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Abstract

This paper investigates existence results for path-dependent differ-
ential equations driven by a Hélder function where the integrals are
understood in the Young sense. The two main results are proved via
an application of Schauder theorem and the vector field is allowed to
be unbounded. The Hélder function is typically the trajectory of a
stochastic process.
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1 Introduction

The aim of the paper is to discuss existence theorems for a path-dependent
equation of the type

Y}:yo—F/OtF(u,Yu (1) dXy, t € 0,7, (1.1)

where X is an a-Holder continuous n-dimensional process and F' is a path-
dependent m x n matrix-valued vector field defined on [0,T] x C([0,T] ; R™).
The trajectories of the unknown process Y are R™-valued a-Holder continu-
ous functions; Y;, (.) denotes the trajectory of Y until time u, i.e, Y, (z) = Yy,
if z <wandY, (z) =Y, otherwise. The integral is intended in the Young
sense so that F' needs of course to verify a Holder type regularity, see Sec. 3
for details.

Path-dependent (similarly to functional dependent or delay) equations
have a long story. To the best of our knowledge the first author who has
contributed in this framework in the stochastic case, is [2| motivated by
[4], which is a significant contribution in the deterministic case. A relevant
monograph in the subject is the one of [17]. Considerations about functional-
dependent equations in law also appear in [18]. More recently several studies
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have been performed studying the relation between functional dependent
equations and path-dependent PDEs see e.g. [5, 6, 8, 3| in the framework of
Banach space valued stochastic calculus and many others in the framework
of path-dependent functional It6 calculus, see [13] and references therein for
latest developments.

Young integral was introduced first in [19]. A recent paper on the subject
is [11] and an excellent monograph recalling Young integral in the perspective
of rough paths is [9]. That integral has been implemented for the study of
ordinary stochastic differential equations driven by Holder processes (see
[15, 14]) and also SPDEs, see [16, 12]. As far as we know, the present
paper is the first one which discusses functional-dependent equations in the
framework of Young integral.

The aim of this paper is to discuss existence results under suitable mini-
mal assumptions on F. Contrarily to most of the literature on Young differ-
ential equations even in the non-path dependent setting, the authors allow
the vector field F' to be unbounded. The main results about existence are
Theorem 16 and Theorem 18; the latter supposes F' to be bounded but with
less restrictive Holder type conditions on F'. The path-dependent framework
however offers other perspectives of generalization if one assumes a different
type on dependence on the past trajectory. For instance in Section 6 we
remark that, whenever the dependence of F' with respect to the past allows
a gap with respect to the present, the construction of a solution can be done
iteratively.

2 Preliminaries

In this section we introduce some basic definitions.

Let U and V' be Banach spaces and denote by L = L (V,U) the space of
continuous linear maps from V to U.

We reserve the symbols X to denote driving paths of our differential
equation. Typically X : [0,7] — V is an a-Holder continuous. Hence there
is a constant (the smallest one is denoted by || X||,) such that

[ Xi = Xo| <1 X]|g [t — 5%,

for all s,t € [0,T]. As usual we write, X € C*([0,7],V) and

[X[,= sup ———a
¢ 5,t€[0,T],s7#£¢t ‘t_s‘a

It is sometimes useful to specify the closed interval I = [t, 1] where we
evaluate || X||,. For this matter, we further define

| X — X5
X ||y o= sup  ———a
s,te€l,s#t |t - S|

If tg > 0 and 7 > 0 we will simply denote

[ XMzt 3= 1 X s

asto,T s[to,to+T7]



Usually we omit the symbol U in C® (I,U) becoming simply C* (I). It
is well-known that |[.||,,.; induces semi-distance on the vector space C*(I),
though we can endow it with a metric by setting |||Z — Yllpr =1Z =Y.+
| Zt, — Yy, for all Z)Y € C*(I). An important closed ‘subset of C® (I)
is obtained by fixing an initial condition. That is, for a fixed a € U,
we define C$ (I) := {Y € C*(I) | Y}, = a} and this is a closed subset of
C* (I). Moreover, the metric |||Z —Y||,.; on C$ (I) coincides with |[.||,,.;,
ie. ||IZ-Y||, = 11Z-Y]|,,, for all Z,Y € C(I). For the sake of
clarity, when we refer to Ca—t(;pology we mean the topology induced by
|[+|],.7» Which coincides with [.||..; in the subset C¢ (I). The set C (1) is
the usual Banach space of continuous functions equipped with the sup-norm,
IVl s 1= supres Vil

Since our differential equation involves a vector field acting on the whole
trajectory of a path, we make use of the following notation. Given a contin-
uous path Y : [0,7] — U we denote by the calligraphic version of Y, namely
Y, onto C ([0,T],U), i.e.

y:[0,T] —» C(0,T],U),
t Ve

with
Vi (x) :=Yipg. (2.1)

We observe that, if Y is a-Holder continuous then its lift is a-Holder as
well. Indeed, this is shown in the statement below.

