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Abstract. This paper is devoted to the refined analysis of Courant’s theorem for the
Dirichlet Laplacian in a bounded open set. Starting from the work by Å. Pleijel in 1956,
many papers have investigated in which cases the inequality in Courant’s theorem is an
equality. All these results were established for open sets in R2 or for surfaces like S2 or
T2. The aim of the current paper is to look for the case of the cube in R3. We will prove
that the only eigenvalues of the Dirichlet Laplacian which are Courant sharp are the two
first eigenvalues.
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1. Introduction and main result

Consider the Dirichlet eigenvalues of the Laplacian in a bounded domain Ω with
piecewise C1-boundary. {

−∆u = λu in Ω
u = 0 on ∂Ω.

(1)

We denote by {λk}k≥1 = {λk(Ω)}k≥1 the sequence of eigenvalues (counted with
their multiplicity):

λ1 < λ2 ≤ λ3 ≤ ... ≤ λk ≤ ...

It is well known that the first eigenvalue is simple and that the eigenfunction u1
has a constant sign in Ω. All the higher order eigenfunctions must change sign
inside Ω and, consequently, must vanish inside Ω.

We call nodal set of an eigenfunction uk associated with λk the closure of the
zero set of uk,

N (uk) = {x ∈ Ω; uk(x) = 0}.

This nodal set cuts the domain Ω \N (uk) into µk = µ(uk) connected components
called “nodal domains”.

The famous Courant nodal theorem [7] of 1923 states that

µ(uk) ≤ k.
∗This paper was achieved when the two authors were invited at the Isaac Newton Institute for

mathematical sciences in Cambridge. Moreover the first author was supported there as Simons
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We will say that an eigenvalue λ is Courant sharp if λ = λk and if there exists
an associate eigenfunction with k nodal domains. While it is always true in the
case of dimension 1 by the Sturm-Liouvillle theory, Pleijel’s theorem [27] asserts
in 1956 that equality can only occur for a finite set of k’s, when the dimension is
at least two.

Since we know that the first eigenfunction does not vanish and that the second
eigenfunction has exactly two nodal domains, λ1 and λ2 are Courant sharp (µ1 = 1
and µ2 = 2). We are now interested in checking if other eigenvalues are Courant
sharp.

Starting from the founding paper by Å. Pleijel [27], many papers (and some
of them quite recent) have investigated in which cases this inequality is sharp:
Helffer–Hoffmann-Ostenhof–Terracini [13, 14], Helffer–Hoffmann-Ostenhof [11, 12],
Bérard-Helffer [3, 4, 5], Helffer–Persson-Sundqvist [16], Léna [22], Leydold [23, 24,
25]. All these results were devoted to (2D)-cases in open sets in R2 : squares,
rectangles, equilateral triangles, disks,.. or in surfaces like S2 or T2

The aim of the current paper is to start the analysis of analogous results for
domains in R3. Looking at explicitly solvable models and avoiding easy cases
where the multiplicity of each eigenvalue is one (making the analysis of the nodal
set easy), it is natural to first consider the case of the cube. More precisely, we
will prove:

Theorem 1.1. In the case of the cube C := (0, π)3 the only eigenvalues of the
Dirichlet Laplacian which are Courant sharp are the two first eigenvalues: λ1 = 3
and λ2 = 6.

2. Coming back to Pleijel’s paper

Outside the proof of Pleijel’s theorem in 2D, Pleijel [27] (see also [3] for a more
detailed analysis) considers as an example the case of the square which reads

Theorem 2.1. In the case of the square the only eigenvalues which are Courant
sharp for the Dirichlet Laplacian are the two first eigenvalues and the fourth one.

The proof was based on a first reduction to the analysis of the eigenvalues less
than 68 (the argument will be extended to the (3D)-case below and this is a quanti-
tative version of the proof of Pleijel’s theorem), then all the other eigenvalues were
eliminated using this time a more direct consequence of Faber-Krahn’s inequality,
except three remaining cases for which Pleijel was rather sketchy which have to be
treated by hand.

