ 51/16)52/99 <ﬁ30(x)y> dx + 051/161% + MrV8E % o(1).

<9 <H|Bo(x)|> + C’i + /@1/16H2C4> dx
K (kK

H K2 K>
B 1/16 Mp—1/1657
g<m\ 0(1‘)]) dr + Ck HC+ K 7

Thus,

H

Since H < k%2, then

1/2 .3
1/16 K 1/8H K
"UHC P
and
—1/16y,.2 H K
Eo0,F) < 1+ 57192 [ g (ZiBo(a)]) do+ S o(1).
0 K H
Since Egs(k, H) < E(v,F) = & (v, F), then we get the upper bound in (5.20). O

6. EXPONENTIAL DECAY OF THE ORDER PARAMETER

The aim of this section is to prove that the order parameter v is exponentially small (in the
L?-norm) away from the curves where the magnetic field vanishes. This bound is needed in
Section 7 to obtain a lower bound of the ground state energy in (1.5).
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6.1. A rough bound. In this subsection we give a rough bound valid for any order parameter

1.

Theorem 6.1. Let A > 0 and e : R — Ry such that lim ke(k) =00 and lim e(k) =0 . There
KR— 00O K— 00

exist constants C' and kg such that, if (v, A) is a critical point of the functional in (1.1), k > Ko
and

e(r)r* < H < AK?, (6.1)
then s
lele<C ()", (6.2)
C 1/6
Jewl(A-F)l2 < () - (6.3)
and s
1(V — inHA)||2 < Cr (%) . (6.4)

An important ingredient in the proof of this theorem is:

Proposition 6.2. Let A > 0 and € : R — R such that lim ke(k) = oo and lim e(k) =0 .
K—00

K— 00
There exist positive constants C, £y and kg such that the following is true:

Fort € (0,4), a€ (0,1] and h € C°(2) such that
supph C {z € Q : dist(z,00) > ¢ & dist(z,T) > Val} and ||h]|e < 1,

if (1, A) is a critical point of the functional in (1.1), k > ko and e(k)x? < H < Ax?, then

/|(V—i/~eHA)hw\2dx2 1/@(H\/5€—02)/ |hw|2dx—0/€/(1—h2)|¢|2dx. (6.5)
Q C Q Q

Proof.
The support of the function hiy does not meet the boundary of 2 and I'. We can use the
celebrated inequality

/Q (V — ikHA)hp|* dx > ng/Q |curl A| |ho|? dx.
The simple decomposition curl A = curl F + curl(A — F) and the triangle inequality yield,
/Q|(v —ikHA)hY|? dz > KH/Q | curl F| |hap|? do — mH/Q |curl A — curl F| || dz.  (6.6)
By assumption V By does not vanish on I', hence
| curl F| = |Bo(x)] > %\/ae in {dist(z,T) > var}, (6.7)

for some constant M > 0.
Thus,

1
/ | curl F| | b2 da > \/az/ h? da. (6.8)
Q M Q
Next we use the Cauchy-Schwarz inequality and the inequality in (4.5) as follows

1/2
wH / |curl A — curl F| |hy|? do < kH|| curl A — curl F||, (/ |h1/)|4da:>
Q Q

1/2
< Oxl[¥]l2 ( / |hw\4dx) .

Since |[¢|lec <1 and ||h]|co < 1, we get further,

1/2
1l ( /Q |hw|4dm) < /Q P2 de = /Q |2 i+ /Q (1 — W)f? da.
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Therefore, we have,
HH/ |curl A — curl F| |ho|? da < Cﬁ/ || da + CH/(l — W)Y de. (6.9)
Q Q Q

Inserting (6.9) and (6.8) into (6.6) finishes the proof of the proposition. O

Proof of Theorem 6.1. Let £ > 0 and Qp = {z € Q : dist(z,9Q) > ¢ & dist(z,T') > ¢}. Select a
function h € CZ°(Q) satisfying

0<h<1inQ, h=1inQy, h=0inQ\ Q,
and

|Vh| < in O,

~[Q

where C is a constant.
Thanks to the bound [[1||s < 1 and the assumptions on h, we have,

[k < [ ce, (6.10)
Q
/\(V—mHA)de:cz/\h(V—mHA)zMde (6.11)
Q Q
1 : 2 2 2
ZQ/QIW—MHA)W dx—C’/Q\Vh| 2 da. (6.12)

Thanks to the estimate on the gradient of h, we may write,
1
2/ (V —inHA)hp|* dx — FJZ/ |hWp|? de — O (0s® + 071) < E(¥, A;Q) <0,
Q Q

where & (¢, A; Q) is introduced in (4.3).
Now, we use Proposition 6.2 with a = 1 and get,

(%(HLCQ) /-;2)/Q|h¢|2dx <C(l+0M2.

Selecting ¢ = (k/H)'/?, we get for k large and H satisfying (6.1)

/Q|h¢|2dm <C (%)1/3 .

Now, thanks to (6.10), the first inequality (6.2) in Theorem 6.1 is proved. Now, the inequality
(6.3) (resp. (6.4)) is simply a consequence of (4.5)) (resp. (4.6)). O

6.2. Exponential bound. In the next theorem, we establish that every minimizing order pa-
rameter decays exponentially fast away from the set I' where the magnetic field vanishes, provided
that K < H < k2.

