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Abstract—This work presents experimental results for single
carrier underwater communication systems using widely linear
frequency domain equalization. The underwater channel models
were obtained from a stochastic replay-based channel simulator,
which was fed with data from channel measurements conducted
in the harbor of Brest (France). It was seen that when symbols
from improper constellations are considered it is possible to
obtain a performance gain in this scenario for different conditions
if widely linear equalization is used.

I. INTRODUCTION

The underwater environment is one of the toughest ones
for data communication. The electromagnetic waves typically
used in wireless communications have poor underwater prop-
agation, making acoustic waves the best choice to transmit
data in this environment [1]. Also, in this case the bandwidth
is a function of distance and frequency, while to further
complicate the task of the receiver, the channel is highly
selective in frequency and the noise power spectral density
is non-white [2]. Thus, efficient equalization performs a vital
role in ensuring that higher data rate transmissions in this
environment become possible.

Appropriate time-domain equalizers for this environment
are long and complex; thus, frequency domain equalization
(FDE) is desirable to reduce the computational complexity
of this process. The most popular systems where this type
of equalization is employed are multicarrier ones. Single car-
rier systems using frequency-domain equalization (SC-FDE)
maintain the convenient low complexity equalization in the
frequency domain of multicarrier systems while avoiding their
characteristic high peak-to-average power ratio (PAPR) [3],
which can be a strain on the transducers used to transmit
acoustic waves [4]. SC-FDE systems operating in the under-
water environment have been presented in [5], [6].

These systems transmit symbols from a complex quadrature
amplitude modulation (QAM) constellation. QAM symbols
can be described as proper, that is, their second-order statistics
are completely described by the autocorrelation. The PAPR
of the transmitted symbols can be further reduced by the
usage of symbols from real or offset constellations instead of
QAM ones, since their envelope is constant or quasi-constant
[7]. These constellations are known as improper. Widely
linear (WL) processing takes advantage of the non-vanishing
pseudoautocorrelation of these improper sequences to improve

the symbols’ estimation performance [8], [9]. In order to do
that, the received signal must be processed together with its
conjugate version. WL processing has been used in SC-FDE
systems in [10], [11], [12]. It was seen that widely linear
equalizers have better error performance than linear ones, due
to their full usage of the available second order statistics, i.e.,
the autocorrelation together with the pseudoautocorrelation.

This work further develops [13], in which a preliminary
analysis of the usage of widely linear equalizers for SC-
FDE systems in the underwater environment was presented.
Differently from [13], in this work underwater channel models
were obtained from a stochastic replay-based channel sim-
ulator, which was fed with data from channel measurements
conducted in the harbor of Brest (France). Replay-based chan-
nel simulators are able to generate new random time-varying
impulse responses with statistical properties (almost) identical
to the original measurement, providing a high degree of
realism. It was seen that in this environment SC-FDE systems
using WL equalization have better performance than when
using linear equalizers, because they are able to exploit the
pseudoautocorrelation contained in the transmitted improper
sequences.

The remainder of the paper is organized as follows: Section
II presents and the system model considered in this paper.
In Section III the underwater channel models used in this
work are introduced, together with an analysis of the results.
Concluding remarks are presented in Section IV.

Notation: vectors are represented by bold lowercase letters,
while bold capital letters denote matrices. Time domain ele-
ments have a tilde appended to them. The superscripts ()∗,
()T and ()H denote, respectively, conjugate, transpose and
Hermitian operations. The i-th element of the vector v is given
by vi and the (i, j)-th element of the matrix M is given by
Mi,j . The identity matrix of size N × N is denoted by IN .
Finally, the mathematical expectation is E {.}.

II. SYSTEM MODEL

The system model considered in this paper is presented in
Figure 1. Consider a signal block s̃ of size N , whose symbols
come from an improper constellation (such as binary phase
shift keying (BPSK) or offset quadrature amplitude modulation
(OQAM)). Before transmission, a cyclic prefix of length LCP



Fig. 1: The system model for a SC-FDE system using a WL-MMSE equalizer.

is appended to the block of symbols, forming s̃CP with length
N + LCP . Before transmission, s̃CP will be oversampled.