Proposition 1. Let Y € C%([0,T]). Then, for any 0 < a <b<T, )Y €
C*([a,b],C'[0,T]) we have

HyHoz;[a,b} S ||YH04;[O,T} (22)
1Vellswifo,r) < MY Nlesjo,7) - (2.3)

Proof. Fix s <t in [a,b]. For any x € [0,T] we have

Yy, — Y| ,z€]0,s]

V@) =@ <Yl we s
|Y;5_Y:‘F| ,xG[t,T]

0 , x €10, 5]

< HYHa |$ - 5|a , T € [Sat]

HYHa |t - S|a , T € [taT]
< [[Ylglt =%,

80 [|Ve = Vslloosjor] < 1Y llo [t — | This proves Y € C*([a,b],C([0,T]))
with [Vl gspae) < 1Y llaspo,ry 1€ equality (2.2).

Now, fix t € [a,b] and let any z,y € [0,7]. By definition, see (2.1), it
follows

Vi (@) = Ve )| < Y]l Jz—yl”,
hence Y, € C%([0,T]) and equality (2.3) holds. O



3 Young integral

At this level we recall the fundamental inequality characterizing Young in-
tegral. For a complete treatment we refer the reader [10, Ch. 6]. For a
reference closer to our spirit we recommend [9, pp.47-48;63]. We remark
that the second inequality below is a consequence of the first one.

Theorem 2. Let tg € [0,T], a € U and let 7 > 0 such that 7+ 1ty < T.
Given W € C7 ([to,to + 7], L (V,U)) and X € C*(]0,T],V) with a4+~ > 1,
the map

Wi I(W) = a+ | WudX, € C*(0,T)), (3.1)

to

is continuous and it satisfies, for s <t in [to,to + 7],

t
/ Wuqu - WS (Xt - XS) S kja“r’\/ ||W‘|'y;[57t} ||X‘|a;[s,t] |t - S|a+7 9 (32)

_ 1
where k;, = 1=

If furthermore T < 1, we can write the inequality above as

1O gy r < (ko + DX gy (I g + W) - (33)

a;to, T —

4 The vector field F

In this section we formally introduce the driving vector field of the equation.
For every t € [0,7] and Y € C([0,T],U), F(t,Y) is a linear map acting
on V to U. Also we will present some fundamental inequalities regarding
composition maps, such as Y +— F (¢, ).

Definition 3. Let
F:[0,T] xC([0,T7],U) — L.
We will say that it is non-anticipating if it satisfies
F(t,Y)=F(t,)),
forall Y € C'[0,T] and t € [0, T

The requirement above means that F (¢,Y) does not depend on what
happened on Y\[tﬂ. It will indeed fulfill the property below.

Remark 4. Given Y)Y € C'[0,T] such that Yo, = f/|[0,s]. Then
F(s,Y)=F <s,§7) .

We assume Hélder regularity on F' as follows. The forthcoming examples
will play as motivation for the definition below.



Definition 5. The vector field F' : [0,7] x C*([0,T],U) — L will be said
(o, B)-Holder if there are some non-negative constants c, g and ¢, g,

IF(£,Y) = F (5,Y)] < cap (1 + \\Yllﬁ,[s,t]) It —s[*®, Vs, t € [0,T], (4.1)

+ (YO - ?ODB, Vs € [0, 7],
(4.2)

F(s,Y)~F <s,if>( < Cap (‘

a,[0,s]

for all Y)Y € C* ([0,T],U).

Remark 6. 1. If F' is («,()-Holder then (4.2) implies that F' is non-
anticipating.

2. It is well-known that, for o/ < a, if Y is a-Holder then Y is o/-Holder.
This follows from the inequality [|[Y[l,r.1.1) < 1Y ot 00 T2 — tol*™.
This remark motivates the lemma below which will be useful in the
next sections.

Lemma 7. Let 0 < o/ < a <1 and g € (0,1]. Suppose that F : [0,T] x
C¥ ([0,T),U) — L is an (o/, B)-Hdlder continuous vector field. Then F is

«, p)-tolder continuous with constants o g ‘= Cq "By and Cy. 3 =
B)-Héld ti ith constants ca.p s (T¥P V1) and éy g
604,76 (T(a—o/)ﬁ V 1) .

Proof. Let s < t belonging to [0,7] and let Y € C%([0,T]). Using the
inequality [[Y|o. (5. < 1Y oy 1t — s|%® and (o, 3)-Holder continuity of
F (below we are going to omit the sub-index [ related to the constants ¢, g,
Ca,3 s Car,3 and Cqr g), We obtain

IF(t,Y) - L Y12 ) 1 — sl
o (L4 IV o 1t = 1707 ) Jt = 57

e
(
a/(u [0 IV g 1= 51°7)
(
(

(’3

o (TP 4V 1t = 517)

) |t - S|a/6 9

i[s,t]
< (TPv1) (14 1V

hence equality (4.1) holds with ¢, = ¢y (Ta/ﬁ Y 1>. It remains to show
(4.2). Let Y, Y € C*([0,T]) and s € [0,T]. We have

N B
o (Jr =1,y o)
, R B8
Cor (\ s2 +\YO—YOD
a7[078}

< &y <T(a*a’>5 v 1) ((

which proves the claim with ¢, = ¢,/ (T(O‘_O‘,)ﬁ \% 1). m|

F(s,Y)—F(s,f/)‘

IN

a/7[07s}

IN

+‘YO_}~/O‘>7



Example 8. B. Dupire (see [7]) introduced a notion of non-anticipating
functional in the sense introduced below. Denote A := Ugcp)A® and A® :=
C([0, s]). We endow A with the metric d defined as follows. For any Z%, Y €
A (the superscript here means that Z¢ € A* and Y* € A®) assuming s < ¢, he
defines d (Z',Y*) = |t —s| + || 2" — y§|’00;[07ﬂ, where similarly as at (2.1),
we set V5 (x) =Y, u,x € [0,t]. Let f: A — R be a g-Holder continuous

