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SMALL BERGMAN-ORLICZ AND HARDY-ORLICZ SPACES, AND
THEIR COMPOSITION OPERATORS

S. CHARPENTIER

ABSTRACT. We show that the weighted Bergman-Orlicz space A% coincides with some
weighted Banach space of holomorphic functions if and only if the Orlicz function v satisfies
the so-called A%-condition. In addition we prove that this condition characterizes those AY
on which every composition operator is bounded or order bounded into the Orlicz space LY.
This provides us with estimates of the norm and the essential norm of composition operators
on such spaces. We also prove that when i satisfies the A?-condition, a composition
operator is compact on AY if and only if it is order bounded into the so-called Morse-
Transue space MY. Our results stand in the unit ball of CV.

1. INTRODUCTION AND FIRST DEFINITIONS

Hardy-Orlicz and Bergman-Orlicz spaces are natural generalizations of the classical Hardy
H? and Bergman spaces AP. They have been rather well studied when the defining Orlicz
function grows slowly, i.e. when they are larger than H' and, roughly speaking, similar
to the Nevanlinna class N, which is one instance of such a space. Nevertheless, there are
not so many papers dealing with small Hardy-Orlicz and Bergman-Orlicz spaces. One of
the interests in looking at these spaces is that, due to the wide range of Orlicz functions,
they provide an as well wide and refined scale of natural Banach spaces of holomorphic
functions between A' and H*. And by many aspects H* radically differs from Hardy
and Bergman spaces. This can be seen for instance from the point of view of operator
theory and more specifically from that of composition operators. We recall here that a
composition operator Cy, with symbol ¢, is defined as Cy(f) = f o ¢, where f lies in
some Banach space of holomorphic functions and ¢ is an appropriate holomorphic map.

If By = {z = (21,...,2y) €CY, |2] := (|z1|2 +...+ |ZN|2)1/2 < 1} is the unit ball of CV,

every composition operator is trivially bounded on the space H*(By) of bounded holomor-
phic functions on By and, when N = 1, the Littlewood Subordination Principle says that
this is also true on every Hardy and Bergman space [39]. Yet things get more complicated
whenever N > 2 since even the simple symbol p(z) = (NV2212,...25,0'), 0/ being the
null N — 1-tuple, does not induce a bounded composition operator on H?(By) (see [15] for
other examples). Besides, whatever the dimension, while the compactness of Cy on H?(By),
1 < p < o0, does not depend on p and can occur when ¢(By) touches the boundary of
By [15], 40], it is compact on H*(By) if and only if |¢(2)] < r < 1 for every z € By [38].
These observations recently motivated some authors to study composition operators on the
whole scale of Hardy-Orlicz and Bergman-Orlicz spaces. This study turned out to be rich,
[25, 26, 27, 28] on the unit disc D and [10, 11, 13| 14] on the unit ball By, N > 1. In
the present paper we will mainly focus on small Hardy-Orlicz and Bergman-Orlicz spaces,
namely those which are close to H®(By). A surprising characterization of the latter ones will
be obtained and used to refine some previously known results. We hope that it will highlight
how properties of composition operators are related to the structure of these spaces.
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Let us give the definitions of Hardy-Orlicz and weighted Bergman-Orlicz spaces. Given
an Orlicz function 1, i.e. a strictly convex function v : [0, +00) — [0, +00) which vanishes

A P +00, and given a probability space (€2, P),
x T——+00

the Orlicz space LY (€2, P) associated with 1 on (€2, P) is defined as the set of all (equivalence
classes of) measurable functions f on Q for which there exists some C' > 0, such that

Jo ¥ (%) dP is finite. It is also usual to define the Morse-Transue space MY (2, P) as the

subspace of LY (€, P) for which [, (%) dP is finite for any constant C' > 0. L¥ (Q,P) and
MY (Q,P), endowed with the Luzemburg norm |||, given by

1£1, = inf {c 2o, [ v ('—g') P < 1} |

are Banach spaces. Then for a > —1, we introduce the weighted Bergman-Orlicz space
AY (By) and the little weighted Bergman-Orlicz space AMY (By) as the spaces of those
functions in H (By), the algebra of all holomorphic functions on By, which also belongs to
LY (By,ve) and MY (By,v,) respectively, where dv, = co(1 — |2]?)%dv is the normalized
weighted Lebesgue measure on the ball. For any Orlicz function ¢, A% (By) and AMY (By),
a > —1, endowed with the Luxemburg norm ||-|| ,» inherited from LY(By,v,), are Banach
spaces.

Similarly generalizing the usual Hardy spaces we define the Hardy-Orlicz space HY (By)
as follows:

at 0, is continuous at 0 and satisfies

HY (Bx) = { £ € 8 (Bx) Il i= sp 1, < o0

where [|-||,, is the Luxembourg norm on the Orlicz space LY (Sy,on) and f, is given by
fr(2) = f(rz). Here oy stands for the normalized rotation-invariant positive Borel measure
on the unit sphere Sy = dBy. For any Orlicz function v, HY (By) can be identified with a
closed subspace of LY (Sy,on). We then define the little Hardy-Orlicz space HMY (By) as
HY (By) N MY (Sy,on). Endowed with ||-|| 7, HY (By) and HMY (By) are Banach spaces
[11].