At the end of his celebrated paper Å. Pleijel wrote:
” In order to treat, for instance the case of the free three-dimensional membrane
[0, π]3, it would be necessary to use, in a special case, the theorem quoted in [8],
p. 3941. This theorem which generalizes part of the Liouville-Rayleigh theorem

1In the german version, this is p. 454 in the english version.
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for the string asserts that a linear combination, with constant coefficients, of the n
first eigenfunctions can have at most n nodal domains. However, as far as I have
been able to find there is no proof of this assertion in the literature.”
Pleijel was indeed speaking of a result presented in [8] as being proved in the thesis
defended in 1932 at the University of Göttingen by Horst Herrmann (with Richard
Courant as advisor). This so called Courant-Herrmann conjecture was asserting
that, for a given k ∈ N, Courant’s theorem holds also for linear combinations of
eigenfunctions associated with eigenvalues λj with j ≤ k. It is said in [10] that the
authors can not find any mention of the result in the thesis itself. We learned in a
recent article by N. Kuznetsov [20] that V. Arnold [1] has discussed this question
with R. Courant in the seventies and that he can prove that this theorem cannot
be true in general.

Pleijel is not explicitly saying why he needs this result but one could think
that he is interested, because he speaks about the ”free problem” (i.e. the Neu-
mann problem), in counting the number of components of the restriction of an
eigenfunction to a face of the cube (0, π)3. Looking for example to the zeroset of

(x, y, z) 7→ a cosx cos y cosnz + b cos y cos z cosnx+ c cos z cosx cosny ,

one gets for fixed z = 0, a linear combination of the eigenfunctions of the square
cosx cos y, cos y cosnx and cosx cosny corresponding to two different eigenspaces
for the Neumann Laplacian in the square (0, π)× (0, π). We will not go further in
this paper on the Neumann problem but similar questions could also occur in the
Dirichlet problem and we typically meet below the eigenfunction

(x, y, z) 7→ a sinx sin y sinnz + b sin y sin z sinnx+ c sin z sinx sinny ,

and will be interested for example in the intersection of its zero set with the
hyperplace {z = π

2 } inside the cube (in the case n = 3).

3. Reminder on Pleijel’s theorem in 3D

Let us first prove that there are only a finite number of eigenvalues that satisfy
µk := µ(uk) = k. This proof was given in dimension n by Bérard-Meyer [6].

Proposition 3.1. If λk is an eigenvalue of (1) such that λk−1 < λk, and uk is an
associated eigenfunction then:

λ
3
2

k |Ω| ≥ µ(uk)
4

3
π4 , (2)

where |Ω| denotes the volume of Ω.

Proof. Assume that the nodal set cuts the domain Ω in µk connected components
and let us denote them by Ωi, 1 ≤ i ≤ µk. Since uk does not vanish inside Ωi, it
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is equal to its first eigenvalue and now using the (3D)-Faber-Krahn inequality on
each component (see for example Bérard-Meyer [6]):

λ
3
2

k |Ωi| ≥
4

3
π4 for 1 ≤ i ≤ µk .

Adding together all the equations we get (2).

Theorem 3.2.

lim sup
k→+∞

µk
k
≤ 9

2π2
< 1 . (3)

In particular, there exists only a finite number of eigenvalues satisfying µk = k.

Proof. We start from the Weyl asymptotics for the counting function

N(λ) := #{k , λk < λ}, (4)

which reads

N(λ) ∼ 1

6π2
|Ω|λ 3

2 . (5)

For an eigenvalue λk such that λk−1 < λk, we have N(λk) = k− 1 . Then from

λ
3
2

k ∼
6π2

|Ω|
k

together with (2), we get (3).

Remark 3.3. It is clear from (3) that we cannot have an infinite number of
eigenvalues satisfying µk = k.

