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Finite dimensional approximations
for a class of infinite dimensional time optimal control problems

Marius Tucsnak?* Julie Valein! Chi-Ting Wu?

June 24, 2016

Abstract

In this work we study the numerical approximation of the solutions of a class of abstract
parabolic time optimal control problems with unbounded control operator. Our main results assert
that, provided that the target is a closed ball centered at the origin and of positive radius, the
optimal time and the optimal controls of the approximate time optimal problems converge (in ap-
propriate norms) to the optimal time and to the optimal controls of the original problem. In order
to prove our main theorem, we provide a nonsmooth data error estimate for abstract parabolic
systems.

Keywords. distributed parameter systems, optimal control, numerical approximation
AMS subject classifications. 93C25; 93B07; 93C20; 35R30;

1 Introduction

Time optimal control of infinite dimensional systems is a subject of growing interest, motivated by
numerous applications in domains such as guidance of complex systems or temperature regulation
in large buildings. In recent year, using new tools from infinite dimensional systems theory, the
literature devoted to this topic grew in a considerable manner (see Arada and Raymond [1], Barbu
[4], [5], Fattorini [11], [12], [13], Kunisch and Wang [17], Kunisch and Wachsmuth [16], Li and Yong
[21] and Troltzsch [29]). The specific case of time optimal control for systems governed by parabolic
PDE’s has numerous applications, from which we quote optimization of building thermal storage (see,
for instance [14] and references therein).

The aim of this paper, containing results partially announced in [30], is to study the approximation
of the solutions of time optimal (internally or boundary) control problems for a class of infinite dimen-
sional linear systems by projecting the original problem on an appropriate family of finite dimensional
spaces. This is a delicate question since, as shown in the above mentioned references, time optimal
controls are usually highly oscillating functions (due to the bang-bang property). As far as we know,
the only papers having already investigated this issue are Knowles [15], Wang and Wang [32], Wang
and Zheng [33] which investigated finite elements approximation for systems governed by the heat
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equation with internal controls. To our knowledge, the similar results obtained in these papers are
unknown to boundary time optimal control problems. A similar topic dealing with the homogenization
of parabolic system, where we study the asymptotic behavior of solutions and (time-)optimal controls
has been developed in recent years (see for example, Carja [8], [9], Castro and Zuazua [10] and Tebou
27]).

To state our results we need some notation. Let X and U be real Hilbert spaces, and let Ay :
D(Ap) — X be a strictly positive operator. It is known that —A( generates an exponentially stable
analytic semigroup, denoted by T;. We denote by |.| (resp. {.,.)) the norm (resp. the inner product)
on X. For v > 0 we denote by X, the space D(A}), endowed with the graph norm. For v < 0,
X, stands for the dual of X_, with respect to the pivot space X. We also introduce an operator
BeL(U, X_4)with0<a< %, called control operator. In this paper we consider systems of the form

Z(t) + Aoz(t) = Bu(t) (t=0), (1.1)
2(0) = 2z (20 € X), (1.2)

where u € L®([0,40);U) is the input function and z is the state trajectory. It is well known (this
follows, for instance, by combining Theorem 4.4.3 and Proposition 5.1.3 in [31]) that if zgp € X and
u e L*([0, +00); U), there exists a unique solution z € C([0,+00); X) of (1.1)-(1.2) and z satisfies

t

z(t) = Tyzo + ®ru, where Pu = J T o Bu(o)do. (1.3)
0

Given e > 0, denote by B(0,¢) the closed ball centered in zero and of radius ¢ in X. We consider the
time optimal control problem which states as follows
(TP) Determine 7§ > 0 such that

76 =min{r >0 | there exists u € L7([0,+00);U) s.t. |[u] (o +m)0) <1 and z(1) € B(0,¢)},
and the corresponding optimal controls u.

Denote

Upa = {ue L7([0,+0);U) | [ullzee(qo,+o0)0) < 1}- (1.4)
It is well-known that the above optimal time 7 and optimal control u§ exist under additional as-
sumptions (see, for instance, [23]).

Let (Vi)n>o (resp. (Up)p=0) be a family of finite dimensional subspaces of X1 (resp. U), which
2
are normed spaces when endowed with the restriction of the norm of X1 (resp. U). We denote P,
2

(resp. Qp) the orthogonal projector from X onto Vj, (resp. U onto Up). For each h > 0 we consider
the following system:

zp(t) + Apzn(t) = Brup(t) (£ =0), (1.5)
zp(0) = Ppzo,

where up € LP([0, +00); Up), (Ap)n>o is defined by

1 1
<App,h > = < Afp,Ajy > (¢, ¢ € V), (1.7)
and By, € L(U,V},) is defined by:
(Buu, o) = (u, By, (p€ Vi, uel). (1.8)
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The above system is the Galerkin approximation of (1.1)-(1.2), and its solution z; can be written as

t
Zh(t> = Tt7hPhZ() + @t,huh, where @t’huh = J Tt,thhuh(J)dU, (1.9)
0

where T, j, = exp(—tA},) is the semigroup generated by Ap. Denote by By, (0, ) the closed ball centered
in zero in V;, with radius €. For each h > 0, we consider the time optimal control problem for the
above system (1.5)-(1.6) which states as follows:

(TPy) Determine 77 > 0 such that

75 =min{r >0 | there exists u, € L*([0,+00); Up) s.t. |up| roe(jo,+00)0,,) <1 and z;(7) € By (0,¢)},
and the corresponding optimal controls uj in the admissible set Uyg p,, where Uaqp is defined by
Uaap = {ue L7([0,+0);Un) | |ulroqo,+oo)v,) < 13- (1.10)

The goal of this work is to study the convergence of 7;* to 7y and of uj to uj when h — 0. To
this aim, we need appropriate assumptions on the approximation properties of the spaces (V},)n~0 and
(Un)h=0. More precisely, we assume that there exist & > 0, h; > 0, C' > 0 such that for every
h e (0,h1) and 0 < v < 1 we have:

(C1) |z — Puz|| < ChO7|z|,, for every z € X.,,

(C2) Ap, is uniformly (with respect to h) analytic, in the sense of the Definition 3.2 below,
(C3) I(I = Pr)Bcw,x) < Cho-a)

(C4)  |PuBlewy,) < Ch0,

(C5) limp 0 |Qru — u|y = 0 for every u e U,

where « represents the unboundedness degree of the operator B (introduced in the beginning of this
section).
We are now in a position to state the main results of this paper:

Theorem 1.1. With the notation and assumptions on operators Ay, B, Ap, By, assume that (C1)-
(C5) hold and that zo € X, |20 > €. Then limy_o7;F = 7§ .

Theorem 1.2. With the notation and assumptions on operators Ay, B, An, B, assume that (C1)-
(C5) hold and that the only n € X for which there exists an open non-empty interval I with B*Tjfn =0
fortel isn=0. Then we have

ul — ud strongly in L*([0,T]; U),

where T = 2% (M is the first eigenvalue of the operator Ag) and extending (u})n and ug to
time T by zero.

It is worth mentioning that similar convergence results have been obtained in [15] and [33]. In [15],
the control space takes only in finite dimensional subspaces of U and in [33] the initial data z( is taken
in X1 and with bounded operator B, which can not apply to boundary control problem. Our results

2
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can be seen as generalizations of those obtained in [33], in the sense that we consider a class of abstract
problems including the PDE systems studied there. The novelty of our results is that we weaken the
regularity assumptions on the initial data with zy € X and also that we weaken the assumption on
control operator B with Be L(U, X_,), 0 < a < %

The outline of the remaining part of this paper is as follows. Section 2 contains some necessary
background on time optimal control problems. In Section 3, we provide some error estimate results
with smooth initial data which play an essential role to prove our Theorem 1.1. In Section 4, we
provide the proof of our main theorems. In Section 5, we apply our abstract results to some equations.
Throughout the paper, we denote by C' a positive constant that may change from line to line.

2 Some background on time optimal control problem

This section, in which we continue to use the notation and assumptions introduced in Section 1 for
X, U, Ay, B, is devoted to some background on the time optimal control problem (TP). We first
introduce some basic notions on controllability (see for example Ch6. and Chll. in [31]).
For 7 > 0, we denote ¥, € £L(X, L?([0,7]; U)) the observation operator of (A%, B*) on [0, 7] defined
by
(\I/TZO)(O') = B*T:’;ZO (ZO € X, o€ [0,7’]).

It is clear that (see, for instance, [31, Ch. 4]),
¢ = R, U, (1 >0), (2.11)

where R is the reflection operator on L?([0,7];U) defined by R,yu(t) = u(r —t).

We then recall the following existence result, which can be proved by using standard techniques
providing the existence of time optimal controls for linear systems. We refer to [12] or Lions [22] for
a detailed description of the methodology or to Micu et al [23, Proposition 2.6] for a slightly more
general version of this result.

Proposition 2.1. For every zp € X and € > 0, the time optimal control problem (TP) admits at least
one solution (T*,u*).

We need below a special version of the maximum principle. Although maximum principle is a
classical tool in optimal control problems, we were unable to find the version we need (abstract setting
with unbounded control operators) in the existing literature. Therefore we give the precise statement
and a short proof below.

Theorem 2.2. With the notation of Proposition 2.1, assume that ™ > 0. Then the time optimal
control u™ satisfies the mazximum principle, i.e., there exists £ € X, £ + 0 such that,

W*(0), () (7" —0))y = max (v, (V&) (5 —0))y, (o€ (0,7%) a.e.). (2.12)

vel, o)<l
Moreover, & satisfies the transversality condition, i.e.:
& z—Trzg — Prxu®) >0 (z € B(0,¢)). (2.13)
Proof. Let (7*,u*) be a solution of the time optimal control in Proposition 2.1 and let

21 = Trezg + @T*u*.



Moreover, for each zy € X and 7 > 0 denote
Ur :=={uljor) | u € Upa} and R;20 = Tr20 + @, U

We claim that
Z1 € aRT*ZQ N aB(O, E). (2.14)

Indeed, it can be easily checked that we necessarily have |z1| = . If we admit, by contradiction, that
21 is an interior point of R «zg, this implies that there exists zo € R %29 with |22] < e. Consequently,
there exists ug € U, + such that

Trxzg + Prsug = 29.

Since the map ¢ — |Tyzp + ®ruz| is continuous and that 7* > 0, we obtain that there exists 7 € (0, 7*)
such that
|Tr2z0 + ®rus| = ¢.

This contradicts the fact that (7%, u*) is a solution of our time optimal control problem.We have thus
proved our claim (2.14).