This symbol block is transmitted through a doubly selective
channel model, modeled as a random linear time-varying
system that maps an input signal s(t) onto the output r(t)
according to the following I/O relationship:

r̃(t) =

∫
τ

h̃(τ, t)s̃(t− τ)dτ + ñ(t), (1)

where h̃(τ, t) is the channel impulse response between the
transmitter and the hydrophone and ñ(t) denotes the ambient
noise. We recall that noise in the underwater environment
is considered to come mainly from four sources: turbulence,
shipping, waves and thermal noise [2].

In the receiver, the signal block is first downsampled; after,
it is stripped of its cyclic prefix and converted to the frequency
domain. Thus, the vector r at the input of the equalizer with
size N can be expressed as

r = Hs+ n, (2)

where H is a N ×N diagonal matrix with its (k,k)-th entry
Hk,k corresponding to the k-th coefficient of the N -sized
DFT of the time domain channel impulse response h̃, s is
the frequency domain version of s̃ and the N -sized vector n
contains the noise, with variance σ2

n.
Equalization is performed in the frequency domain by filters

based on the minimum mean square error (MMSE) criterion.
However, since the equalizer is dealing with a signal from
an improper constellation (which has non-zero pseudoauto-
correlation), it can employ widely linear processing to use
all the second-order statistics made available by the received
signal and improve its performance. In order to do that, the
original version of the received signal in the frequency domain
r together with its conjugate version r∗ is processed by a
widely linear equalizer RWL, expressed as [11]

RWL =

[
HHH + σ2

nIN HUHT

H∗UHH H∗HT + σ2
nIN

]−1 [
H

H∗U

]
,

(3)

where U is given by

U =


1 0 0 . . . 0
0 0 0 . . . 1
...

...
...

...
...

0 0 1 . . . 0
0 1 0 . . . 0

 . (4)

RWL can be separated as R1 (which processes the received
signal in the frequency domain) and R2 (which processes its
conjugate version), which are respectively given by

R1 =
(
Hmod + σ2

nIN
)−1

H (5)

and

R2 =
(
Hmod + σ2

nIN
)−1

H∗U, (6)

with
Hmod = HHH +UHHHU. (7)

Thus, the equalized signal z can be expressed as

z = RH
1 r+RH

2 r∗

= RH
WLt, (8)

with t = [r r∗].
We recall that if this equalizer is dealing with a proper

constellation the pseudoautocorrelation is zero and the WL
equalizer is reduced to the linear one, expressed by

RL =
(
HHH + σ2

nIN

)−1

H. (9)

Then, the equalized signal z in the frequency domain passes
through an IFFT so that symbol decision is done on the time
domain symbol z̃.

III. RESULTS

To obtain impulse responses for the channel model used
in this paper, measurements were conducted in the harbor
of Brest, France in May 2015 to collect real data. The
transmissions were realized between two docks over a 800
m distance, in a 20 m water depth. At the transmitter side, an
omnidirectional transducer ITC-1032 (resonant frequency: 35
kHz) immersed at a depth of 2 m was used. At the receiver
side, a broadband omnidirectional BK-8106 hydrophone was
vertically deployed at a depth of 3 m. Estimates of the time-
varying channel impulse response (TVIR) were obtained by
successive matched filtering to a known probe signal transmit-
ted repeatedly. The probe signal used during the experiments
was a m-sequence of 255 BPSK chips transmitted at a symbol
rate of 5 kbds. Such a sequence can capture arrivals delayed up
to 51 ms and channel estimates can be updated up to 19.6 times
per second. Measurements were made at a carrier frequency
of 35 kHz and transmitted symbols were pulse-shaped by a
root raised cosine filter with a roll-off factor of 0.1. Figure 2
shows the channel estimate obtained in this experiment, while



Figure 3 shows the average power delay profile of this channel
model. It is possible to see in these Figures that the main tap
of this channel, which corresponds to the direct path, is quite
stable and the rms delay spread is approximately 6.5 ms.
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Fig. 2: Channel impulse response for the considered underwa-
ter channel.

