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DIFFERENTIAL EQUATIONS WITH COEFFICIENTS OF NEGATIVE
DIFFERENTIAL DIMENSION.

ARNAUD HEIBIG! *

! Institut Camille Jordan et Insa Lyon, Bat. Leonard de Vinci No. 401, 21 Avenue Jean
Capelle, F-69621, Villeurbanne, France.

Abstract

We prove well posedness for ordinary differential equations with coefficients in Banach
valued Besov spaces B} (]0, T[, E) with max{—%,% — 1} < s < 0. In the linear case, a

representation formula is given.

Keywords: Linear differential equations, differential equations, irregular coefficients, Poincaré
inequality, well-posedness, Cauchy-Lipschitz theorem, Peano theorem, fractional Besov spaces,
paraproduct.

1 Introduction.

It is well known that the Cauchy-Lipschitz theorem can be derived from the Picard fixed point
theorem. A striking feature of the proof is the use of the time t as a contracting factor, whereas
any other factor v(t) converging with t to zero would work as well. In fact, any problem of the

type

M(t) = M, +/Ot [H(M)](S)ds (1.1)

can equally be solved under suitable assumptions on operator H. Essentially, H must not
derive more than once, and one may think at a 6 < 1 fractional derivative operator. For such
operators, acting on wide scales of functional spaces and with always the same moderate loss
of smoothness, solutions turns out to be C> by a standard bootstrap argument. Consequently,
the choices of a solving functional frame are overabundant, and the problem [L.1] is well posed
in all of them.

This is not the case for an operator with irregular coefficients i.e wasting all the smoothness
that is not required for its definition. The goal of this paper is to handle the case of such linear
and nonlinear operators, and mainly to prove well-posedness. As a preliminary example (see
section []), we consider the model problem on |0, T|

\(0) AL (1.2)

{M’ = kM + ¢
and later on, some of its nonlinear extensions. In[[.2 x, ¢ are assumed to belong to B? ,(]0, T[, E)
with s < 0 and My € E given. For the sake of simplicity, we restrict in this introductory part
to =0and E =R.
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Recall that the elementary case k € C°([0, T]) in [T is well known (see [3], [I7]); but, to
our knowledge, the case of negative indexes s has not been discussed yet. Note also that the
classical theory of evolutionary integral equations, essentially the Da Prato-Ianelli generation
theorem (see [14]) such as described in [24], deals with operators of the type

u(t) =f(t) + /0 A(t — 7)u(r)dr

(A € LL_([0,T], #(F,E))), which do not match equation [[2l The nonlinear case, which can
be found in classical textbooks such as [3], [10], [I7], is even less favorable than the linear
one. Unless working on suitable algebras, both cases are mostly restricted to smooth coeffi-
cients/lipschitz constitutive functions and turn out to be of some importance in many areas
of mathematics, for instance when solving transport equations and related PDE’s. See for
example [16], [21], [6] and [5]. To be complete, let’s mention that our primary motivation was
the study of the Doi-Edwards configurational equation endowed with a transport operator with

discontinuous coefficients, say:

%Jr (/{.u— (/@:u®u)u>.agu

We shall deal with that problem in a forthcoming paper. See also [11] or [12].

In this introduction, we mainly focus on the functional frame and the organization of the
article. We work within the frame of Besov spaces, but this a matter of convenience. We could
probably consider Triebel-Lizorkin spaces, or restrict to the Sobolev-Slobodeckii scale, though
this would not simplify the expository. However, notice that the scale H* would not be large
enough for our purposes, and that the same is true for the scale B} , when dealing with critical
spaces.

Among others, one point that we have to clarify is the definition of the product kM. This can
be done by means of elementary rules of paradifferential calculus. Assuming that KM has exactly
the same smoothness as x € B (]0, T[,E), equation M = xM provides M € B'(]0, T[,E).
Looking at the remainder term, we obtain that the sum s+ (s + 1) = 2s + 1 of the regularity
indexes must be positive. Hence, s > —1/2. Setting s = —1/2+n, with 0 <17 < 1/2, we obtain
the following conditions:

_1 1
k€B2 ™ and M € BZL" (1.3)

Finally, notice that condition M(0) = M, makes sense under condition:

1 1

since in that case Béj"(]o, T[) < C°(]0, T[). Nevertheless, at this point, it is not clear wether
very weak solutions could exist or not in a larger functional frame. In particular, one may
expect that a suitable integral formulation would make useless the existence of a trace at t = 0,
i.e condition [L4l This is not the case, and conditions [[.3] [.4] are optimal. Consider the data
¢ =0and k= dy2 € B} (]0,1[), where ¢y, denotes the Dirac mass at 1/2. This corresponds
ton = 1/2 and % +n— % = 0 . With such data, system admits formally the solution
M(t) = CH(t — 1/2) + My, which does not make sense under the previous definition of the
product kM. Note that the quantity —1/2 +n — 1/p, which is strictly greater than —1 under
condition [ is the differential dimension of x € By.y/ (10, T[). And that for Dirac measures,
this dimension is exactly equal to —1. See section [7l for a sharper analysis of some critical cases.

Since the Dirac measures are excluded from the x-functional spaces B;}l/ 2+"(]O, T[, E), with
0<n<1/2and 1/2+n—1/p > 0, we obtain the uniform continuity - with respect to |0, t[, 0 <
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t < T - of the family of zero extension operator E : B;}{ZM(]O, t[, E) — B;,é/ZM(R, E), which in

turn provides uniformely bounded Poincaré’s constants. Although the Poincaré’s inequalities
stimulated in the last decades an important amount of work, often in a more complicated context
than ours, we gave up pulling this material from the literature (nevertheless, one may consult
[8], [9], [X8], [19], [20], [22], [23]). Essentially, we work with quotient norms, and if these norms
are well suited for coretractation-retractation matters, they may not be uniformely equivalent
to the usual inner norms (see [26] p. 208) when dealing with vanishing intervals ]0,t[. As
a consequence of this fact, remark that the norms of the embeddings H!(]0,t[) — L>(]0,1t])
may or may not be uniformely bounded for t €]0, T[ (see corollary ] ¢) below). Finally,
notice that t-independent estimates are so crucial for our purposes that we do not try to
modify the linear framework in the nonlinear case. This stems from the fact that by taking

the ||.||B, 5410040 norm of both sides of equation M’ = kM, one obtains suitable inequalities on
p,q 0,%
|M— MO”B% 10040 provided that uniform Poincaré’s inequalities hold true. However, it is likely
pa 7t

that some extensions could be given in other functional settings. In the same spirit, extensions
of the classical Osgood theory (see [4], p.124) could also be sought.
The nonlinear problem under consideration is the following

M’ = Hr (M)
{M@) o 19

with Hp o : D C Béza(]O,T[, E)— B;,(%Jrn(]O,T[, E). Here, 0 < o <np <1/2and 1/24+a—1/p >
0. The difference n — a > 0 will provide the contracting factor t"~* in the Picard theorem,
but a smaller factor could probably be obtain at the cost of a refined functional setting; see for
instance [I3] for logarithmic Besov spaces. The other requirements on the operator Hr, are
the Lipschitz continuity and some localisation property. Under these assumptions, we prove
well posedness for system Relaxing the Lipschitz hypothesis, we also give a Peano’s type
existence theorem.

The paper is organized as follows. In the second section, we recall some notations and basic
results, merely the definitions and some properties of the Besov spaces, and also the definition
of the paraproduct and remainder. In a third part, we establish some preliminary ”dyadic”
lemmas, using the fact that the characteristic functions of an interval belongs to B;go(]R). The
fourth part is devoted to the proof of uniform inequalities. The fifth part essentially deals with
the definiton of the product kM via the Bony decomposition. The well posedness of equation
[Tl is established in the sixth part (theorem [6.1]). It relies on a suitable LP estimate combined
with the Poincaré inequality. Section seven is devoted to the study of a few critical cases for
k, such as the derivative of a Cantor function. In a eighth part, we generalize some classical
properties of the resolvent and establish the usual integral representation formula for solutions
of LTl The last part deals with the nonlinear case. Here, the main issue is to define suitable
localisation (in time) procedures. The main result of this section is theorem 0.2l As an example,

1ig 1
we briefly discuss the case of the operator Hr, : D C BZ4"(]0,T[, A) — By2""(]0, T[, A) given

1
5+n

by Hro(M) = ZJEN kM with k; € Bp2 ' '(]0, T, A).

2 Notations and classical results.

o Throughout this paper E and ¥ denote two complexr Banach spaces. In the sequel, we
consider Banach-valued distributions, and generalize, often without comments, scalar
results to that context. The reader is refered to [I], [2], but we most often refer to the
monographs of Triebel [26], [27], [28], or Bahouri-Chemin-Danchin [4], since the vector
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valued case follows by few additional arguments. Except for coretractation-retractation
matters, which can be found in [I]. We avoid duality statements, since the use of brackets
is enough for our purposes.

For V and W two complex vector spaces, we denote by .Z(V, W) the space of linear
applications from V to W. When V = W, we simply write .Z (V).

Forx € V, f € Z(V,W), we write f.x, fx or even xf instead of f(x) or < f,x >.

For 1 <t < 0o, we denote by 1’ its conjugate exponent i.e 1~ 41~ = 1. We denote by
E* the topological dual space of a Banach space E.

For 0 <r <R, the shell {£ € R” such that r < |{] < R} is denoted by S(r,R).

Let 1 <p < oo and a > 0. We will often use the notation
1 1

wn,p) =5 +1- 5 (2.1)

We shall frequently impose condition w(n,p) > 0 and 0 < n < 1/2. It implies p > 1.
The symbol — stands for classical continuous embeddings.