Thus we clearly have that the sets R,«zp and B(0,¢e) are non-empty, convex and they have no
common point. Moreover, since B(0, €) is open, we can apply the geometric version of the Hahn Banach
theorem (see, for instance [7, Theorem 1.6]) to obtain that there exists a hyperplane separating R+ 2
and B(0,¢). This means that there exists « € R and £ € X, £ + 0 such that

Em<a  (neRmz), (2.15)
&mz=a (e B(0,:e) (2.16)

The two above inequalities and (2.14) imply that
& 2)=a. (2.17)

From (2.15) and (2.17) we deduce that

<£7 Zl> = <§7 77> (77 € RT*Z0>7

which combined with the duality (2.11), clearly implies the maximum principle (2.12).
Moreover, we easily deduce the transversality condition (2.13) from (2.16) and (2.17).

Remark 2.3. To be more precise, we can deduce from the transversality condition (2.13) that:
&= —k(Trzo + Prsu’™), for some positive constant k. (2.18)

Corollary 2.4. With the notation of Theorem 2.2, assume that 7™ > 0 and that the assumption of
Theorem 1.2 holds, i.e., the only n € X for which there exists an open non-empty interval I with
B*Tf{n =0 forte I isn = 0. Then the time optimal control u* is unique and it has the bang-bang
property:

[u*(t)] =1 (te (0,7%) a.e.).



Proof. We first remark that the following statement holds: If 7 € X such that there exists a subset
e [0, 7] of positive measure with B*T;n = 0 for ¢t € e, then n = 0. Indeed, the facts that the map
t — B*Tjn is analytic (which is due to the analyticity of T;) and that it vanishes in e imply that this
map vanishes for ¢ in some non-empty open interval I. Therefore, according to the hypothesis, we
have n = 0.

With the above property, it is clear that (¥, «§) (7% —t) # 0 for almost every ¢ € (0,7*). Indeed,
if it is not the case, we deduce from the above property that £ = 0, which contradicts Theorem 2.2.
We can deduce from the maximum principle (2.12) that u*(t) = Hg::gﬂ Thus, the bang-bang
property of the time-optimal control holds.

The uniqueness of the time-optimal control can be deduced from the strict convexity of U. This
ends the proof. O

3 Nonsmooth data error estimates for abstract parabolic equations

In this section, we gather, for easy reference, some results providing error estimates for the semidiscrete
Galerkin approximation of some abstract parabolic systems. Our results are strongly inspired by
Lasiecka and Triggiani [20, Ch.4] and Badra [3, Ch.5], where they deal with a more general framework.
We continue to use the same notation and assumption introduced in Section 1 for X, U, Ag, B, Ap,
By, and V}, and we recall that Ty (resp. Ty ) is the semigroup generated by —Ag (resp. —Aj). We then
consider the following linear equation and its approximated scheme (where we do not approximate u

by up):

Jt) + Aoz(t) = Bu(t)  (t>0), (3.1)
Z(O) = 2p€ X,

Zp(t) + Apzp(t) = DBpru(t) (t=0), (3.3)

zp(0) = Przo, (3.4)

with uw e L*([0, +00); U). We first recall a classical characterization of analytic semigroups:

Proposition 3.1. T; is an analytic semigroup if and only if there exist C,0 > 0 such that

_ C
D p(A0) and | (M~ A0) ey < 7y (Ae D), (35)

where ¥ is defined by ¥ := {X e C | larg(\)| < § + 4} .
It is well known (see, for instance, [24, Ch. 2.6]) that if T; is analytic then

C
43Tl < = (£20, 7€ (0,1)), (3.6)

We also need the concept of uniform analyticity of the family of semigroups (T 4)n0-

Definition 3.2. T} is an uniformly analytic semigroup if there exist C independant of h, 6 > 0 such
that for every h > 0 we have

_ C
S < p(Ap) and (M — Ap) 7Yz < o (AeX),

where X3 is defined in Proposition 3.1.



Similarly, the above definition implies the following property:

C

It is also clear that
Bru = (PpB)u (ueU),

and (see assumption (C4))
| Bull iy < Ch™0.

We recall in the following some well-known results:

Lemma 3.3. Assume that Ty is analytic. Then, for any 0 < v < 1, there exists C' > 0 such that the
following estimates hold:

1. HA’g(AI - AO)_1H£ |>\‘? Rl ()‘ € E)

2. Tyz = 2m SpeM (A — Ag) "z da (z € X), where T is the path composed from the two rays pe™
and pe=™, 0 < p < 0 and T/2 < b < w/2 + 3, T being oriented so that I\ increases along T' (I
denotes the imaginary part of \).

Proof. The proof of the first estimate can be found in [24, Ch. 2.6] and the proof of the last assertion
can be found in [24, Th. 7.7, Ch. 1]. O

Similar to Lemma 3.3, it is clear that we have the following lemma:

Lemma 3.4. Assume that Ty, is uniformly analytic. Then, for any 0 < v < 1, there exists C' > 0
such that the following statement hold:
1 JAJ = Ap) e < I/\\% (AeX).

2. Tepz = o Sp e (M —Ap) " 2dN (ze V).

We gather in the proposition below, with no claim of originality, several error estimates which play
a central role in the proof of our main result. Some of the proofs are very similar to those in [3, Ch.5],
so that they are detailed.

Proposition 3.5. Assume that the assumption (C1) — (C4) hold. Then, there exists C > 0, such that
for every h > 0, we have the following properties:

1. |Agt = A Pallooxy < CRE.