UNT?

functional with respect to d. Then the vector field F' defined by
F(t,Y):=f (y|[07ﬂ) LVt e [0,T], VY € C%([0,T)),

is non-anticipating in the sense of Definition 3 and it is («, 8)-Holder.
Indeed, for Y € C*([0,T7), we have

F(Y) = F ) = |7 (Vi) = £ (Yloy)|
B
<Uflsd (Yl Yoy

B
< Ul (It = 51+ 1Y = Pl

8
= [Iflla <It — s+ sup [V, —Ys|>

TE[s,t]
o\ P
<Al (1= 514+ 1Y g 1= 517)

_ B
<l (T 1Y Do) 1= 517

This proves (4.1).
It remains to prove (4.2). Given Y, Z € C%([0,7]) and s € [0, T,

F(s.Y) = F (5.2 = |7 (V1) = 7 (Zlo)]
B
<Ufllg {Is = s+ 1Y = Zll o}
<l {04 1Y = Zlagog 5 + 1Yo~ 2o}

Example 9. Young integral functional. Let o,y € (0, 1] with a4+~ > 1. Fix
a function g in C7([0,T7]). Define the vector field F, by setting F, (t,Y) :=
fg gudYy, for each Y € C%([0,7]). Then Fj is (a,1)-Holder continuous.
Indeed, using Young integral inequality (3.2) with W (and X) instead of g
(and Y), for any s,t € [0,T] and Y € C*([0,T)), it follows that

t
/ gudY,

S k0l+'Y HgH'y;[s,t] HYHQ;[sﬂ |t - S|a+7 + |gS| |Y;t - }/S|

< {koﬁ-’\/ ”gH'y;[O,T} T+ Hg”oo,[O,T]} HYHa;[s,t] ‘t - s’a )

|Fy (8,Y) — Fy (s,Y)| =

which proves (4.1).
Now, given any Y,Z € C%([0,7]) and s € [0,T], we apply previous
inequality with Y — Z instead of Y and for s = 0. Thus, we obtain

IF, (5,Y) — Fy (5, 7)) = /0 Cgud(Y — 2),

6



< {ka-f—’y Hg”fy;[O,T] T+ ”gHoo,[O,T}} ”Y - ZHa;[O,s} ch’
which proves (4.2).

Example 10. Young Integral functional (continued). More generally, we
consider the vector field F (t,Y) := h (t, fot g}LdYu,...,fOt g{LVdYu>, where

gt € C([0,T)) with a4+ > 1,1 <i < N, and h: [0,T] x RY — R such
there is a constant K > 0 with

|h(t,b) — h(s,a)| < K{\t— s|*f + g{laxN]bi — ailﬁ}, Vvt € [0,T],Ya,b e RY.

Then F' is («, §)-Holder. Indeed, it is easy to see that F satisfies the in-
equalities

|F(t,Y)—F(s,Y)| <K <1 + max ci HY”i[s,t]) It — 5|,

|F (s,Y)=F(s,2)|=|F(s,Y = Z)| <K 1 0.0 T

ax_c; |Y —Z|?
s N

B
for any Y, Z € C and s,t € [0,T] where ¢; := <kza+% lgill,, T7 + ||ngOO) :

Remark 11. In the proposition below, we will use a simple technique in-
volving Holder norms inequalities. It is called geometric interpolation
(in contrast to the linear one, a < fa + (1 —60)b < b) which states that,
whenever W € C% and 6 € (0,1), then

1-0 0
Wilao < ITW o™ Wl » (4.3)
recalling the notation ||W{|, = sup, , [W; — W;|. The proof of (4.3) is a con-

0
sequence of the equality |T::LV;| = |W; — WS]1_9 <|V|ZZQI‘ZS‘) . In particular

we get
W llao < 2 WIS WG (4.4)

Proposition 12. Let F : [0,T] x C*([0,T],U) — L be a non-anticipating
and (o, B)-Holder continuous vector field.
Fiz to,t1 € [0,T]. GivenY,Z € C*([0,t1],U) the inequality
IF Y laggtntn] < s (14 1Y g0 ) (4.5)
holds. Moreover, if |Y o101 1 Z 1l asfto 0] < B for any 6 € (0,1), it follows
. 0 NI
IF ) = F (o Dllaggioin) < 204 ¢ (14 B) (1Y = Zllao + Yo - To|)
(4.6)

where co g and ¢, g are the constants introduced in Definition 5.

Proof. For s < t in [to,t1], and Y € C([0,¢1]), (4.5) follows directly from
the definition of («, 8)-Holder continuous.