The non-homogeneous Besov space B} (R", E) - or simply B} (R"), or B} - can be
defined as the space of tempered distribution f such that (see[4]):

. 1/q
1€l oy = [Z (2JS||Ajf||Lp(R,,7E))q} < 0 (2.2)

j2—-1

with the usual modification in the case q = oco. In the above writings, the analytic func-
tions A;f are defined by the following standard dyadic procedure. Take X € C>*(R", [0, 1])
supported in the ball $(0,4/3). Set ¥ = X(5) —X and for q € Z, £ € R", 94(§) = 9(279¢).
We can assume that suppd C §(3/4,8/3). Finally, we write:

Aif= (F7'X) xf and Af = (F,) £ (2.3)
(¢ € N) where * denotes the convolution with respect to t and .# the Fourier transform.
For q < —2 we set A,f =0, and for q € Z, ﬁq f= (ﬁflﬁq) *f. Last, Spf = ngp—l At

Let n € N*. For ¢ € 2(R",R) and u € .%'(R",E) we set ¢(D)(u) = .Z 1(¢.Z )

1
For t > 0, we denote by x1/; € Biio(R,R) (1 < m < oo) the characteristic function of

10,t[. We set x = x1. Similarly, xj € B (R, R) stands for the characteristic function of
the interval J. Last, 1jo4 :]0,t[— R is the unit function of 0, t.

For u € /' (R", Z(E,F)), v € & (R" E), the usual paraproduct (case E = F = R)
generalizes immediately as:

II(u,v) = Z Sp_ 1WAV

p=>—1
and for the remainder:
R(u,v) = Z Aqu.(Ago1 + Ay + Agi1)v
Ip—al<1
so that formally, we get the Bony decomposition u.v = II(u,v) + II(u, v) + R(u,v). We

shall use freely continuity results for the paradaproduct and remainder. See for instance
[4] pp. 103-104 or [25] p.35.



e Let Q be a (smooth) domain of R*. For any A C 2'(2), the restriction of a distribution
T € 2'(Q) to a domain w C Q is denoted by T|,. The set A, is the set of elements T|,
with T € A.

e Let Q C R" be a smooth domain. The Besov space B} ,(§2, E) is defined as the restrictions
of elements of B}  (R", E) to Q0. The space B (€2, E) is endowed with the quotient norm:

[l y.m) = nf[[v][s; @5

the inf being taken on all the extensions v € B}  (R", E) of u. This norm is well suited
for extension-retractation operations, and we shall never use the symbol ||.||gs (o) in
any other sense. For s — (1/p) > 0, we shall also use the equivalent norm defined for
u e By (Q,E) by:

[ullte@r) + 0] By (,E) (2.4)

e Let © be a smooth domain of R*. For 1 < p,q < oo, s € R, the space of infinitely
differentiable functions C*(Q2, E) is dense in BY (€2, E). See [26], p. 195.

e Let w C Q be two domains of R". Foru € B} (2, E), we write |[u

Bf o(wE) -= ”u‘w| B (w,E)-

e Let €2 be a smooth domain of R". Then, for 1 < p,q < oo and % —1l<s< % the set
2(Q,E) is dense in B (©2,E). Under the above hypothesis, we shall mostly use this
result in the following form (see [26], pp. 210-211.):

The extension by zero operator is continuous from B} (2, E) to B} ((R*, E)  (2.5)

e The following classical proposition will be useful, when dealing with linear systems:

Proposition 2.1. Let Q@ C R (n € N*) be a smooth domain, and let 1 < p,q < o0,
0 <o <s. Then, for any v > 0, there exists C, q > 0 such that, for anyu € B} (2, E):

[ullBg @) < Yl[ullss @) + Crallullie@r (2.6)

e In order to prove existence, uniqueness and the variation of constant formula, we have
to define duality-like pairings. for vector valued distributions. The construction is very
similar to the one given in [4], p.70 and p.101 for the duality bracket. Therefore we will
be quite sketchy. We assume that E, F are two Banach spaces. We restrict to the case
of an interval I, and stay within the range 0 < n < 1/2 and w(n,p) > 0. Set s = % + .
From the above conditions, we deduce that ¥ —1 <s< L and1—-1< —s < %. It entails
that the extension by zero operator P is continuous in both case:

~ Py : By (L Z(EF)) = By (R, Z(EF))
~ Po:B;3(LE) - B3 (R,E)

where, as customory, we have denoted by the same letter the two operators. Hence, we
define the pairing < .,. >, ,  1: BS, (I, Z(E,F)) x B % (I, E) — F by:

R S / Ax(Pou) (1) A (Pov) (£)dt (2.7)

|k —k|<1

Function < .,. >, .1 extends continuously the pairing of L*(I, Z(E,F)) x L}(ILE) = F
given by [iu(t)v(t)dt. Notice that we are a little loose in our notations. In particular,
we shall exchange the rules of the spaces E and Z(E, F) without modifying the name
of the bracket, and even exchange the places of u and v. Moreover, we shall often write
< .,.>upq in place of < ... >, 1.



3 The dyadic lemmas.

This section contains most of the proofs coming from Littlewood-Paley decomposition. They
all rely on:

1
e the fact that the characteristic function y; of an interval belongs to BJ ~

o the use of the ”differential dimension” s — 2 (see [26]), mostly formulas [3.4] BE below.

The first lemma will play a role when combined with the continuity of the zero-extension
operator (see lemma below), and will provide uniformely bounded Poincaré constants. It
is more or less classical. In the case of a single, general, diffeomorphism, see [28]. See also [4]
p.64, proposition 2.18. For future reference (formulas 3.5 B.8), we give a standard proof using
a dyadic decomposition.

We denote by 1y, » : R* — R, the family of diffeomorphisms defined for (x, \) € R* x R
by ¥, A(¥) = X0+ Ay. In the following, we mainly keep track of the relevant variables and omit
some indexes in the writing of the constants.

Lemma 3.1. et 0 < a< < o0,1 <p,q<oo,s€R. Letn € N and 2 a domain of R,
Then, there exist Aqg > 0 and Cypg > 0 such that, for any xo € R* and o < X < B and any
ue B (Ve (Q),E) we have:

Aagllulls e 2.8 < [[uo(dxgale)llBs @) < Casllulls @ 1.5 (3.1)

Proof. We can assume that xo =0 and o < 1 < .
1) We begin with the case Q@ = R". Let a < A < 5. We write u, in place of uoyy and
prove the right hand-side inequality of lemma [B.11

1) a) Estimates of the A-blocks by the 1-blocks. For j € Z, set:

wh = X (200sNlorAD) )y (3.2)

Z;\ — 19(2<10g2>\>*10g2>\*jD)u)\

where (log,A) denotes the integer part of log,A. Note that for any ¢ € Z(R",R) and k € Z,
we have [¢(2082) a2 kD )y, ] (x) = [¢(21°%2Y"*D)u] (Ax). Hence, the LP norms of w* and z
satisty:

[w?|pn = 270008 7P| 2 (208N D )| (3.4)

272 [lbn < CXT R0 Aoy, e (3:5)

In order to estimate the right hand-side of formula B4 remark that for K > 0 large enough,
we have supp(X) Nsuppf(2~5.) = 0. This implies that, for any A € [a, 8], suppX(2{°e2Y.) N

suppf (2~ K-leg200+1) ) — () Set K, = K — (log,ar) + 1. We deduce from the above, that for any
A€ [a, f]

12 (205N DYl = || (205D Zﬁkuiiw

k=-1

Ko
<7 %l Y A

k=-1

< Casllulps, (3.6)



Arguing in the same way, we also have, for —1 <j < (log,) + 2

I Aj—frogn) ulle < Capsllulley, (3.7)

1)b) High-frequencies. Since supp.Z(0) = 8(2, %), we get that suppZ (z}) C S(227, 327+1). It
follows from formula that:

&j uy = Z &j Zz (38)

k—jl<2
Finally, inequality ||&jf e < Cllf||Lr and BH, B8 provide:

(Y 29 AuL,) " < OX 5l

j=(logy8)+2

Ba < Capslll

p,a —

s (3.9)

1)c) Low-frequencies. Let now —1 < j < (log,f) + 1. Arguing as before, we get:

(logyB8)+3

k=0
hence, from inequalities H&-fHLp < Cllf||e, B4 B.5, B.6, B.1 we get
[AjusllLe < Capsllullsg, (3.11)

which finally provides

<10g25>+1 )
Y (@18ull)” < Capslulss, (3.12)

j=—1

It follows from and 312 that ||u,| By, < Ca,psllul B,
2) We now adress the general case 2 C R™. Let u € B} (¥, (2),E) and v € B} (R" E) any
extension of u. We deduce from the case {2 = R" that:

0o (e a0y @.8) < VOV allBs &0 E) < CapsllVilsg @ E)
Taking the inf on all the extensions v € B} (R",E) of u provides the result. O

The following result is a fractional integration theorem, replacing the “full” integration in
use in the standard proof of Cauchy-Lipschitz theorem. Recall (see section [2) that for any
t >0, x1+ : R = R denotes the characteristic function of the interval ]0,t[ and set x = x1.