2. | Ay (B = Bi)lcw,x) < ChOU),

3. (AL = Ag)™ = (AT = Ap) ' Py gy < CRY (AeX).

4. (M = Ag) ™ B — (AT — Ap) "' Byl oy < ChO0=2)  (Ae¥).
5. HTt nP _TtHL(X) < Ct 1.

6. |TenBn — TuB| cx) < Ct~ R0,

7.\ T 1 Bn = T.B| 1 qo.cw.x)y < Ch?0=) (|Inh| + ¢+ 1).

Proof.

1. We skip this proof which is based on Proposition 5.1.1 and Proposition 5.1.3 in [20].

2. We skip this proof as it is similar to the proof of previous assertion by using assumption (C3).



3. Notice at first that by simple calculation, it is clear that we have
(M — Ag) ™' = —Agt + MM — Ag)tAS?

and
()\I — Ah)ilph = —Alzlph + )\()\I — Ah)ilAglph.

Denote My (\) = (A — Ag)~' — (M — Ap) "' Py, we then have:
Mu(\) = —Agt + A, 1Py + AT — Ag) P Ayt = MM — Ap) 1A P,
= — (At = A, Py) + MM = Ag) T (Agt = A TP) + AN - Ag) AP,
— MM — A4y)7 AP,
= — (I =AM = A0)™) (Ag' = A1 Py) + AM (VA Py
This leads to My (\) = — (I =AM — Ag) ™) (A" — A, ' Py) (I — A4, ' Py~
Notice that
(I =XA;'P) =1 Py — Ap(M — Ap) 7' P (3.8)
Indeed, we have
(I = AA;'Py) (I — Py — Ap(M — Ap) 7' Py)
=1— P, — A\ — Ap) " Py — MNP + A P, + AA AR (N — Ap) P,
—I—P,+ (M —A)M— Ay P, =1.
In the same manner, (I — P, — Ap(A — Ap)"1Py) (1 — AA;1P;) = I. Thus, (3.8) holds.

By analyticity assumption (3.5) and assertion 1. in Lemma 3.4, we know that there exists a
constant C' independent of A and A such that,

_ A _
AT = 40) ey <O =€ and [T = 40 <€ (e D),

which leads to, using assertion 1. of Proposition 3.5
[ Ma (M 2exy < 1= AL = Ao) " x) ORI = Po = Ap(A = Ap) ™" Pallc(x) < ChY.
This ends the proof of assertion 3..
4. Denote My, g(\) = (\[—Ag) "' B— (A~ Ap) ' By,. Notice that (\[—Ag) ™! = Ag(A\[—Ag) 1A,
Then, we have:

My g(A) = (AT — Ag) (B — By) + (M — Ag) ™" = (M = Ap) ") By,
= Ag(AI — Ag) AN (B — By) + (A — Ag) ' — (M — Ap,) 1) By,

Since Ag(AM — Ag)~! is a bounded operator (by assertion 1. in Lemma 3.3), it is clear that by
using assertions 2. and 3. of Proposition 3.5 and assumption (C4), we have:

1M\ ex) < CIAG (B = Bu)llcw,x) + (AL = Ag) ™ — (AT — Ap) Mz | Brll e
< ChPU=) 1 CHY | By sy < CROO™).
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5. It is clear that, by using assertion 2. in Lemma 3.3 and assertion 2. in Lemma 3.4, we have:

1 _ _
Ty = TonPh = 5~ eM (N — Ag) ™ — (M — Ap) 7' Py) dX.

™ Jr

Then, by using assertion 3. in Proposition 3.5, we have:

I T, = Ton Pl coo) = ( j wm) )

This ends the proof.

6. We skip this proof as it is similar to the proof of the previous assertion by using assertion 4. in
Proposition 3.5.

7. We calculate:

ho t
IT 1w Br=T B 1 ([0,4:c,x)) = j |Ta,hBh_TUB|L(U,X)dU+Jh9 ITonBr=ToB| ,x)do = I1+1a.
0

By using assertion 6. of Proposition 3.5, we have:

t 1 t
I, < Chf=e) (j 0_1d0> < Cpfi—e) <J o ldo +f 1da> < ChOU=) (|Inh| +t+1).
ht ho 1

Note that the assumption B € L(U, X_,) means that A;*B is a bounded operator in L(U, X).
Then, in order to deal with I3, using also the analyticity of T (see (3.5)), for h small enough, we
have, for every 0 < a < %,

ITeBlzwx) < 1ToAG | 2x) A0 “ Bl ewxy < Co™®.

Similarly, by using again the assumption B € L(U, X_,), it is clear that A, “B), is a bounded
operator in £(U, X). Thus, we have

I TonBrlcw,x) < | TopAnl cw,x) | Ay “ Bhllcw,x) < Co™*,

using (3.7).
Finally, by the two previous inequalities, we have :
hG
L<C f oo < CROUI~9),
0

Thus, we have
IT 1By = T.B 1 o.c0,x) < CR/U™) (|Inh[ +t +1).

This ends the proof.
O

We will now present the main result of this section which gives us a nonsmooth initial data error
estimate.



