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MARKOV-MODULATED INFINITE-SERVER QUEUES
DRIVEN BY A COMMON BACKGROUND PROCESS

MICHEL MANDJES®*, KOEN DE TURCK**

ABsTRACT. This paper studies a system with multiple infinite-server queues which are modulated by a com-
mon background process. If this background process, being modeled as a finite-state continuous-time Markov
chain, is in state j, then the arrival rate into the ¢-th queue is \; ;, whereas the service times of customers
present in this queue are exponentially distributed with mean f; Jl at each of the individual queues all cus-
tomers present are served in parallel (thus reflecting their infinite-server nature).

Three types of results are presented: in the first place (i) we derive differential equations for the probability
generating functions corresponding to the distributions of the transient and stationary numbers of customers
(jointly in all queues), then (ii) we set up recursions for the (joint) moments, and finally (iii) we establish a
central limit theorem in the asymptotic regime in which the arrival rates as well as the transition rates of the

background process are simultaneously growing large.
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1. INTRODUCTION

Markov-modulated queueing systems are resources at which customers arrive and depart, but with the spe-
cial feature that the corresponding interarrival times and service times depend on the state of an external
Markovian process, usually referred to as ‘background process’. In most studies, such a background process
is represented by a finite-state irreducible continuous-time Markov chain. Markov-modulated queues have
been studied intensively over the past, say, four decades, with a primary focus on developing techniques
to determine the underlying stationary distribution. For further background we refer to the monographs
by Asmussen [2, Ch. XI] and Neuts [15]; see also e.g. [9, 13, 16].

In the case of Markov-modulated single-server queues, in which the arrival rates and services rates do not
depend on the number of customers present (i.e., they are affected by the state of the background process
only), the stationary distribution of the number of costumers, jointly with the state of the background pro-
cess, is of matrix-geometric form. It is noted that this property can be considered a true matrix-counterpart

of the scalar M/M/1 queue (in which the stationary distribution has a scalar-geometric distribution).

The corresponding Markov-modulated infinite-server queue allows considerably less explicit results. In
[14] a system of partial (ordinary) differential equations is derived for the probability generating function
of the transient (stationary, respectively) number of customers in the system (jointly with the state of the
background process). These differential equations can then be exploited to set up a recursive procedure
which facilitates the computation of all moments. Importantly, the stationary number of customers does
not have some sort of ‘matrix Poisson distribution’, and in this sense the queue cannot be seen as a direct
generalization of its scalar-counterpart, the ordinary M/M/co queue.

When stochastic systems do not allow any explicit analysis, a common procedure to gain insight into the
system is to impose a particular parameter scaling, and to then consider the resulting asymptotic regime.
In a series of more recent articles [1, 4, 6] such an approach has been followed; in particular, by scaling the
arrival rates as well as the transition rates of the background process, it is shown that the (transient and
stationary) number of customers obeys a central limit theorem (crt). If the background process evolves
faster than the arrival process, the system essentially behaves as a scalar M/M/oo queue in diffusion scaling,
whereas in the opposite regime the resulting Gaussian process has a more refined structure, in which the

deviation matrix (associated with the background process) plays a crucial role.
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The key novelty of the present paper is that it considers a system with multiple Markov-modulated infinite-
server queues, which are driven by the same background process — this common background process is
denoted by J throughout this paper. The motivation behind studying this model lies in the fact that in
many practical situations individual queues react to the same ‘outer world’; one could for instance think
of a wireless network, in which users react to the same channel conditions, or a road traffic network in
which all drivers are affected by the same weather conditions.

More concretely, in this paper we study a queueing model in which the arrival rate of the i-th queue is
Ai,j if J is in state j, while the service times of all individual customers present in the i-th queue are
then exponentially distributed with mean ,u,;jl. At each of the queues all customers present are served in
parallel. To keep the notation light, we focus on the situation with i € {1,2}, but the analysis naturally
extends to any finite number of Markov-modulated infinite-server queues.

It is important to realize that for single-server models, this type of coupled models typically does not allow
any explicit analysis. This is primarily due to discontinuities that arise when (at least) one of the queues
is idle: when J is in state j, the service rate in queue i is y; j as long as the number of customers in
this queue, say k, is in {1,2...}, and 0 if & = 0. It is observed, however, that for their infinite-server
counterparts such discontinuity does not exist: the service rate k; ; applies to any k € {0,1,...}. As we
show in this paper, it is an immediate consequence of this fact that coupled Markov-modulated infinite-
server queues are essentially as complex as their non-coupled counterpart. It is noted that some related
results for Markov-modulated Ornstein-Uhlenbeck processes (driven by a common background process)
have recently been reported in [12]. In addition, related results on multiple queues driven by the same

underlying continuous-time Markov chain have been reported in [3].

We now detail the contributions of this paper. At a high level, the main objective is to extend the results
of [4, 14] for non-coupled Markov-modulated infinite-server queues to their coupled counterpart. More

specifically, the following three types of results are presented.

(i) In the first place we set up systems of differential equations for the probability generating function
of the (joint) distribution of the numbers of customers in both queues; these are partial differential
equations when considering the transient distribution, and ordinary differential equations for its
stationary counterpart. The results are in terms of systems of equations, as they cover the number

of customers present, jointly with the state of the background process.



4 MICHEL MANDJES® *, KOEN DE TURCK#*

(ii) In the second place we develop recursions for the (joint) moments, for both the transient and
stationary distribution. In addition, we give explicit expressions for means, variances, and covari-
ances, which turn out to simplify drastically in various particular limiting regimes.

(iii) We finally establish a cLT in the asymptotic regime in which a scaling is imposed on the arrival
rates as well as the transition rates of the background process .J. Importantly, following the ideas
presented in [4], the arrival rates are inflated by a factor NV whereas the transition rates of .J are
scaled as N/ for some f > 0;as N grows large, one ends up in different limiting regimes, depend-
ing on the value of f. For f > 1itis concluded that the resulting system behaves essentially as the
diffusion version of two independently operating M/M/co queues, while for f < 1 one obtains a

Gaussian process in which the effect of the common background process becomes explicitly visible.

As pointed out in detail in [4], the Markov-modulated infinite-server queue comes in two variants, in
this paper systematically referred to as Model 1 and Model 11. In the former model, the departure rates at
any point in time are determined by the current state of the background process; as a consequence, this
rate may (possibly multiply) change during a customer’s stay in the system. In the latter model, however,
the departure time is determined by the state of the background process that the customer sees upon
arrival (and can therefore be sampled the moment the customer enters the system). We provide a detailed
description of these two variants in Section 2.