4. The case of the cube

Let us consider the cube (0, π)3 for which an orthogonal basis of eigenfunctions for
the Dirichlet problem is given by:{

u`,m,n(x, y, z) = sin(`x) · sin(my) · sin(nz) ,
λ`,m,n = `2 +m2 + n2 ,

for `,m, n ≥ 1.
Applying Proposition 3.1 for this domain, we get

Proposition 4.1. If uk is an eigenfunction associated with λk such that uk has k
nodal domains and if λk−1 < λk we have:

λk
3
2

k
≥ 4

3
π . (6)
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Here we will try to find a lower bound for the number N(λ), since we know the
λ’s are equal to `2 + m2 + n2 where `,m, n are integers, so we need to count the
number of the lattice points of R3 inside the sphere of radius

√
λ.

Lemma 4.2. If λ ≥ 3, then

N(λ) >
π

6
λ

3
2 − 3π

4
λ+ 3

√
λ− 2− 1 . (7)

The proof is given in the appendix.

Lemma 4.3. If uk is an eigenfunction associated with λk such that uk has k nodal
domains we have: (

3

4π
− π

6

)
λ

3
2 +

3π

4
λ− 3

√
λ+ 3 > 0 . (8)

Proof. First by Courant theorem, we have necessarily λk−1 < λk .
Applying (7), we have

k − 1 = N(λ) >
π

6
λ

3
2 − 3π

4
λ+ 3

√
λ− 2− 1 .

i.e.

k >
π

6
λ

3
2 − 3π

4
λ+ 3

√
λ− 2 . (9)

Together with (6), this implies:(
3

4π
− π

6

)
λ

3
2 +

3π

4
λ > 3

√
λ− 2 .

One immediately sees that, for λ ≥ 3 ,

√
λ− 2−

√
λ = − 2√

λ+
√
λ− 2

≥ − 2

1 +
√

3
> −1 .

Now setting µ =
√
λ we get the third order inequality:(

3

4π
− π

6

)
µ3 +

3π

4
µ2 − 3µ+ 3 > 0 . (10)

Now, consider the cubic function h(x) =
(

3
4π −

π
6

)
x3 + 3π

4 x
2 − 3x+ 3 on (0,+∞).

The coefficient of x3 is strictly negative. One can check easily that h(7) < 0 ,
h′(7) < 0 and that h′′(x) < 0 for all x > 7. This implies that h(x) is negative for
x > 7. Hence Inequality (10) for a positive µ implies µ ∈ (0, 7) and coming back
to λ: λ < 49 . So we have finally proved:

Proposition 4.4. If uk is an eigenfunction associated with λk such that uk has k
nodal domains and if λk−1 < λk , we have:

λk ≤ 48 . (11)
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5. The list

In this section, we establish the list of the eigenvalues which are less than 48 and
determine which of these eigenvalues satisfy the necessary condition (6) for being
Courant sharp.

k (`,m,n) λk
λ1 (1,1,1) 3
λ2 = λ3 = λ4 (1,1,2) 6
λ5 = λ6 = λ7 (1, 2, 2) 9
λ8 = λ9 = λ10 (1,1,3) 11
λ11 (2,2,2) 12
λ12 = λ13 = λ14 = λ15 = λ16 = λ17 (1,2,3) 14
λ18 = λ19 = λ20 (2,2,3) 17
λ21 = λ22 = λ23 (1,1,4) 18
λ24 = λ25 = λ26 (1,3,3) 19
λ27 = λ28 = λ29 = λ30 = λ31 = λ32 (1,2,4) 21
λ33 = λ34 = λ35 (2,3,3) 22
λ36 = λ37 = λ38 (2, 2, 4) 24
λ39 = λ40 = λ41 = λ42 = λ43 = λ44 (1, 3, 4) 26
λ45 = λ46 = λ47 = λ48 (3, 3, 3) & (1, 1, 5) 27
λ49 = λ50 = λ51 = λ52 = λ53 = λ54 (2, 3, 4) 29
λ55 = λ56 = λ57 = λ58 = λ59 = λ60 (1, 2, 5) 30
λ61 = λ62 = λ63 = λ64 = λ65 = λ66 (1, 4, 4) & (2, 2, 5) 33
λ67 = λ68 = λ69 (3, 3, 4) 34
λ70 = λ71 = λ72 = λ73 = λ74 = λ75 (1, 3, 5) 35
λ76 = λ77 = λ78 (2, 4, 4) 36
λ79 = λ80 = λ81 = λ82 = λ83 = λ84 = λ85 = λ86 = λ87 (1, 1, 6) & (2, 3, 5) 38
λ88 = λ89 = λ90 = λ91 = λ92 = λ93 = λ94 = λ95 = λ96 (1, 2, 6) & (3, 4, 4) 41
λ97 = λ98 = λ99 = λ100 = λ101 = λ102 (1, 4, 5) 42
λ103 = λ104 = λ105 (3, 3, 5) 43
λ106 = λ107 = λ108 (2, 2, 6) 44
λ109 = λ110 = λ111 = λ112 = λ113 = λ114 (2, 4, 5) 45
λ115 = λ116 = λ117 = λ118 = λ119 = λ120 (1, 3, 6) 46
λ121 (4, 4, 4) 48