Theorem 6.3. Let A > 0 and € : R — R such that le ke(k) = 0o and ILm €(k) =0. There

exist positive constants C, mo and ko such that, if (¢, A) is a critical point of the functional in
(1.1), k > Ko, €(k)x? < H < Ak?, then

X E i g 2 2 2
foew (2mo’y 1)) (7 it @) as e [ s,

where t(x) = dist(z,T).

Proof. Let

¢ = (kH)™Y3, (6.13)
The assumption on k and H ensures that

KIS C<. (6.14)
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We will prove Theorem 6.3 by establishing the following two estimates (away from the boundary
or in a neighborhood of the boundary),

1 .
/ ) (Y~ iHAWE + [6()P) do < €, b(a) 2 da,
{dist(2,00)>C} K {t@)<O5}
(6.15)
and
1
/ 2mo’ e) (Qy(v —ikHA)|? + |¢(:c)|2> dx < C’z/ [¥(2)]* dz,
{dist(2,00)<C} K {H@)<O5}
(6.16)

expressing the localization of the energy of ¢ near I'.

The proof of (6.15) and (6.16) is divided into several steps.
Step 1.
Consider the parameters

¢e(1,00), U:%’ Ezé. (6.17)
Let
f(@) = x(z) exp(t " t(x)),
and

g(z) = n(z) exp(t~"t(z)).

The functions x € C°(Q) and n € C*(Q) satisfy,
0<y<1 inQ,

x =1 in {dist(z,00) >
x =0 in {dist(z,00) <
Vx| <Ck in Q.

¢ U{t(z) = ¢},

S Ulte) < 563 (619
and
0<n<1 inQ,
n=1 in {dist(z,00Q) <} U{t(z) > ¢}, (6.19)
n=0 in {dist(z,00) > 2¢} U{t(z) < 3¢}, '
IVn| <Ck in Q.

Here we have used for the control of the gradient (6.14) and that

rl<e<.

Using the Ginzburg-Landau equation in (4.1), we write,
/Q (1V — ikHA) [0l = [V fP2) do = w2 /Q (Il = 1) 2 do < &2 /Q FoPdz, (620
and

[ (v = intia)gul = (VaPluR) do = w2 [ (0l = ol)g?do < o [ Jguitdo. (621
Q Q Q

Step 2.
In this step, we determine a lower bound of / ((V —icHA) fip|* dz. Notice that f¢ € C(9Q).

Consequently, we may write (see (6.6)),

/|(v—iI€HA)f@Z)|2d:EZ/{H/’CUT]F||f¢|2dI'—I€H/|Cu1”1A—Cu1"1Fwa‘2dl’.
Q Q Q
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We use the following estimates,

et Filora > 3o [ (7o ds by (6.7)
C
[ teuta  cuntFll7oPde < O (1) 1ol by (6.3)],

and obtain
V —ikHA)f*d >—1 HY 241 — Ok (= Ve 2
Q|( ikHA) f|* dz K Q|f¢| x /-s( ) Iy -

Notice that f¢p € C°(Q2) ¢ H'(R?). By the continuous Sobolev embedding of H!(R?) in L*(R?)
and a scaling, we get for all n € (0, 1),

lFolls = [ 1ol
< Clon (nlI VIS + 071 £13)

< Cop (nH(V —RHA) 207 f¢H§> [By the diamagnetic inequality] .

-

We select n = ﬁ“/fl (#) ¢ and obtain,

H( 4
/ (V—inHA) fi o> (S~ O / fol da (6.22)
0 2IM
Thanks to the choice of the parameters in (6.17), the lower bound in (6.22) becomes,
/ (V —ikHA)fip|? dz > (L — / |fy> dx. (6.23)

Step 3.
We insert (6.23) into (6.20) and use that

/ VP[] d < 2077 / |fl? da 42 / Vx| exp(20~ t(2)) 9| da
Q Q Q
-2 2 2 2 2 2
<2/ /Q|fw| dr + Ck /g}|g@[)| dx + Ck / |Y|* dx, (6.24)

{e=1t(z)<1}
to obtain,

1 £K? 2 ~ 1/3
/Q<2\(V—mHA)f1/J]2 (ﬁ—fgﬁ/g—(}’/g (%) )|fw|2dx>
.2 2d .2 2d ) )
<Ot [lovPaar O [ e (629)

Step 4.
We will determine a lower bound of / ((V — ikHA)g|? dz. We cover the set
Q

Qe ={z e : dist(z,00) <2¢, dist(z,T) > ¢}
by a family of squares (in tubular coordinates),
K(a;,¢) ={z € Q : dist(z,00) < 2¢, distsa(p(z),a;) < 2¢},
where:

e distyq is the arc-length distance along OS2 .

o Ifz € Q¢ pand ¢ is sufficiently small, p(z) is the unique point on 02 satisfying dist(z, p(x)) =
dist(x, 0Q) .

e For all j, aj € 90N Q.
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Let (;) be a partition of unity such that
dxi=1, Y [VxIP<C¢?, suppy; € K(a;,20) .
J J
It holds the decomposition formula

— ik HA)g)|? dox = —ikHA) Y q0|? do — |2 2d
/Q|<v iKHA)gu[? de ;/Qw inHA) ;g0 d ;/ﬂrw g2 de

= XJ:/Q (V —ikHA) x99 do — 04‘2/Q 9] da . (6.26)

Next we define the gauge function

aj = (A(aj) — F(aj)) (x—ay).