The rest of the paper is organized as follows. Sections 3 and 4 characterize the probability generating
functions related to the (transient and stationary) numbers of customers at both queues, as well as corre-
sponding moments, for Model 1 and Model 11, respectively. Then these results are used to explicitly find,
for both models, variances and covariances in Sections 5 and 6. Central limit theorems (when imposing
particular scalings on the arrival rates and the transition rates of the background process) are established
in Sections 7 and 8. A numerical illustration is presented in Section 9. In Section 10 the paper is concluded

by a brief discussion of the applicability of the results, as well as an outlook.

2. MODEL AND PRELIMINARIES

We start this section by giving a detailed model description of the coupled system of Markov-modulated
infinite-server queues. A first component of this model is the so-called background process (J(t)):>0, which
is an irreducible, finite-state Markov process on a finite state space {1,...,d}. Let the corresponding

transition rates be given through the transition rate matrix ) = (qu)fl j=1; throughout, g;; > 0 for i # j,
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and ¢; == —q;; = >, i Gij- In addition, the (unique) invariant distribution is denoted by (the column
vector) 7. We adopt here and in the sequel the convention that we write vectors in bold fonts; vectors are
consistently understood as column vectors, unless stated otherwise.

In the setting studied in this paper we suppose that the process J(-) modulates two inifinite-server systems;
as mentioned in the introduction, all results can be straightforwardly extended to the case of three or
more queues, but for reasons of transparency we have chosen to leave this out. While J(-) is in state
j € {1,...,d}, the process that describes the number of jobs present in system i € {1, 2}, in this paper
denoted by (M;(t)):=0, locally behaves as an infinite-server queue fed by a Poisson process of rate J; ;,
while the service times of each of the customers present in the i-th system are exponentially distributed
with mean /QLZ-_Jl. For ease we let both systems start off empty: M;(0) = 0, for i = 1,2. Also, we let M;
denote the stationary version of M;(t).

As pointed out in the introduction, two variants are to be distinguished. They can be described as follows.

> In the first variant (in the sequel referred to as Model 1) all jobs present at a certain time instant
t are subject to a hazard rate determined by the state of background chain at time ¢, regardless of
when they arrived. In other words, when & customers are present in queue ¢ and J is in state j,
the infinitesimal transition rate corresponding to a customer leaving from this queue is £ky; ;.

>> Inthe second variant (to be referred to as Model 11) the service rate is determined by the background
state as seen by the job upon its arrival. This means that if there are k customers in queue ¢ that
have entered when J was in state j, the infinitesimal transition rate corresponding to one of these

customers leaving is ky; ;.

For notational convenience, we introduce the d X d matrices A(\;) := diag{A;} and A(p;) := diag{p;}.
In the sequel we frequently use the ‘time-average arrival rates’ and ‘time average departure rates’, being

defined by
d d

._ T n T
Nijoo 1= g TiNij =T Niy  Hioo 1= g Tifij = T [,
Jj=1 Jj=1

respectively. We let @ be the column vector corresponding to the initial distribution of the background

process: a; := P(J(0) = i) for i = 1,...,d; in addition, we denote P(t) := (pij(t))gszl, with p;;(t)

denoting the transient probabilities P(J(t) = j | J(0) = i) = (e%t),;.
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6
An important concept in this paper is the so-called deviation matrix, see e.g. [10] for more background.

Recall that the deviation matrix D = (Dij)z j—1 of the finite-state Markov J(-) is defined through

D, = /0 " oist) — m)dt,

or, in matrix notation, D = fooo (e®t — TI)dt, with IT := 17", The fundamental matrix F is given by

F := D + II. A number of standard identities play a role below, in particular QF = FQ = 1I — I

IIF = FII =1I,and F'1 = 1.

3. MODEL I: DISTRIBUTION AND MOMENTS

In this section we consider the stationary and transient distribution associated to Model 1, focusing on
setting up a system of differential equations for the corresponding probability generating functions, and

developing a recursion for all moments; for Model 11 similar computations are done in the next section.

3.1. Stationary behavior. Our objective is to find the steady-state distribution (py, ;)7%,_,, where each

Dy ¢ 1s a vector in RY, whose j-th entry is defined as

[pk,f]j = P(Ml = kvMQ = f, J = j)?

with j = 1,...,d. The vector-valued probability generating function (pgf) p(w, z) is given by, with
l,andj=1,...,d,

p(w,2)]; =E (lezM21{J:j}) = Z Z[pkvg]jwkzé.
k=0 ¢=0

w], |2] <

It is noted that in Model 1 the trivariate process (M (t), Ma(t), J(t))i=0 is a continuous-time Markov

chain, attaining values in N x N x {1,...,d}
To study py, s, we first define its transient counterpart through, for j = 1,...,d,

[P, (D)]j = P(Mi(t) = k, Ma(t) = £, J(t) = j)-
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As an immediate consequence of the Chapman-Kolmogorov equation, it follows that

0
pgﬁ(t) = Pro1(t) - A(A1)
+Pre—1(t) - AAX2) +Ppe(t) - (Q — A(A) — A(A2) — kA(py) — LA(1y))
(1) + Pry10(t) - (k+1)A(y) + Pgpsr () - (£ + 1)A(py)

for k, £ =0,1,... (where we put p_; ,(t) = py _;(t) = 0).
This identity is to be equated to 0 to obtain the stationary distribution (py, 4)7%_,; note that in this case
we need to set p_; ; = p, _; = 0. Now multiply the equation by w” 2" and sum over k and /, so as to

obtain, relying on standard properties of pgf's, the following differential equation for p(w, z):

wp(w, z) - A(X1) + zp(w, 2) - A(A2) + p(w, 2) - (Q — A(A1) — A(A2))

w2 A) (2 )5 - Alpg) = O

here we tacitly assumed that the pgfs are row vectors. The differential equation can be rewritten in the

following compact form.

Proposition 3.1. The pgfp(w, z) satisfies the differential equation
0 0
p(:2) Q-+ (= 1) (plw.) A — 52 A1) ) + (2 = 1) (pl.2) Al = 2 Alu)) =0T
Our next objective is to use the differential equation for the pgf to develop an algorithm for computing all
(joint) moments. It relies on the property that differentiating the pgf and inserting the argument ‘1’ yields
the so-called ‘factorial moments’.