We prove now (4.6). We set I := [to,t1]. Given Y, Z € C([0,t1]) with
Y llor s 121l < R, we write Wy := F(t,Y) — F(t,Z), t € I. Fix an
arbitrary 6 € (0,1); using (4.4) we obtain

— 1-6 0
W llagor < 22 IWIIST IW llos.s » (4.7)

so it remains to bound [|[W{|,.; and [[W{|,z.;-
On the one hand, since F' is (a, §)-Holder continuous, we have

Wllesr = sup |[F(£,Y) = F(t 2)]

tefto,t1]
< o (IV = Zllagon, +1%0 - Zol)
On the other hand, using (4.5) and recalling [|Y|,.;,[|Zll,.; < R, it follows
IWhags < IF Yoy + I1F (. D)llags
o (1 IV15) +ca (1+1212,)

< 20 (14 R%). (4.9)

7 (4.8)

IN

Finally inequality (4.6) follows substituting (4.8) and (4.9) into (4.7), recall-
ing that Wy := F (t,Y) — F (t,Z) ,t € [0,T).
|

5 The Existence Results

In this section we present the main results of this paper. We introduce
formally the equation and its statements regarding existence of solutions.
We state a version of Schauder fixed point theorem that we are using.

Theorem 13. Let M be a non-empty, closed, bounded, convex subset of a
Banach space, and suppose S : M — M is a continuous operator which maps
M into a compact subset of M. Then M has a fixed point.

Proof. See |1, Th. 2.2]. O

The next two lemmas will will help us gluing Holder functions.

Lemma 14. Let I and J denote two compact intervals of R such that INJ is
non-empty. LetY : IUJ — U a path such that Y € C*(I) andY € C* (J).
Then'Y € C*(IUJ) and

1Y llagros < 2 (¥ llasr + 17 Ty ) -

Proof. See [11, Lemma 3]. O

Lemma 15. Fix 7> 0. Let 0 =1 tg < t; < --- < tn41:=1T be a partition of
[0,T], where every sub-interval has length T, i.e., ti—t;—1 =7,Vi=1,...,N.
LetY :[0,T] = U such that

HYHOGti{T S Ra
foralli=1,...,N. Then
1Y Nlaso,m < 4R (1v Tl—aTa—1) .

8



Proof. Let s,t € [0,T]. If |t —s| < 7 then s and ¢ belong to (at most)
two consecutive interval [t;,t;11]. Hence, |Y; — Y5| < 2(R 4+ R) |t — s|®, see
Lemma 14 above. Otherwise, tx < s < tgi1 < -+ < t < tgipy1 with
Tr <t—s<7(r+1) for some r > 1. Then

r—+1

Vi = Yal <) Vinter, — Yovirer, |
j=1

r
< RZ |t Ntgij;—sV tK+j,1|a
j=1

< RT*(r+1)

= R lr(r +1)

< 2R lrr

< 2Rt — s
2RI — |

In conclusion [|Y|,.j07) < 4R (1v Ti-eral), 5

Now we state and prove the first existence theorem for global solutions
in time. We insist on the fact that our assumptions do not imply that
F is bounded. This particular case will be investigated in the subsequent
Theorem 18.

Theorem 16. Let U and V be finite dimensional linear spaces. Let o > %
and X : [0,T] = V an a-Hélder path. Let 5 € (0,1) such aff + « > 1. Let
F:[0,T] x C¥([0,T),U) = L(V,U) for some o/ < o with the property F
is also (o, B)-Hélder continuous.

Given an initial condition yo € U, there is a solution Y € C*([0,T],U) for
the equation

t
Yt:yoJr/ F(u,Y)dX,, t€[0,T]. (5.1)
0

Remark 17. 1. A more general framework of (5.1) is a path-dependent
equation with initial condition at ¢y instead of 0, for ¢ € [tg,t1] with
t1 € [to,T]. In that case the initial condition will be a function n €

C?0, to.
In correspondence to this we introduce Z" : [0,t1] — U setting
; tel0,t
Zh =M [0, o] (5.2)
Zy; L€ [tota].

The equation of our interest is

fiomehremen, oo,

Y, = ns, s € 0, ).

We remark that (5.1) is a particular case of (5.3) setting tp = 0 and
t1="T.



2. The strategy employed in the proof will be first to construct a solution

of (5.1) replacing T' with a small time 7. Then given t, which will
be of the type tg = k7 for k = 0,1,...,, and n € C([0,tp]) we will
inductively construct a solution of (5.3) with ¢; =g + 7.
For the general induction step we consider the so called solution map,
i.e. a functional S, : M — C%([to,t1]), where M is a suitable subset
of C%([to,t1]) which will be introduced later, so that S,(M) C M,
defined by

t

Sn (Z)t =My T / F (u’ ZW) dXy, t € [thtO + T] (54)
to

and Z € M. We will prove that S, has a fixed point through Schauder’s

Theorem 13), which of course solves (5.3) in [to, t1]. This would imply

the existence of a solution on the whole time interval [0, 7], by patching

solutions together.

Proof. Step 1. We can assume without loss of generality that
odB+a >1, (5.5)

and moreover, that there is 0 € (0,1) such that F is (0/192,,8) -Hélder con-
tinuous and
B+ '0% > 1, (5.6)

as well.
For this we are going to fabricate constants & larger than o' and 6 such
that F is (a6?, 8)-Holder continuous and (&, #) fulfill (5.5) and (5.6) with o/
replaced by a.

1

Indeed, since by hypothesis, « is strictly greater than 5 and because of the

inequality af + a > 1, we can first choose & € (ﬁ, a> N (%,a). 0 < (0,1)

such that 6%a € <ﬁ, a> N (%, 07), which is possible by a similar reasoning.

Now, we have o < 624 < & < o so Lemma 7 guarantees that F is (d92, ﬁ)—
Holder continuous, with & and € fulfilling the inequalities (5.5) and (5.6)
with o/ replaced with a.