Let a € (0,1) be a constant. Using the Cauchy-Schwarz inequality, Proposition 4.2 and Theorem
6.1, we may write,

/ (V — i/@HA)ngwQ do = / (V —ikH(A — Vozj))e_mHajxjgw\Q dx
Q Q

K

1 A 1/3
> / (V= inHF)e "0 do — Cr? (1) g2a/ XGgel? dz . (6.27)
2 Ja H Q
Recall the definition of the magnetic potential Ag in (3.46). There exists a gauge function ¢,
satisfying (see Proposition 4.3)
‘F(ZE) - (Bo(xj)Ao(x —aj)+ Vgoj)} < CC2 in Kj(a;, ().

Again, using the Cauchy-Schwarz inequality, we may write,
17 = inEE)e g da

1 ) —1iK . —ikHao;
2 2/Q|(V_WHBO(%)A0(96—%))6 s gl ijQTNZdl‘—H2H2C4/Q’ng¢]2dm. (6.28)

Now, we are allowed to use the analysis of the Neumann realization of the Schrédinger operator
with a constant magnetic field equal to KH By(a;) in our case. In the half-plane case, the ground
state energy of this operator is ©gxH|By(a;j)|, where the constant ©g is universal and satisfies
Oy € (%, 1). The result remains asymptotically true in general domains with smooth and
compact boundary [21]. More precisely, there exists a function

err : Ry — Ry,
such that limp|_, err(b) = 0 and
Vb, AV(b)>0Ogb| — |b]err(b),

where AV (b) is the lowest eigenvalue of the operator —(V — ibAg)? in L?*(Q) with Neumann
boundary condition.

Notice that by the assumptions on ¢ and the points (a;), we may use (6.7) with 2 = a; and
get,

1
Vi, kH|By(aj)| > MﬁnH >1.
Moreover, the magnetic potentials Ag(z) and Ag(x — a;) are gauge equivalent since

Ao(z — aj) = Ao(z) — Ao(a;) = Ag(z) — Vu,(x),
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with uj(z) = Ao(a;) - x.
In that way, when « is sufficiently large, we may write,

/Q |(V — iwH Bo(aj) Aoz — a;))e” " 1¥re™ 1% gy | da

© 1
> Lt Bo(ay)| [ ool de = g e [ guPde. (629)
2 0 AM 0
Collecting the estimates in (6.26), (6.27), (6.28) and (6.29), we get,
HY C k\1/3
_ 205 [ 28 2.4 _ Y K 2a 2 gy .
/Q|(v ikHA) g do > & <4M CRHPC! =5 = Ci (H) ¢ > /Q|gw| dz. (6.30)
Recall the definition of the parameters in (6.17) and (6.13):

¢ = (HH)*l/3 =g 1351,
We insert (6.30) into (6.21) and use that

/ Vg2 b2 d < 202 / g e+ 2 / IVl exp(20 1))l da
Q Q Q

< 252/ |g1/1\2d9:+01i2/ |f1/)|2d:z:+01<a2/ |2 dx
Q Q {e=1t(x)<1}
to obtain,
1 . o 1 (&R -2 2/3 N3 9a 2
/Q<2|(V ikHA)gy| +2<4M 20 Co*’k Cl{(H) ¢ )|gl/)| dx
gc,«ﬂ/ \f1/12dx+0m2/ [w[*dz. (6.31)
Q {eti(x)<1}
Step 5.
Summing the two inequalities in (6.25) and (6.31), we get,
1

3 | (V= inH AU + (V= iRHA)FOF) da

2
+ 1/Q (5/—@2 — CG—2FL2 — OK? - Co?Pr — Ck (£>1/3 <2a) (|f¢|2 + |9¢|2>

2 4M £2 H
< Cﬁ/ || dx . (6.32)
{ett(x)<1}
Recall that o satisfies k7! < 0 < A. We select ¢ sufficiently large such that
£ A?
— —C— — 2.
Wi C’§2 C>
Since (%)1/3 < 1 and ¢ <1, we get,
1 2
[ (GIv —iwtarrop + Siopac) < o [ vl da,
o \2 2 {01 ¢(x)<1}
and )
1
[ (GI7 iAo + lavac) < o [ o da
o \2 2 {01 ¢(x)<1}
Thanks to the definitions of f and g, the two aforementioned inequalities yield the inequalities
in (6.15) and (6.16) with mg = 1/£. O

As a consequence of Theorem 6.3, we get an improvement of the bound given in Theorem 6.1.
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Proposition 6.4. Under the assumptions of Theorem 6.3, it holds,

ol < 0y 5

Combining the results in Propositions 4.1, 4.2 and 6.4, we obtain the improved estimates:

Proposition 6.5. Under the assumptions of Theorem 6.3 and Proposition 4.2, it holds,

C |k

1A —curlF|s < =4/ —=

|| cur cur HQ_H\/H7
K

A~ Fllorom < Coy/ .
Co [

1A =Fllcoam < 771/ 77 -

7. ENERGY LOWER BOUND

In this section, we will derive lower bounds of the following energy,
2
Eo(v), AsU) =/ (w —ikHA)[* = k¥ + *””2|w|4) dx, (7.1)
U

where U C R? is an open set such that U C Q.