Theorem 3.1. a) Lett >0, 1 <m < oo and 0 < e < 1/m. Then

L <Clndl et (3.13)

B oo (R) B oo (R)

||X1/t|

b) Let T >0, R > 0,0 < a<n<1/2, 1 < p,q < oo with w(a,p) > 0. Let also

1
ue Bpjﬂ(](),T[, E). Then, for any t €]0, T] we have: ||u|| _1,, <Cllul| _1,, e,
Bp,g Bp,g (}Ovt[vE)

(10,t[.E)



Proof. a) We assume that 0 < t < 1, the case t > 1 being simpler. We apply estimates and
B8 with A =1/t,s=1/m, p=m and n = 1. Let jo = (log,(1/t)) > 0. We obtain, for j > jo:

2

Apapllm < Y 025 | Ao x o (3.14)

|k—j|<2

Hence:

k2 < Clx]

. L—E
2969 Ajxa e (3.15)

m
Bm oo

since 273 < t. For —1 <j <jo with hj = .Z 19 for j # —1 and h_; = 2(.Z 'X)(2.), we have

t
1Al = | / P12 (. — 2)]d=l|um
0
t t
S/ 2|y [2(. — 2)]llomd= < / 29973/m||hy[[pmdz < [y 2/™ 6 (3.16)
0 0
It follows that:

(L, i(1—e —(1—e
2G| Ajxae L2079 < C||hy|pmt =0t

< Oy mte (3.17)

Lm S H hJ

Finally, a) of theorem [B.1] follows from and [3.170
b) In order to prove b), we first show that, for ¢ = n — @ with 0 < a < 71, w(a,p) > 0,

_1
0 <t<T,and for any © € Bpjﬂ(R, E), the following inequality holds true:

<
IOl gy < CION, 110

£ (3.18)

(R,E)

In fact, taking in account —e < 0 and —% +n— % < 0, we get:

1 1_. 1y, 1 1_. _laa e
B2 (R, E) x Biq (R) = By | *(R,E) x Bios(R) 2 B2 ™" (R, E) (3.19)
BZ, (R) x Bpd (R, E) » B (R) x B2 (R, E) & By2"" (R, E) (3.20)

Since —% +n+ i' — €= % +n— i — e =w(a,p) > 0, we have, for the remainder:

BY “(R) x Bpa (R, E) 5 BY“P(R,E) — Bpa " (R, E) (3.21)

Noticing that x,/, € B"‘ “(R) for m = p and for m = p/, and using B.19, B.20, B2T and a),
inequality [3.1§] follows.

Now, for u € Bp27"(]0, T[,E) and 0 < t < T, we have, denoting by @ € B,2" (R, E) any
1
extension of ulj € Bp7§+n(]0, t[, E) and invoking B.I8

< ||lu < u e .
L T L o < Cllafl_-y t (3.22)

(}Ovt[vE) BPE-’_W(RvE)
Taking the inf on all the extensions 1, we get b). O

The following lemma is a first version of Poincaré’s inequalities.



Lemma 3.2. Let T >0, 1 <p,q < oo with0 <n <1/2 and w(n,p) > 0.
_1
a) There exists Cr > 0 such that, for any G € Bp,§+n(]0, T[,E) and any 0 < t < T we have:

I < Glor: Ljoef >npa lle < CT”g||B;é+n(}o7t[,E)t“(’7’p) (3.23)

1
b) There exists Ct > 0 such that, for any u € Bf),:n(]O, T,E) and 0 < t < T, we have:

o= u(0) oty < Crlj'll gu 07 (3.24)

Proof. a) Set x = x1. Let also H € B;(%M(R) be any extension of Gljos. In order to avoid
cumbersome arguments, we assume that 0 < t < inf{1, T}, the case t > 1 being simpler.
Invoking and B.§ with p’ in place of p, A =1/t, s = 1/p’, n =1, j > jo := (logy(1/t)) > 0,
we get (see 3.14] and B.15)

[Ax1elle < CHXHB§ 27I/P (3.25)
p/,00
_1
Next, H € Bp,[{rn implies that:
1
[ AxH|» < HHHB%MT(”*“)]‘ (3.26)
P,q

Therefore, appealing to .25 and [3.26] we have:

—i/n ol
> IAH Al < Y Clxll 5 M g2 i/v' oz —mk
k—jl<Lj>jo [k—j|<1,j>jo Bt oo P
< Clixll 4 ||%||B-%+nz2_jw("’p)
BY, p,d -
p’,00 J>Jo
< CHHHB%MTJOW("’M < CHHHBf%Mtw("’p) (3.27)
p,q p,q

For the low frequency terms, appealing to [3.16] and B.26] and , we have:

3 1_
S IAHI Al € S bl [y, 272
P,q

[k—j|<1,—-1<j<jo lk—j|<1,—1<j<jo

Jo )
< O]y, 3 t2i(e0m)
P,a

j=—1
< M|y 127000 < Oy, 109 (3.28)
P,q

p,a

It follows from inequalities .27, and [3.28

1< Glotp Lot >npa e < D IAH ol Ajxayell

lk—jl<1,j>—1
< w(n,p) ]
< CrlHl_pon ¢ (3.20)
Taking the inf on all the extensions H € Bp2 ' "(R) of Glio,e[, @) is proved.
b) Follows from a) and lemma [3.3] below. O

The proof of lemma depends on lemma a). Nevertheless, we shall appeal to lemma
later, and therefore state it separately:



Lemma 3.3. Let 0 < tp < T, 0 < v < 1/2, 1<pq<oowzthw(fy, p) > 0. Let ¢ €
B, 2Jrﬁ/(]() to[, E) and My € E. Then, problem: find M € BQJW(]O to[, E) with:

M’ = ¢
{M 0) = My (3.30)

admits exactly one solution, given by:

M(t) = Mo+ < ¥ljosr, Lot >p.alosl (3.31)
Proof. We only pove formulaB.31. For ¢ € C*([0, to], E), formulaB3Treduces to the usual inte-
gral formula. In the general case w € Bp2 (10, to[, E), let (1hn)nen a sequence of C*([0, to], E)

functions converging to v in qu 710, t[, E).  Set M(t) = Mo+ < ¥ljosf, Ljos| >qpq and
M, (t) = Mo+ < ¥uljosps Lol >vpa- We deduce from the assumptions on ¢, and the conti-
nuity of the bracket that M(t) — My (t) =< ¥ — ¥n, Ljog >4,pq— 0 as n — 00, everywhere in
0 <t < to. Moreover, by 3.2 a)

M6}l < [Molle + Crllall o 07 < C (332)

with Cr independent of n since (||¢n|| _1 Jnen is convergent. By Lebesgue theorem, it

Bp.2 (0.t E)
follows that

M, — M in LP(]0, to[, E) (3.33)

_1
Since M/, = 1, this implies that M’ = ¢ in 2/(]0, T[, E). Therefore, M/, — M’ in Bp,aﬂ(](), to[, E)
due to the convergence ¢, — v in the same space. With - this entails that M, — M in
1
B2 (10, to], E), hence in the Holder-Zygmund space B2 (10, to[, E). From M, (0) = My, we
finally deduce that M(0) = My, which completes the proof. O

4  Uniform inequalities.

In this section, we show that some classical inequalities hold true on certain function spaces
with varying domains, but with uniformly bounded constants.

An application of lemma [B.I] provides uniform estimates in the case of a family of large
enough domains:

Lemma 4.1. Let 1 <p,q<o00,0<o<s<1,0<a<f<oo, and let 2 C R" be a Lipschitz
domain. Then:

a) Let € > 0. Then, there exist Acnp > 0 such that, for any A € [a,f], xo € R" and
u € By (5o (2), E), we have:

[allBg (g 2 (), B3 (g (@) T AcapllullLe,, v @).8) (4.1)

b) There exists Cop > 0 such that, for any X € [a, ], xo € R* and u € B} (1 (), E),
we have:

[ullBs (g 2 (2.8) < Cayg [||U||Lp(wx0,x(ﬂ>,E) + | B;qu(wxo,k(a),E)] (4.2)

Proof. Using proposition [2.1] in the fixed configuration €2, and lemma [3.1] we get:
”u”Bg,q(wzo,A(Q)7E) = Huowl‘O)\HBg,q(SlE)
< €lluothugallBy  (@.B) + Acalluote, AL @)
< Copellullzg oy @8 + Ao PllullLo(,, 1 @)0) (4.3)
which is a). Property b) follows in the same manner, using theorem 3.3.5, p. 202 in [26]. O
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In order to handle the case of vanishing intervals for the Poincaré inequality, we first prove
the uniform continuity of a family of zero-extension operators:

Lemma 4.2. Let T >0, 1 <p,q< o0 and 0 < n < 1/2 with w(n,p) > 0. There exists Cr > 0
1
such that, for any 0 <t < T and u € By 2M(] —1,t[,E)) with u]j—1,0y = 0, we have:

[RI/! < lull,- < Crllull -3+,

44
0tLE) T T-1tLE) B2 (44)

(J0,t[.E)

1
Proof. The first inequality is obvious. We prove the second one. Let z; € Bpjﬂ(R, E) be any
extension of uljg . We first check that u = (ZtX]OQT[) |—1,4[- Indeed, ufj_1of = (ZtX]OQT[) l|-1,0 and
uljo [ = (ti}OQT[)th are obvious. It follows that supp [u — (ti]o,gT[)h_Ltﬂ C {0}. Therefore,
u— (zeX)0.21)) [1-160 = Do Ck5(()k) where Jy € .@’(] —1,t[, E) is the Dirac measure at zero, ¢, € E
and r € N. Since [u — (ZtX]072T[)|1717t[} € B, 2+n(] — 1,t[,E) and % —-1< —% + 1 we obtain

u— (ZtX]O,QT[) |]71,t[ = 0, as required.
In consequence:

< <C 4.5
ol gen o < Il oo, o < Crllal g (4.5)

1
since Xjo,2r[ is a multiplier for Bp,ﬁJrn(]R, E). Inequality provides [4.4] by taking the inf on
Zt . O

We finally obtain uniform inequalities on intervals | — 1, t[ with t > 0 - and even on |0, t[ in
the case of the Poincaré’s inequality and the L>([0, t], E) inequality:

Corollary 4.1. Let T >0, 1 < p,q < 0.
a) Let 0 < o < s and € > 0. Then there exists Ay > 0 such that, for any 0 <t < T and
anyu € B} (] =1, T[,E), we have:

||u||Bg, —Lt[,E) <€||U|Bsq( ~1.418) + Arellullieg-1em) (4.6)

lullBs  0-1e0m) < Cr(lallueg-1em) + W g1 g-10m) (4.7)

b) Assume that 0 < n < 1/2 with w(n,p) > 0. Then there exists Ct > 0 such that, for any
0<t<Tandanyu € B2+n(]0,T[, E), we have:

- < 4.
lu —u(0 )”B%" 04LE) Crl'| B 3 00.40) (4.8)

c) In the case s — % > 0, there exists a universal constant Co, > 0 such that, for any

0<t<T andanyue B (]0,t],E), we have:

[ullLeeo,6.8) < CoollullBy qo.t1.E) (4.9)

Proof. a) For and [7, apply lemma [£.] and with n = 1, Q =]0,1[, xo = —1, a = 1,
B=T+1L,A=t+1(0<t<T)

b) Let u*:] -1, T[— R be defined by u*(7) = u(7) —u(0) for 0 < 7 < T, and zero otherwise.
From I-1<i4n-1 < =, we deduce that u* € BS: (] —1,T[,E) (see [26] p.208). Using A.2]
and argulng as in a), we get the | — 1,t[ inequality:

Jun

< Crlluflueg-rim + Hu*'H ] (4.10)

¥l 1
| HBEI”( (-1,tLE)

]717t[7E)
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Witing [0 [lLog-1e) = [0 —1(0) [urgode [u—(O)] < and using

B2 (04LE) — ”Bﬁ"u LILE)

lemma (4.2, we obtain:

- < _ ! 4.11
lu u(o)”géq*"qo,t[,m—CT[HU u(0)||L"(]°’”’E)+”u“B;é*”Go,tLE>] (1)

Now, due to [3.24] we obtain 4.8
c) Since s — l > 0, inequality B9 follows from the embedding B; (R, E) < L*(R, E) and
the definition of ||u|

B;.,(10,t1E)- 0

1
As a consequence of Poincaré inequality, lemma holds true for Bf):{n(]O, T[,E):

Lemma 4.3. Let T >0, 1 <p,q <00 and 0 < n < 1/2 with w(n,p) > 0. There exists Ct >0
such that, for any 0 <t <T andu € B2+n(] — 1,t[, E) with ufj_1 0 = 0, we have:

< < 4.12
lollygm g oy S M0laeny ) < Crp [l a3 00am) = O3 n 00 (4.12)
Proof. We easily derive form corollary Bl b) that, for any 0 < t < T, |juf| B
H i lit <C foll f 10l =
CTHuH S L, ence, inequality ||ul| 1 2+n(] D) THuH 2+n(}07t[,E) ollows from u'[j_ g

1
0 and lemma In order to prove the last inequality, let z € ng”(R, E) be any exten-

1
sion of u. Then 7 € Bp§+n(R, E) is an extension of v/, and by continuity of the derivation

||| 7%+W(RE Cllz ||B2+,] - It follows that ||u/| ;é*"(}Ot[E) < CHZHB%H](R,E)’ and taking the
inf on the above extensions z, we obtain ||u’ H Cllul| 1 - O
By.2 (0, t[E) BEq " (0,t1E)

5 Framework in the linear case

We now turn to define kM. We use the Bony decomposition.

Lemma 5.1. Assume that 1 < p,q < o0 and 0 < a < n < 1/2 with w(a,p) > 0. Then, for
any open interval 1, and any k € Bp2 (I, Z(F,E)), M € B2+Q(I, F), we have:

1AM -y = Clsl - M|y

1
(LE) 2 ) (5:1)

B2+a(I F)
The constant C > 0 depends on n, «, p, q but not on L.

Proof. 1) Case 1 = R. In the sequel, we often omit R and/or E in the notations. We start with
the remainder term and distinguish two cases. In the case 1 < p < 2 < p’, we have (see [4],
p.104):

_1 o _1 ity 1 « 1-2 _1
Bpd ™ x Bt o Bpa T x BT T B gt g
The arrow —5 follows from « + n+1-— % = w(a,p) +w(n,p) > 0. The last injection follows
from:
2 1 1 1
a+tn+l——-+-—-l=a——+n>—5+n
PP P 2
In the case 1 < p’ <2 < p, we have:
1 1ia a-1 1
Bpi " x Bia" B BIY By " Bpi

12



The last embedding is a consequence of n + a — % — ( — % + n) = w(a,p) > 0. We now deal

with the paraproducts. We have (see [4], p.103):
o —34n 0o —34+n I H—5+n

1 1 1 1 1

—5+n sto —5t+n—7 s+a I otn— lin
2 2 P 2 p 2

Bpd X Bfq — Bwxg X Bpoo — Bpq — Bpa

The second arrow — follows from —l +n— l < 0, and the last injection is a consequence of

—5 + a > —3. Thus, the product is continuous from B, 2M(]R) X Béga(R) to Bgé*”(]&).

2) Case of an interval 1.

2) a) Assume p # o0, q # oco. For (k, M) € C=(I, Z(E, F))xC*>(I, F) the product M is well
defined, and for any extensions k, € 2 (R Z (E F)) and M € 2(R,F) of k and M respectively,

the frst case provides [ WMy, < KM gen SOl g IM g
Taking the inf on the set of the above Z(R) extensions, and using a density argument, we get

B In the general case (k, M) € B, §+W(I Z(E,F)) x B2+a(I, F), the definition of the product
kM and inequality [5.1] follow by a uniform continuity/density argument.

2)b) Assume p # 00, q # 0.
_1 1 lin [
We write By 2 "(I, Z(E, F)) < Bp12fL "(I, Z(E,F)) and BZ4"(I, F) < B;fl (I, F) for some
0<m<n<1/2,0<a; <inf{m,a} <1/2,1 < p; < oo with w(ay,p;) > 0. Hence, kM is

defined as an element of B, 1§1+ "(I,F) by the case 2)a), and inequality 511 follows from 1). [
We shall also need an integration by part formula:

Lemma 5.2. Let 1 =]a,b[ be a bounded interval. Assume that 1 < p,q < oo, 0 < n < 1/2,
w(n,p) >0, and let u € B2S"(LE), v € B3I, Z(E,F)). Then:

1) Bzq"(LE) = B2 /(L E).

2) < U.,, V >npg= — < V/, U >ppq + <v,u >$(E,F),E (b)— <v,u >$(E,F),E (a)

Proof. 1) Note that:

(D) + — = & ot 2 p) >
w —=_— w ——
R n.p) >3 =

1 w L/ 1_
Hence, B21"(IE) < Bor'” 7 (L E) — B2, (I, E).

pq

2) Let V be a Banach space. In the sequel, V= E or Z(E,F). We deduce from w(n,p) > 0
and the first part of the lemma that:

Bz4"(L V) = C(IL, V) N Bz /(L V)N B,.2 (1, V) (5.2)

Let A(u,v) =< u,v>,,q+ <V, U>ppq = <V, U >2ERE g (b)+ <v,u>¢Er)E (a), which
is well defined and continuous on ngn(l E) x Bﬁgn(l Z(E,F)) due to5:2 Since A = 0 on
C*(LE) x C*(I, Z(E,F)) and C>(I,V) is dense in BS qn(I,V) the lemma follows. O

6 Solutions of a linear system of equations with coefficients with
negative power of derivability.

We now prove the existence of solutions for a system with coefficients with negative power of
derivability. Derivatives are taken in the distributionnal sense. In the sequel, we omit in the

13



writing the dependence with respect to the initial time to and write M(t) in place of M(t, to).
Hence, in the following, M’ € 2/(]0, T[,E). We first define weak solutions of the following
system:

M = kM
RM + ¢ (6.1)
M(to) = My
Definition 6.1. Let I =]a,b[ be an open, bounded interval, 0 < n < 1/2, 1 < p < oo,

_1
1 < q < oo with %Jrn—% > 0. Letty € 1 be fized, and assume that (k, ¢, My) € Bij(I,Z(E) X
B2 (I, E) x E.
1

1) We say that M is a weak BS;”(I,E) solution of system if M(to) = Mg and, for any
0 € B (I, Z(E)):

— <0 ,M>,,q+0(b)M(b) — f(a)M(a) =< kM + ¢,0 >, , 4 (6.2)
2) A distributional solution M of system is defined as in 1), except that we take 0 €
2(1, Z(E)) in place of B2"(1, Z(E))

A weak solution is also a distributional solution, and, for p # oo # q, the converse is true
by lemma [5.2 Observe also that these definitions extend in an obvious way to non linear
equations. We shall use such extensions without any comment.

We now prove global well-posedness for the above linear system.

Theorem 6.1. Let T=]0,T[ (T >0),0<7<1/2,1<p <00, 1<q< oo withg+n—7 >0.
Let (k, ¢, M) € Bp27"(10, T[, Z(E)) x Bp2 " "(10, T[,E) x E and set to = 0. Then:

1) Problem [6.1] admits exactly one distributional solution.

2) Denote by sy, (K, ¢,, My) the above solution. Then, function
st Bod (10, T[ Z(E)) x Bpg (0, TLE) x E = B34"(10, T[. E)
1s locally Lipschitz continuous.

Proof. a) Existence of a solution.

