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Strategic Voting in a Social Context: Considerate Equilibria

Laurent Gourves and Julien Lesca and Anaélle Wilczynski !

Abstract. In a voting system, voters may adopt a strategic be-
haviour in order to manipulate the outcome of the election. This
naturally entails a game theoretic conception of voting. The speci-
ficity of our work is that we embed the voting game into a social
context where agents and their relations are given by a graph, i.e. a
social network. We aim at integrating the information provided by
the graph in a refinement of the game-theotical analysis of an elec-
tion. We consider coalitional equilibria immune to deviations per-
formed by realistic coalitions based on the social network, namely
the cliques of the graph. Agents are not fully selfish as they have
consideration for their relatives. The corresponding notion of equi-
librium was introduced by Hoefer et al. [12] and called considerate
equilibrium. We propose to study its existence and the ability of the
agents to converge to such an equilibrium in strategic voting games
using well-known voting rules: Plurality, Antiplurality, Plurality with
runoff, Borda, k-approval, STV, Maximin and Copeland.

1 Introduction

The way of aggregating the preferences of a society in order to make
a collective decision is a fundamental issue in every part of the com-
munity life. When several alternatives, or candidates, are available,
voting systems are classically used to make collective decisions in
many different contexts (political elections, decisions within com-
mittees, planning of meetings). In this respect, social choice theorists
designed various voting rules whose properties have been analyzed in
an axiomatic manner (see e.g. [18, 5] for an overview on that topic).

Most of these works implicitly assume that voters truthfully re-
veal their preferences. However, there is no possibility to ensure that
they tell the truth when they vote. Voters can think they will be bet-
ter off if they do not exactly align their ballot with their preferences
(tactical voting), what is called manipulation. This situation can lead
to an outcome that is more favorable to the manipulators. However,
one may loose the good properties of the voting rule (as underlined
in [8]). It is highly desirable for a voting rule to be immune to such
strategic behaviors. Unfortunately, the Gibbard-Satterthwaite theo-
rem [10, 25] shows that any reasonable non-dictatorial voting system
is manipulable.

One way to circumvent this impossibility result is to resort to vot-
ing rules which are computationally hard to manipulate. This compu-
tational complexity may constitute a barrier to malicious behaviours.
However this approach has raised many criticisms in the community
of computational social choice [6, 7]. The main reason is that con-
cepts used to define computational complexity are based on worst
case analysis, and there may be various voting situations where a
manipulation is easy to compute. Another approach consists in per-
ceiving an election as a strategic situation where the voters are the
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players of a game. In this case, a plausible outcome of the election is
a situation of equilibrium: those who can dethrone the current winner
prefer the winner to its possible contenders.

An important line of research consists in analyzing the existence
of an equilibrium and the ability of the participants to reach it in a
natural dynamic process where there is a deviation only if it is prof-
itable. These works have contributed to observe that the guaranteed
existence of an equilibrium, together with the convergence of the dy-
namics to such a stable state, depends on the voting rule, the initial
state and the type of deviations that are allowed. A fundamental work
about specific solution concepts in voting is due to Myerson and We-
ber [19] who define a voting equilibrium as a state consistent with a
preliminary poll. More classically, the existence of a Nash equilib-
rium [20] — a stable outcome regarding unilateral deviations — has
been well studied, especially around an axiomatic study of voting
rules which admit it, see e.g. [15].

Recently, many articles deal with convergence to a Nash equilib-
rium through an iterative voting framework [1], a voting process con-
sisting of several rounds, where at each round one voter is allowed
to change her ballot. As an illustration, one can think of online vot-
ing procedures like Doodle polls (online tool to schedule meetings).
Convergence for several voting rules has been established in this
way in [14, 16, 24] but convergence is far from being guaranteed,
conducting to reconsider the dynamic process with restricted devia-
tions [11, 21, 23]. As far as we know, iterative voting has never been
adapted to solution concepts different from the Nash equilibrium.

A drawback of the Nash equilibrium is its weakness against coali-
tional deviations. Actually, it is interesting to consider coalitions over
the agents, modeling for instance some political parties or groups of
friends. Well-known solution concepts take into account coalitional
deviations, e.g. the strong equilibrium [3] and the super-strong equi-
librium [29]. In these equilibria, every subset of agents is a possible
coalition. Unfortunately, the existence of such equilibria cannot be
guaranteed for most of the classical voting rules. The conditions of
existence of a strong equilibrium in a voting game have been ex-
plored for instance in [22]. A characterization is provided by Sertel
and Sanver [26] with an axiomatic point of view, as well as in [17] for
specific voting rules. In another type of equilibrium called coalition-
proof equilibrium [4], not every type of deviation is allowed.

Considering that any coalition of voters can form may be question-
able or unrealistic, because it supposes that all agents in any subset
are able to coordinate their moves in order to manipulate. Indeed,
such a coordination requires a high level of communication and trust
for the manipulators. In practice, one can reasonably exclude some
coalitions from the definition of an equilibrium that is stable against
group deviations. For example, this is the case of the partition equi-
librium introduced by Feldman and Tennenholtz [9] where only the
coalitions belonging to a prescribed partition of the voter set have the
ability to deviate.
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More generally, one can determine which coalitions can form by
exploiting social networks. Exploiting the social relations which bind
the members of group is receiving much attention [13]. In a strate-
gic game context, we can make the same observation and consider
that the agents are embedded in a social network and then, relations
among them are fully characterized by their links in that network.
To go further, one can suppose that a voter is tied by social relations
which force her to have consideration for other participants. Conse-
quently, we can assume that an agent is not only guided by her own
preferences over the candidates (or alternatives) but pursues the goal
of optimizing the welfare of the communities where she belongs,
as in [2]. A solution concept which naturally arises from this situa-
tion is the one where the social network is represented by a graph G
whose node set and the agent set coincide. The possible coalitions
are prescribed patterns of G and agents have consideration for their
neighbors in the graph. When considering cliques of GG as coalitions,
such an equilibrium is called a considerate equilibrium. Introduced
by Hoefer et al. [12], a considerate equilibrium is a state robust to de-
viations by the cliques of the social network, but a coalition given by
a clique only deviates when it is not harmful for her relatives (neigh-
bors in the graph). As for the partition equilibrium that it extends, the
considerate equilibrium has only been studied, as far as we know, for
a special case of congestion game.