Proposition 7.1. Let A > 0 and € : R — Ry such that lim ke(k) = oo and lim €(k) =0 . For
K—00 K—>00

a € (0,1), there exist positive constants C' and ko such that, for £ € (0,1), § € (0,1), a; €T,

D(aj, 0) C Q, zj € D(aj,{)NT, h € C*(D(a;,0)) a function satisfying ||kl < 1, (¥,A) a

critical point of the functional in (1.1), Kk > ko, and

e(k)r? < H < AK?,

the following holds:

H\'? H
6ol A3 Dla.0) = (1= 0)20 (9Bo(a)) 3 ) B (IVBaleplg )~
where
13
- 0(5/@2 +ot <z2a + 52H2£6> ) / |2 dz .
H D(a; )
Proof. Let aj = (A(aj) — F(a;)) - (z — a;). Thanks to Proposition 6.5, we have

C

A~ (F+Vay)| < ClIA = Flloagle - al® < 5

% ¢ in D(a;,0).  (72)

Notice that,
Eo(h1p, A; D(aj,0)) = E(hype ™% A — Vay; D(a;,0))
> (1= 6)& (hy e ™% F; D(a;, ()

-C <6n2/ h1/1!2da:+61ﬁ2H2/ A — (F+Vaj)\2!h¢!2dw>
D(aj 7£) D(aj 7£)

(7.3)
Using (7.2), we get,

. 3
Eo(hb, A: D(a;, 0)) > (1=6)E (h b e~ 1o F; D(a;, 0))—C (612 + 515 20 h|? dz .
J J H
D(a;,)
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Let
fj — hwemeajedey ,

where ¢; is defined in Proposition 4.3.
Notice that f; € Hi(D(aj,£)), || fillo <1 and, using (4.9),

Eo(hyp e "% F: D(a;, 0))
=& (f;,F — Vo;; D(aj,0))
> (1—- 5)50(fj, |VBo(xj)\Aapp7,,j (x — ay); D(aj,ﬁ)) -C (5/@2 + 571/€2H2E6) / ]ij2 dx .

D(aj,b)
(7.5)
We will use Theorem 3.11 to get a lower bound of the energy
&o(f5 IV Bo(;)| Aapp,, (z — a;); D(a;, 0)) .
Define
H

? .
Performing the translation x — z + a;, we get that
&0 (f3, IV Bo(w)| Aapp,, (x — aj); D(aj, 0)) = G(f;) = Egsx(k, L; £) . (7.7)

Here G is the functional in (3.36) and Egs . (k, L; £) is the ground state energy in (3.37).
Let
R=L"3kt.

Now, Theorems 3.11 and 3.8 applied successively tell us that
Eo(fj, IV Bo(2;)|Aappy; (x — aj); D(a;,£)) > egsaisc(v, Li R) > 2RE(L) = 2L 3k B(L).

Recall the definition of L in (7.6). We insert the aforementioned estimate into (7.7). In that
way, we infer from (7.5) and (7.4) the lower bound of Proposition 7.1. O

Proposition 7.2. For r > 0, h € C®(R?) satisfying ||hllec < 1, and (1, A) a critical point of
the functional in (1.1), the following lower bound holds,
Eo(hy,A; D(aj,r) N Q) > —mrr?. (7.8)

Proof. Notice that all terms in & (h ¥, A; D(aj,r)N Q) are positive except the integral of |hi|?.
Thus,

E(hy, A;D(aj,r)NQ) > —/-@2/ \h|? da .
QND(a;,r)
This finishes the proof of the proposition upon using [[ht)||cc < 1 and [[t]|ec < 1. O

Theorem 7.3. Let A > 0 and € : R — Ry such that lim ke(k) = oo and lim e(k) =0.

KR—r 00O KR— 00O
There exist kg > 0 and a function err : R — R such that the following is true:
(1) lim err(k) =0.
KR—00 .
(2) Let D C Q be a regular open set, h € C°(D), ||h|lo <1, (¢,A) a critical point of the
functional in (1.1), k > kg and €(rk)x% < H < Ak2.
(a) If H > k32, then,

H\Y? H K3
Eo(hp,A;D) > K (/FmD <|VB0(x)|K2> E <|VBO(1:)|K2> ds(a:)) + ﬁerr(ﬁ). (7.9)
(b) If H < K3/2, then,

13
Eo(hp, A; D) > K2 /Dg (":IBO(:U)O dx + ﬁerr(ﬂ). (7.10)
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Proof. Consider three parameters
ac (0,1), ¢€ (0,1), d€ (0,1),
and define the following sets,
Dy ={xeQ : dist(z,T) < 2v/al},
Dy ={z€Q : dist(z,T) > al}.