Theorem 3.6. Let 20 € X, let z be the solution of (3.1),(3.2) and let 2, be the solution of (3.3),
(3.4). Moreover, assume that (C1) — (C4) hold. Then, there exist C > 0, h > 0 such that for h € (0, h)
we have the following error estimate:

J2(t) — 2n(Ollx < O zolx + CHYO~) (bl 4 £ 41) Julpoosayey. V>0, (39)
Proof. Denote Kp(t) = TyB — Ty, Bp,.

We recall that z, solution of system (1.1)-(1.2), satisfies (1.3) and z3, solution of (1.5)-(1.6), satisfies
(1.9). It is clear that

t
|2(t) — zn(t) | x < |Tez0 — T nPrzollx + HJ Kp(t — o)u(o)do
0

X

By using assertions 5. and 7. in Proposition 3.5, we have:

[2(t) — zn(t) | x < Chot Y z0]x + | K * ul pro.:x)
< Chot Y z0) x + 1Kl 1 (o,00:0(0.00) 14l 2o (0,670
< Chet_lu,Z()HX + Che(l_a) (’ In h‘ + 1+ 1) HuHLoc([Qﬂ U)-

)

This ends the proof. O

4 Proof of the main results

We denote 75 (20) (resp.7;(20,4)) the optimal time associated with the initial state zp € X (resp.
2o, € Vi) and with final state in B(0,€) (vesp. By (0,¢)). We use also the notation z(t, 29, u) for the
solution of the system (1.1)-(1.2) (resp. zp(t, 20,n,us) for the system (1.5)-(1.6)) associated with the
initial state zo (resp. zo5) and with the control u (resp. wp) at time t.

We first recall a generalized Aubin-Lions theorem (Theorem 4.1) and a standard energy estimate
(Lemma 4.2).

Theorem 4.1. Let T > 0 and let Yy, Y1, Yo be Banach spaces such that Yo < Y1 < Y. Assume that
Y; is reflexive for i = 0,1,2 and that the embedding of Yy into Y1 is compact. Let 1 < r < 0.
Then, the space

W = L*([0,T); Yo) n WH([0,T7]; Ya)
is compactly embedded in C([0,T7];Y1).
Proof. See for example [26, Cor. 4, p.85]. O

Lemma 4.2. Assume that zo € X1__ . Then, there exists C > 0 such that
2

ar

B+ [+ 1R ) ds < 0 ([ IBuGRads + ol ) (=0 @

where z is the solution of (1.1)-(1.2).
Proof. Using the facts that

«

d —2«a 1d 2= —2a —a
GO, Ap 2 (0)—an = 5 148 2@ (Aoa(®), Ay 2(#)—aa = [ 42 (O,

10



it follows that if z satisfies the equation (1.1)-(1.2), then
1d —a
AZ
2dt !
Integrating the above estimate from 0 to 7 and using the fact that
[(Bu(t), Ay~ **2(t))-aa| < |Bu(t)|-a A5~ 2(1)] ,
it follows that

1, T 1_,
JAE ()2 + jo AL 2(8)]2dt < A3 20l + | BulZagorx_.)

This leads to:

=13, fu 2 _ods < fuBu (5)Pads + l2ol3 _,

Similarly, we have:

(1), A5 50 = A2, (Ao2(0), A% 2(0)) a0 = 5 143

and then
1d —a

A2
2dt a!
Using again the fact that

20 + [ 4520 = (Bu(t), Ag*4(t))_,, -

[(Bu(t), Ag**2(t))—a,a| < [Bu(t)|-a|Ag*2(t)

and integrating by time from 0 to 7, we obtain the following inequality:
a3

This leads to:
O+ [ 1 ads < | 1Bu(s) 2 ads + aal?

Then (4.1) is deduced from (4.2) and (4.3). This ends the proof.

207 + [Ag7 =) = (Bu(t), A5 **2(t)-a.a-

T l—a
nI* + fo [Ag 217 dt < A 20]* + | BulZa o rpox -

()

(4.2)

(4.3)

O]

We give here some convergence results which play an important rule in the proof of our main

results.

Lemma 4.3. Let zp € X, T > 0, u € L*([0,T];U) and 7 € [0,T]. Let (uy
[

U, — U weakly* in  L*([0,T];U),
w7 in [0,T).

Then, the following convergence results hold
1. limy— 1o HZ(., Zo,un) - Z(., 20, Q)HC([O,T];X) =0,

2. limy,— 100 | 2(Tn, 20, un) — 2(T, 20, upn)|| = 0.

11

n be a sequence of
L*([0,T];U) and (7n)n be a sequence of [0,T] such that u, € L*([0,T];Up,) for any neN and



Proof. 1. Denote ¥(t) = z(t, z0,u) and ¥, (t) = z(t, 29, up). By the standard energy estimate (4.1),
we know that (1,,), is a bounded sequence in

W=C([0,T)X1_,) 0 LA([0,T]; X1-o) n WH2([0,T]; X _0). (4.4)

Using Theorem 4.1 with Yy = X1 _ ,Y; = X and Y5 = X_,, we deduce that:
2

3¢ € C([0,T); X) s.t. 1, — ¥ strongly in C([0,T]; X) and 1, — ) weakly in W.
Now we prove that zZ = 1. We know that 1,, satisfies:

w‘n‘i‘AOIpn = Buy,
wn(O) = Z0-

Then it is clear that ¥, — ¢ weakly in L2([0,T]; X_o) and Agth, — Agtp weakly in L2([0, T]; X_q)
since 1, — 1) weakly in W. Moreover, u, — @ weakly* in L®([0,T];U) implies that u, —
@ weakly in L([0,T];U). Thus, Bu, — Ba weakly in L?([0,T]; X). Finally, (0) = z. In-
deed, we know that zy = 1,,(0) — 9(0), since v, — ¥ strongly in C([0,T]; X).