When ¢(z) = 2P, 1 < p < 0o, AY (By) and HY (By) are the classical weighted Bergman
space AP (By) and Hardy space H? (By), respectively. Moreover we have the following [36]

H*= () A!By)= () HYBwy),
v Orlicz ¢ Orlicz
while trivially A} (By) = U, Oplicz A% (Br) and H' (By) = U, Oplic, 7 (By). We refer to
[14], 28] for an introduction to weighted Bergman-Orlicz spaces and to [111, 25] for a discussion
about Hardy-Orlicz spaces (on the disc and on the ball); to learn more about the general

theory of Orlicz spaces, we refer to [22] [36].
As AY(By) and HY(By) are continuously embedded into H(By), some sharp inclusions

AY (By) C H® (By) and HY (By) C H® (By)

hold for some typical radial weights v and w, where H>° (By) is the weighted Banach space
- or growth space- associated with v:

(L) H = {1 € H (B, ]l i= s 1) 0() < o0

We recall that a weight v on By is a continuous (strictly) positive function on By, which is
radial if v(z) = v(|z]) for all z € By, and typical if v(z) — 0 as |z| — 1.
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Our first result will say that when the Orlicz function v grows fast, then A% (By) coincides

with Hy*(By) for v(z) = {@Z)_l (1 —1|z|

-1
H*(By) with v(z) = [log(l%m)] , which is the typical growth for the functions in the

Bloch space. This result echoes Kaptanoglu’s observation that some weighted Bloch spaces
(not the true ones) coincide with some other weighted Banach spaces [21]. An immediate
consequence is that weighted and unweighted small Bergman-Orlicz are the same. We should
mention that weighted Banach spaces and their composition operators have been far more
studied than Bergman-Orlicz spaces, [2], Bl 6] [7, @, I8, 29 B0, B1, B4] and the references
therein. We will mention from time to time in the forthcoming sections that similar results
were obtained independently for H>*(D) and A%(D) (D := B;), and turn out to be identical
for ¢ and v as above.

We will also derive easily from the previous that every composition operator is bounded
on AY(By) whenever 1 grows fast, a result which was already stated in [14] and where the
machinery of Carleson measures was heavily used. Actually, the proof of our first result
will point out that, more than bounded, every composition operator is order bounded into
LY(By,vs) (¢ growing fast). We recall that an operator T from a Banach space X to
a Banach lattice Y is order bounded into some subspace Z of Y if there exists y € Z
positive such that sup, <, [Tz| < y. The notion of order boundedness is often related to
that of p-summing, nuclear or Dunford-Pettis operators [16], as illustrated by the result of
A. Shields, L. Wallen and J. Williams, asserting that an operator from a normed space to
some LP space, which is order bounded into LP, is p-summing. From the point of view of
composition operators, the notion was investigated in several papers [17, 19, 20, 42]. On
H>(By) every bounded operator is trivially order bounded into L>°(By). For the classical
Hardy and Bergman spaces H?(D), it is shown in [40] that C} is order bounded into L?(0D)
if and only if it p-summing, when 2 < p < oo (i.e. Hilbert-Schmidt when p = 2). The same
holds in By and for the Bergman spaces. The situation becomes radically different when one
studies the order boundedness of composition operators on Hardy-Orlicz and Bergman-Orlicz
spaces which are neither reflexive nor separable (i.e. when HY(By) and A% (By) differs from
HMY(By) and AMY(By) respectively). Indeed it appears, in such cases, that the order
boundedness of Cy acting on H¥(By) (resp. A%(By) into L¥(Sy,on) (resp. L¥(By,v,))
is no longer stronger than its compactness (by the foregoing, this is already clear when
grows fast, since every composition operator is then order bounded into L¥(By,v,), while
the identity fails to be compact). Though Cy is still compact for any ¢ whenever it is order
bounded into M¥(Sy,on) (resp. M¥(By,v,)), the latter does not imply any more that it
is p-summing, for any p < oo [25]. Note that on H*>, C, is compact if and only if it is
p-summing [23].

In these directions, our two main results state as follows. The first one (Theorem
completes what has been said above.

-1
)} . For instance, if ¢(x) = e® — 1, then A%(By) =

Theorem. Let M > 1, N > 1, a > —1, and ¥ be an Orlicz function. The following
assertions are equivalent.

(1) ¢ satisfies the A2—condition (a fast growth condition, see Section[2.1))
1 -1
) A3 Ba) = £ Bur), where o) = [ (2]

12|
(3) For every ¢ : By — By holomorphic, Cy acting on A% (By) is order-bounded into
LTP (BM, Ua>,'
(4) For every ¢ : By — By holomorphic, Cy is bounded on AL (By);
(5) C,, is bounded on AY (By), where p(2) = (NV/22125 ... 2y, 0').



The second one (Theorem [3.23)) is a generalization of [25, Theorem 3.24] to N > 2 and to
the Bergman-Orlicz setting.

Theorem. Let o > —1, let ¢ be an Orlicz function satisfying the A%-condition and let
¢ : By — By be holomorphic. The following assertions are equivalent.
(1) Cy is compact on HY(By) (resp. AL (By));
(2) Cy acting on HY(By) (resp. AY (By)) is order bounded into MY(Sy,on) (resp.
Md)(BNa Uoz));
(3) Cy is weakly compact on HY(By) (resp. AL (By)).