Let (x;) be a partition of unity satisfying

2 2
Yoxi=1, Y VP <Ca)h, suppx; CD; (Ge{1,2}).
j=1 j=1

It holds the following decomposition of the energy,
2
(s, A: D) > En(xaht, Ai D)+ Eolxahis, A D) = 3 [ [V o da.
j=1

The error terms are controlled using the pointwise bounds on ||, ||, |V x;|, and the conditions
on the support of x;. We obtain the following lower bound,

Eo(hp, A; D) > E(x1hp, A; D1) + Eo(x2htp, A; Do) — C(Val) ™! (7.11)
The formula in (7.11) is the key to compute a lower bound of the ground state energy Eqs(r, H)
as in Theorem 1.1. Loosely speaking, we will do the following:

e Estimate the energy & (x1h1, A; D1) using the limiting function E(-) (this is the energy
close to the set I') ;
e Estimate the energy &(x2h1, A; D) using the limiting function g(-) (this is the energy
which is ‘relatively’ away from T") .
Here we will need to split into the two regimes displayed in Theorem 1.1. In the regime
k3?2 < H < k2, estimating E(x1ht), A; D1) via the limiting function F(-) will produce small
errors. In the regime H < k%2, the errors will be large, so that the main contributions in (7.11)
will be captured through the term &Ey(x2ht), A; D2) via the function g(-). For the moment, we
can not explain this surprising behavior through intuitive/physical terms.

The regime H > x3/2,
In this regime, we shall see that E(x1h, A; Dy) is the leading term and Ey(x2ht), A; D2) is an
error term.

Lower bound of the term Ey(x1hv, A; Dy).
Consider a constant a € (0,1) and distinct points (a;) in I" such that,

Vi, 20—al<dist(aj,aj1) < 20— gg.
Choose the constant a sufficiently small so that

Dy ={zeQ : dist(2,T) < 2v/al} C | JD(a;,0).
J
Consider a partition of unity satisfying
C
2 . 2
Zj:fj =1in Dy, suppf; C D(a;,0), %:\ij\ < -

Notice that the support of each V f; is in D(a;,€) N D(ajt1,¢). Since the points (a;) are selected
in such a manner that dist(a;, aj+1) —2¢ = af, then the area of the domain D(a;,¢) N D(aj+1,¢)
is proportional to \/af x al = a\/a {>.
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The partition of unity (f;) allows us to decompose the energy as follows,

Eo(x1h, A; D) > Zgo(fj x1hy, A; Dy) — Z | 1V £l thT/)H;
j J

(7.12)

j
C
> E Eo(hjv,A;Dy) — —,
- Val

where h; = f; x1ht is supported in D N D(a;,?) .
If D(aj,£)NOSY # 0, then we can apply Proposition 7.2. Since I' M 0SQ is a finite set, then we get,

> &lhiv,A;Dy) > —Cr .
D(a;j,0)NIQAD
Let 6 € (0,1) be a constant. We select the parameter ¢ as follows,
(=6H'3, (7.13)

In that way, we obtain,

3 3
/¢ 1 22 K o
<hORESE Ja S

and

o(1) (k— 00). (7.14)

| %

Z Eo(hjv,A;Dy) >

D(a;,0)n0Q40
If D(aj,¢) C D¢, then hj =0 and
gO(h] ¢7A7D1) =0.

Now, if j € Z ={j : D(aj,¢) C Q and D(a;,¢) N D # (0}, then we can apply Proposition 7.1
and get,

1/3
Sy oA D) = (102w Y (9Bl ) B (195l )

jez jez
3
_c <5H2 + 6L (U?a + HQH%G)) / o da
H Q

where, for all j, z; is an arbitrary point in D(a;, £).
Thanks to Proposition 6.4 and the choice of £ in (7.13), we get further,

H\'? H
Sty v, AsDn) = (102w Y (I9Bu(e)ly ) B (1Bl )
jeT jeT

K3

e (5 + 52“1% H*2a/3) =.

Theorem 3.12 allows us to write,

|(|vgo<xj>‘g)”3 5 (1v80(a)1 )

IQQ

<C

<C% (7.15)

Consequently,

H\? H
> Eo(hj, AsDy) > 20k (|v30(xj)|m2> E <\v30(xj)|%2>
je€T jE€T

K3

—C (5 v 52%1% H*2a/3) =.
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Inserting this and (7.14) into (7.12), and using the fact that (v/af)™! < ’i;, we get,

a\? H
Eo(xih, A;Dy) > k) 20 (\VBO(%);,#) E <|v30(a;j)|f€2>

JET
3
_ 20—1 K 1r—2a/3\ K~
0(5+5 S H ) . (7.16)
Thanks to (7.15), the sum
H\3 H
S (1Bl ) B (9B ) (r.17

jE€T

is of order k2/H. Let n € (0,1). Select ¢y sufficiently small such that, for all £ € (0, /), the
arc-length measure of D(a;,¢) NI along I' satisfies,

2@—% < |D(a;,0)NT| < 2z+eg.

Thus, replacing 2¢ by |D(aj,¢) NT| in the sum in (7.17) produces an error of order n¢. Now,
select z; € D(a;, ) such that

[V Bo () E (meowg) = max [VBy()|'* E (!VBo(m)!g> .

aj,l

In that way, the sum in (7.17) satisfies,

o (mn2) " (1o )

e
JeET
H 1/3 I 2
> A K2 j ) - I .
> JGZ; </D<a,@>mp <|VBo(x])\ﬂ2> E (!VBo(xj)|K2> dx) Cnpr . (718)

Recall (7.15). Since the balls (D(a;,¢)) overlap in a region of length O(af), and the number of
these balls is inversely proportional to ¢, then

> ( L e (e 2) " # (1wmen ) da:)

JjET
H\'? H K
> Bo(z)| =) E(|VBo(z))|= | de — Ca .
- [ (rv o<x3>\ﬂg) (\v om)rﬁg) o Ca”