Consequently, ¢ satisfies:
"l; + A()@E = Ba,
¥(0) = =20,
which implies that 1/; = 1. This leads to the first assertion.

2. We first notice that
HZ(TTH 20, un) - z<7_—7 20, un)”

f ’ T;,—oBuy(c)do — f T7_oBup(o)do
0 0

< | T, 20 — Trzo| +

J TTngBun(a)da—f Ts_oBuy(o)do
0 0

< [Tr,20 — Tr20] +

+ +

J T7_sBuy(o)do

~

Tn

j T,, —sBuy(o)do

~

Tn

= L1+ Lo+ L3 + Ly,

where 7, = min{r,, 7}.

By using the continuity of the map ¢ — Tz, it is clear that L; converges to zero when n tends
to +o0.

Moreover, since (uy), < L*([0,T],U) and using (3.6), we have

Ls < J | T+, —oBuy(o)| do

Tn

< [P -r A e 145 Bl i)l dor
< C'f n(Tn —0) %o = 1 ¢ (T — )7 = 0,
Fong —
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since 1 — a > 0. Similarly, Ly converges to zero.

Now we prove that Lo converges to zero. We have

JT" (Ty o —Tr_0) B (un(0) — (o)) do| +

0

Lo = J (T, _» — Tr_,) Bi(o)do

0

=Lo1+ Las.

By using the continuity of the map ¢ — T;zp, it is clear that Lo converges to zero. Now we
prove that Lo tends to 0 when n tends to +o0.

We have
Tn Tn
Lyy < J T+, —oB (up(o) —u(o))do| + J Tr_oB (un(o) —u(o))do
0 0
= I Tr -7 2(70, 20, un) — 2(7n; 20, @)| + | Tr—z; [ 2(7n; 20, un) — 2(7n, 20, )|
Since |T,, _7| and |T_z| are bounded, by using the first assertion of this lemma, we can

deduce that Lp; converge to zero when n tends to +00. This ends the proof of the second
assertion.

O]

We then give some properties which will be used to prove the convergence results:

Lemma 4.4.
Denote A1 (resp. A1) the first eigenvalue of the operator Ag (resp. Aopn). For every zy € X and

20,n € Vi, the following properties hold
1. 7 (z0) < ln(\lioH/E)_

1

2. 7 (20) < Mol
3. M < /\Lh.

Proof. To prove assertion 1. we notice that |[z(¢, z0,0)| < e |20 and taking ¢t = MOKM we obtain
that |z(t, z0,0)| < e. This proves 1. By a similar argument, it is clear that assertion 2. holds.
We end by proving the last assertion. In fact, this inequality is easily deduced by the min-max
1 1

. IAG 2|2 . IAG 2|2 :
formula: A\; = min,ex, EE and A, = min.ey, EERE This ends the proof. O
2
Given € > 0 and zp € X such that |zg| > €, the lemma below shows that 7;* has a strictly positive
lower and upper bounds, which are independent of h.

Lemma 4.5. Assume that (C1) holds. For every zy € X such that HZOH > ¢, there exist ¢,C' > 0,h > 0

such that for any h € (0, h), we have ¢ < < 77 (Przo) < C, where C = %

Proof. We begin by proving that 7;"(Pjz0) is bounded from below. Assume by contradiction that
limhﬁo T}T(tho) = 0.
We first notice that

*

Th
th(T]’:, Przo, u,’i) — Zh(O, Pz, UZ)H = TT:,hPhZO + J;) ’]TT;r:fU’hBu;;(U)dU — Pz

7
< H (Tﬁ:,h - Id) thOH + f T, ,Buf(0)do
0

13



We can apply the Trotter-Kato theorem (see, for instance, [2, Theorem 3.6.1, Proposition 3.6.2]), to
get that the first term of the right hand side of the previous inequality tends to zero when h tends to
zero. Moreover, concerning the left hand side, using (3.7), we have

0
<l |
0

7_*
< C’J " (i —0) %o =
0

Jh T, _, p,Buy(0)do

*

since 1 — a > 0.
Consequently, we have

Tt on 8| o 1477 Bl lun (@) Ao

}llii% 21 (5 s Phzo,uf) — (0, Przo, uf)| = }lzli% 21 (75 s Prhzo,uj,) — Przo| = 0.

Using the fact that |z (7}, Phzo,u)| < ¢, it is clear that limp_,o | Pr2o| < €. However, note that
limy, 0 || Pr2o — 20/ = 0, which comes from (C1) since X, is dense in X for any v > 0 and P} is a
projection. This leads to the contradiction with the fact that ||zg| > e.

We prove now that 757 (Pj,z20) is bounded from above. This is obvious by using Lemma 4.4, since

In(|Pzoll/e) _ ,in(lz0l/¢)

7’;: (PhZ(]) < )\1 . x )\1

< +00.