Morally this step consists in restricting the domain of the vector field F'
into a suitable smaller set C%, i.e., C* € C* c C%. The choice of a suitable
& does not play any role regarding the space where the solution Y lives, as
we can see in the next step.

Step 2. Looking for a solution of (5.3) in C*([to,t1]), it is enough to
show that there is a solution Y € C ([to, t1]).

Indeed, if Y € C%([tg,t1]) solves (5.3), then by (3.2) in Theorem 2 and
(4.1), it follows

t
Y, — Y| = / F(u,Y)dX,

S
< Fargrad (14 V10 ) 1K oy 18 = 512 4 1F (5, V)1 X loggozy 1 = 5I°

< Lhargrac (T IV I 00) T8+ I1F () oo P IX o 12— 51

10



where ¢ = ¢y g as defined in (4.2).
Step 3. Discussion about set the M C C% ([to,to + 7]), anticipated in
the Remark 17 item 2. M will be of the type
M= M

to,

rrai= {2 €CY([to,to + 7)) | Zty = @, and |Z] ., < R},
(5.7)
for fixed R,7 > 0 and a € U. We will indeed set a = n, € U, and R, T

will be suitable parameters, see (5.12) and (5.13), in order to guarantee that

"5to,T

S (M5 ) © M

Step 4. Let R > 0, to € [0,T"), 7 € (0,1], a € U, which will be arbitrary
in this step, the set Mtao,,ﬂR,a is compact in C% -topology. This is a standard
result, however though we present its proof for the sake of completeness.

We recall the set M is a subset of C% ([tg,to + 7]) with a fixed

to,7,R,a
. .- oo . / -
initial condition, hence C*-topology in Mg _p , is induced by [ls[| g4, -
. . / ..
Now we prove the claim, let (Z™) be a sequence in Mg | ga»m €N This is

an equicontinuous family in [tg, to + 7], since |Z}' — Z7| < R|t — s|a/ , s,te
[to, to + 7] for each n. Also, the sequence is uniformly bounded since |Z}'| <
|Z§| + Rt — 0| = |a| + R|t|*". Hence, by the classical Arzela-Ascoli The-
orem, there is Z € C([to, to + 7]) such that, for a subsequence (also denoted
by Z"), 12" = Z|l soutgto4r — 05 as m — oo So, in particular Z;, = a, on
the one hand. On the other hand, it is easy to see that [|Z]|,,, , < R, since
2~ 2, = tim |20 — 27

n—oo

< lim Rt —s|*.
n—o0

Therefore Z € M2

to,7,R,a"
In order to show || Z" — Z||,,,

lation, see Remark 11, so

it r njoo 0, we use the geometric interpo-

_ 1-6 0
12"~ Z)gor <277 12" ~ 2] 12" = Zll,

oo;to,T "sto,T

0
-0 1-0
< 21 HZn_ZH (HZnHa’;to,T+ HZHa/;to,T)

00;t0,T

<2107~ 70 | (2R)’

00;t0,T

and we observe that the right-hand side converges to zero as n goes to co.
Step 5. Let R >0, ty € [0,T), 7 € (0,1], a € U and n € C*([to,to+ 1)),

which will be arbitrary in this step. Let 0 as introduced in Step 1. Then the

map Sy : M — C%([to, to + 7]) is continuous under the C%([to, to +

0 ,T,R,(l

7])-topology. We recall that o/0%8 + o/6% > 1, see (5.6). Since M is

OvTvRva 1
compact, it is a closed subset of C%([tg, to + 7]).

Fix an arbitrary W € Mtao,,T,R,a‘ We will show |15, (Z) — Sy (W)llgar.sy.r —
0 as HZ - WHGQ/;IEO,T - 07 Z e Mtao,T,R,a‘

We use now Young integral inequality (3.3) with « replaced with o/6 and
~ replaced with o/6?/3. We observe that the sum u := /6?8 + o/6? which is
strictly larger than 1 so Theorem 2 can be applied and by (3.3)

F(u, Z") — F (4, W") dX,

to

15y (Z) = Sy (W)

Hea/;to,T - ‘
0o sto, T

11



S (kll« + 1) HXHGQ/’;tO,T HF ('? Zn) - F ('? Wn)HGQQ’ﬁ;tO,T .
(5.8)

We recall that F' is (o/62, 3)-Holder continuous, see Step 1.
From Proposition 12, see (4.6), using o/6 (and ty + 7) instead of a (and
t1), it follows that

0
~1—06 1-0)
”F ('7 Zn) - F ('7 Wn)HOQO/ﬁ;tO,T < 20;’027ﬁcg4’02,ﬁ (1 + Rﬁ) ”ZW Wané’ ;0,t0+7

= 92¢1 70

1-0)
/92 5 /92 (1 + Rﬁ) ||Z W”B(

0a’to, T °

(5.9)

From (5.8) and (5.9) we conclude that S, is continuous with respect to C*'%-
topology.

Step 6. We prove now that S, < o TRyo> C Mto TRy
to = 0, with n : {0} — U, no = yo for any yo € U and suitable R,7 > 0
introduced below. We will extend this property at Step 8. for tg = N7,
N=1,2 ...