Inserting this into (7.18), then inserting the resulting inequality into (7.16), we get,

Eo(x1hy, A; Dy) > H/OD (\VBO(:I:)\Z> v E (]VBg(x)]Z) ds(x)

I

/€3

. 20—1 K 17-20/3 k-
C(a+5—|—5 o H +n)H. (7.19)

Recall that a > 0. Taking kK — oo, we get,

<\VBo<x>\f§)l/3 5 (1Bl ds<x>}

>—-Cla+6d+n).

liminfE {50(X1h1/1,A;D1) — ﬁ/

KR—00 /{/3 nD
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Taking n — 04, we obtain,

1/3
lim inf 22 {Eo(xmw,A;Dl) - H/ (\VBo(x)\g> E (yVBo(x)yg> ds(x)} > _C(a+5).

K—>—+00 /4;3 rnp
(7.20)
Lower bound of the term Ey(x2h, A; Da).
Since H > r%/2, the parameter ¢ defined in (7.13) satisfies,
. H2/3 K
(=H =622 s 2
H x ~H
Thanks to the exponential decay in Theorem 6.3, there holds,
3
2 2 K
K |V|*der < —
o<
and ;
Eo(x2hib, A; Dy) > —% o(1) (k= +00).
which implies
... H
Eg_il_g Eé’g(XQ}Mﬁ, A;Ds) >0. (7.21)

Inserting (7.21) and (7.20) into (7.11), we get,
1/3
(WBO(:C) H) E <|VB0(:U) H) ds(x)) > _Cla+9).

K——+00 K)3 rnbD ‘ ? | ?

liminfE (SO(hw,A;D) - K]/

Now, we take the limit (a,d) — (0,0) to obtain,

<|v30(x)‘i>1/3 E <\v30(x)\g> ds(:r)) > 0.

K—00 K nD

liminfﬁ3 (EO(hw,A;D) - /@/

Thus, we arrive at

3

Eo(hip, A; D) > m/ <|VBO(33)\Z>1/3 E <|v30(x)|g> ds(@)~"To(1).  (122)

rnD
This completes the proof of Theorem 7.3 in the case H > k3/2,
The regime H < x3/2.
In this regime, we shall see that Ey(x1ht, A; Dy) is an error term and E(x2h), A; Ds) is the
leading term.

Since H < k3/2, the parameter £ introduced in (7.13) satisfies

K
(< d—.
~ H
Consequently, we have,
3
Eo(x1ht, A; Dy) > —KQ/ Ixiho|? dz > Okl > —5%. (7.23)
Q

Unlike the regime H > x%/2, we can no more ignore the energy in {y/a¢ < dist(z,T) < ot
We introduce the two parameters,

m>1 and (€ (0,¢), (7.24)

and the domain,
U={z€D; : dist(z,I') > m% }. (7.25)
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Thanks to the exponential decay in Theorem 6.3, we get,

52/ 1|2 dx < Ce=2mmo ,13
U - H
and ,
Eo(xaht, A;U) > —Clem2mmo % (7.26)

Our next task is to determine a lower bound of the energy &(x2ht), A; Dy \ U). Consider for
¢ € (0,1) the lattice of squares (Qj ¢)r generated by the square

RS ¢ ¢
QC_(_§v§)X(_§,§).
Let
Joik ={k + Qr¢ CD2\U and QNN =0},
Tond,1 ={k k& o, QreN(D2\U)#0D and Qp NI =0},
Tond2 ={k + Qre C D2 \U and Q¢ NON#0}.

We have the obvious decomposition,

2
Eo(x2htp, A; Do\U) > Y Eo(xahth, A; Qr)+Y Y. Eolxahth, A; QucN(D2\U)). (7.27)

kETb1k J=1 k€Jbnd,;

Since I'M 0N is a finite set, then N = CardJynq,2 is bounded independently of k. Now, the terms
corresponding to k € Jyna,j are easily estimated as follows,

2

S Gl As Qe cN(D\D)) > —nz/ |2 de— Nk2¢? > —Cr2C. (7.28)

=1 k€Toma,; {dist(z,0T")<C¢

For all k, let x;, be the center of the square Qy ¢ and a; an arbitrary point in Qj . Repeating
the proof of Proposition 7.1, we get, for all £ € J and n € (0, 1),

Eo(xahth, A; Qr.¢) > (1 — )& (xahtp e  By(ag)Ao(z — x1); Q.c)
1 (K o
—C <7]/q;2 +n 1 <HC2 + HZH2<4>> ||1/}||%2(Qk,4) , (729)

where uy is a gauge function.
We select the parameter ¢ as follows

C=nH 2. (7.30)
Clearly, ¢ satisfies,
(<lSo <1, K<, HYC =n', (VwHBo(a)] 2 C\/wHVat 2 ns' '/,
Applying a scaling and a translation, we may use (3.51) and get,

1 —ikHu
=& (ehve *, Bo(ag)Ao(x — xp); Ok,
(¢v/~HBoan))” ( (o) Aol )i Qi)

H
. % Z|Bo(ag)|
> Mo <9 (%1Bo(ar)]) = Ccm*ﬂ3()|> ‘

We insert this into (7.29), sum over k € Jpx and use Proposition 6.4 to get,
3

> Gttt 4100 = ¢ 3 (o (LiBotanll) - £ ) - ©n o) -

K
ke Tpik kE€Tbix ¢

=
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The sum in the inequality above becomes a lower Riemann sum if for each k the point (ax) is
selected in Q¢ as follows,

|Bo(ar)| = max{|By(z)| : « € Qpe}-
Notice that Ay = Card Jip satisfies My x (2 = |Do \ U| as ¢ — 0 and
1Dy \ U| = |{v/at < dist(z,T) < m%}\ < Cm% .