We begin with an a priori estimate in BE:{"(] — 1, T[,E). We first restrict to 1 < p < co.
Assume that (£, ¢) € C=([-1,T], Z(E)) x C*([~1, T], E) with support in [0, T], and M, € E,
are given. Let M € C*([—1,T], E) be the unique solution of system:

NE = AN+ &
W'=iM+9 (6.3)
M(—1) = My
For another (fi,7)) € C([—1,T], Z(E)) x C*([~1, T], E) with support in [0, T] and Ny € E,
we can define in a same manner a function N € C>([-1 T] E) Since we argue locally, we

assume that all the norms of the data ”li” S T H(b” L ., |[No||g are bounded
by some R > 0. SetZ:N—Manqu:(,u—/{)N+( ) Duetolemmal}fﬂ:
1 < 1 (L — K 1 .
190, go o S OISy =Rl g FIE =y (64)

Function Z satisfies equations Z' = KZ + ® and Z(—1) = Ng — My. Hence, for 0 <t <T:

Z||Lr (- A
1Z][eeq-1ep + ||B;é+n(]*1vt[)
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< NZller 10 + Crlll]

_1 Z N +||P|| _: 6.5
S OL L E I o ST (6:5)
with 0 < a < 1, see lemma 5.1l Due to [6.5] and L7, we have:

< NZlerg-1ep + 12°]

(ellZll

yrl|Z ”82+n B, %M(}—Lt[)

+ CellZllLrq-rap) + 12|

(=1t

elisgv + Ol 3.
p,q

(-1, B2 1)) By 20 14]

with yp > 0, € = yr/(2CrR) and C, > 0 choosen accordingly. Therefore, by definition of € and
R, we have:

IZ1] 13-+

< CorZlerg-ren + NP -3, ) (6.6)

(=1.tD (=1.tD

and, due to inequality 6.4 and [4.9] (recall that w(n,p) > 0):

120l < Cra{IZlgrs + 1Ny, 8=y o180l }(67)

B22"(1-1,t]) By 2 (-1

Set y(t) = fjl | Z(7)||5dT. Inequality 6.7 provides:

V(1) < Coay(0) + Coa(INlyen, | Mi=FI yer |+ 10 =6y

B2 0-14l) Bp2 (-1

p
6.8
G_Lt[)) ( )

Inequality holds true for t € [0, T]. As R, f, 6 and v are equal to zero on [—1,0], we have
v(0) = [|[Ng — Mp|l%. We deduce from Gronwall lemma that:

(1) < [N = Mol 0Ny W=l g
9= 6l g Pl (69)
Finally, due to inequalities and and we get:
IN — M||B2+n} ) < Crg[lINo — Myl
IS =R g+ 0= ] (610)
For (fi,¢) = (0,0) and Ny = 0, we obtain:
HM” < Argr (6.11)

We come back to the case of a general bounded set of data (ji, 0, No). Using [6.11], with N in
place of M in [6.10, we get:

IN—M < Crr[lINo = Molle + A — &l 1+, + v =4 e

Bp q G 1 T[ BP q ( 17TD

I s | ©6.12)
which is the required estimate. Assume now that (k,u) € .@(]0,T[,$(E))2 and (¢,v) €

T E 2 1 h 1 1 1
2(10, T[, E)* with norms ||| ooy W=t gg g7 191530000 o 19114 o, DOUDded

by R > 0. These functions are restriction of functions (%,72) € 2(] — 1,T], X(E))2 and
(¢,7) € 2(]—1,T[,E)?, to which we apply the above computations. Due to ||[N—M

IN =M,

2+7l(

||B§+n(]0 TD
, estimate [6.12] lemma (or simply the continuity of the zero-extension

B27(-1.1))
operator By, 2+17(]0, T[) — By, 2+n(] — 1, T[)) and definition of the tilde functions, we get:
< — — .
IN =N g < Con N0 = Mol = 6l _yen 0= 0l ] (613
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Appealing to [6.3] we also have on |0, T[:

{M’ = kM + ¢ (6.14)

M(0) = M,

and similarly for N. Now, the existence part of the theorem, as well of the local Lipschitz
continuity with respect to the data follow readily from the classical C* theory, the density of

200, T[,V) (V= or Z(E)) in B3 "0, T V) for 1 =1 < =1 45 < L, 618 and 613

b) Uniqueness of a solution.

We first restrict to 1 < p < oo and 1 < ¢ < oo. Let k € By, 2+n(]O,T[,(Z(E)) be fixed. We
prove by duality that a solution M € B2+n(]0 T[,E) of 61 with ¢ = 0 and My = 0 is equal to
zero. Let 6 € 2(]0, T[,E*), and let N € B2+n(]0,T[, E*) be a solution of:

N' = —#*N + 0
{ wA (6.15)

N(T) =0

1
where, k* € Bp,éJrn(]O, T[, Z(E*)) is obtained from x by adjonction. The existence of N follows
from a). Using lemma [5.2], we get:

<OM>,,q=<N+rNM> .
=< -M' N>, o+ <kM,N>
+ < N(T),M(T) >ge5 — < N(0), M(0) >g+ (6.16)

Since N(T) = M(0) = 0, we obtain:
<OM>,,q=<-M+£KN> ,,=0 (6.17)
Therefore, M = 0, which proves the uniqueness.

¢) Uniqueness and existence in the cases p = 0o or ¢ = 00
In the case p = co or q = 00, let 0 < p < 1 and 1 < v < p. Since w(n,p) > 0, we can
assume that w(pn,y) > 0. Let also 0 < p < p’ < 1 with

)

, 1.1 1
pr>pt—(---
no b
. It follows from these definitions that

_1
Bp2 (10, T[,F) < B32"""(0, T[, F) < By ""(|0, T[, F)

For such (p/,7), problem [6.1] admits a umque solution in B2 e , hence in the smaller space

Bﬁqn. In order to prove the existence 1n qu , le t M € B2+p77 be the solution of [6.] - We

have M’ = kM + ¢, which belongs to Bﬂ, 3 R ‘—> Bp q . In consequence, M belongs to B2 pn.

Appealing once again to M’ = kM +¢, k € BlD q " and lemma 5.1l we obtain M € BS qn, whence

the existence. The proof of continuity with respect to the data is omitted. O
Appealing to standard argument, we also have:

Corollary 6.1. Theorem[6.1] holds true for any to € [0, T].
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7 Critical spaces.

We now turn to discuss a few critical cases that are not covered by theorem [6.Il For that
purpose, we prove well-posedness when « belongs to some set of smooth enough measures. We
restrict to initial times tq = 0.

Let T > 0. Denote by (0, T) the class of Borel sets in [0, T] and let M (Z(0,T), £(E))
the space of all bounded countably additive (with respect to #(0,T)) measures with value in
Z(E). For p € M(A(0,T), £ (E)), we can define its variation |u| € M(2(0,T),R,) by

|l(A) = sup (]| (A | 2x)) (7.1)

the sup being being taken on all the denumerable partition of A € Z(E), i.e A = U;enA; with
A; € #(0,T) and A;NA; =0 for i #j. We say that p € M (A(0,T), Z(E)) - or that p is
continuous - if the function

b o (0, t) (72)

is continuous. For such measures, and for f € C°([0, T[, E), 0 < t < T, the integral fg fdp can be

defined by elementary means (Riemann sums). Moreover, || ftt, fdplle < |Ifllcoeer e lpl ([, t'])
for any 0 <t <t’ <T. With the above notations, we have the following simple

{[O,T[ R,

Theorem 7.1. Let T > 0, My € E and let p € M(A(0,T), L (E)). Let also ¢ € M(A(0,T),E).
Then, the problem: find M € C°([0, T, E) such that, for any 0 <t < T

M(t) = Mg + /Ot Mdp + ¢(]0, t[) (7.3)

admits exactly one solution.

Proof. An application of Picard fixed point theorem in C°([0, T[,E). For any 0 < 7 < T, let
A, CY([0,7],E) — C°([0,7],E) be defined by A,.(M)(t) = My + ¢(]0,t[) + fot Mdp for any
0<t <.

a) Stability. For any M € C°([0,7],E) and any (t;,t) € [0,7]* (for instance t; < t) , we
have: [1A,(M)(t) — A, (M) (6) 15 < [Mileoor sl (61, 6) + 161 6)) — 0 as & = &, due to
the continuity of || and |@|. Hence, A, (M) € C°([0, 7], E)

b) Contraction for 0 < 7 < T small enough. For any (M,N) € C°([0,7],E)? and any
t € [0, 7], we have: |[A-(M)(t) — A;(N)(t)[[g < |IM — Nl|coo,-,el¢|([0,7]). By continuity of s,
we can choose 7 > 0 such that |u|([0,7]) < 1/2, i.e such that A, is 1/2-Lipschitz. It follows
from a), b) an Picard fixed point theorem that the problem is well posed for such small
7 =7, > 0. The proof of the global existence is omitted. O

We now apply theorem [Z.I]to some critical cases excluded by theorem[6.Il Note the following
diagram of critical x-besov spaces Bp2""(]0, T[, Z(E)) with w(n, p) = 0 or/and 5 = 0

1_ _1 _1 _1
B, — ... —Br =B, 7 ¢ ... B¢« ... B2
+ + + + +
0 1_ _1 _1 _1
Bi, <= - —Bq — ... —Byg < ... «—B.d — .. —Boy
+ + + + +
0 1_ _1 _1 1
Bl < - —Bpoo <> ... =By 3 < .. —Br& .. —Booloo



(7.4)

where vertical arrows also denote continuous embeddings, and p < 2 < r. We shall only deal
with the cases B |(]0, T[, .Z(E)) and BY (]0, T[, £ (E)).

a) Case r € BY ,(]0, T[,.Z(E)). One can assume that ¢ = 0, since it plays no significant role
in the sequel. Our goal is to prove the existence of exactly one solution M of in the space
Bil(]ov T[? E)

Notice that BY ;5(]0, T[, .Z(E)) < L'(]0, T[, £(E)). Consequently, looking for M € C°([0, T], E)
solution of [7.3]is equivalent to looking for M € C°([0, T|, E) solution of G.1lin the distributional
sense. Hence, theorem [T.1] gives the existence of exactly one solution M to in C°([0, T, E).
This ensures uniqueness in the smaller space By ;(]0, T[, E). In order to get the existence in the
same space, we appeal to equation 6.1l and obtain that M € W11(]0, T[). By Bernstein inequali-
ties, WH1(]0, T[) < B] ,.(J0, T[) NL>(]0, T[). It follows that xM is an element of BY (0, T[,E).
Indeed, using the paraproduct and remainder for spaces with domains equal to R

0 1,1 0 1 -1 1 I »o
BL1 X Wt — Bl,l X B1,oo — BOO’1 X Bl,oo — Bl,l
I
WH X BY ) L x B}, = BY,
1,1 0 1 0 0 0 R 1o
WHH x BL1 — Bl,oo X Bl,l — BOO’oo X BL1 — Bl,l (7.5)

Therefore, the product is continuous from B}, (R) x W"(R) to BY ;(R), and by usual argu-
ments from BY , (J0, T[) x W"'(]0, T[) to BY,(]0, T[). Finally, since kM € B} (]0, T[) equation
ensures that M € B} (]0, T[). The problem B.1is well posed (existence and uniqueness) in
B% 1(]07 T[a E)

b) Case x € BY (]0, T[,R). We assume that ¢ = 0 and T = 1. We are looking for solutions
M of Gl ibn C°([0,1],R) and give two examples.

o Let k=412 € BY (]0,1[,R) (Dirac measure at 1/2).