To our best knowledge, the social context in which the voters are
embedded has been surprisingly underestimated in strategic voting
games. Some recent papers started to investigate this question, as in
[27, 28] where the authors study iterative voting via social networks.
They consider that voters are not aware of every voter’s ballot but
only of the ballot of their neighbors in the social network. Thus, they
use social relations from the perspective of a gain of information, but
not in terms of defining which coalitions can form. In this article, we
propose to fill this gap.

Concretely, we explore the existence of a considerate equilibrium
in a strategic voting game and the ability of the game to converge
to such an equilibrium for different voting rules. Our main contri-
butions are existence proofs of a considerate equilibrium in a voting
game under well-established voting rules, namely Plurality, Antiplu-
rality, Plurality with runoff, STV and Maximin. We also investigate
the possibility for the voters to reach a considerate equilibrium in a
natural iterative process. In this respect, our results are rather nega-
tive because convergence to a partition equilibrium, or convergence
to a Nash equilibrium, which are less demanding goals than conver-
gence to a considerate equilibrium, fail.

The article is organized as follows. We first introduce in Section
2 the strategic voting game framework and the notion of consider-
ate equilibrium. Then we study in Section 3 the case of positioning
scoring rules such as Plurality and Antiplurality rules. Section 4 is
devoted to two voting rules with runoff and in Section 5, two voting
rules based on pair-wise comparisons of the alternatives (Copeland
and Maximin) are studied. We conclude in Section 6 with a discus-
sion on the global results and the impact of consideration within de-
viating moves.

2 Strategic voting games

We consider a strategic game defined on the basis of an election
(N, M, F) where N is a set of n > 2 voters (also called agents),
M is a set of m > 2 candidates (also called alternatives) and F is
a voting rule. Each voter is a player. All players have the same strat-
egy space S and every element of S is a possible ballot. A strategy
profile o (also called state) is a member of S™ where o; designates

the strategy adopted by player 2 € N. In general, the voting rule is a
mapping F : S — 2M_ In this article we restrict ourselves to vot-
ing rules that output a singleton, i.e. 7 : S™ — M. In the game, the
elected candidate is F (o) for o being the players’ strategy profile.

The preference relation that a player ¢ has over M is expressed
with a weak linear order 77;. For z and y € M, x 7Z; y means that
player ¢ values x at least as much as y. We write x ~; y to say
that player ¢ is indifferent between x and y. The strict part of 7;
is denoted by >;. We denote by £(M) (resp., L(M)) the set of all
possible weak linear orders (resp., linear orders) over M.

We have ;€ L(M) for each player ¢ € N and Z=
(T, .00, 2n) € LIM)Y is called the truthful profile, i.e. the profile
of the true preferences of the players. We say that the preferences are
strict if the truthful profile belongs to L(M)™ .

The way the strategy set .S is defined depends on the voting rule. A
ballot can be a full ranking of the candidates or an unordered subset
of M. In the voting game, a player can be insincere and she may
strategically report a ballot that does not reflect her true preferences.

2.1 Solution concepts

The focus is on pure strategies and we consider that the players indi-
rectly evaluate a strategy profile, in a sense that they have preferences
over F (o) instead of o. In this article we analyze plausible outcomes
of the game, namely the states (strategy profiles) which are at equi-
librium. An equilibrium is a state that is immune to a predefined set
of possible moves (also called deviations). A single player or a group
of players (also called coalition) may deviate. Individual preferences
extend to collective preferences for each group C' of players. For x
and y € M, we have

r>cys Viel, x>y,
r>cy& [VieC, z iz yland [F5 € C, = = y,
z2cye VieC, iyl
zr~cye Ve, oyl

Let us give two notions related to the Pareto dominance. An alter-
native z € M is said to be undominated (resp., strictly undominated)
over a coalition C' C N if there does not exist any alternative y such
that y >¢ x (resp., y =¢ ).

Example 1 Take four alternatives {a,b,c,d} and three players
{1, 2, 3} with the following preferences.

I (a~b)=c=d
2 (a~b)-d>c
3 d=(a~b)>c

For C = {1, 2,3}, alternative d is strictly undominated, a and b are
undominated but not strictly undominated, and c is dominated.

An undominated alternative always exists for any non-empty coali-
tion C' C N but strictly undominated alternatives may be absent.

Let C be a non-empty family of coalitions of N, i.e. C C 2V \ §; it
is the collection of coalitions that can possibly deviate. In the follow-
ing, oc and o_ ¢ stand for the restriction of o to the strategy adopted
by the players of C and N \ C, respectively. Thus, (0¢, 0-¢) de-
notes o in which o; is replaced by o} iff i € C.

Definition 1 (Improving move (IM)) For a coalition C € C, an
improving move from a state o is a joint strategy oo € SI such
that F(og,0-¢) >c F(o).
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In an improving move, a coalition deviates only if each member
strictly prefers the new state. This type of deviation can be relaxed
by considering weak improving moves.

Definition 2 (Weak improving move (WIM)) For a coalition C €
C, a weak improving move from a state o is a joint strategy o €
SI€ such that F(oi,0-c) >c F(o).

Weak improving moves are appealing because they allow the par-
ticipation of some players who do not benefit, but the deviation can-
not harm its instigators.

Interestingly, we can use a pair (C, ) for p € {IM,WIM} to
define a notion of equilibrium: a state o is a (C, p1)-equilibrium if no
coalition C' € C can deviate from o with a move of type . Thus,
a Nash equilibrium (NE) [20] is a (C,IM)-equilibrium where C =
{{i} : i € N}. Similarly a strong equilibrium (SE) [3] is a (C,IM)-
equilibrium where C = 2V \ 0. A super strong equilibrium (SSE)
[29, 9] is a (C,WIM)-equilibrium where C = 2™ \ (). These three
solutions concepts are linked as follows: NE O SE D SSE.

On one hand, the strong equilibrium and the super strong equilib-
rium are more sustainable than the Nash equilibrium because they
preclude a larger set of possible deviations. On the other hand, (su-
per) strong equilibria are less likely to exist than Nash equilibria.