By many aspects the behavior of a composition operator C, is related to how frequently
and sharply ¢(By) touches the boundary of By. In particular, it is known that if ¢(By)
is contained in some Kordnyi approach regions (i.e. Stolz domains for N = 1), then Cj
is bounded or compact on H?(By) and A2 (By), depending on the opening of the Kordnyi
region [15], 39]. In fact the condition on the opening of the Kordnyi region K which ensures
that ¢(By) C K implies Cy compact also ensures that ¢(By) C K implies Cy order bounded
into LY(Sy, on). In [13] it was proven that ¢(By) included in any such region does no longer
automatically imply the compactness of Cy on HY(By) or A%(By). In the last section, we
will geometrically illustrate the idea developed in the previous paragraph by showing that if
$(By) is included in some Kordnyi region, then Cj is order bounded into LY (By,v,) (resp.
L¥(Sy,on)), whatever ¢. The faster the Orlicz function will grow, the less restrictive will
be the condition on the opening of the region.

We shall mention that we will make use of Carleson measure techniques only for the
equivalence between (1) and (3) in our second main theorem (through Corollary [3.3)).

The paper is organized as follows: in the next section we will provide the remaining
definitions and show that small weighted Bergman-Orlicz spaces coincide with some weighted
Banach spaces. In Section 3, we will focus on the boundedness, the compactness, and the
order boundedness of composition operators acting on small weighted Bergman-Orlicz spaces
and Hardy-Orlicz spaces. The last section will be devoted to some geometric illustration of
the general idea of the paper.

Notation 1.1. Given two points z,w € CV, the euclidean inner product of z and w will be
denoted by (z,w), that is (z,w) = Zf\il z;w;; the notation |-| will stand for the associated
norm, as well as for the modulus of a complex number.

The notation T will be used to denote the unit sphere S; = 0.

We recall that dv, = co(1 — |2|*)%dv is the normalized weighted Lebesgue measure on the

ball and so that c, = %, where I' 1s the Gamma function.
doy will stand for the normalized rotation-invariant positive Borel measure on Sy .
We will use the notations < and 2 for one-sided estimates up to an absolute constant,

and the notation ~ for two-sided estimates up to absolute constants.

2. A MENAGERIE OF SPACES
2.1. Weighted Bergman-Orlicz spaces and Hardy-Orlicz spaces.

Some tmportant classes of Orlicz functions. Orlicz-type spaces can be distinguished by the
regularity and the growth at infinity of the defining Orlicz function. We recall that two
equivalent Orlicz functions define the same Orlicz space, where two Orlicz functions ¥, and
W, are said to be equivalent if there exists some constant ¢ such that

eV (cx) < Uy(z) < ¢y (c o),
for any x large enough. In the sequel, we will consider Orlicz functions essentially of four
types:
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e ¢ satisfies the Ay—condition (or belongs to the As—class) if there exists C' > 0 such
that ¢ (2z) < Cy(z) for any x large enough.

e ¢ satisfies the Al-condition (or belongs to the Al-class) if there exists C' > 0 such
that xy(z) < ¢(Cx) for any x large enough .

e 1) satisfies the A%—condition (or belongs to the A?2—class) if there exists C' > 0, such
that ¢ (2)* < ¢ (Cx) for any x large enough.

e ¢ satisfies the Vy—condition (or belongs to the Va—class) if its complementary func-
tion ® belongs to the As—class, where ® is defined by

®(y) = sup {zy —(z)}, y > 0.

x>0

The Vy—condition is a regularity condition satisfied by most of the Orlicz functions, and As,
A' and A2-conditions are growth conditions. It is easily seen that the A?-condition implies
the A'-condition which in its turn implies the Vy. The Ay—class is disjoint from both Al
and A%-classes.

Using that Orlicz functions are increasing convex functions and an easy induction, we get
the following characterizations of Ay, A! and A?-classes [10] 22].

Proposition 2.1. Let ¥ be an Orlicz function.

(1) 1 belongs to the Ay—class if and only if for one b > 1 (or equivalently all b > 1) there
exists C' > 0 such that ¢(bx) < Cy(x) for any x large enough.

(2) 9 belongs to the A'—class if and only if for one b > 1 (or equivalently all b > 1) there
ezists C > 0 such that 2% (z) < ¢(Cx) for any = large enough.

(3) v belongs to the A*~class if and only if for one b > 1 (or equivalently all b > 1) there
exists C > 0 such that (z)® < (Cx) for any x large enough.

If 1p € Ay, then 27 < ¢(x) < 2P for some 1 < ¢ < p < 400 and = large enough; typical
examples are = +— azxP ((log(l +x))b>, l1<p<+4oo,a>0and b > 0. If v € Al| then
Y(x) > exp (a(log x)?) for some a > 0 and x large enough. The A?—class consists of functions

1 satisfying ¢(x) > e for some a > 0 and for any x large enough. Orlicz functions of the
form z +— exp (a(log(z +1))°) — 1 with a > 0 and b > 2 are examples of A'-functions, which
are not in the A2—class. Moreover z — ¢®’ — 1 belongs to the A2—class, whenever a > 0
and b > 1. Note that x — 2P, 1 < p < o0, satisfies the Vy—condition, and not the A'-one.

We do not go into more details and we refer to [13], 25] for information sufficient for our
purpose. Actually the classification of Orlicz functions is much more refined; to learn more
about the general theory of Orlicz spaces, see [22] or [36].

As in the classical case, it can be convenient for the presentation to sometimes look at
Hardy-Orlicz spaces as a limit case of weighted Bergman-Orlicz spaces AY (By) when «
tends to —1. The following standard lemma gives some sense to that.