We set

in the case when

K = (kargrar + 1) [|X | 00 7 267 (1 + T“’ﬁ) (5.10)

and cp := max {|F (0,0)|;cu g;Ca g}. We can assume K > 0, otherwise
either [ X||,.07 = 0 or F' = 0, thus the constant function Y; := yo solves
(5.1). Let £ € (0, %) be fixed and 7 is defined by

1
= (%) ol (5.11)
so that, 0 < 7 <1 and
Ko =¢. (5.12)

Let R > 0 big enough such that

! ! ﬁ
e (1 +5 (1 v Lo e *1> R5> <R, (5.13)
ol < R, (5.14)
which is always possible since < 1. Indeed, given a function g : R — R
defined by g(R) = ¢+ dRP, ¢,d > 0, the limit of @ when R — oo is zero.

From now on in this step we set S := 5,;. We prove now that S < 0r.R yo) C

M(?‘T Rvo . Indeed, given Z € M0
it follows that

1S Dllavior < (kevier + 1) 1X lavig,r (I1F (s Dl + 1F (0, 2)])
(5.15)

R0 from Young integral inequality (3.3),

Since F' is (¢/, §)-Holder continuous, by Proposition 12 it follows that

1P (o Dl < carp (14 121120,1) - (5.16)

12



Moreover by (4.2), it also holds that

|F(0,2)] < |F(0,0)| + o |Zo — 0/
= |F (0,0)] + ¢ g |y0|” - (5.17)

Plugging (5.16),(5.17) into (5.15), using [|X|[, o, < HXHQ;QTTO‘*O‘/ and
1Yol s 1200, < R, also recalling cp = max {|F (0,0)|;car 8; Car g}, defi-
nitions from 7 and R, (see (5.12), (5.13)), we have

1S (D)llaror < (kevgrar + 1) [ Xl ™ (e (14 B?) + |F (0,0)] + ¢R?)
< (kargrar + 1) [ Xl o7 7o <20F <1 + R6>>
< Kroo <1 + R6>

:s<1+R5>
<R.

This proves Step 6.

Let R > 0 as in (5.13) and (5.14) together with 7 selected in (5.11) until
the end of the proof.

Step 7. There is a solution Y € C*([0,7]) for (5.1) replacing T with
7, with Yo = yo and ||Y|,o, < R. This constitutes the first stage of a
statement which will be proved by induction in Step 9. below.
This simply follows from Steps 4., 5., 6. which allow us to use Theorem 13
and finally Step 2.

From Step 6. the map S : Mg

5. shows us it is continuous under C*?-topology. Since Mg

!

Ry — Mo, ; Ruyo 15 well-defined and Step

!

Ry 18 compact

under C"‘/G—topology, see Step 4., Schauder’s Theorem 13 claims that there
is a fixed point for the map S, denoted by Y € M(‘)J‘; Ra- In other words,

there is Y € M&;Rﬂ, such that

t
Y}:S(Y)t:yo—i—/ F(u,Y)dX,, te|0,7].
0

Finally, from Step 2., we conclude that Y € C* [0, 7].

Step 8. Now we prove the general statement announced in step 6. Let
to = N7 for some N = 1,2,.... Assume that n € C*([0,tg]) such that
Ml i r < R for k=0,1,..., N — 1, we have

S (MiY rrny ) © M (5.18)

Indeed, let Z € Mt?),TRY)tO' From Young integral inequality (3.3) using o/

(and o) instead of § (and «),

195 (D)l vz < (Bevgrar + 1) 1X lavitor {IF (o 2 oo + 1 (b0, 271}
(5.19)

13



Since F is (o, 8)-Holder continuous, by (4.5) from Proposition 12 with o/

instead of  and noting that || Z|[,,,, . < R it follows

IF (o 2 g s < s (1412710, )
< o (14120204, -)
< Co’ B <1 —{—R6> .
Regarding |F (tg, Z")|, we split it as

| (Lo, Z")| = |F (o, )|
< ’F(t()an) _F(Oﬂ?)’ + ’F(0777)’
=: A+ B.

(5.20)

(5.21)

On the one hand, by (4.5) from Proposition 12, Lemma 15 together with hy-
pothesis ||| .5, » < R, recalling again that cp = max {|F (0,0)| ; car,8; Car 8 }

and also that tg = N7 < T and 4% < 5, it follows that
< o (14 Il 0z ) (V7)™
! / ﬁ !
<cup (1 + (4R (1v T ) > T8

/ / ! B
< cpTYP (1 +5R”? (1 v T e —1) ) .

(5.22)

On the other hand, since F' is (o, 3)-Hélder continuous using 5° < 5 and

the hypothesis [|7]|, < R, |lyo| < R it follows that

/.
skT,T

B < |F(0,0)| +|F (0,n) = F (0,0)|
~ B
< F(0,0) + Zars (11 = Oll oo, + Ino = 01)
B
< e (14 (Inllasonr + 0l

<cp (1 + (4R (1T ) R>ﬁ>
<cp (1 + (5R (1v Tl—a'Ta'—1>)5>

! ! 6
<ep (1 +5R? (1 v T o *1) ) ,

(5.23)

where we have used Lemma 15 in the fourth inequality. Hence, from (5.22)

and (5.23) we conclude

! ! / /B
| (to, Z")| < cr <1+T°‘5> <1+5Rﬁ <1\/T1*°‘ Lo 71) ) .