Consequently, we have,

> Eolal As Qo) 2 62 [

kEToix D¢

3
E )

=

s (F1Bo@)l) do - m 45— (©n+o(1)

where
DC: U Qk7§CD2\U.
k€T
Since the function g is non-positive, then we get that,

H 3
> ol Ai Qo) = [ oY (H\Bom)\) dr = Cm & = (Cuto(1) 7

k€ Tbik D2\

H HY2 g3 K3
> 42 “IB T e
2 [ (B de - oot T2 - oo
(7.31)

We insert (7.31) and (7.28) into (7.27). Since g (£|By(z)|) = 0 in {|Bo(z)| > £} and H < K32,
it results the inequality,

, (k= 00). (7.32)

Su e

eabat, 45 0\0) 2 ¢ [ g (LiBu(o)l) do = (Co+ ot1)

Combining (7.32) and (7.26), we get

2 H —2mm, "{3 ’%3
Eo(x2h, A; Dy) > k g | —I|Bo(x)| | de — Ce O — —(Cn+o(l) —.
D K H H
Now, we insert this inequality and (7.23) into (7.11) to get,
2 H —2mm, ’%3
Eo(hp,A; D) > kK g ;|Bo($)\ dr —C(a+d+n+e 0+0(1))ﬁ'
D
By taking the successive limits,
liminf, lim , lim, lim, lim ,
K—»00 a—04 6—04+ n—04 m—00
we get
H 3
ealts, 450) = [ (i) as— o),
D K H
which finishes the proof of Theorem 7.3 in the regime H < x3/2. ]

We get by applying Theorem 7.3 with D = Q and h =1:
Corollary 7.4. Let A >0 and € : R — R such that le ke(k) =00 and lim e(k) =0.

K— 00
There exist kg > 0 and a function err : R — R such that the following is true:
(1) Hh_}ngo err(k) =0.

(2) Let k > Ko, e(k)k? < H < Ax? and (1, A) be a critical point of the functional in (1.1).
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(a) If H > k3/2, then,
1/3 3
o1, A) > K (/F <|v30(x)|g> E <]VB0(1:)|5;> ds(x)) (). (7.33)
(b) If H < k32, then,

H 3
Eo(Y,A) > I€2/ g <]Bo($)|> dx + K—err(/@). (7.34)
Q K H
We conclude this section with the
Proof of Theorem 1.1. We have just to combine the conclusions of Theorem 5.1 and Corollary 7.4.
O

8. LOCAL ENERGY ESTIMATES

8.1. Preliminaries. Let D C 2 be an open set with a smooth boundary such that 0D N T is a
finite set. Let pg € (0,1), p € (0, po) and

D,={xeQ : dist(z,D) < p}.
We select pg sufficiently small so that the boundary of 0D, is smooth.
Let hy € C°(D,) and hy € C*°(R?) be functions satisfying
C
0<hi <1, |Vhi|+|Vhe|<— inR?®, hy=1 inD,,andh+hj=1.
p
Notice that
supp ho C D°.
Let (¢, A) be a minimizer of (1.1). We will estimate the following energy

2
ot A D) = [ (IV = inHAWE — 210+ ol ) do.
D
Notice that we have the following decomposition of the energy
— C
Gl As2) 2 Ealhw A; Dy) + Eollat AD") = 5 [ ol d,
Q

Now we use the estimate in Proposition 6.4 and write,

C

E0(1, A3 ) 2 EnlIny, A Dy) +En(hat), AD) = 5 (8.1)

Recall that we deal with two separate regimes:
Regime I: k< H < k%/2;
Regime I1:  x%/%2 < H < k2.
We define the quantity Cy(k, H; D) as follows:

L (/Dmr <\v30(x)‘g>1/3 B <yv30(x)yg) ds(x)> in Regime I, o
52/Dg <I:|B0(m)|> da in Regime II.

Notice that, in Regimes I and II, the result of Theorem 1.1 reads as follows,

K3

Egs(k, H) = Co(k, H; Q) + Eo(l), (k — 00),
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8.2. Upper bound. The results in this section are valid under the assumption that (¢, A) is a
minimizer of the functional in (1.1).
We have & (1), A; Q) < Egg(k, H). Using [¢)| < 1 and the upper bound in Theorem 5.1, we get,

3
Eall A D) + Elhat, A T) < ol Hi )+ per() +
Using Theorem 7.3, we may write,

3
Eo(hay, A; DY) > Co(k, H; D°) + %GH‘(F&) .

As a consequence, we have,

K3 C
Eo(hi,A;D,) < Co(k,H; D) + ﬁerr(ri) + iR
Since h; = 1 in D, we get the simple decomposition of the energy,
Eo(Y, A; D) = Ey(h1yp, A; D,) — Eg(hatp, A; D, \ D).