It takes some elementary calculus to verify that, for any ‘sufficiently differentiable’ function ¢(-, -),

gkt 3k+£(p(w, Z) alﬁréflgp(w7 z)

 (w-1 —(w—1
kaﬁze(w Je(w,2) = (w—1) Owkozt tk Owk—19z¢

()

Define the (row-)vectors of the ‘mixed factorial moments’ by I';, , € R its j-th entry equals

[Trelj =B (M1)g (Ma)e - 1(5=j3) ,
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using the Pochhammer notation for the falling factorial, i.e.,
(N)g ::%:N(N—l)‘u(]\f—k—kl).
The next step is to combine Prop. 3.1 with (2). It is a matter of applying standard rules for pgf's to obtain
TpeQ = kT A(py) — kTp_10 A(A1) + (D0 A(pg) — €T 0—1 A(A2),

so that we have established the validity of the following iterative procedure.

Proposition 3.2. The factorial moments I'j, ; satisfy the recursion
Tre = (kTho10 A1) + o1 AX2)) (kA (1) + CA(1y) = Q)71

to be initialized withT'g o = T,

For & = 0 or £ = 0 this yields precisely the recursion found in O’Cinneide and Purdue [14] (covering the

case of a single Markov-modulated infinite-server queue).

3.2. Transient behavior. Where the previous subsection studied the stationary behavior of Model 1, we
now consider the corresponding transient behavior. As will turn out, the system of ordinary differen-
tial equations becomes a system of partial differential equations (as was of course to be expected). In
addition, each iteration in the recursion for the factorial moments now requires solving a system of non-
homogeneous linear differential equations.

We first focus on characterizing the pgf p(t, w, z), defined in the obvious way. In the same manner as
before, from the Chapman-Kolmogorov equation (1) we find the following system of partial differential

equations.

Proposition 3.3. The pgfp(t,w, z) satisfies the differential equation

p(t0.2) Q-+ = 1) (plt.0.2) A = 52 Auy))

# = 1) () A - P aGuy) ) = 22
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Let 'y, ¢(t) be the time-dependent counterpart of I'y, 4. It is a matter of straightforward calculus to obtain

that

Tre(t) @ — T o(t) = kTke(t) A(py) — KL j—1,0(8) A(X1) + LT pe(t) A(pg) — (T p-1(t) A(X2),

or, equivalently,

po(t) = Tpo(t) (Q — EA(py) — LA(pg)) + kTg—1,0(t) A(A1) + €T o1 (t) A(A2).

We thus conclude that for I'y_1 ,(t) and 'y, 41 (t) given, I';, 4(¢) can be determined by solving a non-
homogeneous system of linear differential equations; cf. [14, Thm. 3.2] for the case of a single Markov-
modulated infinite-server system. As a consequence, this provides us with a recursive scheme to evaluate

the transient factorial moments I'y, ¢(); recall that we assumed that M;(0) = 0 fori = 1, 2.

Proposition 3.4. The factorial moments Ty, ¢(t) satisfy the recursion

1B =Tro(t) (Q — kA(py) — LA(pg)) + kTw_10(t) A(A1) + (Tr o1 (t) A(X2), Tye(0)=07,
to be initialized with T o(t) = a® P(t).

4. MODEL II: DISTRIBUTION AND MOMENTS

As we did for Model 1 in the previous section, we now analyze the stationary and transient distributions
associated with Model 11, again by setting up differential equations for the probability generating functions,

as well as a recursive procedure that generates all moments.

4.1. Stationary behavior. First observe that for Model 11 the trivariate process (M (t), Ma(t), J(t))t=0
is not Markov, as for each customer one needs to know what state J was in when it arrived. This is why
we here use a description with a slightly more general state space: we keep track of the number of jobs
present of each type, where ‘type’ refers to the state of the background process as seen by the customer

upon arrival. To this end, we work with the d-dimensional stochastic process
M;(t) = (M;a(t),. ... Mia(t))e=0,

where the k-th entry of this vector denotes the number of customers of type k in the i-th system at time ¢,

for i = 1,2; the vector M; = (M, 1, ..., M;q) is its stationary counterpart. The transient total number
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of customers in queue i is (obviously) equal to M;(t) := an:l M; 1 (t), and the stationary total number

equal to M, := an:l M; .

The j-th entry of the pgf p(t, w, z) is defined by, for j = 1,...,

d
[p(t,w,z)]; =E <H whtm ) Z%Q’m(t)l{J(t)=j}> :

m=1
In addition, E,, is a matrix for which [E},],,,m = 1, and whose other entries are zero (or, in other words,
the matrix F,, equals diag{e,, }, where e, is the m-th unit vector, having a one on the m-th position and
zeros elsewhere); the multiplication p E,, thus results in a (row-)vector which leaves the m-th entry of the
row-vector p unchanged while the other entries become zero.
With the pgf p(w, z) defined in the obvious way, the system of differential equations for the stationary

case turns out to be the following.

Proposition 4.1. The pgfp(w, z) satisfies the differential equation

d
p(w,2)Q+ > (wn —1) ()\me(w, 2) By + ft1m ;5)

m

d
0
+ Z(zm —-1) <>\2,m p(w, 2) Ey + piom (921;) =0".

The proof of this proposition is straightforward, and follows the same lines as before: we consider the

generator of the Markov process, and transform the Chapman-Kolmogorov equation.

Also the corresponding moments can be computed as before. To this end, we first define the factorial
moments using the Pochhammer notation introduced earlier:

d

d
[Ck,el; :E(H (M1,m) ke, H (M2,m)e,, * 1= J}>
m=1

m=1
as well as the differential operator Z(k, €)[]:

gFittkatli++la

k1 d 12 éd
owy™ - Z?wd O0z' -0z

Q(k,f) [f(wv Z)] =

f(w, z).



MARKOV-MODULATED INFINITE-SERVER QUEUES DRIVEN BY A COMMON BACKGROUND PROCESS 11

Clearly, I'y, ¢ = 2(k, £)[p(1, 1)]. Now apply the operator Z(k, £) to the differential equation in Prop. 4.1.
Abbreviate di ¢ = dg o(w, 2) := Z(k, £)[p(w, z)]. We thus obtain

d
die@Q + Z ) M eEm + 11m e e) + Y km A mk—cyeEm + f1,md.e)
m=1
d d
+) (zm = 1) Aomr e Em + fiomdicrene) + Y b (Momiet—en, Bm + pamdie) =07
m=1 m=1

Now plugging in w = z = 1 yields the relation

d d
TreQ+ Y km AmTk—ep Bm + 11mThe) + > b M2 The—ey B + pizmTe) = 07
m=1

m=1

Define A; ;, 1= \i m diag{en, } and M, p, := p; 1. We obtain the following recursion.