14
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Now, plugging (5.20) and (5.24) into (5.19), using || X|| /., - < [ X017 ro—o
and recalling the definitions of 7 and R given in (5.12), (5.13), it yields

! / ! ! B
190 (Z)yll o < (karprar + 1) 11X o ™ {ch (1417°) (1 457 1y Thelper 1) )}
! ! B
—c <1+5Rﬁ <1\/T1_0‘70‘_1) > <R.

This proves (5.18).

Step 9. There is a solution Y € C*([0, (N +1)7]) for the (5.1) replacing
T with (N + )7, with Yo = yo and ||Y || 4, < R, each k = 0,1,..., N.
This constitutes the induction stage which we announced in Step 7.

Indeed, the case N = 0 was proved in Step 7. Now, assume there is a
solution 1 € C*([0, N7]) (replacing T with N7) of (5.1) with |1l .4, < R,
each kK = 0,1,..., N — 1. The solution 7 fulfills the conditions of the Step
8. with to = N7, hence S, (Mg, ., ) € Mg

t0777R7Wt0
7., the map S, : Mt%,,TvR,nto has a fixed point denoted by W,

which in particular solves (5.3):

. Reasoning as at Step

o
—> Mto 7T7R77]t0

t
Wt = 577 (W)t = 1INt "’/ F (ua W’?) qu, te [NT’ (N + 1) T] ’ (525)
Nt

where we remind that the notation W was introduced in (5.2).

Finally, we define Y := W7 € C*([0, (N + 1)7]) which trivially extends
1. We show below that Y solves equation (5.1). Indeed, on the one hand for
each t € [0, N7], recalling F (u,n) = F (u,Y) for u € [0, N7] and that 7 is a
solution in the interval [0, N7|, we have

Y;:th:’r]t
t

=yo+/ F (u,n)dX,
0
t

:y0+/ F(u,Y)dX,.
0

On the other hand, arguing as above and using (5.25), we have, for ¢t €
[N7,(N +1)7],

Y, = W =W,
t
=nnr + F (u,W")dX,
Nt

Nt t
:y0+/ F(u,n)qu—i—/ F (u,W")dX,
0 NT

Nt t
=yo+/ F(u,Y)quJr/ F(u,Y)dX,
0 Nt

t
:y0+/ F(u,Y)dX,.
0

This concludes that Y is a solution to (5.1) on the interval [0, N7 + 7.
Moreover, [|Y|,, = ||W",, < R for k = 0,1,...,N. Indeed for

/. /.
kT, T kT, T

15



k=0,1,...,N — 1, this holds by assumption and for £k = N it comes from
(5.18). Hence this establishes the induction step and it concludes Step 9. O

The theorem below shows that when F' is bounded the coefficient [ is
also allowed to be 1. We remark that in Theorem 16 we have required that
B <1.

Theorem 18. Let U and V be finite dimensional linear spaces. Let o, 5 €
(0,1] such that « > 3 and a8+ a > 1. Let X : [0,T] — V be an a-Hélder
path and F : [0,T] x C* ([0, T],U) — L(V,U) be a bounded and (<, f3)-
Hélder continuous vector field for some o/ < a. Given an initial condition
yo € U, there is a solution Y € C*([0,T],U) for the equation

t
Y; = yo +/ F(u,Y)dX,, t€[0,T]. (5.26)
0

Proof. This proof is simpler than the one of Theorem 16 (where F' is not
bounded) and we will explain here the significant changes. We start re-
introducing the objects. First, as explained in Step 1. of Theorem 16 we
can assume that 3 < o/ < « and also that there is 6 € (0,1) such that F
is (a/6?, B)-Holder continuous and the inequalities (5.5) together with (5.6)
are still in force.

Second, we re-define the parameters K,¢ and 7. So, differently from
(5.10) in Step 6., we set

K i= (karprar + 1) [ X [0 (2005 + 1Fll) -

We fix € € (0, % A1) and define again 7 as in (5.11) so that 7 € (0,1) and
(5.12) still holds.

For an arbitrary to € [0,7) and n € C*([0,tp]) with 1y = yo, similarly as
in the proof of Theorem 16, we will find a solution of (5.3) with t; = ¢y + 7.
This can be done performing the same program of Steps 2. to 5. in the proof
of Theorem 16. The notation Mf‘o:ﬂﬂ will denote the same ball as in (5.7).
We define Z" as in (5.2) and S, : Mtao:T,LmO — C%([to, to + 7]) as in (5.4).

In order to show that S, has a fixed point (which therefore solves (5.3))
we need to prove first that

/

Sn <Mta077—71777t0> C Mtaoﬂ-?lvnto. (527)

This will replace Steps 6. and 8. of the proof of Theorem 16 which will merge,
since it will not be necessary to distinguish ¢ty = 0 from tg = N7, N > 1.
Indeed, given Z € M , from Young integral inequality (3.3), re-

to 77'71777150

placing v there by o/ as for (5.15), it follows that

190 ()l gy < (ke + ) 1X Davtgir (1 (oo 2 asptgr + | (t0, Z27)])
(5.28)

Since F'is (¢, §)-Holder continuous, it follows from Proposition 12, see (4.5)
with o/ (resp. Z") instead of « (resp. Y') that

I o 2ty < s (1127020,
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= cars (14 12100.)