Table 1: List of all eigenvalues less than 49

Coming back to the consequences of Faber-Krahn’s inequality, one can check
that among all the values on Table 1, the only eigenvalues that satisfy inequality
(6) and λk−1 < λk are λ1 , λ2 , λ5 , λ8 and λ12 .

Proposition 5.1. The only eigenvalues which can be ”Courant sharp” are the
eigenvalues λk with k = 1, 2, 5, 8 and 12.
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As λ1 and λ2 are Courant sharp, the only remaining cases to analyze correspond
to k = 5, 8, 12.

In the next section we will by a finer analysis involving symmetries eliminate
other cases.

6. Courant theorem with symmetry

We first recall some generalities which come back to Leydold [23], and were used in
various contexts [24, 25, 16, 14]. Suppose that there exists an isometry g such that
g(Ω) = Ω and g2 = Id . Then g acts naturally on L2(Ω) by gu(x) = u(g−1x) , ∀x ∈
Ω , and one can naturally define an orthogonal decomposition of L2(Ω)

L2(Ω) = L2
odd ⊕ L2

even ,

where by definition L2
odd = {u ∈ L2 , gu = −u}, resp. L2

even = {u ∈ L2 , gu = u}.
These two spaces are left invariant by the Laplacian and one can consider sep-
arately the spectrum of the two restrictions. Let us explain for the “odd case”
what could be a Courant theorem with symmetry. If u is an eigenfunction in L2

odd

associated with λ, we see immediately that the nodal domains appear by pairs
(exchanged by g) and following the proof of the standard Courant theorem we see
that if λ = λoddj for some j (that is the j-th eigenvalue in the odd space), then the
number µ(u) of nodal domains of u satisfies µ(u) ≤ j.
We get a similar result for the ”even” case (but in this case a nodal domain D is
either g-invariant or g(D) is a distinct nodal domain).
These remarks may lead to improvements when each eigenspace has a specific
symmetry. As we shall see, this will be the case for the cube with the map
(x, y, z) 7→ (π − x, π − y, π − z).
We observe indeed that

u`,m,n(π − x, π − y, π − z) = (−1)`+m+n+1u`,m,n(x, y) ,

and that
`2 +m2 + n2 ≡ `+m+ n (mod.2) .

Hence, for a given eigenvalue the whole eigenspace is even if `+m+ n is odd and
odd if `+m+n is even. Equivalently, the whole eigenspace is even if the eigenvalue
is odd and even if the eigenvalue is odd.

Application.

λ5 is not Courant sharp. The eigenspace associated with λ5 = 9 is even.
This is the second one (in this even space). Hence it should have less than four
nodal domains by Courant’s theorem with symmetry and has labelling 5.

λ12 is not Courant sharp. λ12 = 14 is the fifth eigenvalue in the odd space
with respect to σ. It should has less than 10 nodal domains and has labelling 12.
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7. The remaining value: k = 8

7.1. Main result. The proof of our main theorem relies now on the analysis of
the last case which is the object of the next proposition.

Proposition 7.1. In the eigenspace associated with λ8 the eigenfunctions have
either 2, 3 or 4 nodal domains. In particular λ8 cannot be Courant sharp.