Lemma 2.2. Let f : By +— [0, +00] be continuous and such that the function r — ‘[SN f(rz)don(z),

r € [0,1), is increasing. Then

lim /S F0Q)don(Q) = tim [ f(2)dva(2),

r—1 a——1 By

where the limits may be co.
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Proof. Let f be as in the lemma and let us write, for —1 <a < 0Oand 0 <n <1,

(2.1) f(2)dv,(2) = 2Nca/ f (rQ)don(C)r*N 1 (1 —r*)"dr

By
L 2Ne, / FrQ)don(Q)r N (1 =) dr.
1 n SN

Observe that because co — 0 as a — —1, the first term of the right-hand side tends to 0.
Since F' : r +— fs (rz)doyn(z) is increasing, either F is convergent, or it increases to oo as

r — 1. Assume first that F'(r) — oo asr — 1. Then for any A > 0 there exists n(A) € (0,1),
close enough to 1, such that

frQ)don(C) =2 A, r e (1—n,1).
Sn
Moreover 2Nc¢,, fol (1 —7r3)*r2N-1dr = 1 and 2Nc, fol_n (1—r2)*r?N1dr — 0 as a — —1,
hence

1
(2.2) cha/ (L= dr - 1as a — —1,
1-n

for any n € ( . Thus

1
2NCa/ / f TC dO'N 2N 1 ( )Ol dr > QANCQ/ (1 o TQ)aTQN_ldT’
o 1—n(A)

which tends to A as & — —1. Since the first term of the right-hand side of (2.1)) is non-
negative, we finally get

lim [ f(z)dva(2) = A

a——1 By

for any A positive, that is
lim f(2)dva(2) =1lim [ f(rz)don(z) = occ.

a——1 By r—1 SN

Let now assume that lim,_; F'(r) exists in (0, 00). For every € > 0 one can find (¢) € (0,1)
close enough to 1 such that

| 70don(©) = iy Py < &, (1= .1)
SN r—
Using ([2.2) we get, for any € > 0,

tm [ f()dua(z) — lim F(r)

a——1 By
= lim 2NCQ/ (/ f TC —hmF( )) (1_702)@7“2N71d7a§87
1-n

a——1 r—1
as expected. O
In particular, given g € H(By), ¢ an Orlicz function and a > 0, and applying Lemma

) we get gl o = lima 1 gl 43

For now on we will use the unique notation A% (By) to denote the weighted Bergman-
Orlicz space when a > —1, and the Hardy-Orlicz space HY (By) when a = —1. More
abusively, LY (resp. MY), a > —1, will often stand for LY (By,vs) (resp. MY (By,vs))
when o > —1 and for LY (Sy,on) (resp. MY (Sy,on)) when a = —1, v, being oy when
a=—1.

to the subharmonic function f = ¢ (
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The following result specifies the topological and dual properties of Hardy-Orlicz and
Bergman-Orlicz spaces, pointing out that if we intend to generalize the classical Hardy or
Bergman spaces and provide with a refined scale of spaces up to H*°, then we must consider
Banach spaces with less nice properties.

Theorem 2.3 ([I1], 14]). Let « > —1 and let ¢ be an Orlicz function.

(1) AMY (By) is the closure of H® in LY in particular, the set of all polynomials is
dense in AMY (By).

(2) On the unit ball of AMY (By) (or equivalently on every ball), the induced weak-star
topology coincides with that of uniform convergence on compacta of By .

(3) AY (By) is weak-star closed in LY.

(4) Assume that ¢ satisfies the Vo—condition. Then AY (By) can be isometrically iden-
tified with (AMgf’ (]B%N))**. Moreover, Cy is equal to the biadjoint of C¢|AM3(BN).

Note that when ¢(z) = 2P, 1 < p < 400, the previous theorem reminds that the classical
Hardy and Bergman spaces are separable and reflexive, a situation which no longer occurs
when the Orlicz function does not satisfy the As—condition. Nevertheless it also points out
some similarities with Bloch-type spaces or weighted Banach spaces, and more generally
with M-ideals [35].

We finish this paragraph by recalling sharp estimates for the point evaluation functionals
on AY (By), a > —1.

Proposition 2.4 ([11l 14]). Let « > —1 and let b be an Orlicz function. For any a € By,
the point evaluation functional 6, at a is bounded on AY (By) and we have

LA < * = < I —— .
e ((1—|a|) < 8l agyr = oall ey <7 | (=g

2.2. A first characterization of small weighted Bergman-Orlicz spaces. We start
with the following observation.

Lemma 2.5. Let o > —1 and v be an Orlicz function satisfying the A%*—condition. Then
the function ¢ <W) belongs to LY (By,vs) for every a > 0.

Proof. We recall that (1 — |z])’ belongs to L' (By,v) if and only if § > —1. Then it is
enough to show that for any a > 0, there exists some constant C' > 0 and some 3 > —1 such

that
o (o (=) ) 0l < -l

for every |z| close enough to 1. Since 1 satisfies the A?-condition, Proposition (3) ensures
that for any b > 1 there exists C' > 0 such that ¢ (z)" < ¢ (Cz) for any z large enough.
Using that 1) is increasing, the last inequality becomes (C‘l¢_1 (@Z)(m)b)) < ¢(z), and
setting y = (w(a:))b gives ¢ (C~'~!(y)) < y'/* for any y large enough. Thus, replacing y
with 1/ (1 — |z])*, we obtain

o (e () ) A=l < =g

1 —1z2])"
for every |z| close enough to 1. The lemma follows by choosing b large enough in order that
a—a/b> —1 (possible for a > —1). O

Let us give another easy lemma.
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Lemma 2.6. Let ) be an Orlicz function satisfying the A*—condition. For everya > 1, there
exists a constant C' > 0 such that v~ (y) <~ (y*) < CY~t (y) for any y large enough.