Proposition 4.2. The factorial moments Ty, o satisfy the recursion

d d -1
Tpp= (Z FmTk—eqeAim + Y emrk,eemAg,m> (Z kM + Z M — Q) :

m=1 m=1 = m=1

to be initialized with'g g = L.

4.2. Transient behavior. We now shift our attention from the steady-state distribution to the corre-
sponding transient behavior. As in Model 1, the factorial moments can be found by a recursion, where in
each step a non-homogeneous system of linear differential equations needs to be solved.

The following differential equation has been derived in a similar way as the other differential equations

that we presented so far.

Proposition 4.3. The pgf p(t, w, z) satisfies the differential equation

d
0
p(t7w7 Z)Q + Z(wk - 1) <>\1,kp(t7 w, Z)Ek + ,u’l,kp>
— owy,
d op op
+sz—1 <)\2kp(th)Ek+ﬂ2k8 k) %

k=1
The moments can be in principle derived in the same way as for Model 1; it leads to a recursive scheme

of inhomogeneous linear differential equations. There is a more compact alternative though, based on
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a different system of differential equations. Precisely as is done in [6] for the case of a single Markov-

modulated infinite-server system, we can derive the following result. We define
Bt w,2)]; == E (w0220 | 1(0) = 5,
which is now assumed to be a column vector. Define
A(p;,t) = diag{e Fitt . e Hidl}
Proposition 4.4. The pgf p(t, w, z) satisfies the differential equation
op

Qi’(tawa Z) + (w - 1)A()‘1) A(“la t) ﬁ(t,w, Z) + (Z - 1)A(}‘2) A(u27t) f)(t,w, Z) = a

Observe that this system of differential equations just implicitly provides us with information about the

stationary behavior, as sending t — oo yields 0 = 0.

The column vector I'y, 4(¢) is defined as
[Cre(t)]j = E (M (£)r (Ma(t)) | J(0) = j) -

It takes a basic computation to verify the following recursion.

Proposition 4.5. The factorial moments I'y, ;(t) satisfy the recursion
T (1) = QT e(t) + kA Ay, Tk 1,0(8) + LAN2) Ao, )T g1 (1),  Th(0) =07,

to be initialized with T o(t) = 17T.

5. MODEL I: EXPLICIT CALCULATION OF MEAN, VARIANCE, AND COVARIANCE

In this section we further analyze the mean and variance of the (transient and stationary) numbers of
customers in both infinite-server queues, as well as the covariance between them.
According to Prop. 3.4, the mean of Mj,(¢) can be found by solving a non-homogeneous linear differential

equation. With (row vector!)

my(t) == (BE(Mp()1g50=13): - - - E(Mp () 1ist)=ay)) »
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we are to solve
mi,(t) = m(t) (Q — Amy)) +a” P(t) A(Ag).

This can be done by standard techniques; we do not include the explicit expression here. It is noted that
we evidently have that EM(t) = my(t)1. Using the resulting expression for the my(t), we can also

identify, again using Prop. 3.4, Var M} (t) and Cov (M (t), Ma(t)).

Stationarity. The expressions drastically simplify in stationarity. It is readily checked from Prop. 3.2 that,

in accordance with the results of [14], for k = 1, 2,
EMy = " A (A(py) — Q)71

whereas

EMy,(My — 1) = 27 A (A(py) — Q)T AN (2A (k) — Q)71

The covariance Cov (M1, Ms) = EM; My — EM; EM; between the stationary number of jobs in both

systems can be easily computed, too; realize that

EMi My = 7" (AA2)(A(pa) — Q) AN + A (A(ky) — Q)T A(A)) X

(A(py) + Apg) — Q)1

The formula for Cov (M;, M>) further simplifies if A(p;) = m;I (that is, for each of the two infinite-
server queues there are uniform departure rates). To this end, define the entries of the exponentially

~v-weighted (for v > 0) deviation matrix [10, Section 4] by
D)= [ e i)~ ),
and let D;;(v) := D;;(7y) + m;/7. Integration by parts yields, for v > 0,
QD(y) = /000 QP(v)e "dv = /000 P'(v)e ™ "Wdv = —1 + /000 yP(v)e "dv = —I +~yD(v).
As a consequence, —(Q — yI)D(v) = I, so that (m;I — Q)~" = —D(m;). In addition, for any o,

(af — Q)1 = 1 i iQil "
= at a
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It is now concluded that

Cov (My, M) — —mlimwT (A D(ma) A(AL) + A(A)D(my)A(A)) 1

B <7TTA(}\1)1> <’7TTA()\2)1> _

mi m2

It requires elementary algebra to verify that this expression equals

7T (A(X2)D(ma)A(A1) + A(A1)D(m1)A(A2)) 1.
mi + mg

(3) COV (Ml,MQ) =

Time scalings. Under a specific parameter scaling the expressions for the transient mean and variance
can be computed in closed form. We include these computations, as they directly relate to those that we
use later when establishing central limit theorems.

We focus on the regime in which we speed up the background process by a factor N7 (for some f > 0),
meaning that we replace Q by N/Q, and at the same time the arrival rates by N, meaning that we replace
A; by N; fori = 1, 2. In this context, we write M, ]EN) (t) rather than Mj(t) to reflect the dependence on

N;; the background process becomes .J(V)(-). Below we work with

[y, @)]; = HE <MI£N) <t)1{J(N)<t):j}> -

Postmultiply the equation by the fundamental matrix F' and N7, so as to obtain

mM () = m™M o1 — (m™MYOFNT —m™ () A(u,) FN ™ + a"P(NTt)A(A) FN
(V) (V)

Iterate this relation once, and realize that due to IT = 17" it follows that m, ' (¢)Il = m, ’(t) 7" for

some (single-dimensional) function m,(CN) (). We thus obtain

M"Y (O "™N = =M ()7 A(u) PN~ + aT P(NTt) A FN ™ + o(N~),
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where it is also used that IIF' = II. Now postmultiply by 1N/, recalling that F'1 = 1, and observing that

aTP(N/t) — ©T, we arrive when sending N — oo at the differential equation

m;::(t) = —mk(t)ﬂk,oo + )‘k,ooa

with my (t) defined as limpy o0 m,(gN) (t). This trivial differential equation is evidently solved by my(t) =