An argument against the (super) strong equilibrium is that in many
situations, not all coalitions are conceivable. In this article we con-
sider a special collection of coalitions C that takes into account the
social context in which the players are embedded. Given a social net-
work of voters represented by a graph G with node set N and edge
set E, an edge (u,v) € F indicates that players u and v are related,
e.g. they have the possibility to communicate, so these two players
can participate in a deviating coalition. As done in [9, 12], it makes
sense to define the cliques of graph G as the possible coalitions. In
that case C = {C € 2V | Vi,j € C, (4,5) € E} and each coali-
tion C' € C has a set of neighbors N(C) = {i € N\ C | 3j €
C such that (4, j) € E}.

Interestingly, the fact that the players are related implies that each
individual is not only guided by her own preferences, but she can also
care about how deviating can negatively impact her relatives. In order
to take into account the social context and the fact that a player can
have consideration for other players (her neighbors in the graph), an
appropriate notion of deviation, called considerate improving move,
was introduced in [12].

Definition 3 (Considerate improving move (CIM)) For coalition
C € C, a considerate improving move o from a state o is a weak
improving move where in addition, F (0, 0-c) Zn5(c) F(0).

In a considerate improving move by coalition C, at least one player
in C is better off and no player of C' U N (C) can be worse off.

Consequently, the pair (C,CIM), where C contains all the cliques
of the social network G = (N, E), leads to a new type of equilibrium
called considerate equilibrium [12]. In what follows, we will say that
a game always admits a considerate equilibrium if for any instance of
the game, and any social network G = (N, E), there exists at least
one state o for which no coalition of players forming a clique in G
has a considerate improving move.

Example 2 Consider an instance where N = {1,2,3} and M =
{a,b}. The social network is a path, so the possible coalitions are

C = {{1,2},{2,3},{1}, {2}, {3}}. The profile of preferences is:

1 b~a
2 b>a
3 axb

Consider a state o where a is elected. Coalitions {1,2} and {2} are
the only coalitions having incentive to move, they want to make b
win since b >(1 2y a and b >y a. Because {3} € N({1,2}) N
N({2}) and a >3 b, coalitions {1,2} and {2} cannot perform a
CIM (without even taking into account the ability of the coalitions to
change the outcome). Thus, o is a considerate equilibrium.

Following the same idea, if the social network G = (N, E) is
composed of a set of disjoint cliques and only maximal cliques of G
are considered in C, then an equilibrium associated with (C,WIM)
is called a partition equilibrium [9] (in this case, a CIM move corre-
sponds to a WIM move). Clearly, if a considerate equilibrium exists,
then a partition equilibrium exists. Furthermore, if £ = (), then a
considerate equilibrium corresponds to a Nash equilibrium. Thus, a
Nash equilibrium is a special case of a considerate equilibrium and
if a considerate equilibrium exists then a Nash equilibrium exists.

2.2 Dynamics

Beyond the existence of an equilibrium, we also take into account the
dynamics of the voting game. Starting from an inital state, the play-
ers (or coalitions of players) can manipulate by successively chang-
ing their strategy. Each such move is supposed to be an improvement
for the deviator(s) and we will exclusively study the moves defined
above: IM, WIM and CIM. We will resort to indices to stress the
step at which a state occurs. Namely o is the initial state whereas o*
denotes the state at step t. A dynamics is a sequence o’c! . .. o” such
that each pair of consecutive steps 7,7 + 1 is associated with an im-
proving move for some coalition” that turns * into ¢***. If the pos-
sible deviating coalitions belong to C and moves are of type  then
the dynamics is said to be associated with the (C, u1)-equilibrium.
A dynamics ends when no further move is possible and therefore a
(C, u)-equilibrium is reached. We have convergence when the dy-
namics is finite for every initial state. A natural restriction (see e.g.
[16]) is to suppose that the initial state is truthful. Indeed, the players
start by giving their true opinion and if they are not satisfied with
the outcome then they reconsider their vote. A dynamics fails to con-
verge when a state appears more than once.

In a non-equilibrium state o, a coalition C' (which can be a single-
ton) may have more than one possible improving moves. For improv-
ing moves of type p, the better replies are the set of all joint strategies
o¢ such that F(o_c,0¢) >c F(o), provided that a move of type
u turns o into (o_c,05). A better reply o is a best reply if no
other joint strategy o¢s satisfies F(o_c,0¢) >¢ F(o—c,00), ie.
it leads to an outcome that is undominated for C'. We say that an im-
proving move is unanimous regarding a coalition C' if all members
of C adopt the same strategy.

2.3 Voting rules

Numerous voting systems use scores and the rule is to elect the can-
didates who reach the highest score. Let Sc be a function which as-
sociates score Sc(o, z) € R with every pair (o, z) € S™ x M. Since
we focus on voting functions that output a single alternative, we use
in this work a deterministic tie-breaking rule which follows an abso-
lute priority ranking over the alternatives. Namely, a fixed ranking >
of the candidates is employed and amongst the candidates that attain
the best score, the one coming first in > wins the election.

Let us assume for the moment that S = L(M), i.e. every player
is asked to report a strict ordering of M. In positioning scoring rules

2 No two coalitions can move simultaneously.
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(PSR), the score Sc(o, ) of alternative x under profile o depends on
the absolute position of z in each ballot. Concretely, we are given a
vector & = (a1,...,Qm) suchthat s > -+ > @ and o > m.
If x is placed at position k in a ballot, then x receives oy, points. The
score of x is defined as the sum of these points over all ballots.
Thus, each PSR is characterized by its vector ae. We can mention

in particular the Borda rule in which a = (m — 1,m — 2,...,0)
and the k-approval rule for k € [m — 1] = {1,...,m — 1} with
a=(1,...,1,0,...,0) in which k consecutive ones are followed

by m — k consecutive zeros. If k is equal to 1, then the associated vot-
ing rule is called Plurality. If k is equal to m — 1, then the associated
voting rule is called Antiplurality (also known as Vero).

Note that for Plurality and Antiplurality, only a single alternative
in each ballot is useful. This alternative is respectively the first one
(the only candidate approved by the voter) and the last one (the only
candidate vetoed by the voter). Thus, in these two cases, we assume
that the strategy space S is equal to M instead of L(M), and there-
fore a stategy profile o belongs to M™.