As readily checked, necessarily M = M, which is not a solution. Hence, equations are
ill-posed within the above functional frame.

However, this may only be one aspect of the problem, and it is not clear that Besov spaces are
well suited when dealing with critical cases. Actually, there exist irregular £ € B} (]0, 1[, R) for
which existence of solutions of E]in C°([0, 1],R) can be proved.b As an example, we consider
the case of k = derivative of the (ternary) Cantor function.

o Let k= p € M(A(0,1),R) be the derivative of the Cantor function.

We only prove the existence of a solution to problem [G.1]
We first show that p belongs to BY  (]0, 1[,R). Notice that y can be written as the limit in
2'(10,1[, R) of functions Fy|j01; with

3 n
Fu=(3) > X (7.6)
1<k<2n

Here, the sets E, \ are disjoint subintervals of [0, 1] with the same length (%)n and xg,, :R—=R
is the characteristic function of interval E, . Appealing to inequality BI3withm =1, e =1/m
and t = (1/3)", we obtain

3 n
IFalls o < 5" D2 Ixmalleg

1<k<2n
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3 n 1 n
<C(3) > IXllsy ) (5)" < C (7.7)

1<k<2n

00
Notice that BY , (R) can be identified with the dual space of B, ; (R), the completion of 7 (R)
in BY, | (R) (see [26] p. 180). Extracting if necessary a subsequence, we infer from estimate [Z.7]
that (Fp)uen converges weakly-* to some F € BY _(R). Consequently, f, = Fyljo,;p = Fljo,1 in

_1
2'(]0, 1, R). Therefore, p1 = Fljo1; € BY . (]0, 1[). Moreover, 1 ¢ Bp,aJrn(]O, 1]) with w(n,p) >0

and 0 < n < 1/2. This follows from the fact that, for such n, p, Bég”(]o, 1)) = BL™ (10, 1[), a
Zygmund space, and that the Cantor function is not Holder continuous.

Observe now that p € 9M(%(0,T),.Z(E)). This implies the existence of exactly one
solution M, in C°([0,1],R) of equation [Z.3] (see theorem [TI)). Invoking Fubini’s theorem, we
check that for any ¢ € 2(]0, 1[), we have

t
</ M,dp, ¢ >= — < M,pu, ¢ >
0

Thus, M, € C°([0, 1], R) is also a distributional solution of equation 61l for x = p, the product
M, being directly defined in the sense of the measure theory. In contrast with the case
r € BY (]0, T[,E), it seems that no smoothness on M, can be recovered from equation by
the usual bootstrap procedure. For instance, starting from M, € C%([0,1],R) C L>([0,1]) C
BY, »(]0,1[) and x € B} . (]0, 1[), one obtains by usual means that ~M, € B2}, (]0, 1[) whereas
M, € BY, (]0,1]) is already known.
Finally, as easily checked by density, the usual representation formula M., (t) = Moexp (1([0, t]))

holds true.

8 Properties of the resolvent.

We now adress the case of A-valued distributions, where A is a complex Banach algebra. We
assume that A is endowed with a unit element 14 and denote by A* the group of invertible
elements of A. As customary, we define the continuous morphism A = Z(A) by r(z).y = y.x
, (r,y) € A% A similar notation A Lz (A) holds for the left multiplication. Last, recall
that for k € 2/(]0, T[, A) = Z(2(]0,T[), A) , we can define r,(k) € £(2(]0,T[), L(A)) =

.@’(]O,T[,.,Sf(.,él))1 by 7.(k) := rok. For future reference, notice that if x € B;ngn(]O,T[, A),

then r,(x) € Bp.2 (|0, T[, Z(A)). This follows from r Lipschitz. Denoting by R the resolvent

associated with system B.Ilour first task is to prove that function R(.,to)" is well defined and

depends continuously on k. The proof relies on theorem and the fact that, for w(n,p) > 0,
1

Bg;"(]o, T[, A) is an algebra. In the following, for to given, R/(.,to) still denotes the distribu-

tional derivative of R(., to).

Proposition 8.1. Let T>0,0<n<1/2, 1 <p<y<00,1<g<x with%+n—% > 0.

_1
Let to € [0, T] be fived, and assume that k € By2 (0, T[, A). Then:
1) The problem:

find R(.,to) € Béj”(]o, T[,.A) such that:

{R’(.,to) = kR(., to)

R(to,to) = 14 (8.1)

admits exactly one distributional solution. Moreover:
2) For any (ta T, tO) S [07 T]BJ R(t7 T)R(Tv tO) = R(tv tO)
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4) The mapping:

(8.2)

s well deﬁned and continuous.
5)ReBL (0, TR, A)

Proof. 1) We know that [.(k) € B;§+n(]O,T[,$(A)). Therefore, we can apply theorem
with E = A and 1) follows.

2) For any (t,7,t) € [0, T]?, set S;4,(t) = R(t, 7)R(, to). Function S, 4, satisfies[G.Iwith ¢ =0
and S;¢,(7) = R(7, to). By uniqueness, we have S;,(t) = R(t, to), which is 2).

3) Consequence of 1) and 2).

4) We first restrict to the case 1 < p,q < co. Appealing to r.(k) € Bp 2+n(]0,T[,$(A)) and

to theorem 6.1, we can define Ly, , € B2+n(]0, T[, A), solution of problem with —r,(k) in

place of «, i.e L{ , = =L, x~ and Ly, .(to) = 14. Assume first that x € C*([0,T],.A). We get

Ly s € COO([O T] A) and R(.,t9) € C>(]0,T],.A). Due to definitions of L, , and R(.,to), we
/

have (LtMR(., to)) — L R(.,to) + Ley +R'(, to) = 0 and also Ly, <R(., t)(0) = 14. Therefore:

to,x
L, «R(., t0) = L. (8.3)

1
Next, denote momentarily R(.,tg) by Ry, .. Since w(n,p) > 0, B2+n(]O,T[, A) is an algebra.

Using theorem [6.112), we conclude that the application W : B, éM(]O, T, A) — Béj{”(]o, T[, A)
defined by W(k) = Ly, xR, Is continuous. Moreover, by -, W =14 on C>®([0,T], A), a
dense subset of B;éﬂ(]o T[, A). Finally, W = 14 on the whole space B;(%Jrn(]O,T[, A). Tt
entails that R(.,to)™" = Ly, » € B2+n(]0 T[,.A), with continuous dependence with respect to
Kk € By 2Jm(](),T[, A). In the cases p = 0o or q = 00, we write as usual k € B2 K — B, 2+pn
with 1 — p > 0 small and v > 0 large enough. The previous proof asserts that R(.,t ) 4 =
Li, . € By 2+pn. But due to theorem [6.1, Ly, , also belongs to Bﬁ qn, with local Lipschitz

continuity with respect to xk € By 2+n_

5) From 2) and 4), we have R = R(.,0) @ R(.,0)"! € B2+n(]0 T[?, A), which is 5) for v = p. In
the general case, we write € Bp2 ' "(]0, T[, A) < Bf,;rni?% (]0, T[,.A) and apply the previous
result. O

Proposition is the variation of constants formula in our functional setting. It essentially
follows from the continuity of R(.,to)”! with respect to x. In what follows, we restrict our
statement to to = 0 and 1 < p,q < co. Notation [y stands for the characteristic function of

[0,¢] < [0, T].
Proposition 8.2. Let T >0,ty=0,0<n<1/2,1<p,q < oo with % s tn— 1> 0. Assume

1
that € By27(10,T[, Z(E)), 6 € Bo2 (0, T, E), My € E and let M € B2+"(]0,T[, E) be the
solution of 61l Then, for any t € [0, T], we have:

M(t) = R(t, 0).Mo+ < R(t,.), Lo >npq (8.4)

Proof. Let (t,t) € [0,T]2. Set G = By2™(10,T[, Z(E)) x By2 (10, T, E). Let A be the

mapping:
G —E
(8.5)
(k, @) = M, o(t) — Re(t,0).Mo— < Ri(t,.), Lo.g® >npa
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where M, , and R, denote respectively the solutions of and Bl Function A is identically
equal to zero on C*([0,T], Z(E)) x C=(]0, T],E). It remains to prove that A is continuous.
We just deal with the bracket in the definition of A, since the other terms are simpler. Writ-
ing R,(t, ) R.(t,0)R,(0,.), we essentially have to prove that function A; : G — E with
Ai(K, ¢) =< Rx(0,.),Ij0,q¢ >ypq is continuous. First, notice that:

B0, BES 0, T], 2 (E)) < BY (10, T, £(E))

1
prgl 77(]0’ T[7 g(E»
In the first injection, R(0,.) is considered as a function of the variable k. The second injec-

1
_§+

tion follows from lemma 5.2, 1). It remains to prove that function Ay : Bp2" ' (]0,T[,E) —
Bp. 2Jm(]() T[,E) with Ay(¢) = Ijo ¢ is continuous. This follows from the fact that Ijgy is a
multiplier for B,2""(]0, T[, E). O

As a final remark, let’s mention that all the classical results do not extend immediately to
our functional frame. For instance, Floquet’s theorem (case E = C") still holds true, whereas
the perturbation/stability theory is unlikely to work, unless serious modifications.