()\k,oo/uk,oo) (1-— e_”kth). We conclude that

(N)
EM t Ak.oo
lim —& 2 ®) = Q(kl)(t) = Choo (1 — e Hhiooty,

n—00 Bk oo

Essentially the same procedure can be followed to determine the asymptotics of the variances and covari-
ances related to the M ](<N) (t). After considerable algebra (which is left out here), it eventually turns out

that, with 5 := max{1/2,1 — f/2},as N — oo,

1 Var M (1) Cov (MM (1), MM (1))

— — x0(),
N2\ Cov (™), MM (1)) var M{M (1)

with the covariance matrix ¥ (¢) to be defined in (8). From the form of (U)(#), as given in (8), we observe

that the system behaves crucially different for f > 1 and f < 1:

> For f > 1, we have = %: the variances grow essentially linearly, but the covariance sublinearly.
This reflects that, when the background process jumps at a faster timescale than the arrival pro-
cesses, the individual queues roughly behave as two independent M/M/oo systems. It suggests that
in the cLT we have to normalize by the usual V/N.

D> For f < 1, on the other hand, all entries of the covariance matrix grow like N 2=/ that is, super-
linearly. As a consequence, in this scaling the two queues behave dependently, and in the cLT a

normalization by N1~//2 is anticipated.

In the next section it is shown that the variances and covariances in Model 11 have the same qualitative
behavior. It is this dichotomy that plays an important role in the central limit theorems that we derive

later in this paper.
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6. MODEL II: EXPLICIT CALCULATION OF MEAN, VARIANCE, AND COVARIANCE

For Model 11, the mean and variance of the numbers of customers have been explicitly found in [6]. In this
section, we show that, with computations resembling those featuring in [6], one can also find the covari-
ance between the numbers of jobs present in both systems. The underlying type of reasoning heavily relies
on the representation of the number of customers present as a Poisson random variable with stochastic
parameter, as observed in [11]. The reasoning behind it, however, provides intuition as to why deviation
matrices appear in variances and covariances under certain scalings, and that is why we have chosen to

include these computations here.

For ease we assume the background process starts off in equilibrium at time 0, but it can be verified that

this is not necessary. In [6] it was observed that, with J = (J(s) : s € [0, ]),

t
EORO|T) = [ Me 0
0

In line with what was found in [6], the mean EMj(t) is therefore given by, for k = 1, 2,

d
Ak
o0(t) = EMy(t) = Y mi o

1 — e HBkil)
i1 Mlm( ¢ )

Now focus on the evaluation of Cov (M (t), M2(t)). The law of total covariance entails that
Cov (My(t), Ma(t)) = E(Cov ((Mi(t), Ma(t)) | J)) + Cov (E(Mi(t) [ J), E(M2(t) [ J)).

The first of these terms cancels: given the path of .J, there is no systematic effect of the M;(¢) on each

other. Plugging in expressions we found earlier for E(M;(t) | J), the second term equals

t t
Cov ( / A g(sye @ ds, / AQ,J<S>6‘“2»J<S>“‘S>ds),
0 0

which can be rewritten as

t ot
/ / Cov (Al,J(r)e_“le(">(t_T), AQ’J(s)e_“QvJ(”(t_S)) drds.
0 JO
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Now we split the double integral into the cases r < s and r > s. The contribution of the first of these two

cases is

/ / ZZ)\leQ]@ pai(t= T)e p2,5(t=s) Cov (1{]() 1}’1{J(s) J}) drds

i=1 j=1
t s d
/ / Z D Auidg e a2 (pyy (s — r) — mj) dr ds.
0 i=1 j=1
Using elementary algebra (put v := s — r and interchange the order of the integrals), we find that this
equals
d

A1 t
(4) Z Z LiNA2,j / (e*m,iv _ e*(u1,i+u2,j)t+u2,jv> i (pij (v) — ;) dv.

=1 j=1 M1+ p2,5

It is verified that the contribution due the other case (r > s, that is) equals (4), but with the roles of the
two processes interchanged. We thus end up with the following result:

d d i t

— 1,i72,5 —p1,4v —(p1,itpe, )tz v\ o )
Cov (M1(t), Ma(t)) = /(e P10 o7 \HLiTH2,j vﬂ>7rp v) — ;) dv
(o) ) = 33 e i(0) = )
= j_
d

Ajrei (!
I Z Z 1,77\2 / <€7u2’jv _ e*(#2,j+ﬂ1,i)t+u17jv> T (p”(’l)) — 7Tj) d'U,

=1 j= 1,ul,j + po;

which simplifies to

d d PN t
PP B / (e7rmev = emlmsrmma)thinsv) (m, (pys (v) = m5) + ) (pi(v) — m)) do.

=1 j= 1#11"’#2,]

As mentioned above, in [6] an expression for the variance of the transient distribution was already estab-
lished: relying on the law of total variance it is found that, for k = 1, 2,

d
)\kz)‘k ! — —2up s .
Var M, +2§ j§ AL / e MgV — T ARGV 1 (s (v) — ;) dw.
k(1) e lﬂk1+ﬂk,] ( ) (pj( ) J)

As we did in the previous section, we now consider a few special cases that provide us with interesting
insights. In the first special case we let ¢t grow large, while in the second special case we scale the arrival

rates and the transition rates of the background process in a particular manner.
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Stationarity. In stationarity we obtain

d

d
AliAej i —p2,jv
Cov (M1, M) = Z Z et M;] / (e HL,i% s (pz-j(v) — 7Tj) 4 e M2 mj (pji(U) — 7Tz)) dwv.
=1 j=1 7

Recalling the definition of the y-weighted deviation matrix, we obtain the appealing expression

d d
A1iA2
Cov (M, My) =Y N 220 (1D (i) + 3 Djilpa )
i=1 j= 1”11‘}'#2
whereas, for k = 1, 2,

VoM = 3 om0 3y M
ar My — v Kk, j
i:lz i=1 j= 1/““—1—/% !

It takes a short, direct computation to verify that the expression for Cov (M7, Ms) coincides with (3) in

case A(p;) = myl.