In runoff voting rules, the election runs in several rounds. We can
mention in particular the well-known Plurality with runoff which
is actually used for political elections in many countries. In such a
rule, given a strategy profile in L(M)™ as an input, the first round
selects the two best ranked alternatives regarding Plurality (use >
to break ties). Then, all eliminated candidates are removed from the
profile, providing a profile where only the two selected alternatives
are present. The second round elects the winner of this resulting pro-
file under Plurality. Note that only the first round is necessary if an
alternative gets a majority of the votes. The Single Transferable Vote
(STV) rule is an iterated process taking as an input a strategy profile
in L(M)™. At each step, the loser of Plurality gets eliminated (use >
to break ties), and the profile is updated by removing this alternative
from the ballots of the agents. The process continues until an alter-
native obtains an absolute majority of votes under Plurality and thus
gets elected.

Given a strategy profile o with the associated linear order > €
L(M)™ and two alternatives a,b € M, let W(a,b) and w(a, b) be
the set of voters who prefer a to b and the number of voters who
prefer a to b, respectively. Thatis, W (a,b) = {i € N |a =7 b} and
w(a,b) = |W(a,b)|.

Some voting rules, instead of taking into account the position of
an alternative in a ballot like PSRs, are based on pair-wise compar-
isons. The Copeland rule assigns to each alternative x the number
of alternatives that = beats in a pair-wise election in a given state
o € L(M)", thatis Sc(o,z) = {y € M\ z | w(z,y) > 3}
The Maximin rule assigns to x the mimimum number of voters
in favour of x in any pair-wise comparison in o, i.e. Sc(o,z) =
mingepr\ 5 w(T, ).

3 Positionning Scoring Rules (PSRs)
3.1 Plurality

A profile o is said to be unanimous if there exists a strategy s € S
such that o; = sforall¢ € N. Since S = M in the voting game with
Plurality, every alternative x induces a unanimous profile (z, ..., x).
The voting game under Plurality always admits a Nash equilib-
rium, e.g. the unanimous profile (z, . .., z) where z is the best alter-
native in the tie breaking rule I>. However, it is known that a strong
equilibrium is not guaranteed to exist (see e.g. [26]), as we can see in
the following example showing a well-known Condorcet paradox.

Example3 N = {1,2,3}, M = {a,b,c}, a > b > c and the
profile of preferences is:

1 a>=bsc
2 c¢c>=axb
3 b>=c>a

If a is elected then players 2 and 3 have incentive to deviate to c. If
c is elected then players 1 and 3 have incentive to deviate to b. If b is
elected then players 1 and 2 have incentive to deviate to a.

This example also rules out the existence of a super strong equi-
librium but we shall see that a considerate equilibrium must exist.

Theorem 1 Every instance of the voting game with players’ prefer-
ences in L(M) and F =Plurality admits a considerate equilibrium.

Proof: The social network is a graph G = (N, E). Leta € M be the
best alternative w.r.t. . Under Plurality, the only coalitions which
are able to change the outcome by deviating from a unanimous state
are cliques of size at least n/2. For the unanimous state (a, ..., a),
these powerful coalitions are only those of size strictly larger than
n/2, that we denote Cp. Let C,, /2 be the set of cliques of size exactly
n/2. Let us denote by Q the set of all agents belonging to a coalition
which can change the outcome of a unanimous state, that is Q =
UQecpucn/z Q. If C;, = () then the unanimous profile (a, ..., a) is
a considerate equilibrium. Suppose from now on that C;, # ().

For any coalitions C' € Cp and C’ € (Cp UC,y2), C and C” have
at least one member in common, therefore C' C (M(C') U C') and
Q C (CUN(C)),forall C € C,. Hence, C’ cannot deviate so that
a worse candidate, from the viewpoint of at least one member of C, is
elected. If an alternative x strictly undominated over C' € C,, exists,
then the unanimous profile (z, . .., ) is a considerate equilibrium.

Suppose from now on that for every coalition C' € Cp, there does
not exist any strictly undominated alternative over C. However, an
undominated alternative over C' must exist. For a coalition C' and
an alternative x, let LCC be the indifference set of x within C, i.e.
IS = {y € M\{z} : y ~c x}. Let ND be the subset of alternatives
which are both undominated over at least one coalition of C;,, and un-
dominated over Q. The set ND is never empty because C, # (). We
denote by x the best alternative of ND w.r.t > and C' € C, is the
coalition for which x is undominated. We will analyze deviations
from the unanimous profile (z, ..., z) and every time a deviation is
performed, then we will consider for the next step the unanimous pro-
file of the corresponding winner. Since we start from unanimous pro-
files, the deviations are only performed by coalitions in (Cp ucy, /2) .
The winner of every deviation belongs to IS U {z} because the de-
viating coalitions have consideration for C. A coalition C’ € C,
cannot deviate from (z, ..., z), because @ C (C' UN(C")), x is
undominated over Q by definition of ND and C’ C Q. However,
a coalition C" € C, /> can deviate if there exists y € I, < such that
y >c zandy > x. If y € ND then y > x contradicts the fact that
x is the best alternative of ND w.r.t. >, so y ¢ ND. Since y >¢r x
and z is undominated over Q, there exists j € Q \ (C U C"’) such
that z >; y. If there exists C" € (Cp UC,2) for which j € C"
with C” N C" # @, then C’ cannot deviate to y by consideration
for j because j € N(C’), therefore C” = N \ C’ is a coalition
belonging to C,,2 and j € C". Tt follows that @ = N. Obviously,
C’'NC # @ and C' N C # (). These voters cannot be the benefi-
ciaries of a deviation since they are indifferent among alternatives of
IS LetI = C'\ Cand J = C" \ C denote respectively the voters
of C’ and C’ who do not belong to C. Then, C’ deviates to i and we
consider for the next step the profile (y,...,y). Observe that for a
given succession of such deviations performed by coalitions in Cy, /2,
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the winners are not in ND and the rank of the winner in &> strictly im-
proves. Thus, there is only a finite number of such deviations. Now,
every time a coalition C" € C,, can deviate to z € IS from a unan-
imous profile (y*,...,y") where y" is the winner at step ¢ (we can
verify that C*" cannot deviate to x), it follows that z > y* because
Q C (C" UN(C™)). There exists a voter 4 such that z >=; y*, thus
i€ ITUJ,sayi € J,implying that j € N (C"). So, no coalition can
make j less satisfied. Hence, the improvements within the sequence
of the defined deviations follow the preferences of every such j and
during a succession of deviations performed by coalitions of C,, /5 the
rank of the winner in I> is improved. Since we have a finite number of
alternatives, we finally reach an alternative for which the unanimous
associated profile is a considerate equilibrium. |

Note that when n > 2, the considerate equilibria that we con-
structed in the previous proof are also Nash equilibria because they
are unanimous profiles, showing that we can combine two require-
ments which may be conflicting. Indeed, there exist instances for
n = 2 where the set of considerate equilibria and the set of Nash
equilibria do not intersect.