O

Proof of Theorem 1.1. It suffices to prove the following two inequalities:
li}ln_}g)lf T (Phzo) = 75 (20), (4.5)
lim sup 77 (Prz0) < 75 (20)- (4.6)

h—0

We begin by proving (4.5). In the following, we denote simply 7§ (z0) by 7§ and 7} (Phz20) by 75
when there is no ambiguity. We notice at first the following property:

VT >0, Vuely 179(20) <T +75(2(T, z0,u)). (4.7)
We deduce from Theorem 3.6 that
2(rts 70, u3) = 2 (1, Pazo, up)ll < ChO7Vzolx + CHYU=([n k| + 1+ 72) ] 1o o sy
which leads to:

|27, 20, up) | < & + CRO7 ™ |z0]x + CRPU = ([T h] + 1+ 755) [k 2o (0,4 0):01,)

<e+ O+ CRO0=9(|Inh| + 1 + 7).
We denote 2y = z(77, 20, u}). According to (4.7) with T' = 7;*(Pp,29), we have:

79 (20) < 73, (Przo) + 75 (20)-

14



Since uy € L*([0,400);Uy) < L([0,400);U) and |uj(t)]| < 1, u} is then an admissible control for
the continuous system. Then, according to Lemma 4.4, we have:

N In((e + Ch7~ 1 + CROO=)(|Inh| + 1 + 7)) /¢)
A1

h@(lfa)

h9(=)| 1n |
/\16 .

/\18

(1+75)+C (4.8)

Thus, (4.5) can be deduced by taking h to zero and by the fact that C' > limy_,0 7/ (Pr20) > ¢ > 0
(see Lemma 4.5).
We now prove the second inequality (4.6). We have:

|20 (75, Phzo, Quu®) — 2(75, 20, u”) |
< | 2n(18, Przo, Quu*) — 2z (78, Puzo, u*)| + |20 (18, Przo, u*) — 2(7¢, 20, u®)|
< |zn(7E, Przo, Quu*) — 21 (18, Przo, u®)|| + ChO73 ™1 + CROO=)(|Inh| + 1 + 1),

using (3.9). Denote f(h) = |zx(75, Phzo, Qnu*) — zn(1g, Przo,u™)|. Notice that limy,_,o f(h) = 0.
Indeed,

lim f(h) = lim ||21,(73, Prhzo, Qnu™) — 21 (73, Phzo, u™)| = lim [ @ p(u™ — Qpu™)
h—0 h—0 h—0
Moreover, we have

[ (0* = Quu)| < | (@rep — Do) (1 — Q™) + [ (u* — Q™).

Since B € L(U, X_4), with 0 < o < 3, it is known that ®,« € L(L*([0,7*];U), X) (see for instance

[31, Proposition 5.1.3]). Combining this fact with assertion 7. in Proposition 3.5 and with assumption
(C5), it is clear that
lim f(h) = 0.

h—0
Thus, we have:
l2n (78, Przo, Quu®)| < e + f(h) + ChOm ™ + CR/U=)(|Inh| + 1 + 7).

By the similar argument as in (4.8), we have:

In((e + f(h) + CAO7z~ 1 + CROO=)(|Inh| + 1 + 1¢))/e)

Th (Przo) < 75 +

AL
<o f(h) + ChirEt 1 C(1 + 7)hf0=) 1 Cho0=9)|In b
=0 )\16 .
This leads to inequality (4.6) by taking h to zero. O

Proof of Theorem 1.2. Denote T = 2 % It is clear that 7;* < T for all h > 0 and 75 < T (see
Lemma 4.4 and Lemma 4.5). We extend (uj);, and u§ to time T' by zero.
Since |luj;|| Lo ([o,rp;0,) < 1, there exist a control 4 € L*([0,T];U) and a subsequence (hy), — 0,
such that:
up — 4 weakly* in  L*([0,T];U).

Now we prove that @ = uf.

15



The main step here is to prove the following convergence property:
”Zhn(T}TnaPhnZO?uZn) - Z(T(;sz())a)” — 0. (49)

Indeed, since B(0,¢) is complete (notice that By(0,e) = B(0,¢)), (4.9) leads to z(7g, 20, @) € B(0,€).
Then, by the uniqueness of the time optimal control and Theorem 1.1, we deduce that u = ug.
We are then reduced to prove (4.9). We have:

thn (T}Tn’ PhnZO’ u;kzn) - Z(T(T’ Zo,fL)H < thn(T;:nv PhnZO7u;§,n) - Z(T;:nv 205 Uzn)”
+ [2(7h, s 205 uh,) — 2(75 5 20, up,,, )|
+ | 2(75's 20, uy, ) — 2(75, 20, @) .- (4.10)

The first term of the right hand side of (4.10) converges to zero using the error estimate (3.9). Moreover,
by using the first and the second assertions in Lemma 4.3, it is clear that the second and the third
terms of the right hand of (4.10) converges to zero. We then deduce (4.9).