= (ms)
0 10 20 30 40 50 60

R
el

at
iv

e 
po

w
er

 (
dB

)

-45

-40

-35

-30

-25

-20

-15

-10

-5

0

Fig. 3: Average power delay profile for the considered under-
water channel.

At the receiver side, the recorded signal is first down-
converted into complex-baseband and downsampled. Then,
time-varying Doppler shifts are mitigated by an iterative
resampling procedure presented in [14].

This measured at sea data is fed to a stochastic replay-based
channel simulator [15] to obtain new random TVIRs with
statistical properties (almost) identical to the original mea-
surement; these TVIRs are used for the actual simulation. The
time-varying Doppler shift of this channel impulse response
has been removed in order to mitigate the drift of multipath
arrivals that could obscure the analysis of the taps statistics.
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Fig. 4: Constellation output of the different MMSE equalizers
in SC-FDE systems for a SNR of 19 dB, N = 128 and LCP =
32.

For the bit error rate (BER) results presented in this section,
the carrier frequency fc was 35 kHz, the bandwidth 5.5 kHz,
100 channel realizations were made and BPSK symbols were
transmitted. The experimental conditions at the port allowed us
to obtain a SNR of 19 dB for a transmitted power of 190 dB re
µPa at 1 m. For this SNR, a block size N = 128 and a cyclic
prefix (CP) LCP = 32 Figure 4 shows constellations from
random symbols at the output of the SC-FDE systems when
using a linear equalizer (in Figure 4a) and a widely linear
equalizer (Figure 4b). A BER of 2.3 × 10−3 was obtained
when using the linear equalizer, while when using widely
linear equalization the BER value was 3.4 × 10−4 for this
scenario. This performance gain is due to the fact that the
receiver employing widely linear processing takes into account
all of the available second order statistics when processing the
improper received signal, leading to a better estimate.

An interesting characteristic when using the stochastic re-
play method to obtain the channel impulse responses is that
it is possible to change the SNR values for a given TVIR.
With this feature it is possible to test the WL-MMSE equalizer
with other SNR values, to see if the performance gain seen
above is upheld. Figure 5 presents a comparison of the error
performance of these systems for different values of SNR,
again with N = 128 and LCP = 32. As it is possible to see in
this Figure, the WL performance gain is obtained throughout
the considered SNR range.

Finally, in Figure 6 the impact of the block size N on the
error performance of these systems is seen. For these results,
the CP length was fixed at LCP = 64 and the values of
N considered were 256 and 512. An increase of the block
size brings better error performance for both systems, because
this larger block size allows the MMSE equalizers in SC-FDE
systems to better harness the available diversity [16]. For both
block sizes there is a performance advantage for the systems
employing widely linear processing.

IV. CONCLUDING REMARKS

In this work, results from SC-FDE systems using widely
linear MMSE equalization operating with channel impulse
responses coming from a replay-based simulator fed with
realistic underwater acoustic channel models were presented.
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Fig. 5: Error performance comparison for N = 128 and
LCP = 32.
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Fig. 6: Error performance comparison for LCP = 64 and
different block sizes.

These realistic CIRs were obtained in Brest harbor, France. It
is possible to see that when transmitting improper sequences
the usage of widely linear equalization brings a performance
gain with respect to systems using linear equalizers, due to
the fact that full second-order statistics are taken into account
in the equalization process. For a carrier frequency of 35 kHz
and a bandwidth of 5.5 kHz the system using WL equalization
has a single-channel average BER of 3.4× 10−4 with BPSK
modulation for a experimental SNR of 19 dB, N = 128 and
LCP = 32; this BER was better than the one obtained when
using linear equalization (2.3 × 10−3). For other values of
SNR and block size there is also a performance advantage
when using WL equalization. Future developments of this
work could include a performance evaluation using multiple
hydrophones in the receiver [17] and/or using iterative widely
linear frequency domain equalization [18].
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