7.2. Preliminaries.
For the value λ8 = 11 we have to analyze the zeroset of

Φa,b,c(x, y, z) := a sinx sin y sin 3z + b sin y sin z sin 3x+ c sin z sinx sin 3y ,

for (a, b, c) 6= (0, 0, 0) .

This looks nice because we can divide by sinx sin y sin z and by making the
change of coordinates u = cosx, v = cos y, w = cos z, we get for the zero set
of Φa,b,c in the new coordinates a quadric surface Qa,b,c to analyze in the cube
C = (−1, 1)3 , whose equation is

(Qa,b,c) 4 (au2 + bv2 + cw2)− (a+ b+ c) = 0 ,

for (a, b, c) 6= (0, 0, 0) .

When a+ b+ c 6= 0, we immediately see that there are no critical points inside
the cube, so the nodal set is simply an hypersurface (cylinder, ellipsoid or hyper-
boloid with one or two sheets). In this case, this is the analysis at the six faces
of the cube which will be decisive for analyzing possible changes in the number of
connected components. In the case when a+b+c = 0, we have a double cone with
a unique critical point at (0, 0, 0).
In the next subsections, we discuss the different cases.

7.3. Cylinder.
This corresponds to the case abc = 0 . We can use the (2D)- analysis as done in [3].
It is known that the number of nodal domains can only be 2,3 or 4 (See Section
3.1 and figure 2.1 there). See figure 1.

7.4. Double cone.
This corresponds to abc 6= 0 and a+ b+ c = 0 . The equation of Qa,b,c is:

au2 + bv2 = −cw2 .

One can verify that the intersection of this cone with each horizontal side w = ±1
is exactly at the vertices of the cube u2 = v2 = 1, and that the intersection with
each vertical face is a hyperbola. Therefore there are three connected components
of C \ Qa,b,c. See figure 2 2.

2All the pictures in this paper were produced using MATLAB.
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(a)
(a, b, c) = (1, 1, 0)

(b)
(a, b, c) = (1,−1, 0)

(c)
(a, b, c) = (1, 0, 0)

Figure 1: Cylinders

Figure 2: Double cones. (a, b, c) = (0.2, 0.2,−0.4)

7.5. Ellipsoid.
This corresponds to abc 6= 0, with a, b, c of the same sign. Without loss of gener-
ality, we can assume that 0 < a ≤ b ≤ c and that a+ b+ c = 1. We note that this
implies 3

2 (a+ b) ≤ a+ 2b ≤ 1.

au2 + bv2 + (1− a− b)w2 =
1

4
. (12)

We denote by Ωa,b,c the open full ellipsoid delimited by Qa,b,c.
Let us look at the intersection of Qa,b,c with the horizontal faces. We have

au2 + bv2 ≤ −3

4
+

2

3
< 0 .

We deduce that in this case there are no possible intersections with the horizontal
faces, and therefore two subcases can occur depending on the intersection of Qa,b,c
with the vertical edges. This set is determined by

(1− a− b)w2 =
1

4
− (a+ b) , w ∈ (−1,+1) . (13)

See figure 3.
Subcase (a+ b) > 1

4 .

The ellipsoid Qa,b,c does not touch the vertical edges and in this case C ∩ Ωa,b,c
c

is connected and C \ Qa,b,c has exactly two connected components.
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Subcase (a+ b) ≤ 1
4 .

Qa,b,c cuts each vertical edge along a segment [−w0,+w0] with w0 =
√(

1
4 − (a+ b)

)
/(1− a− b).

The intersection of Qa,b,c with each vertical face of the cube is the union of two arcs
of an ellipse. In this case it is clear that C \Qa,b,c has three connected components.

(a) (a, b, c) = (0.3, 0.3, 0.4) (b) (a, b, c) = (0.2, 0.2, 0.6)
(c) (a, b, c) = (0.1, 0.1, 0.8)

Figure 3: Ellipsoids

7.6. One sheet hyperboloid .
This corresponds to abc 6= 0, a, b, c not of the same sign and (abc)(a+ b+ c) < 0 .
Without loss of generality, we can assume that b ≥ a > 0, c < 0 and a+ b+ c = 1 .
We note that this implies that Qa,b,c ∩{w = 0} is an ellipse contained in the cube.