Time scalings. We again consider the regime in which we speed up the background process by a factor
N/ (for some f > 0), meaning that we replace QQ by N/(Q, and the arrival rates by N, meaning that we
replace A; by N, for i = 1, 2; as before, we write M. ,gN) (t) rather than My (¢). It is readily verified that,

with D := D(0) the (ordinary, non-weighted) deviation matrix, for k = 1, 2,
Var MIEN) (t) := Nggl)(t) + N2_fvgl)(t),

with g (t) as before, and

5) Ugl)(t) - 2i i RN ( e—(uk,iwk,j)t) Dy,
whereas the covariance equals

Cov (M (8), ME™(£)) = N>~ (1)
with

> 214254 . (1 - ef(ul’ﬁm’j)t) (miDij + 7 Dji) -
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Just like we have seen in Model 1, for f > 1 the variances grow linearly, while the covariance behaves
sublinearly. As a consequence the two processes effectively decouple; it is therefore expected that in the
cLT we need to normalize by the usual V/N. For f < 1, on the contrary, the entire covariance matrix
behaves as N2~/ so that it is anticipated that in the cLT we have to scale by N*~//2. In the next sections

we study cLT results for both models.

7. MODEL I: CENTRAL LIMIT THEOREM

In this and the next section, our aim is to derive a cLT under the scaling of the transition rate matrix and
arrival rates that we have considered earlier in this paper, that is, QQ — N f Q, A; — NA,;. As before, we
add the superscript V) to the random variables M;(t) and M;, to express the dependence of these objects
on the scaling.

In principle, we could analyze cLT s for all four variants discussed earlier in this paper: Model 1 and 11, and
stationary and transient regimes. Such an analysis, however, by and large follows the approach carried out
in [4] for the case of a single (non-coupled, that is) infinite-server system with Markov-modulated input,
and also the results strongly resemble those presented in [4]. To prove the cLTss, in [4] the ‘single-system
counterparts’ of Props. 3.1, 3.3, 4.1, and 4.3 are intensively relied on.

Motivated by the above considerations, we present in this section and the next section the full analyses

for just the transient cases of both models. More precisely, the contents of these sections is:

e In this section we treat Model 1 with a derivation that mimics the one used to analyze the single-
system counterpart in [4]; as it turns out, the stationary result follows directly from the transient
result.

e The next section gives a detailed analysis of the transient of Model 11, but relies on the charac-
terization of the pgf featuring in Prop. 4.4, instead of the one appearing in Prop. 4.3; this means
that the type of argumentation used now has not been presented in [4]. The choice of relying on
Prop. 4.4, instead of Prop. 4.3, has the advantage that we have to deal with a system of ordinary
differential equations (with respect to time), rather than a system of partial differential equations,
which makes the analysis slightly easier. Formally, the crT for the stationary number of jobs in
the system for Model 11 does not follow directly from the transient result; it is pointed out how the

stationary result should be rigorously derived (and this stationary result is also stated).
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The procedure, as followed in this and the next section, can be summarized as follows. In the crTs it
is established that a centered and scaled (or: normalized) version of (MI(N) (1), MQ(N) (t)) converges to a
bivariate Normally distributed random variable. The first step is to use the systems of (partial) differential
equations, as presented in Section 3 and 4, that relate to the non-centered and non-scaled model, to set
up the corresponding differential equations for the centered and scaled model, under the scaling under
consideration. Then Taylor approximations are used to study their behavior for large N. The resulting
(single-dimensional) differential equation can be solved, and yields the claimed Normality. After having
established the claim for the transient distribution, we can also identify its stationary counterpart.

Importantly, the cLT s featuring in this and the next section are non-standard in the sense that the nor-
malization imposed is not necessarily the ‘classical’ VN scaling: if f > 1 then we should indeed use VN ,

but if f < 1 we have to scale by N'~//2, as indicated earlier.

> Model 1, transient case. In the cLT setting it is more convenient to work with moment generating
functions (mgf's) rather than probability generating functions. For that reason introduce the bivariate mgf
p(t,9), with 9 = (91,92)T. It is an elementary exercise that the partial differential equation in Prop. 3.3

translates into

) ] i
p(t,9)Q + ; <<e’9j — Dp(t,9) A(Ny) — (1 - eﬂ”apgéﬂw“ f'>> N ap(attﬂ)

The scaling amounts to replacing Q by N/Q and A(X;) by NA(A;); to stress the dependence of the mgf

on the scaling parameter N we write p{™V) (¢, 9) rather than p(t,9).

ecall that o’ = 0 - — e Fieot) with 07 1= Aj o/ hjc0, and consider the random variable, wit
Recall that o (t) = o - (1 — e #3et) with o := Xj o /J1j,00, and consider the rand iable, with

B :=max{1/2,1 — f/2},

- " (MfN’ (t) - Ng?”(t)) 0, (Mém (t) - Ngg%))

N8 NB
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with mgf ¢V (t,9) (jointly with the event JN)(t) = i, fori = 1,...,d, so that g™ (¢,9) is a d-

dimensional row vector). It is readily verified that

g™ (¢, opM (¢, 9/ NP 2 i
a,ﬁ ) - (8,5 N exp =" 0;00) | = g™ E NS 0;(6) (1),
J=1 j=1
ag™(t,9) 0PN (¢, 9/N?) S )
-~ \»¥) _ NP ’ _ e —a™ (. N84
9, g0 oXP ;% (1) ] — g™t 9N (1)

We thus arrive at, suppressing the arguments of g(\) (t,9),

(N)
(N ("N = 1) g™ Ay = (1= ) (Nﬁagﬁ, + Ng<N>g§-‘><t>> A(uy))
; J

Jj=1

9™ s vy~ o N NS
= W‘FN g Zﬂj(gj)(t)_g QN".

j=1
Now replace the exponential functions by the first two terms of their Taylor expansions, and postmultiply

with F, to obtain

(V) 2
g™ = g N—fa%t F— N8 E S 9,0 (1)
j=1
2 19 2
—f v J (N)
+N Zl<N<Nﬁ+2N26>g A(N))
j:

9 92 3g(N) N O 1—f_9
- (zvjﬂ_ 2Nj2ﬂ> (NﬁaﬁjJrNg( Lo (t) | Alpy) | F+o(N'172P),

Now the next steps (which resemble those that will be used when analyzing the cLT for Model 11) are: first
we iterate this equation, and then postmultiply by 1 - N7, leading to four relevant terms, viz. of orders 1,
N8 N2-F=28 and N1=28_ Let h("V) denote g(N)l, so that g(N)H = hY) . 7T The term of order 1 is
(useeg. F1=1)

W) 2 ™)
~ Oh 5 Oh

- I aq. Moo
o = o,

The term of order N1—7 cancels, due to

o™1I (A(Aj)l 1. (ggl))/(t) — A(p))F1- le)(t)> — pM) ()\j7Oo _ (le))/(t) — Q(I)(t)ﬂj,oo) =0.