Since ||h1]|s < 1 and the boundary of D, \ D is smooth, we get in light of Theorem 7.3,

3
Eo(h1tp, A; D, \ D) > Co(k, H; D, \ D) + %errp(n) .

In light of the upper bound in Theorem 3.12, we have,

‘</(DP\D)mr (‘VBO(x)‘/g)l/?’ E (’VBo(fU)!Z> ds(a:))

In the same vein, since g(b) is bounded and vanishes when b > 1, then,

[ o)
3

‘CO(H,H;DP\D)‘ < C%p,

2

K
<C—p.
< HP

SC/)%-

As a consequence, we get,

and
3

K C k
A:D) < H;D)+ — ==
£0(tb, A5 D) < Cols, H; D) + 7 (Co+ emmpl)) + 5
Sending k to infinity, we deduce that,
. H
limsup  {£0(, As D) — Cols, H; D)} < Cp.

KR—00

Next, we send p to 04 and get,
H
limsup — {& (¢, A; D) — Co(k, H; D)} < 0. (8.3)
k—oo K

Notice that the upper bound in (8.3) is valid for any open set D C €2 with smooth boundary. In
particular, it is true when D is replaced by D = Q\ D, i.e.

H —-_C -_C
limsup?{é’o(w,A;D ) — Co(k,H; D )} <0. (8.4)
K— 00
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8.3. Lower bound. We continue to assume that (), A) is a minimizer of the functional in (1.1).
We will give a lower bound of the energy £y(1, A; D). We plug the lower bound in Corollary 7.4
into the following simple decomposition of the energy,

Eo(t, A; D) + E(1b, A; D) = E(1, A; Q) .

In that way, we get,
3
Eo(v, A; D) > Co(k, H; Q) — E(v, A; D) + %err(ﬁ) .

Notice the following simple decomposition of the term on the right hand side,

3
€0(t, A: D) = Col, H: D) + rerr(x) — {&0(v, A; D) — Clw, H; D)}

Now we send x to co and using (8.4), we get,

lim inf % {E(1, A; D) — Co(k, H; D)} > 0. (8.5)

8.4. Conclusion for the local energy.
Combining (8.3) and (8.5), we get, in the two regimes we are considering, that the local energy
in D of a minimizer (i, A) satisfies,

S, A; D) = Cy(k,H; D) + I;_I30(/<e) ) (8.6)

where Cy(k, H; D) is introduced in (8.2).

9. PROOF OF THEOREM 1.6

The proof of (1) in Theorem 1.6 is a simple combination of the upper bound in Theorem 5.1
and the lower bound in Theorem 7.3 (used with D = Q).

The assertion (2) in Theorem 1.6 is the conclusion of Section 8.4.

The rest of the section is devoted to the proof of statement (3) in Theorem 1.6. This will
be done in three steps. Recall the definition of the quantity Co(x, H; D) in (8.2) and that we
work under the assumption on H described in Regimes I and II. It is sufficient to prove that the
following formula is true in Regimes I and II,

2
[ 1@t de = =2 Cali, 1D+ 1 0(1), (s 00).
where (¢, A) is a minimizer of the energy in (1.1).
Step 1: The case D = (.
A minimizer (¢, A) satisfies the Ginzburg-Landau equation in (4.1). Recall the useful identity
in (4.3),
K> 4
5 | W@ dr = Eo(y, As Q).

Q

Thanks to the formulas in Subsection 8.4 used with D = €, we observe that (8.6) yields,

/Q (@) do = —%co(ﬁ, H:0) + = o1), (9.1)

where the formula is valid in Regimes I and II.
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Step 2: Upper bound.
Let

Ezlfl/‘l,/% and Dy={zxe D : dist(z,0D) > (}.

Consider a cut-off function x, € C°(D) such that,

c .
Ixelloo <1, [[Vxell < 7 Xe=1inDg.

Multiplying both sides of the equation in (4.1) by x31 then integrating by parts and using the
estimate in Proposition 6.4 yield,

C
T =AYl = wexdul + wdlol!) do = [ [9xilloR e = 0( G ) = Fot).

Since 1 > X? > X?, this formula implies,

2 3
=5 [t de > &, A D) = o). (9.2

Using the bounds [|¢|l < 1 and |[¢[|2 < C/4; , the fact that y, is supported in D and x, = 1
in Dy, we get,

[ waitae= [ d@lv@ita+ [ 0@ d
- [ @@+ o(Viy )
= [ @@t e+ 5 o). 93)

Now, we infer from (9.2) and Theorem 7.3,

[ W@t d < - 6ot D) + 5 o(1). (9.4)
D K H

Step 3: Lower bound.

Notice that (9.4) is valid for any open domain D C Q with a smooth boundary, in particular,
it is valid when D is replaced by the complementary of D in €: D°. We have the simple
decomposition,

Yy = )|t dx — z)|* dx
/Dr¢<x>| dx—/QW )t /DCWJ( )4d
> [ @l de = SCo(s, H:D%) + 1 of1).

Using the asymptotics in (9.1) obtained in Step 1, we deduce that,

(1).

K
— 0

2
4 > .
/D|¢(x)| dr > ~ 5 Colw, H: D) +

Combining this lower bound and the upper bound in (9.4), we obtain the asymptotics announced
in the third assertion of Theorem 1.6.
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