The equation of Qa,b,c can be written as:

au2 + bv2 =
1

4
− cw2 .

Qa,b,c cuts R3 into two components Ω+
a,b,c and Ω−a,b,c where Ω+

a,b,c contains (0, 0, 0).
But we have to look inside the cube.

We first observe that Qa,b,c has empty intersection the vertical edges. We have
indeed

a+ b = 1− c > 1

4
− c ≥ 1

4
− cw2 .

We now look at the intersection with w = 0. We get an ellipse
E0a,b,c := Qa,b,c ∩ {w = 0}, whose equation is

au2 + bv2 =
1

4
.

We observe that this ellipse could be included in the cube, if a > 1
4 or not if a ≤ 1

4 .
We also look at the intersection with the upper horizontal face. We note that

the ellipse E1a,b,c := Qa,b,c ∩{w = 1} has always a non empty intersection with this
face.
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(a) (a, b, c) = (0.2, 0.9, 0.1) (b) (a, b, c) = (0.5, 0.6,−0.1)

(c) (a, b, c) = (0.5, 0.8,−0.3) (d) (a, b, c) = (0.8, 0.8,−0.6)

Figure 4: One Sheet Hyperboloid

Four subcases appear (See figure 4):

Subcase a ≤ 1
4

Under this condition Qa,b,c ∩{v = 0}∩C is empty. Hence {v = 0}∩C is contained
in one nodal domain which is invariant by v 7→ −v. The other nodal domains are
exchanged by this symmetry. This gives an odd number of nodal domains and this
can not be Courant sharp because the labelling is 8. More precisely the two curves
in C defined by:

v = ±

√
1
4 − au2 − cw2

b

cut the cube in three components.

The three last subcases are under the condition that a > 1
4 . We note that this

condition implies that E0a,b,c is strictly included in the square (−1,+1)× (−1,+1)

and the discussion continues according to the position of E1a,b,c in the horizontal
face.

Subcase 1
4 < a ≤ b < 3

4
E1a,b,c is contained in the horizontal face and Qa,b,c cuts the cube in two connected
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domains.

Subcase 1
4 < a < 3

4 ≤ b
E1a,b,c ∩ ∂C consists of two curves but Qa,b,c continue to cut the cube in two do-

mains. For joining two points of Ω−a,b,c∩∂C one can always go to a point in {w = 0}
outside of E0a,b,c and use the connexity (inside the square C ∩ {w = 0}) of the com-
plementary of the full ellipse.

Subcase 3
4 ≤ a

E1a,b,c ∩ C consists of four curves. Qa,b,c continue to cut the cube in two domains.

7.7. Two sheets hyperboloid.
This corresponds to abc 6= 0, a, b, c not of the same sign and (abc)(a+ b+ c) > 0 .
We can assume b ≥ a > 0, c < 0 and a + b + c = −1 . The equation of Qa,b,c can
be written as:

au2 + bv2 = −1

4
− cw2 .

The hyperplane {w = 0} is contained in one connected component. Hence looking
at the symmetry w 7→ −w, we get that necessarily an odd number (≥ 3) of nodal
domains and ≤ 8 by Courant’s theorem. Hence we know that it cannot be Courant
sharp.
More precisely, Qa,b,c meets the hyperplane {w = 1} along the ellipse Ea,b,c which
this time contains the horizontal upper face of the cube. The analysis of the
intersection along each of the vertical faces (two symmetric curves by w 7→ −w)
shows that we always have exactly three connected components. See figure 5.