Proof. The first inequality is valid for any y > 1 since 1! is increasing and a > 1. For the
second inequality, for b > 1 let C' > 0 be given by Proposition (3). We have (x)® <
¥ (Cz) for any x large enough, hence setting y = (¥(z))”* as in the previous proof and
composing the last inequality by the increasing function ¢!, we get ' (y*) < Cy~! (y*/*)
for any y large enough. To finish we choose b so that a/b is smaller than 1 and we use again
that ¢ ~! is increasing. O

For any Orlicz function ¢ and and v > 1, let us define the following typical radial weight:

(2.3) w7 (2) = [wl (m)] _1, z € By.

When v = 1, we will denote w¥ = w¥. Propositio tells that AY(By) C H nviar: (By)
for every ¢ and every a > —1. Moreover, Lemma ensures that if v € A? and a > —1,
then any f in H2 viarr (By) lies also in AY (By,va). We deduce that, whenever ¢ € A?
and a > —1, AY (By,va) = H2 nviar: (By) and finally by Lemma that AY (By,v,) =
H>, (By) (see in the introduction for the definition of the weighted Banach space
H>*(By)). Actually the following theorem tells us a bit more.

Let us recall first that the vanishing weighted Banach space -or vanishing growth space-
associated with v is defined by

HY = {1 By, i £ o) =0},

and, endowed with the norm ||-||,, is a closed subspace of H:°.

Theorem 2.7. Let o > —1 and let v be an Orlicz function satisfying the A?—condition.
Then the weighted Bergman-Orlicz space A% (By) coincides with the growth space H>, (By),
with an equivalent norm. Moreover AMY (By) = H?,, (By).

Proof. Tt remains to prove that the norms of AY (By) and H2%, (By) are equivalent and that
AMY (By) = H?, (By). Let us assume for a while that the first assertion holds. Then
the topologies of A% (By) and H, (By) are the same and it is known that AMY (By) and
H?, (By) are the closure of the set of polynomials for this topology (Theorem [2.3/and [41]),
hence the second assertion.

Let us now prove that the norms of A (By) and H, (By) are indeed equivalent. Ac-
cording to Proposition and Lemma [2.6| we have

~1
ral|o ()] =2

for any f € AY (By) and any z € By (note that we have used the concavity of ¢)~1), where
C > 0 is the constant given by Lemma [2.6| and which only depends on ¢ and «. This gives
[/l v < [I*[] 42~ For the other inequality, we simply observe that for f € AY(By) = HX(By),

@ 1) L1
e~ s [5Gl = (—1—|z|>’ © B

z€BN
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By Lemma [2.5 v~ ( L > is in LY (By,v,) so there exists a constant C' > 0 (depending

1—[2]

only on ¢ and «) such that

[ (O i< [ (o () )i <.

The expected inequality || f]| ;o < C"[|f]|,,» follows. O

Remark. 1) We will show in the next section that the A?-condition actually characterizes
those Orlicz functions ¢ for which the associated weighted Bergman-Orlicz space A¥(By)
coincides with the weighted Banach space HS, (By). We will also see that this result does
not hold for Hardy-Orlicz spaces.

2) Note that, by Theorem , AY (By) = Ag (By) for any o, > —1 whenever the
Orlicz function 1 satisfies the A“—condition; in other words, the corresponding weighted
Bergman-Orlicz spaces coincide with the non-weighted ones.

3) We shall recall Kaptanoglu’s result [21] telling that BY (By) = HS (By) and By (By) =
H?, (By) whenever v > 0, where v(z) = 1 — |z| and B? (By) stands for the weighted Bloch

(%

space. Theorem completes his description for the weighted Banach spaces with slow
growth.

The following corollary immediately proceeds from Proposition 2.4 and Lemma [2.5]

Corollary 2.8. Let a > —1 and v be an Orlicz function satisfying the A%-condition. Then
the function z +— ”5zH(A¢)* belongs to LY (B, v,).

The previous provides another characterization of weighted Bergman-Orlicz spaces asso-
ciated with A% Orlicz functions.

Corollary 2.9. Let a > —1 and let 1 be an Orlicz function satisfying the A?-condition.

AY (By) coincides with the set of all functions f holomorphic on By such that there exists
A > 0 such that

1

(2.4) ca/ sup ¢ (M) r?N (1 = r?) " dr < 4o0.
0 CeSn A

Moreover, if we define H'HA?ﬁoo as the infimum of those constants A > 0 such that the left

hand-side of is less than or equal to 1, then ||-|| ;o is @ norm on AY (By) and we have

(2.5) Hf“AK < ”f”,qgoo <K HfHAg )
for any f € AY (By), and some constant K > 0.

Proof. According to Corollary [2.8] the maximum modulus principle and an integration in
polar coordinates, there exists a function g € LY ([0, 1], car®~* (1 — 7%)* dr) such that for

any f € AY (By),
(2.6) sup | f(2)] < g(r) | f[l 1o »

|z|<r

hence the first assertion. For the last assertions, observe first that the inequality || f]| ,» <

HfHAg _ is trivial for any f holomorphic on By. Let now A >0 and f € AY (By). By 1}
we get

/01 Cseuslj)vw (If(z()l) F2N—1 (1 _ r2)adr < /Olw (9(7’) [Lf”A}ﬁ) F2N-1 (1 _ rz)adr.