9 The nonlinear case.

We now turn to generalize theorem to the nonlinear case. The main issue is to define
suitable restriction operations for a global operator, denoted below by Hr,. Let 1 < p,q < 00,
0 < o< 1/2 with w(a,p) > 0. For any t € Ry, p > 0, My € E, define %, (M, p) as the open

1 o . .
ball of B2 (]0,t[, E) with center My and radius p, and set :

Bt a(Mol}Ot ) {M € %t a(MO]-]O t[ p) with M( ) = Mo} (91)

™ 1 (6% . . .
Denote also by By o(Mo1jo4[, p) its closure in Bg; (]0,t[, E) and a similar notation for %; , (Mo, p).
Until the end of the paper, we abusively identify My1jo with My and, for instance, often write
Bt o (Mo, p) in place of B¢ o(Moljos[, p). For future reference, we first prove

Lemma 9.1. Let 1 < p,q < 00, 0 < o < 1/2 with w(a,p) > 0, p >0, 0 < t7 < ty. Let
My € E. Then

1) BthOé(MO?p) = Bt2,a(M0>p)|]0,t1['

2) ‘@tha(MO?p) = ‘@tma(MOap)hO,m['

Proof. We only prove 1). Inclusion By, (Mo, p)ljos; € By, ,a(Mo, p) is clear. We prove the

1
opposite inclusion. Let M € By, (Mo, p). Set € = 5(,0 —|IM—-M ). By definition

ol g3 101005

1 (6%
of ||| 1 , there exists M, € B2 (R, E) such that:

Bg,ga(]ovtl[vE)
M*|]0,t1[ == M - MO (92)
and also:

o S Iy < M= Ml te<p (9.3)

M ge BZ1"(0.11E)

132+°Y R,

Set M,, = M, +M,, with My, € B2+ (R, E) and M. |0, = Mo. By@2, M., (0) = M(0) = M.
Hence, by B3] M..|j0,t,] € Bts,a(Mo, p). With @2, this provides the lemma. O
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Let now R > 0, T > 0,0 <a <n<1/2, 1 <p,q < oo with w(a,p) > 0, and My € E
be fixed. Let also £ C]0,T] with T € £ and 0 € £ (closure of £ in R). In the following, V

denotes By o(Mo, R) or #r.(Mo,R). Let finally Hr, : V — B,.2 (10, T[,E). Consider the
three following properties: for any (M, N, t) € V? x £, we have

e (L1) [Hro(M) — HroN) < &p||M — NHB%“‘(

lo-3+1000m) 0.T.)

e (L1') The operator Hr, is continuous on V.

[ ] (LQ) If M|]O,t[ — N|}07t[, then HT,O((M)hO,t[ - HT@(N)th[

When condition L2 is satisfied, we can define for any t € £ an operator:

—3+n
Ht,a . V|]0’t[ — Bp7q (]O, t[, E)

by restriction. It means that, for any M € V|4 (= Bto(Mo, R) or % (Mo, R), see lemma

0.10), we have:
Heo(M) = Hro(M)]jo4] (9.4)

with M, € V and M*th[ = M.
Using L2, we now localize properties L1 and L1’. We need the following;:

Lemma 9.2. Let T >0,0<a<1/2,1<p,q < oo with w(a,p) > 0.
1) There exists a bounded family (Py)o<t<T of extension operators Py : nga(] - 1,t[E) —
i
Bp,q (] - 17T[7 E)
2) The family (¢y)o<t<T of linear maps defined by

(9.5)

5, {BRAT00HLE) — BiS (0. TLE)
o M M(0)

s bounded by CT := C, |1 .

is bounded by I ]O’T[”Béja(}o,t[,E)
1ta lia . .

Proof. 1) Let P : Bg4 (] — 1,0,E) — B34 (] — 1, T[,E) be a continuous extension operator.

With the notations of lemma B.I] write p = 141 and ¢ = p=' = V_yia1)-1 (1+1)-1- Note

that ffj_1,0/(] — 1,0[) =] — 1,t[ and ¢[j_1r((] = 1, T[) =] — 1,+=[c] — 1, T[. Therefore, for

u e Bg;a(] —1,t[,E), we can define Py(u) = P (uopl|j_1,0{)o(¢}j—1,7(). Due to ¢(]—1,t[) =]—1,0],
we have Py(u)|j_14 = u. Now, applying lemma [B.T] and the continuity of the operator P, we
get the boundedness of (Py)o<i<T, say:

Ap g = < p ) :
1= S0t \Pelgom iy pdiegoaimgm) < (86)
lia
2) Let 0 < t < T and M € BZ%(]0,t[, E). Then
M <M 1
I (O)HBéga e = MOl ]o,T[HBp%’qM 0Tl
< Co1 M .
< Coo| }o,T[HBé:a(ME)II (O)HBP%’:Q oalE) (9.7)
due to inequality [0, This proves 2). O
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In the sequel, the constant Aty > 1 is fixed, given by 0.6l It is independent of M, and R.
Forany 0 <t < T,0 < a<1/2,1<p,q< oo with w(a,p) > 0 set Bé;ﬁ.‘(]@,t[,E) ={f e
Bé;a(](),t[, E) with f(0) = 0} and define

By Bias(0,t[ E) = B = 1t E)

as the zero-extension operator. Set:

Aﬂﬁz3::SuPO<t<1‘(HE%HBégiGO¢LE%B§:“}—1¢LE)> (5:8)

Clearly, 1 < Ats < oo (see lemma [£3]). As usual, the dependence with respect to « in omited
in the notations.

Lemma 9.3. Let T >0,0<a<n<1/2,1<p,q< o0 withw(a,p) >0, Mg € E, R > 0.
!
1) Let Hr o : Bro(Mo,R) — B,.2 (10, T[, E) satisfies properties (L1) and (L2). Then:

e (L1;) For any t € £ and (M,N) € By (Mo, R/A11AT2)* we have
[Hea(M) = HeoN)| 1, < CrAp A [M=N|| 4.,

Bp,q (}Ovt[vE) P,q }Ovt[vE)

1
2) Let Hr o @ Br.o(Mo,R) — B,.2 (10, T[, E) satisfies properties (L1') and (L2). Then:
o (L1}) For any t € £, function Hyq is continuous on Py o(Mo, R/A13).
Here, Ap3 > 0 is a constant depending only on T.

Proof. We only prove 2). Let t € £ and (M,N) € %, (Mg, R/Ar3)? The constant Apz >
A Ars will be determined later. We have

_ < _ _
(PO = MOy | Ao M=MO e (99
Using lemma [0.2] this implies
IM(0) + (ProE¢)(M — M(0)) — Moll e 0.0,
< - , _ )
< IMO) = Moll g o+ Aradra M= MOy
< [CT + AqpAgp(1+ CH]IIM = Mo (9-10)

BA:(0.4LE)
Hence, for Atz := CT + A Aro(1 + CT), inequality and M € %, (Mg, R/Ar3) provides
M(0) + (PyoE)(M — M(0)) € %;.a(Mo, R). The same holds true for N. As a consequence:

[Hea(M) = Hea(N)

1
—g+n
BP7(21 (]Ovt[vE)

< | Hra <M(0) + [(PyoE) (M — M(0))] |10,T[> -

Hor o (N(0) + [(PLoB) (N = N(0)] o )| (9.11)

1
—g+n
Bp,g (}OvT[vE)

Recall that Hr 4, is continuous. Hence, due to[@.11] it’s now enough to show that for any t € L,
the function

Lha
‘@t@(MO’ R/AT,3) - Bp,q (]07 T[a E) (912)

M = M(0) + [(PyoE;) (M — M(0))] 0.1
is continuous. This follows from [0.6] and lemma 2). O
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From now on, we denote by ®t, the constant Cp appearing in 112 with « in place of 7,
and by J the constant C of theorem B11b).

Theorem 9.1. Let Mg € E, T>0,R>0,0<a<n<1/2,1<p,q< o0 withw(a,p) > 0.

1
I) Assume that Hr o @ Bro(Mo,R) — Bp,§+n(]O,T[, E) satisfies conditions (L1) and (L2).
Then, for any 0 < p < R/Ar Ary there exists to € L such that the problem: find M €

Biy.o(My, p) with:
M’ = Hy, o(M) (9.13)

1
admits exactly one distributional solution. This solution belongs to Bﬁzn(](),to[, E). Moreover,
one can choose

D137 1
i 9.14
CrAr i Arap + [[Hro(Mo)l| 3 ) ) [ (9.14)

—g+n
Bp,g (}OvT[vE)

to € £N]0, z'nf(T, (

II) Assume that E has finite dimension and assume that Hr.a : Br.o(Mo, R) — Bp2 " "(]0, T[, E)
satisfies conditions (L1') and (L2). Then, there exists p > 0 and t; € £ such that, for any
M; € EN %, oMo, p), the problem: find M € By, o(My, p) with:

(9.15)

M = chOZ(M)
M(0) = M,

1
admits at least one distributional solution. This solution belongs to Bﬁ;n(]O, t1[, E).

Proof. An application of Picard and Schauder fixed point theorem.
I) a) Stability.