Theorem 1 gives the existence of a considerate equilibrium and
therefore, existence of a partition equilibrium, in any instance of the
voting game under Plurality. However, if we let the players deviate,
do we reach this equilibrium? Unfortunately, the answer may be neg-
ative even for the partition equilibrium and additional natural restric-
tions. We impose for instance that every deviation is a unanimous
direct best reply®, the initial profile is truthful and the players’ pref-
erences are strict.

Proposition 1 The dynamics associated with the partition equilib-
rium may not converge in the voting game with F=Plurality, even if
the initial profile is truthful, each move is a unanimous direct best re-
ply and the preferences are strict, single-peaked and single-crossing.

Proof: Consider an instance where N = {1,2,...,12}, M =
{a,b,c,d} and ¢ > d > b 1> a. The profile of preferences is:

1,2,3 ax-b>=d>=c
4 b-a>d=c
5,6 b-a»d=c
7,89 c=d+=b>=a
10,11 d>=b>a>c
12 d-=b»a»c

The preferences are single-peaked using the axis over the candi-
dates (c,d,b,a) and single-crossing using the axis over the voters
(1,2,3,4,5,6,10,11,12,7,8,9). The partition over the voters is
{{1},{2},{3},{4},{5},{6},{7,8,9},{10,11},{12}}. The next
table gives a sequence of states where the first and last ones coin-
cide. Deviations are marked with bold letters.

Playes |y 1ol 34567 8 9|10 11|12 Winner
Steps
0 alalalb|b|blc ¢ c| d d d c
1 alalalalb|blc ¢ c| d d d a
2 alalalalb|blec ¢ c¢c| b b d b
3 alalalalb|b|ld d d| b b d d
4 alalal|lb|b|bld d d]| b b d b
5 alalal|lb|b|bld d d|d d]| d d
6 alalal|lb|b|blc ¢ c| d d d c

Interestingly, Proposition 1 can be mitigated if we consider a spe-
cial partition of N where all coalitions have the same size. The result
follows from a simple extension of a proof given in [16].

Proposition 2 If P is a partition of N such that all coalitions of P
have the same size, then the dynamics associated with a (P,WIM)-
equilibrium converges for any profile of preferences, any initial pro-
file, and if unanimous direct replies are performed.

A Condorcet winner is an alternative  which wins with an abso-
lute majority against any other alternative, i.e. w(z,y) > % for all
y € M \ {z}. Plurality is not Condorcet consistent which means
that it does not always elect the Condorcet winner when it exists. A
unanimous profile with the Condorcet winner is always a considerate
equilibrium (as stated in [26] for strong equilibria) since no absolute
majority of voters prefer another alternative. However, when a Con-
dorcet winner exists, the game may not converge to a state electing
it, even with a truthful initial profile. This observation is due to the
non-Condorcet consistency of the Plurality voting rule.

Example4 Let N = {1,2,3}, M = {a,b,¢,d}, a>b> c> d
the coalitions are {{1}, {2}, {3}} and the profile of preferences is:

1 a=b=c>=d
2 c¢c>=b>=d>a
3 d=b=a>c

From the truthful initial profile {a, c, d} electing a, the only possible
deviation is that agent 2 deviates to alternative d, making d winner.
We reach the state {a,d,d} electing d, which is a considerate equi-
librium whereas b is Condorcet winner.

3.2 Antiplurality

Before going into detailled analysis of antiplurality, we provide the
definition of a feasible elimination procedure (f.e.p.), a tool intro-
duced in social choice theory (see e.g. [22]).

Definition 4 For a mapping 8 : M — N such that }, . ,, B(z) =
n+1, anfe.p. is a sequence (x1,C1;x2,Ca;. .., Cm—1;Tm) where
Vi € [m —1],C; C N is such that: (i) |C;| = B(x;) and ¥Vj €
[m — 1)\ {i},Ci N C; =0, (ii) M = Uy Tk and (iii) VI € C;
andVk € {i+1,...,m},zi > T

It has been shown that an f.e.p. exists for any preference profile in
L(M)™ and for any mapping 3 such that 37 _, B(z) = n + 1
(see e.g. Remark 9.2.1 in [22]). We will use this fact* to show the
following proposition:

Proposition 3 A strong equilibrium exists in any instance of the vot-
ing game with players’ preferences in L(M ) and F=Antiplurality.

Proof: In order to prove the proposition, we show that it is possible
to construct, from a given f.e.p., a state ¢ which is a strong equilib-
rium for antiplurality. First of all, let us define the mapping (3 used to
define the f.e.p. The value 3(z) corresponds to the minimum amount
of vetos required to ensure that x cannot be chosen by Antiplurality
(whatever the other ballots). Let g and r be the quotient and the rest
of the euclidean division of n by m, respectively. It is easy to check
that 5(xz) = ¢ + 1 if  is ranked among the r + 1 first alternatives

3 Convergence to a Nash equilibrium is not guaranteed with better or best
replies but it converges with direct replies [16]. For Plurality, replies are
direct when the voters deviate by voting for the new winner.

4 Note that the condition n + 1 > m appears in existence result of [22] but
it is easy to fulfill this condition by only keeping the n + 1 first candidates
in the tie-breaking rule. Indeed, only these alternatives can be elected.
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in the tie-breaking rule >, and 3(z) = ¢ otherwise. Note that by the
definition of g and r, 3, B(z) = n + 1 holds.