<cwp <1 + 15>

< 2¢y 8- (5.29)
Also, since F' is bounded it holds

|F (o, 2")| = |F (to,n)]|
<1 (5.30)
We substitute (5.29) and (5.30) into (5.28). Using || X|| /4 » < X007 ro—o
e <1 and recalling that 7 satisfies (5.10), it follows that
||S77 (Z)Ha’;to,r < (ka/ﬁJra/ + 1) ||X||oz;0,T T (260/,6 + HFHOO)
= Ko

=&
<1

fo.r. 1 Lhis concludes the proof of (5.27).

The sequel of the proof consists in treating simultaneously the corre-
sponding Steps 7. and 9. of the proof of Theorem 16. We claim that

henceforth S, <Mz‘%lﬁ,1,mo) c MY

Sp - Ml%/ml’% — Mtao/mlmto has a fixed point.
Indeed, we already know that M, o is a compact set with respect

to,,1,m¢
o/6-Holder topology (see Step 4. in the poroof of Theorem 16) and S, is
continuous with respect o/8-Holder topology (see Step 5. in the proof of
Theorem 16). So S, verifies the hypothesis of Schauder’s Theorem 13, hence
there is a fixed point for S,, which we denote by W € C¥ ([to, to +7)); W
also belongs to C“([to,to + 7]) by Step 2. in the proof of Theorem 16. In
other words,

t
Wy =, + / F (u, W) dX o t € [to,to + 7). (5.31)
to
Finally, we can conclude the proof showing that there is a solution Y &
C([0,T7) to (5.1) proceeding similarly as after (5.25).
O

6 On a particular path-dependent structure of the
vector field.

We conclude the paper showing that, in some cases, the solution to our path-
dependent equation can be constructed directly. In this case the method
leads us to an existence (and even uniqueness) statement under weaker as-
sumptions than in Theorems 16 and 18. This happens when the past depen-
dence structure of the vector F' allows a gap (of size § > 0) between the past
and the present, see Definition 19 below for the precise meaning.
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Definition 19. Let F' : [0,7] x C([0,7],U) — L be an vector field. We
will say that it is d-non-anticipating if it satisfies

F(t,Y)=F (t,Yu—s).) (6.1)
forall Y € C([0,T],U) and t € [0,T].

Under this assumption we can construct a solution step by step on in-
tervals [0,6],[0,24],... and so on only supposing, for instance, that for each
Z € C*([0,T]), t — F(t,Z) is v-Holder continuous with a + > 1. The
theorem below holds even when U and V are generic Banach spaces.

Theorem 20. Let F' : [0,T] x C*(]0,T],U) — L be a 6-non-anticipating
vector field for some 6 > 0. Suppose that for each Z € C*([0,T],U), t —
F(t,Z) is v-Hélder continuous with a+~ > 1. Let X € C*([0,T],V). Then
for each yo € U there is a unique solution Y € C*([0,T]) for the equation

t
Y, = yo +/ F(u,Y)dX,, t €0,T]. (6.2)
0

Proof. We start discussing existence. Without restriction of generality we
can suppose that 7' = N for some integer N. We denote by Y the constant
function ¢t — yo € U on [0,7]. By recurrence arguments we construct a
sequence Y1, ..., Y™ in C%([0,T)]) verifying, forn =1,..., N,

tANnd
Y =y +/ F(u,Y" ) dX,, t€[0,T]. (6.3)
0

Although we need to define Y;" only for ¢ € [0, nd], we have chosen to extend
it to the whole interval ¢ € [0, T'] since this simplifies the formulation of some
arguments during this proof.

The expression (6.3) is well-defined via Theorem 2 with W; = F (¢, Y™™ 1).
Indeed, suppose that (6.3) holds replacing integer n with n—1. Since Y"1 €
C*([0,T1), the hypothesis implies that the path t € [0,T] — F (¢,Y""!) is
~-Holder continuous hence we can define Y, := yo + fgmé F (u, Y"*I) dXy,
for ¢t € [0,T].

At this point our aim is to prove that Y := Y solves equation (6.2).
For this we will show that forn=1,..., N

tAnd
VI = g0 +/ F(u,Y")dX,, t € [0,T]. (6.4)
0
Taking into account the construction (6.3), it will be enough to show by
recurrence that, for every n =1,..., N

F(u,Y") = F(u, Y™ 1), u € [0,nd]. (6.5)

Suppose for a moment that, for every n =1,..., N,
Y =Yl te [0, (n— 1)), (6.6)

Then (6.5) will follow. Indeed let u € [0, nd], for some n; then t := (u —J)4
belongs to [0, (n — 1)d]; thus from (6.6), recalling Y, (x) := Y, 1, it follows

Nus), = y&—_lé)+,u € [0, nd]. (6.7)

18



So, using (6.1) and taking in account (6.7), yields
ny __ n _ n—1 _ n—1
Fu,Y )_F(u,y(uﬂm) —F<u,y(u75)+) = F (1, "),

It remains to show (6.6); we will do it by induction on n. The case n = 1
is an obvious consequence of (6.3) evaluated for ¢ = 0. We suppose now that
(6.6) holds replacing n with n — 1.

Let t € [0, (n—1)4] for an integer n with n > 2. By (6.1), the construction
(6.3), the induction hypothesis related to (6.6) and the recurrence (6.5) with
n — 1 replacing n, we obtain

tANnd
Y, = y0+/ F(uw,Y" 1) dX,
0

(u, Y™ 1) dX,

.
tA(n— 1)5
0

This concludes the proof of the induction step in (6.6). The existence part
of the theorem is finally established.
Uniqueness follows easily by an obvious induction argument.
O
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