Let 0 < p < R/At1A12 and let ty € £ as in [0.14l Define:

(]OatO[a E) (916)

where M is given by equation B.31] with }[to,a(M) in place of ¥ and a = a.
Let now M € By, o(Mg, p) and M = S;,(M). Appealing to lemmas 3.3, and theorem [B.1] for
0 < a < n we have:

M — Mgl 1 < M| s = M , 1
| OHBg;a (040LE) = D1 HBEEM (000 D1 ol Higal )HBEEM (000 (9.17)
< Nta1— ¢ V) — 1 1 .

< Dpadte”* (I[Hie.a (M) ’Htw(Mo)||B;g+n(]o’m[) + HHtO’a(MO)||B;§+”(}0,to[)) (9.18)

Due to lemma 0.3, ||M — MOHB%M el < p and [0.14] we get:
p,q L0

IA

M — M| DrJte” *(CrAr, i Ar M — Mol 3+a ,t Heo.a(Mo)|

PE-H?(]OvtOD

)

+a

B2 (0.00[B) (10,80

IN

p

Hence, the stability is proved.
1 (63 .
b) Proof that S, is a B24"(]0, to[) contraction.
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Let M € By, o(Mo, p), N € By, o(Mj, p) and set M = S;, (M) and N = S;,(N). Arguing as in
a), we get:

M- N < Dyl M~ NY[_y..

HB?*“ 0,to]) By 2 (0,t0D)

< CrDpIAp Apatd *IM = N|| (9.19)

B2 (10.t0])

with €D 1JAr1Aratl @ < 1for tg asin I) a). Hence I) follows from Picard fixed point theorem
and lemma 3.3

IT) a) Stability.
Let 0 < p < R/2A13. Since Hr, is continuous at My, restricting if necessary p, we can im-
pose that Hr o (%Br.o(Mo, 2p)) is bounded in B;T"(]O, T[,E) by K = |Hro(Mo)|| 3.,

) Bpd (10,1
Let t; € £ with

0<t; < (p/KDpad)T= (9.20)

Appealing to lemma 0.1 definition of H;, , and the assumption on p, we obtain that
He, (B, «(Mo,2p)) is bounded in B,.2 (10,4, E) by K. Fix M; € EN B, (Mg, p). For

M € By,.o(My, p) C By, .0(Mo,20) C By, (Mg, R/A1s), set M = S, (M). Here, application S,
is given by 016 with M; and t; in place of My and to. Arguing as in I) a) (see @0.I7), we have

IM — M| < D1l Hia M| 310

Bq " (0.01]E) Byd T (0 LE)
< D0l Hoa B0y, 0 SKORITS (020
since ||’7‘-[t1704(1\~/[)||B s EET, < K for M € @tha(MO,Zp). Hence, using [0.20, the stability

Stl (Btl,a(Mlap)) - BthOé(Ml)p) 18 prOV@d.
Until the end of the proof, the notations and the definitions of II)a) hold.

b) Continuity. )
For another N € By, (M, p), set N = &, (N). Arguing as in [0.17 and 018 we have

_ < V) — )
NNy S Ol HnaD) = Hal®l e 922)

Note that By, o(My, p) C %y, oMo, R/Ar3). Invoking lemma 0.3, we get that function Hy, o
is continuous on By, o(Mi, p). Now, inequality .22 implies that S;, is also continuous on
Btl,Oz(Ml? p)

c¢) Compactness.
Let 0 < a < o < n. Arguing as in [@.17 and [@Q.I8, we have

M —M : < Do |M : S
I tpdeer o < 2o Ml geer =D Her,0(M L A,

< Dol Hey (M )|| <KDr (9.23)

(10,41 [,E)

Note now, the space E being finite dimensional, that the injection BZ.¢" (]0 tl[ E) < B2."(10, 1, E)
is compact. Hence, due to @23 S, (B, (M, p)) has compact closure in qu “(J0,t1], E).

_ lia
d) Finally, since By, o(My, p) is a closed convex subset of BZ4 (]0,t1[, E), the existence of a
solution of follows from II) a-c), Schauder fixed point theorem and lemma 3.3l O
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1ig _1
In order to apply theorem 0.1 to operators Hr, : U C B2 (0, T, E) — Bp,§+n(]0, T[,E),
it remains to identify the set

I(U) = {My € E such that there exists 0 < Ty, < T with My € Uljo1y, [}
We also need some uniform estimate on the time Tyy,.

Proposition 9.1. Let T >0, 1 < p,q < o0, 0 < o < 1/2 with w(a,p) > 0, and let U be an
open subset of B24"(10, T[,E). Then

1) I(U) = U(0), where U(0) denotes the set of initial values of elements of U.

2) U(0) is an open subset of E. More precisely, for any My € I(U) there exist v > 0, R > 0
and Ty > 0 such that for any My € E with |M; — My||g < v, we have

Mi150,1[ € Bro,a(Moljo,ro, R) C Uljorry (9.24)

Proof. The fact that U(0) is an open subset of E is obvious, as well as the inclusion I[(U) C U(0),
which is a direct consequence of the definition of I(U). We prove the reverse inclusion -i.e that
for any M € U, M(0) € U}, for some 0 < Ty < T- and at the same time.

Let M € U. For R > 0 small enough, we have Bt (M, R) C U. Set € = R/[4(Cw +2)] (see

corollary 1] ¢)). Pick up ¢ € Bro(M,R)NC>([0, T],E) with [|[M — 9] 1 T, <'e. Set
¢e = e —1(0) +M(0). By inequality 9, we have ||[M(0) —1.(0)||g < COOHM || B0 m1E)
Using definition of ¢, and v, this implies that |[M — ¢.|| 1 B0 g0 = < (Co + 1. o Let now
a <n<1/2and M; € E with ||[M; — M(0)||g < ¢/[|Ljo,r(] 1 2+a(]OT[E) Since ¢.(0) = M(0),
appealing to theorem Bl b) and corollary B b) we get, for any 0 <t < T
_ <M = _
=Ml g S I =l g e 8O g
M(0 M ! 1 = 2
FIMO) Ml oo S Ot De+ Crllfll_peo b (029)

Set

_— mf<( (R/2) — (Coo + 2)6)1/(na)’T> .

C /
ISR T —

We infer from inequality and lemma 9.1 b) that M; € HBr, (M, R) = Br o (M, R)|j0,1,[ C
Uljo,1[, Which proves the proposition. O
Let T>0,1<p,q<o0,0<a<n<1/2with w(a,p) > 0, and let U be an open subset

of Bg;a(](), T[,E). Consider an operator Hr, : U — B;g*”(]o, T[, E) satisfying (L2). We say
that Hr , satisfies condition (L,1) if, for any My € I(U), there exists Ry, > 0, Ty, € £ and
¢y, > 0 such that, for any (M,N) € B, (Mo, Rug,)?

o (Lol) [ HmygolM) = Hory, a(N| - < oy, [IM -

— H %+a
710, Tnig LE) Bpa (0, Tmy[E)

The following result is an immediate consequence of theorem and proposition
Theorem 9.2. Let T >0, R>0,0<a<n<1/2,1<p,q < oo withw(a,p) >0, and let U
be an open subset of B2+a(]0, T[,E)

I) Assume that Hr o : U — B,.2 (10, T[,E) satisfies conditions (L2) and (Lol). Then, for
any My € U(0), there exists p > 0 and tg € £ such that, for any My € E with |[M; — My|lg < p
the problem: find M € By, o(Mo, p) with:

M’ = Hig o (M)
{M(O) v (9.26)
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1
admits exactly one distributional solution. This solution belongs to Bg,ﬁ”(]o,to[, E).

!
II) Assume that E is finite dimensional and assume that Hro @ U — B,.2 (0, T[,E)
satisfies conditions (L1") and (L2). Then, for any My € U(0), there ezists p > 0 and t, € £
such that, for any My € E with ||[My — Mo||g < p the problem: find M € By, o(Mo, p) with:

M = chOZ(M)
{M(O) v (9.27)

1
admits at least one distributional solution. This solution belongs to BZ4"(]0, t1], E).

As an example, we apply theorem to nonlinear operators with irregular coefficients. In
the following proposition, we assume that E = .A is an algebra such as in section 8l One may

1
look for operators such as Hro(M) = [, ¢( R(s)du(s) with & : R — By 2" "(]0, T[, A),
¢ : R x B2.“(]0, T[, A) — nga(]o,T[, A) and p a Radon measure on R". For results on
composition operators, see for instance [7], [4], [25]. In the following, we restrict to the simple
case of a serie.

Proposition 9.2. Let T >0, R >0,0<a<n<1/2,1<p,q< oo withw(a,p) > 0. Let
K € Bpd (0, T[,A) (j € N). Assume that, for some R > 0

Z ||”€J||B—g+n 10.TL.A RJ < 00

jEN

1ig _1
Then, for r > 0 small enough, operator Hr o : Bro(0,1) C BZ. (0, T[, A) — Bp,§+n(]0, T[, A)
given by Hro(M) = >y kM is well defined and satisfies properties (L1) and (L2).

Proof. Denote by C; the constant in inequality .1l Note also, since w(a, p) > 0, that there

' 1 with [[MN < Cy|IM f M, N)?
exdsts Gy > 1 with IMNyea )y S CollMl ey 1 o OF 2 OLN)

Br.(0,R)?. Using lemma[.]] we infer that the operator Hr 4 is well defined forr = R/Cy < R.
Moreover, for any (M,N)? € %1 ,(0,r)?

M)— N
0.0 (M)~ Haa >HB,%M(]OTM)

< J(Cor) )M = N 2
(Dol —5en o C I N g (0.28)

jEN

N
Nl e

Since Cor = R and <ZJ€N I JH 1, T[A)JRj_l < oo), the operator Hr, satisfies property

(L1). Property (L2) is obvious. O
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