Let (z1,C1,x2,C2,...,Cm—1,%m) be an f.e.p. for the mapping
B described above, and let o be a state such that Vi € [m — 1] and
Vj € Ci, 05 = ;. Note that by the definition of 5, F(0) = zp.
We conclude the proof by showing that o is a strong equilibrium.
By contradiction, if o is not a strong equilibrium then there exists a
coalition C' C N and a joint strategy o such that F(o¢,0-¢) >c
Tm. Let y denote the candidate F(o¢,0—¢). By the definition of
B, there must be ¢ € [m — 1] and ! € C; such that y = x; and
I € C, because otherwise y is vetoed by at least 3(y) voters and
cannot be chosen by F. But by (iii) of Definition 4, this implies that
Tm 1 Ti = Y, a contradiction with y >¢ Tp,. |

Note that the strong equilibrium exhibited in the above proof can
be constructed in polynomial time.

Observe that when a Condorcet winner exists in the preference
profile, a strong equilibrium electing it may not exist, as we can see in
the next example. Actually, the notion of winner under Antiplurality
is far from being related to the concept of Condorcet winner, and a
minority of voters can have a significant power within this rule.

Example 5 Consider an instance where N = {1,2,3} and M =
{a, b, c,d}. The profile of preferences is:

1l b=as=c>d
2 c¢c>=d>=a>b
3 b-d>=cr>a

Alternative b is the Condorcet winner. However, from a state where b
is elected, voter 2 has always incentive to deviate by vetoing b, and
this veto is sufficient to avoid the election of b. Hence, there is no
strong equilibrium electing b.

Even if we relax the assumption of strict preferences, Proposition
3 continues to hold. However, this proposition does not ensure the
existence of a super strong equilibrium when the preferences are not
strict, as illustrated by the following counterexample.

Example 6 Ler N = {1,2,3}, M = {a, b} and the profile of pref-

erences is:

1 a>b
2 b=a
3 a~b

If a is elected then coalition {2,3} can deviate and veto a. If b is
elected then coalition {1, 3} can deviate and veto b.

Nevertheless, the following theorem shows that a considerate equi-
librium is guaranteed to exist even with non-strict preferences.

Theorem 2 A considerate equilibrium exists in any instance
of the voting game with players’ preferences in L(M) and
F=Antiplurality.

Proof: The proof relies on a refinement of the f.e.p. to the concept
of considerate equilibrium. The considerate f.e.p. (c.f.e.p.) is defined
in a similar fashion as f.e.p., except that condition (iii) is replaced by
(iii’) VI € C; and Vk € {Z +1,... ,m},xk =1 i, Or [ ~| T;
and z; Zsq) ®x], where (1) is the set of neighbors of I in G.
First of all, let us show that a c.f.e.p. exists for any preference pro-
file € L(M)™. To this end, for any voter ¢ € N, we construct a
strict preference =} which is consistent with the strict part of 2, and

where ties are broken by >5;) (or arbitrarily in case of incompara-
bility for >5(;)). This construction leads to a profile of strict pref-
erences >'. By Remark 9.2.1 of [22], we know that an f.e.p. exists
for >='. We state that such an f.e.p. is also a c.f.e.p. for 7. Indeed,
conditions (i) and (ii) trivially hold because they are similar for both
f.e.p. and c.f.e.p., and they do not depend on the considered profile of
preferences. Furthermore, the construction of ' ensures that for any
l€ N,z =) yimpliesz >; y, or [z ~; yand y 25 z]. Therefore,
(iii”) holds and the f.e.p. for =’ is also a c.f.e.p. for =.

The remainder of this proof follows the same line as the proof
of Proposition 3. Let (21, C1;x2,C2;...,Cm—1;xm) be a c.fe.p.
for the mapping 8 described in the proof of Proposition 3, and let
o be a state such that o; = x;, Vi € [m — 1] and Vj € C;.
Let us show that o is a considerate equilibrium. By contradiction,
if o is not a considerate equilibrium then there exists a coalition
C € C and a joint strategy o such that F(c¢,0-c) >¢ Tm and
F(ot,0-¢) Zn(c) Tm- Let y denote the candidate F (o, o—c).
There mustbe ¢ € [m — 1] and [ € C; suchthaty = z; and ! € C.
Furthermore, any neighbor of [ in G belongs to C' or N'(C), and
no other voter belongs to C. Therefore, C U N'(C) = §(i) U {i}.
But by condition (iii") of the definition of a c.f.e.p., this implies that
Tm 1 Ti = YOI Ty, ~; T; and y = x; zcuN(C) Tm, a contradic-
tion withy >c z and y Zxr(cy Tm. [ |

Unfortunately, the dynamics associated with the considerate equi-
librium is not guaranteed to converge, even if we restrict ourselves to
the dynamics associated with the partition equilibrium and we con-
sider unanimous direct best replies.

Proposition 4 The dynamics associated with the partition equilib-
rium may not converge in the voting game with F=Antiplurality,
even if the initial profile is truthful, each move is a unanimous direct
best reply and the preferences are strict, single-peaked and single-
crossing.

Proof: Consider an instance where N = {1,2,...,6}, M =
{a,b,c,d} and a > b > ¢ > d. The preferences are single-peaked
using the axis over the candidates (c, d, a, b) and single-crossing us-
ing the axis over the voters (2,1,6,3,4,5). The profile of prefer-
ences is:

1 d-=c»a>b
2 c-d-ax>b
3 a=-d=b>c
45 b=ax-d=c
6 a>-d=c>b

The partition over the voters is {{1},{2},{3},{4,5},{6}}. The
next table gives a sequence of states where the steps 1 to 7 form a
cycle. Deviations are marked with bold letters. Step 0 corresponds to
the truthful profile.

Plyers |yl | 3 | 4 5 | 6 | Winner
Steps
0 —b| b | —c| —c —c| —b a
1 -b| -a|——c| - —c| —b d
2 b | —-a | —-c| —c —c | —-d a
3 —-b| —-a | —c|—-a —-a| —d b
4 -b| —-a | —-c| —-a —a| -b d
5 b | -d| —-—c| —-a —al| —b c
6 —-b| -d| —-c| —-c —c| =D a
7 -b| -a|—-c| —c —c| —b d

5 Replies are direct under Antiplurality when the voters veto the current win-
ner. Convergence to a Nash equilibrium is guaranteed when direct replies
are performed [14, 24].
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3.3 Other PSRs

In this section, the strategy space S is L(M). Each PSR is charac-
terized by its score vector . After normalization, the score vector
of every PSR can be written as « = (1,a2,...,&m-1,0) where
a; € [0,1] and the oys remain non increasing. The PSR is neither
Plurality nor Antiplurality iff cy > 0 and apm—1 < 1. If ; € {0,1}
foralli € {2,...,m — 1}, then the associated PSR is k-approval.