Let K be the norm of g in LY ([0,1], cor® = (1 = 7%)%dr). If A > || f|l ;v K, then the left
hand-side of the previous inequality is less than or equal to 1, so A > || f[| ;v  hence 1}
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The fact that [|-[| ;» is a norm is easily checked. O

Remark 2.10. Notice that the constant K above can be taken equal to the norm in LY of
z = [0zl 4¢y-> up to some constant depending only on N and a.

In the next section we will apply those observations to composition operators, and fur-
thermore we will be able to refine Theorem Of course, in view of Theorem [2.7] the
forthcoming results involving A¥(By) with ¢ € A%, can be re-read with H,(By) instead of
AL (By).

3. APPLICATION TO COMPOSITION OPERATORS

In the sequel we will use the notations w¥" and w¥, see (2.3)).
3.1. Preliminary results.

3.1.1. Composition operators on weighted Bergman-Orlicz and Hardy-Orlicz spaces of By. A
useful tool to study the boundedness and the compactness of composition operators acting on
Hardy-Orlicz and Bergman-Orlicz spaces are Carleson embedding theorems. In this paper
we will use these techniques only to deal with the compactness. They involve geometric
notions that we will briefly introduce here. For ( € By and 0 < h < 1, let us denote by
S (¢,h) and S (¢, h) the non-isotropic “balls”, respectively in By and By, defined by

S (¢, h) ={z €Bn, |1 = (2,¢)] <h} and S (¢,h) = {z € By, |1 — (2,()| < h}.

For ¢ : By — By, we denote by ji4 o the pull-back measure of v, by ¢ and by ps that of on
by the boundary limit ¢* of ¢. To be precise, given E C By (resp. E C By),

figa (B) = va (671 (E)) (resp. pg (E) =on ((¢")" (E)NSn) ).
In view of the end of Paragraph 2.1, we will unify the notations denoting also by ji4 o, with
a = —1, the measure (1, (the latter acting on By). Then we define the functions gy, on the
interval (0, 1) by
0 (h) — { SUpgesN Mo (S (C? h)) lf a>—1
e SUPces, Moo (S (G N)) if a=—1

First of all, by testing the boundedness of Cy on a standard function, one easily gets the
following necessary condition.

Fact 3.1. If C is bounded on A% (By) then there exist A >0 and 0 < n < 1, such that

1
0p.a(h) < O (Ap=1 (1/hN+at1))

for every h € (0,n).

The next theorem, stated for ¥ in the A%-class, is a particular case of the one obtained
in [111, [14] for a larger class of Orlicz functions (see also [25] 28] for the unit disc).

Theorem 3.2. Let o > —1, let v be an Orlicz function satisfying the A%—condition, and let
¢ : By — By be holomorphic. The composition operator Cy is compact from AY into itself
if and only if for every A > 0, there exists ha € (0,1) such that

1
o) = 5 AT (/R ))

for every h € (0,ha).
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For a« > —1 and a € By, we define the function f, € H* by

2) = (1 — |a))N Tt 1——|a|2 N+a+1
fu(2) = (1 fal) ((1_@7&»2) |

Then |f, (2)| = (1 — |a|)¥ """ H, () where H, is the Berezin kernel. The following corollary
will be useful for the proof of (2)<(3) in Theorem [3.23]

Corollary 3.3. Let o > —1, let ¢ be an Orlicz function satisfying the A%-condition and let
¢ : By — By be holomorphic. Cy is compact from AL (By) into itself if and only if

1
v (17 (= Jal) V)

Remark. This result was stated in [25] for an arbitrary Orlicz function, when o = —1
and N = 1. Theorem [3.2] Corollary and its proof below, work for a class of Orlicz
functions much larger than the A%-class, namely for Orlicz functions satisfying the so-called
Vo—condition; we refer to [L1], [14].

(3.1) 1fa © @l 4% () = Olal—1

Proof of the Corollary. For the only if part, we introduce the function

o (1 @ = la) )

Ja (2) = SNTarl fa(2), z € By.

o lies in the unit ball of AY (By) (see [25, Lemma 3.9] and the proofs of [I1, 14, Propositions
1.9 and 1.6 respectively]) and tends to 0 uniformly on every compact set of By, as |a| tends
to 1. In particular g, o ¢ converges pointwise to 0 as |a| — 1. Cy being compact on AY (By),
up to take a subsequence, we may assume that g, o ¢ tends in AY (By) to some function g
as |a| — 1, hence g = 0 since the convergence in AY (By) implies the pointwise one. This
ends the proof of the only if part.

For the converse, we only deal with @ > —1, the case a = —1 being the same up to change
the non-isotropic balls. It follows from the proof of [14, Theorem 2.5 (1)] that, given ¢ € Sy
and a = |a|¢ € By, the following estimate holds:

Hoa(S(C,1— Ja])) < !

o (K7 a0 ol )

for some constant K > 0 independant of (. So, if (3.1)) holds, then for every ¢ > 0, there
exists h. € (0,1) such that for every ( € Sy and every a = |a|¢ € By with |a|] € (1 — A, 1)
we have

(3.2) 1o (S(C, 1 = la])) <

1
o (ot (1= Ja)™ 1))
hence C, is compact on AY(By) by Theorem . U

We deduce from the previous corollary some sufficient conditions for the compactness of
C¢ on Ag (B N)-

Proposition 3.4. Let o > —1, let 1 be an Orlicz function satisfying the A%-condition and
let ¢ : By — By be holomorphic. Then Cy is compact on AY (By) whenever one of the two
following conditions is satisfied:

() 1/ (1 - |o]) € LY
(i) 20 1617 < .
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Proof. Observe that

1
limsup ¢! ((1 - ]a|)N+a+1> | fao CbHAge

la]—1

1
(1 — )Vt

. _ 1 Ntat+1
< limsupy ( _ )(1—|a\>
la—1 (1— |a|)V ot

LY
Since v is an Orlicz function,

. _ 1 «
lim sup ¢~ ((1 _ N+a+1) (1- |CLDN+ = 0,

jal—1 |al)

and, by Corollary , C, is compact on A?Y (By), a > —1, whenever 1/ (1 — |¢|)V ™ is
in LY. Now since v satisfies the A%-condition, Lemma [2.6{ makes it clear that (i) is indeed
sufficient for the compactness of Cy. To deal with (ii), we may just notice that

< Z o[l g -

a

=l
O

Remark. (1) Like Theorem and Corollary the previous proposition actually holds
for Orlicz functions satisfying the so-called Vy—condition.

(2) In Section 3.4, we shall see some conditions similar to (i) or (ii) above, but necessary and
sufficient for the compactness of Cy on A% (By) when 1) satisfies the A%-condition.

3.1.2. Composition operators on weighted Banach spaces of By. In [§], the authors give
a mild condition on a typical weight v on the unit disc D to ensure that every composi-
tion operators acting the weighted Banach space H° (D) is bounded. We provide below a
straightforward proof of this fact for the specific weights w?¥"¥ on the unit ball By. We need
two lemmas and some definition.

1
For a typical weight v on By, let B, = {f € HBy); |f| < —} denote the unit ball of
v

H> (By). We define v(z) = (sup”va<1 {|f(z)|}> , 2 € By, and say that v is essential if

there exist two constants ¢ and C' such that
cv(z) <w(z) < Cv(z)
for any z € By.
Lemma 3.5. For N > 1, v > N and ¢ an Orlicz function, the weight w¥" is essential.

Proof. The inequality w¥7(z) < w¥7(2) follows from the definition of w¥"(z). For the other
one, let us choose @ > —1 such that v = N + o + 1 (this is possible since v > N). We
now use Proposition to observe first that ||-[|,u, < 2V***[|-[| ;v and second that for
every z € By, there exists f in the unit ball of AY (By) such that |f(z)| > m;

hence the function g := f/2V***! belongs to the unit ball B,u~ of H® > and satisfies

l9(2)] > m. Then for every z € By, &%(z) > 8N+a+fww,7(z), as expected. O

Note that the previous proof underlines the fact that a weight v is essential if and only if
there exists a Banach space of holomorphic functions X on By, continuously embedded into
H*(By), such that for any z € By, 1/v(2) is the norm of the evaluation at z on X, up to
some constants independant of z.

More generally, some conditions for a weight on DD to be essential were exhibited in [0]
and, more recently, some general characterizations of such weights have been given in [IJ.
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Lemma 3.6. Let ¢ be an Orlicz function, v > 1 and ¢ a holomorphic self-map of By. Then
1
» (a=wer)
NI 06D
z€BN ¢_1 ( 1 )
(1 —1z1)"

Proof. Let a = ¢(0) and let ¢, be an automorphism of By which vanishes at a. Since ¢, is
an involution, ¢ = ¢, 0 v, 0 @, and ¢, o ¢(0) = 0. Recall that for any automorphism ¢, of

By, we have
1—a®) (1= 2")
1— |pa(2)]? = (
‘90 (Z)’ ’1—<CL,Z>|2

for every z € By [37, Theorem 2.2.2]. Then, applying the Schwarz lemma to ¢, o ¢ and
using the convexity of ¢, it follows that

af b Tt 1
v (o) < 7 ((1—\%%0“2)‘2)7)
o 11— (a,p, 0 ¢(2))]? '
o ((m—mm <1—mo¢<z>\2>> )
2 T ;
< (1_—||) v (<1—|z|>”)'
U

Let f € HY,, (By). By Lemma we have w¥"(z) < Cw¥7(¢(z)) for some constant
C > 0. Thus

w7 (2
(3.3) [fod(2)|w(z) =] 0 o(2)| w¢’”<¢<2>>w¢(<z)>>

< +00.

<Ol

and we deduce:

Proposition 3.7. Let 1) be an Orlicz function and v > 1. For every holomorphic self-map
¢ of By, the composition operator Cy is bounded on H,  (By).

Since AY (By) coincides with H>, (By) whenever ¢ satisfies the A?-condition (Theorem
, the first assertion of the following corollary immediately proceeds from the previous
proposition.

Corollary 3.8. Let a > —1 and v be an Orlicz function satisfying the A?—condition. For
every holomorphic self-map ¢ of By, Cy is bounded on A% (By). Moreover

=) () |

~ sup

(34)  Cull gy = sup 1 :
ZE]BN wil ZEBN 17/}71
<(1 - |Z|)N+a+1> (1 - |Z!)

Proof. Only (3.4) needs to be checked. Now, starting with (3.3)), the first estimate is a
consequence of Theorem and Lemma (applied to v = N +a+1) and the second then
follows from Lemma 2.6 O

Remark. (1) Using Carleson measure theorems, it was already stated in [11, [14] that ev-
ery composition operator is bounded on AY (By) and HY (By) whenever v satisfies the
A?-condition. Yet, whatever the Orlicz function, no explicit estimate of the norm of a com-
position operator where known for N > 1.
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(2) We will see in the next paragraph that the estimates in does not hold whenever 1
does not satisfy the A?-condition; indeed, while the right-hand side of the estimate is always
bounded (Lemma , we will see that, if ¢ ¢ A% then there exist unbounded composition
operators.