J
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The term of order N2~7~28 has the form h(N) (¢, 9) - k(t, 1), with

where A;(t) := —(g;l))’(t)l +A(N)) — ggl)(t)A(p,j). A simplification can be made: using e.g. F' = II+ D

and w#tD = 07, it is straightforward to conclude that
2 2
E(t,9) :==" | Y 0;B;(t) | D[ > 9;B;(t) | 1,
j=1 j=1
where Bj(t) := A(Aj) — QE-I)(t)A(uj). Finally, the term of order N'=2% equals h(N) (¢, ) - £(t,9), with

2
1
{(t,9) = ZﬂiAj,oo <1 - 26_#j’°°t> .
7j=1

We obtain the limiting partial differential equation (as N — 00)

Oh(t.9) | 22: 5 Oh(t,9)

ot J 819] Hj,00

= h(t,9) - (k(t,9)1p<ry + (D) 21y) -
j=1

Now two cases need to be distinguished: f > 1 and f < 1 (with f = 1 corresponding to a boundary case

that needs to be handled separately).

> Now try for f < 1 the solution h4 (t,9) = exp(ﬁ%v?(t)ﬂ + 91092eD (1) + 19%9(15)/2). After

straightforward calculus we obtain that, for k = 1, 2,

t
vg)(t) = 2nt (/ e 2k =5) By (6) DBy (s) ds> 1,
0

D) = =T ( /0 te—wl’oowm)(t—s) (B1(s)DBs(s) + Ba(s)DBy(s)) ds> 1.

> The case f > 1 is solved analogously (and obviously does not have a cross term):

hote) = oxn (5 (D00 + of0193) ).

> In case f = 1, it is seen that both terms should be taken into account; we thus find h(t) =

ho(t) + hy (t).
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Define
i ) i
vy’ (t)  cV(t) oy (t) 0

(8) SO0y = ) L+ | D Lirz1y-
() vP(t) 0 o)

Theorem 7.1. Consider Model 1. For anyt > 0, the random variable

M) - NP(t) MM (1) — No(1)
NB ’ NB

converges to a bivariate Normal distribution with mean 0 and covariance matrix ¥V (t) as N — oo.

> Model 1, stationary case. Recall Qg) = limy oo Q(kl)(t) = Ak.oo/Itk,00- In addition, we introduce the

notation X0 := lim;_,,, ©D(#); it takes a bit of calculus to verify that

I I
0. Ug) o 1 Q(l) 0 1
T (I) o {f<1} + 0 {f>1}>
cV vy 0 o0y

with B := A(Aj) — Q;-I)A(p,j) and, for k = 1, 2,

1 1
o= —— x"BDB1, W=

——— 7" (B1DBy + BaDBy) 1.
Mk 00 H1,00 T 12,00

The following result is shown just like Thm. 7.1, ignoring in the proof the partial derivative with respect

to time.

Theorem 7.2. Consider Model 1. The random variable

(1l

NB ’ NB

converges to a bivariate Normal distribution with mean 0 and covariance matrix ¥V as N — oo.

8. MODEL II: CENTRAL LIMIT THEOREM

In this section the cLTs for Model 11 are established. The first subsection treats the transient case, and
relies on the system of (ordinary) differential equations presented in Prop. 4.4. In the second subsection it

is pointed out how the corresponding stationary cLT can be found.
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> Model 11, transient case. To derive the cLT, we are to analyze the limiting behavior (N — o0) of the

random variable, with again /5 := max{1/2,1 — f/2},

o) o (M0 - NP (M5 0) - N ()
1 NB 2 NB )
conditional on the background process starting in state ¢ € {1, ..., d}. This random variable has moment

the generating function (being a d-dimensional column vector — the values of 1J; and 15 are held fixed

throughout this derivation, and therefore suppressed)
d™Mt) =p (t, /N 6192/1\/6) exp (—Nl’ﬁﬁlg(lm(t) _ ngﬁwgl)(t)) :
here the pgf p is the one featuring in Prop. 4.4. A straightforward application of the chain rule yields
Aoy = (L (1 P NP go2/NP CN1By @y A=A (D
9 (t) = <dt D (t, e L€ )) exp ( N7P910,7(t) — NP0y (t))
= (NP0 (1) + NP0 (1)) g (1),

Define

- . — t — t
Ajﬂj = dlag {/\j716 i sy )\jde Hj.d } .

Now take the differential equation for the pgf from Prop. 4.4, apply the scaling introduced above, and

rewrite the resulting equation in terms of the moment generating function g) (t), to obtain

d

- — g

NTQg™M(t) +

2
=

(NN = 1)as0 = NP0, () ™0
1

Let D be the deviation matrix introduced earlier, and F' the corresponding fundamental matrix, defined
through F := D + II, with IT := 17T Now premultiply the above differential equation by N~/ F; recall

the standard property of the fundamental matrix [10] that F'() = QF = Il — I. In addition, we define

._ . —_ . t — . t
Ajﬂf = dlag {/\j716 .1 sy )\jde Hj.d } .
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Using a Taylor expansion, the resulting differential equation can be rewritten as

2
g™ty = g™ () + N'"IPR (Y, (Aj,t—(egl))’(t)) g™ ()

j=1
+N'-f=28p ngﬁ g(N)(t)—N_fF&g(N)(t)+0(N1_f_25).
j=1
Iterating this relation, we obtain
2
g™ (1) = g™ @)+ N TR 305 (85— (@Y (0) | mgM(e)
j=1
2 2
a0)  +NRBE (S (A= @) | F {305 (85— @) | 90)
i=1 i=1
2 192
+N'-/=28p Z?”Aj,t 11g™(t)

=1

~-NTFII %g(m (t) + o(N272=28) 4 o(N1=/=28),

It is noticed that this relation remains valid with g() () is replaced by IIg(™)(¢) in the term (10); this is
seen when iterating the relation once more. Premultiply the resulting relation with 1711 - N/ = #T N/,

Observing that immediately from the definition of an)(t)

17IIF (AM . (gg.m)'(t)) =11 (AM - (gg.m)'(t)) 17 =0,

using I1F' = F1II = II (see e.g. [10]), we thus obtain

2 2
0 = N*2aT (S0 (A= @Y ®) | F {05 (A5 - (@Y 0) | 1g™ )
Jj=1 j=1
+ NN éAj,t g™ ) — w* ag(N) (t) + o(N?~T=20) 4 o(N128),
j=1