We know that for Borda and k-approval (k is a constant), a vot-
ing game may not converge to a Nash equilibrium [14], even if the
initial state is truthful and only best replies are used. Therefore, this
result holds too for a considerate equilibrium. Furthermore, we can
prove that a Nash equilibrium (and thus, a considerate equilibrium)
is not guaranteed to exist for Borda and k-approval where k is fixed
according to either the number of consecutive ones, or to the number
of consecutive zeros.

Proposition 5 Let | be an integer such that I > 1 and consider the
k-approval rule where k = l or kK = m — l. A Nash equilibrium
is not guaranteed to exist in the voting game, even if the players’
preferences are strict and single-peaked.

Proof: Consider an instance where N = {1,2}, M =
{x1,22,..., 22k}, and 1 > 2 > - - > Zok. Thus, m = 2k.
The profile of preferences is:

1 X1 = T2 > > Tm
2 T > Tl > - X1

With such a k and m, either the winner is present in the k first ranked
candidates of both voters, or the winner is 1. Moreover, there is
always one agent who prefers at least & alternatives to the current
winner. Suppose alternative z; is elected. If ¢ < k, then a better reply
for agent 2 is to rank candidates x1, . . ., z; last in her new ballot and
put at the first position her preferred candidate within the top k of
agent 1. If ¢ > k, a better reply for agent 1 is to place candidates
Zi, ..., %m among the k last ranked of her new ballot. | ]

Proposition 6 A Nash equilibrium is not guaranteed to exist in the
voting game where F is a PSR with 0 < ap < % even if the players’
preferences are strict and single-peaked.

Proof: Consider a 2-player instance where M = {a,b,c},a > b >
c and the profile of preferences is:

1 a>b>c

2 c¢c>=b>a
If a is elected then agent 2 puts a last in her new ballot and puts first
the best ranked alternative within agent 1’s ballot between b and c.
If c is elected then agent 1 puts c last in her new ballot and puts first
the best ranked alternative within agent 2’s ballot between a and b.
Finally, if b is elected then agent 1 can make a the winner: if ¢ is
ranked first by agent 2 then agent 1 plays a > b > c, otherwise she
plays a > ¢ > b. |

Note that Borda is covered by this proposition so a Nash equilib-
rium (and thus, a considerate equilibrium) is not guaranteed to exist.

4 Runoff voting rules

The voting game under Plurality with runoff and STV always admits
a Nash equilibrium, e.g. the strategy profile where the best alternative
coming first in the tie breaking rule > is placed on the top of each

ballot. More generally, we prove that a considerate equilibrium is
guaranteed to exist in any instance of the game under Plurality with
run-off and STV. We cannot generalize again to the existence of a
strong equilibrium, as we can see for the profile given in Example 3.

Theorem 3 Every instance of the voting game with players’ pref-
erences in L(M) and F € {STV, Plurality with runoff} admits a
considerate equilibrium.

Proof: The proof follows the same idea as the proof for Plurality
(Theorem 1). It suffices to show that under STV and Plurality with
runoff the set of powerful coalitions C,, also corresponds to the set of
coalitions with size strictly larger than n/2. Indeed, if a is the best
alternative w.r.t. >, then in the unanimous profile where a is placed
on the top of each ballot, a is elected without any further round be-
cause it gets the absolute majority of votes. Thus, only a coalition of
size strictly larger than n/2 can make the outcome change by placing
another alternative unanimously on the top of the new ballot. |

We have existence of a considerate equilibrium. Unfortunately, the
game may not converge to it since it may not even converge to a Nash
equilibrium, as the next proposition states. Moreover, this is still the
case for restricted best replies.

Proposition 7 The dynamics associated with the Nash equilibrium
is not guaranteed to converge in the voting game with F € {STV,
Plurality with runoff}, even if the initial profile is truthful, the play-
ers’ preferences are strict, single-peaked and single-crossing, and
each move is a best reply minimizing the distance to the truthful bal-
lot in terms of number of differences in pair-wise comparisons.

Proof: Consider an instance where N = {1,2,3,4}, M =
{a,b,c,d} and a > b > ¢ > d. The preferences are single-peaked
using the axis over the candidates (a, ¢, d, b) and single-crossing us-
ing the axis over the voters (2, 3,4,1). The next table gives a se-
quence of states where the first and last ones coincide. Deviations
are marked with bold letters. Step O represents the truthful profile.
Each linear order is the ballot of a voter and the last line of the table
specifies the winner at each step.

Step 0 Step 1 Step 2 Step 3 Step 4
c-a>d>-b|a>-c>-d>b | a>c>d>b |c>a>d>b | c>a>d>b
b>=d>c>a| b>d>c>a |d>b>c>a | d>~b>c>a | b>d>c>a
d>=b>c>a | d=b>c>a d>=b>c>a d>=b>c>a d>=b>=c>a
c=d=a>b| c>d>a>b c-d>=a>b c=d>a>b c-d>-a>b

b a d c b

This counterexample works for STV and Plurality with runoff. W

5 Voting rules based on pair-wise comparisons
5.1 Copeland

We show by a simple counterexample that even a Nash equilibrium is
not guaranteed to exist in the voting game when using the Copeland
rule. Therefore, a considerate equilibrium may not exist.

Proposition 8 A Nash equilibrium is not guaranteed to exist in the
strategic voting game where F=Copeland, even if the preferences
are strict and single-peaked.

Proof: Consider an instance where N = {1,2}, M = {a,b,c} and
a > b > c. The profile of preferences is:

I a-brc
2 c¢c=b>=a
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An alternative x wins against y in a pair-wise election if x is ranked
before y in the two ballots. If a wins, then agent 2 deviates by placing
a at the last position of her new ballot and placing on top of her new
ballot the first ranked candidate in the ballot of agent 1 between b and
c. If ¢ wins, then it suffices for agent 1 to place c at the last position
of her new ballot because c is ranked last in the tie-breaking. Finally,
if b wins, then if ¢ is not ranked first in agent 2’s ballot, then agent 1
plays a > ¢ > b; otherwise, agent 1 plays a > b > c. In conclusion,
there is no Nash equilibrium in this instance. |

5.2 Maximin

The voting game under Maximin always admits a Nash equilibrium,
e.g. the profile where the best alternative w.r.t. > is placed on top of
each ballot. However, a strong equilibrium is not guaranteed to exist
as we can see with the profile given in Example 3. Nevertheless, a
considerate equilibrium is guaranteed to exist in any instance.