Figure 5: Two Sheets Hyperboloid. (a, b, c) = (0.8, 0.8,−2.6)

8. Conclusion

In this paper we have analyzed the problem in the simplest example proposed by
Pleijel. One can of course ask for similar questions for other geometries starting
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with the parallelepipeds, the ball (this case has been solved in [17]), the flat torus
(C. Léna has announced the characterization in this case). It is probably difficult
to find other solvable cases. The situation for (0, απ)× (0, βπ)× (0, γπ) is in prin-
ciple easier in the ”irrational” case when α`2 + βm2 + γn2 = α`21 + βm2

1 + γ1n
2
1

implies (`,m, n) = (`1,m1, n1). Each eigenvalue α`2 + βm2 + γn2 is indeed of
multiplicity 1 and the corresponding eigenfunction has `mn nodal domains.
One can also think of analyzing ”thin structures” (for example γ small or β + γ
small, where previous results in lower dimension can probably be used) in the spirit
of [11] and get partial results. Another interesting question would be to analyze
the Neumann problem for the cube in the spirit of [16].
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[2] P. Bérard. Inégalités isopérimétriques et applications. Domaines nodaux des fonctions
propres. SEDP 1981-1982, École Polytechnique.
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[27] Å. Pleijel. Remarks on Courant’s nodal theorem. Comm. Pure. Appl. Math. 9 (1956),
543–550.
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A. The proof of Lemma 4.2

We follow an idea appearing in the (2D) case in a course of R. Laugesen [21]. We
start by assuming that λ is not an eigenvalue. With each triple (`,m, n) with ` ≥ 1,
m ≥ 1, n ≥ 1, we associate the cube

Q`,m,n = (`− 1, `)× (m− 1,m)× (n− 1, n) .

We observe that

N(λ) =
∑

`2+m2+n2<λ,`≥1,m≥1,n≥1

|Q`,m,n| ≤
π

6
λ

3
2 ,

where we recall that |Ω| denotes the volume of Ω.
We are interested in the lower bound. The claim of Laugesen is that

N(λ) > |Bλ| , (14)

where

Bλ := {(x+ 1)2 + (y + 1)2 + (z + 1)2 < λ, x > 0, y > 0, z > 0}.

The observation is that

Bλ ⊂ ∪`2+m2+n2<λ,`≥1,m≥1,n≥1Q`,m,n .

For t > 0, [t]+ denotes the smallest integer ≥ t.
Let (x, y, z) ∈ Bλ, then it is immediate to see that (x, y) ∈ Q[x]+,[y]+,[z]+ . It remains
to verify that

Q[x]+,[y]+,[z]+ ⊂ D(0,
√
λ) ,

where D(0, ρ) denotes the open ball in R3 of radius ρ.
But we have, for (x, y, z) ∈ Bλ,

[x]2+ + [y]2+ + [z]2+ ≤ (x+ 1)2 + (y + 1)2 + (z + 1)2 < λ .

Coming back to (14), we have to find a lower bound for the area of Bλ. We note
that by translation by the vector (1, 1, 1):

|Bλ| = |Cλ| , (15)

where
Cλ := D(0,

√
λ) ∩ {x > 1} ∩ {y > 1} ∩ {z > 1} .

Let χ the characteristic function of the interval (0, 1). We have to compute the
integral

|Cλ| =
∫
D(0,

√
λ)

(1− χ(x))(1− χ(y))(1− χ(z)) dxdydz .

Developing the formula and using the symmetry by permutation of the variables,
we get, if λ ≥ 3 ,
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|Cλ| =
∫
D(0,

√
λ)

dxdydz (16)

− 3

∫
D(0,

√
λ)

χ(x)dxdydz

+ 3

∫
D(0,

√
λ)

χ(x)χ(y)dxdydz

−
∫
D(0,

√
λ)

χ(x)χ(y)χ(z)dxdydz .

It is then immediate to get the lemma by observing that∫
D(0,

√
λ)

χ(x)χ(y)dxdydz >
√
λ− 2 . (17)

We have assumed till now that λ was not an eigenvalue. But if λ is an eigenvalue

> 3, we can apply the previous result for an increasing sequence λ̂j such that

λ̂j → λ (where λ̂j > 3 is not an eigenvalue). According to our definition of N(λ) in
(4), we can pass to the limit and observing that in (17) the inequality is uniformly
strict when applied to the sequence λj , we keep the strict inequality when passing
to the limit. The case λ = 3 can be verified directly.
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