Thus, we have:

up — up weakly* in L*([0,T];U). (4.11)
We deduce immediately that:
uf — uf weakly in L*([0,T]; U).
At last, since both uj, and ug are bang-bang controls (see Corollary 2.4), we have

nEI}rlw Hu;:nHLz([O,T];U) = |ug ”LQ([O,T];U)-

According to the Radon-Riesz property, this leads to the strong convergence in L?([0,T];U). This
ends the proof.
O

5 Applications

Example 5.1. Let Q@ < RY be a bounded open set with a boundary 0Q of class C?. For each
20 € L?(2) and u € L®([0, +0); L*(R)), we consider the following initial and boundary value problem

2z, t) — Az(x,t) = xo(@)u(zx,t) (xeQ, t=0), (5.1)
z(z,t) = 0 (xed, t=0), 2
z2(z,0) = zp(x) (x e ),

where w < 2 is an open and non-empty subset with its characteristic function x,. The system (5.1)-
(5.3) can be formulated in the abstract form (1.1)-(1.2) by taking Ag = —A with Dirichlet boundary
conditions, of domain D(Ag) = HE(Q) n H?(2) on X = L*(Q). The control operator B € L(U, X)
(here av = 0) is defined by

By = xw®,

where U = L?(w) and where @ is the extension by 0 of ¢ on Q outside w.
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We then consider the standard Pj finite element method with regular triangulation 7, of 2 (see for
example, Thomée [28], Raviart and Thomas [25]) and we build the finite element space V}, = Hg(Q)
of X, defined by

Vi, = {gp e C(Q) lojr € Pi(T) forevery T €Th, pon = 0}
where P;(7) is the set of affine functions on 7. We also define U}, a finite dimensional subspace of U
by
Un == {xwpn | on € Va}.

Denote P, the L2—projection from L?(€2) to V},, and we consider the following space semi-discrete
scheme formulated in the form of (1.5)-(1.6):

éh(t) + Ahzh(t) = Bhuh(t) (t = 0), (5.4)
Zh(()) = PhZ() (Z() € X),

where uy, is taken in L*([0,+00); Uy) and the operator Aj, and By, are defined by

<tpd> = | VeVide  (eweWh) (56)
and By, € L(U,V;,) is defined by :

(Bpu,p) = {u,B o) (pe Vi, uel). (5.7)

Given € > 0 with the same notation as in Section 1, we consider the time optimal control prob-
lem (TP) associated to (5.1)-(5.3) (resp. (TPy,) associated to (5.4)-(5.5)) and denote (7, ug) the
corresponding optimal time and time-optimal control (resp. (77, uj})).

We can now state the following convergence results:

Proposition 5.2. With the notation above, let, for every e > 0, z9 € X such that |zo| > . Then we
have that 7 — 73, and u} — ug in L2([0,T]; L*(2)).

Proof. In order to apply Theorem 1.1 and Theorem 1.2, we verify that conditions (C1) — (C5) are
satisfied with @ = 0 and € = 2. Indeed, (C1) is a standard error estimate when applying the Pj
finite element scheme (see for example [28]). (C2) is proved in Bramble et al [6] and in Lasiecka [18].
Moreover, (C3) — (C5) clearly hold true because here the control operator B is bounded. Furthermore,
it is known that the assumption made in Theorem 1.2 holds true (see for example [23]). Thus, we can
apply Theorem 1.1 and Theorem 1.2 to conclude. O

Example 5.3. Let Q  RY be a bounded open set with a boundary 02 of class C2. We consider the
heat equation
Z(x,t) — DNz(z,t) =0 (e, t=0), (5.8)

with the initial and boundary conditions
0z
67|3Q(xa t) = u(l"t) (l‘ €0, t=> 0)7 (59)
2(x,0) = zo(x) € L2(Q) (x e ). (5.10)
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It is known that the system (5.8)-(5.10) can be written in the form of (1.1)-(1.2) by taking X =
L*(Q), U = L*(09), D(Ay) = {z€ H*(Q) | %]59 =0}, Ap = —A and the control operator B €
L(U,X_g) (here a = § + ¢, £ > 0) defined by

Bu = AoNu (wel),

where N is the Neumann map. This map is defined by Nv = z, where z € L?(Q) is the unique solution
of the nonhomogeneous elliptic equation

{ Nz=0 in € (5.11)

%]m =wv on 0.

We refer to [19, Par. 5] which shows that the Galerkin semi-discrete approximation of system
(5.8)-(5.10) satisfies conditions (C'1) — (C5) (and for other numerical approximation method).
We can obtain the following result:

Proposition 5.4. With the notation above, let, for every e > 0, zg € X such that |zl > . Then we
have that 7} — 73, and u} — uf in L*([0,T]; L*(09)).

Proof. In order to apply Theorem 1.1 and Theorem 1.2, we verify that conditions (C1) — (C5) are
satisfied with @ = § + ¢, ¢ > 0 and 6 = 2 (see for example [19, Ch. 5]). Moreover, it is known that
the assumption made in Theorem 1.2 holds true (see for example [20, Section 3.3, Ch. 5.3]). Thus,
we can apply Theorem 1.1 and Theorem 1.2 to conclude. O

We illustrate in the follows some numerical results for the 1d-heat equation with Neumann bound-
ary condition. More precisely, we take = (0,1), ¢ = 1 (the radius of the target ball), control
constraints |u(t,0)] < 1 and |u(t,1)| < 1 and the initial data zo(z) = 5sin(mz). We choose to dis-
cretize totally the system, with the implicit Euler method for time and finite difference scheme for
space. We also use the optimization solver IPOPT in Matlab.

We obtain the following result:

Number of discretisation 10 20 40 60 80 100
time optimal 1.3442 1.3469 1.3464 1.3459 1.3456 1.3454
Moreover, we find that up(t,0) = up(t,1) = —1 for any ¢ > 0 and for any number of discretization,

that validates the fact that the time optimal control for the discrete system converges towards a
bang-bang time optimal control.

Remark 5.5. The error estimates of the time and control convergence remain to study.
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