Theorem 4 Every instance of the voting game where the players’
preferences are in L(M) and F=Maximin admits a considerate
equilibrium.

Proof: The proof follows the same idea as the proof for Plurality
(Theorem 1). It suffices to show that under Maximin the set of pow-
erful coalitions C, also corresponds to the set of coalitions with size
strictly larger than n/2. Indeed, if a is the best alternative w.r.t >
then a gets elected in the unanimous profile where a is placed on top
of each ballot. From such a profile, only a coalition of size strictly
larger than n/2 can change the outcome by placing another alterna-
tive y unanimously on top of the new ballot. If the coalition has only
n/2 agents, it is not sufficient because a still has a maximin score of
n/2 and no other candidate can have a strictly better score. |

It is known that the strategic voting game under the Maximin rule
is not guaranteed to converge to a Nash equilibrium with an arbitrary
deterministic tie-breaking [14]. However, even with a deterministic
tie-breaking which is a linear order, the game under Maximin is not
guaranteed to converge, as we can see in the next proposition. More-
over, we do not use a general best reply but a restricted one.

Proposition 9 The dynamics associated with the Nash equilibrium
is not guaranteed to converge in the voting game with F=Maximin,
even if the initial profile is truthful, the players’ preferences are strict,
single-peaked and single-crossing, and each move is a best reply
minimizing the distance to the truthful ballot in terms of number of
differences in pair-wise comparisons.

Proof: Consider an instance where N = {1,2,3,4,5}, M =
{a,b,¢,d} and a 1> b 1> ¢ 1> d. The preferences are single-peaked
using the axis over the candidates (d, b, ¢, a) and single-crossing us-
ing the axis over the voters (1,4, 3,2, 5). The next table gives a se-
quence of states where the steps 1 to 5 form a cycle. Deviations are
marked with bold letters. Step 0 corresponds to the truthful profile.
Each linear order is the ballot of a voter and the last line of the table
specifies the winner at each step.

Step 0 Step 1 Step 2 Step 3 Step 4 Step 5
d~b-c~a| d~b~c~a |c~d>b>a | c~d>~b>a |d~b>c-a | d-b>c>a
a-c-b-d|a-d>c>b | ard-c>b | ard-c>b | a~d-c>b | a~d~crb
c-b-a>d| c-b=a-d c-b=a-d c-b=ax-d c=b>-a=d c-b=a-d
b=d-c>a | b>d~c~a b=d>cr-a b=d=cra b-=d-c>a b=d>cra

a-c=b>d| a-c>b>-d | a-c>b>d |a-b>d>c| a-b>d-c |a>-c>b>d
c a c a b a

6 Discussion and perspectives

We proposed to explore voting games from a strategical and social
point of view. The considerate equilibrium captures a stable outcome
regarding every set of coalitions arising from a social network.

The next table summarizes the existence and convergence re-
sults for the different voting rules that we explored. They are clas-
sified by solution concepts, which allows to spot the gap between
existence/non-existence and convergence/non-convergence since the
different equilibria are related: 3 considerate equilibrium = 3 par-
tition equilibrium = 3 Nash equilibrium.

Plurality Veto k-approval Borda
strong Existence X v/(Prop.3) X X
Convergence X X X X
considerate Existence v/ (Th.1) v/ (Th.2) X X
Convergence X X X X
. Existence v v X X
partition Convergence | X(Prop.1) | X(Prop.4) X X
Nash Existence 4 X(Prop.5) | X(Prop.6)
Convergence v[16] v/[14, 24] X[14, 24] X[14, 24]
STV PwRO Copeland Maximin
strong Existence X X X X
Convergence X X X X
considerate Existence v/(Th.3) v/(Th.3) X v/(Th.4)
Convergence X X X X
.. Existence v (4 X (4
partition Convergence X X X X
Nash Existence 4 4 X(Prop.8) v
Convergence | X(Prop.7) | X(Prop.7) X X(Prop.9)

We can remark that convergence under general best replies (even
if they are refined as in Prop. 7 and 9) is difficult to achieve. We
restricted ourselves to almost general best replies. A possible exten-
sion would be to analyze convergence to a considerate equilibrium
for some restricted manipulation moves, as studied in [23, 11, 21]
for Nash equilibria. Another possible way to achieve convergence is
to focus on specific classes of graphs or coalition families, provided
that it matches with an actual social structure.

On the positive side, we were able to prove the existence of a con-
siderate equilibrium for a significant number of voting rules, namely
Plurality, Antiplurality, Plurality with runoff, STV and Maximin.
These results are encouraging because the notion of considerate equi-
librium covers a large spectrum of families of coalitions.

As a balance, the assumption of consideration within this equilib-
rium — the fact no coalition harms its neighbors — is rather strong.
Actually, without the consideration assumption, it is not possible to
generalize the existence of such an equilibrium to every class of
graph. As an example, take the complete graph which corresponds
to a super strong equilibrium and see Example 6. This counterexam-
ple holds for every voting rule for which we proved the existence of
a considerate equilibrium, showing the importance of the considera-
tion assumption.

Nevertheless, the consideration assumption is relevant if we as-
sume that agents are not fully selfish and that they care about their
relatives. Moreover, it allows to integrate a social dimension into the
game. If agents are connected in the social network, then they are
reluctent to act in a way that harm their partners. If one wants to es-
cape from the consideration assumption, then an option is to restrict
to specific classes of graphs, or to specific families of coalitions. For
example, with the partition equilibrium, our existence results hold
without the consideration assumption. One can also think of /ami-
nar structures where there is either inclusion or empty intersection
between every pair of coalitions. Another possibility is to relax the
consideration assumption, e.g. a coalition C' has consideration for an
agent ¢ ¢ C if 7 has at least a given number of neighbors in C'.
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