Now remark that IIg(")(¢) can be written as 17w Tg)(t) = 1h(M)(t) for a scalar moment generating
function h(V)(t). We now compute h(t), defined as limy_,o, hV)(t). Again two cases need to be dis-
tinguished: f > 1 and f < 1 (with, as before, f = 1 being a boundary case that needs to be handled

separately).
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> Iff <1l thenf=1-—f/2>1/2. As N — 00, the above equation becomes
2 2
(D205 (A= @Y ®) | F D005 (80— (@) | 10 =1 (1),
j=1

=1

It is readily verified that, using F' = D + II and the definitions of ng(t) and Aj, fori,j = 1,2,

7 (A~ (@Y 0) F (85— (7Y (0) 1

= 7w AL FA;L— (QEH))/(t) : (Qg'n))/(t) =7 Ay DA,

Recalling the definitions of ’Ugl)(t) and ¢V (t) from (5) and (6), respectively, and taking into account
the obvious boundary conditions, it is now verified that the above differential equation is solved
by
h_(t) := exp @ (vgm(t)ﬂ% + 240 ()91 095 + vgl)(t)ﬁ§)> .
> If f > 1, then 8 = 1/2, and we obtain

2 ,192
T’ ZEJAM 1-h(t) =K ().
j=1

Imposing the appropriate boundary conditions, it is elementary to check that this differential equa-

tion is solved by

1
nete) = oxp (5 (800008 + P022) ).
> In case f = 1, both terms contribute, leading to h(t) = h_(t) + h(t).
Define
i oP(t) () )0
Yt = o Lipcay + (11) {r>13
() o (t) 0 )

We have proven the following result.

Theorem 8.1. Consider Model 1. For any t > 0, the random variable

MM () = Na®(t) MM (1) — Nos®(2)
NGB ’ NB

converges to a bivariate Normal distribution with mean 0 and covariance matrix X (t) as N — ooc.
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> Model 11, stationary case. As could be anticipated on the basis of Thm. 8.1, the cLT for the stationary

case is as follows. Define

. v 01
M .= lim W) = ! 1 + 1 ,
=00 ®) ) Uéﬂ) {r<1} 0 Q(QH) {f>1}
with
O .ZQZd:Zd: MiMeg Zd:Z Aide (m:Dsj + 7:D;0)
R =t e Lt pgy T

Theorem 8.2. Consider Model 11. The random variable

(1o et
N

B ’ NB
converges to a bivariate Normal distribution with mean 0 and covariance matrix XW as N — oo.

It is important to notice that this result does not follow directly from Thm. 8.1, as that would involve
interchanging the limits ¢ — oo and N — oo, for which a formal justification is lacking. The way to
rigorously prove this result is analogous to the corresponding result for the single-system case in [4], viz.

using the differential equations featuring in Prop. 4.1. We omit the full derivation of this result.

9. NUMERICAL ILLUSTRATION

As a numerical illustration of the dichotomy, we plot for Model I the variance and covariance of the system
contents; these are computed using the results from Section 3. The numerics correspond to the stationary
numbers of jobs in the system, imposing the scaling studied in detail in Section 7, i.e., M I(N) and MQ(N), in
the regime N — oo.

In the experiment the background Markov chain has two states, with transition rates g;2 = 2 and g21 = 3.

The (unscaled) arrival and departure rates are as follows:
M=, X=[2 m=[5 =051

As is directly seen from the graphs, using the scaling X; — N, fori = 1,2, and Q — N/Q, we indeed
observe an intrinsically different limit behavior for f < 1 and f > 1. The (normalized) variance peaks
at f = 1, in line with the ‘spike’ that the limiting variance has at f = 1; see Thm. 7.2. The covariance is

negative for f < 1 and vanishes for f > 1 (as N — o0), as desired.
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10. DISCUSSION AND CONCLUDING REMARKS

This paper has extended the results of [4, 14] to the situation of multiple Markov-modulated infinite-

server queues driven by a common background process. These results concern the probability generating

0.00
—0.02}
—0.04} ---- N=100
E — N=10000
; —0.06}
= 008}
>
o
3
5 —0.107
|
=
—0.12}
—0.14}
—0165 0.5 1.0 15 2.0
f
N N
™) and m{™).

FIGURE 2. The scaled covariance between M;
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function for the transient and stationary distributions, recursive procedures to generate the corresponding

moments, and central limit theorems under a specific scaling.

The model that we analyzed has the potential to be applied in a wide variety of settings. For instance in the
context of mathematical finance, a key problem concerns the composition of portfolios. A portfolio consists
of a set of, typically correlated, financial assets, such as stocks and bonds, or potentially also options. The
objective is to compose a portfolio such that the revenue is maximized, while the corresponding risk is kept
at an acceptable level. Noticing that the asset prices are (partly) affected by the same economic forces, it
becomes clear that models in the spirit of the one discussed in this paper can be used; see also the exposition
in [12].

A second example can be found in biology. As argued in e.g. [17] the infinite-server model can be used
to describe the concentration of mRNA in cells: molecules are generated, and remain present for some
random duration. The generation and decay processes, however, are subject to external factors, such
as temperature; those factors can be captured by imposing Markov modulation. Clearly, when studying
multiple ‘nearby’ cells, which react to the same external factors, our model can be used.

A third example concerns wireless communication networks. The channel conditions in adjacent cells are
typically highly correlated, which could be described by Markov modulation. Modelling the number of
clients in the individual cells as infinite-server queues (as an approximation to queues that can accommo-
date a finite but relatively large number of clients), our model can be used to study the joint distribution

of the number of users present.

In the first part of this paper we have derived differential equations that characterize the probability gen-
erating function of the numbers of jobs in both queues. In principle, these (ordinary or partial) differential
equations uniquely define the probabilistic properties of our queueing system, but they do not allow an
explicit solution (except in very special cases). As is often done in such situations, we consider scalings
under which closed-form asymptotic results can be derived. In our setup we scale both the arrival rates
and the transition rates of the modulating Markov process. Scaling the arrival rates by a factor N, for N
large, can be interpreted as considering a system that is used by a large superposition of users. Interest-
ingly, we speed up the transition rates by a different factor, i.e., N/; this allows us to obtain insight into

the effect of these different speeds.
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Possible topics for follow-up research include (i) functional versions of the central limit theorems, in the
spirit of [1], (ii) networks of Markov-modulated infinite-server queues (where the output of one queue can
serve as input for a next queue), (iii) large deviations results under the scaling we have considered in this

paper, similar to those derived in [5, 7, 8] for non-coupled Markov-modulated infinite-server queues.
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