(3) More generally, it is easily seen that the norm of Cy on H°, v a typical radial weight,

v o)

is equal to sup - , where v is defined similarly as in Lemma (3.5 (see [7, 8] for N = 1)

)
2€BN U(¢(Z ))
and can be replaced with v, up to some constant, whenever v is essential.
In the next paragraph, we will show that the A%-condition in fact characterizes these
extreme behaviors.

3.2. Order boundedness of composition operators. Let us briefly recall that an oper-
ator T from a Banach space X to a Banach lattice Y is order bounded into some subspace
Z of Y if there exists y € Z positive such that |Tz| < y for every x in the unit ball of X.
The following lemma is immediate and its proof is left to the reader.

Lemma 3.9. Let Y be a Banach lattice and X a closed sublattice of Y. If the canonical
embedding I from X into Y is order-bounded into Y, then a linear map T : X — Y with
T(X) C X is order-bounded into Y if and only if it is bounded (from X into X ).

In the sequel X will stand for A% (By), Y for LY and Z for either Y or MY, with a@ > —1.
Corollary can be reformulated by saying that, if v satisfies the A%-condition, then the
canonical embedding I from AY (By,v,) into LY (B, v,) is order bounded into LY (B, v, ).
Thus, Lemma [3.9] together with Corollary [3.8] already yields:

Theorem 3.10. Let o > —1 and let ¥ be an Orlicz function satisfying the A?—condition.
Every composition operator acting on AY (By) is order bounded into LY (By,vy).

Remark 3.11. Since HY(By) is canonically embedded into A% (By), it immediately follows
from the previous result that the canonical injection HY(By) < A%(By) is order bounded
into LY for any a > —1. Yet, as we will see (Remark , the canonical embedding from
HY(By) into LY with & = —1 is not order-bounded into LY, and Theorem does not
hold for Hardy-Orlicz spaces.

Moreover, proceeding as in [25, page 18, the Remark], the next proposition can be easily

checked.
Proposition 3.12. Let a« > —1 and let ¢ be an Orlicz function. Every composition operator

acting on AY (By) which is order bounded into MY is compact.

By definition, if 4, stands for the functional of evaluation at the point z and ¢ denotes a
holomorphic self-map of By, then the composition operator Cy acting on AY(By), o > —1,
is order bounded into LY (resp. MY) if and only if the function z — ||84(|| (42)" belongs to

LY (resp. MY). According to Proposition we thus get the following.

Proposition 3.13. Let o > —1, let ¢ be an Orlicz function and let ¢ : By — By be
holomorphic.

(1) Cy4 acting on AL (By) is order-bounded into LY if and only if

(3.5) v (( . ) €LY

1 — |¢|)N+a+l
(2) Cy acting on AL (By) is order-bounded into MY (By) if and only if

(3.6) Pt ((1 — ‘d)‘l)maH) e MY,
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If ¢ (z) = 2P, Assertions (1) and (2) are the same and we recall that, in this case, Condition
(3-5) (or (3.6))) is equivalent to Cy being Hilbert-Schmidt on A2 (By) (see the introduction

for more precisions).

Remark 3.14. Let ¥ be any Orlicz function and o > —1. We immediately deduce from
Proposition the following observations:
(i) If Cp : A2 (By) — AP (By) is order bounded into L? for some 1 < p < 400 (equiva-
lently Hilbert-Schmidt if p = 2) then C}, : A%(By) — A%(By) is order bounded into
Ly
(ii) If Cy : AY(By) — A¥(By) is order bounded into MY then Cy : A2(By) — AP (By)
is order bounded into L2 (or equivalently into MP).

In order to prove our main results, we need to complete Proposition [3.13| with a more
geometric understanding of the order boundedness of composition operators. For a > —1
and h € (0,1), let us denote by C,, (h) the corona defined by

_ [ {zeBy, 1-|z[ <h} ifa>-1
(3.7) Ca(h){{zem,l—IZKh} ifa=-1"

We extend [25] Theorem 3.15] to dimension N > 1 and all & > —1, providing a useful
alternative to Proposition [3.13]

Theorem 3.15. Let a > —1, let v be an Orlicz function and let ¢ : By — By be holomor-
phic.
(1) (a) If Cy acting on AY (By) is order bounded, then there exist A > 0 and n € (0,1)
such that

(3.8) po (Ca (h))

for any h € (0,n).
(b) If 1 satisfies the A'—condition, then (@ 15 sufficient for the order boundedness
Of C¢.
(2) (a) If Cy acting on AL (By) is order bounded into AMY (By), then for every A > 0,
there exist C4 > 0 and ha € (0,1) such that

Ca
(3.9) tg (Ca (h)) < ¥ (A=1 (1/pN+a+1))
for any h € (0,ha).

(b) If 1 satisfies the A'—condition, then is sufficient for the order boundedness
of Cy into AMY (By).
Remark 3.16. By Theorem [3.15], Theorem [3.10| is trivially false for « = —1, i.e. for
HY (By): if ¢ (2) = z for every z € By, py (C-1(h)) = 1 hence Cjy is not order bounded.
Thus we also deduce that, whatever the Orlicz function ¢, HY (By) does not coincide with
any weighted Banach space.

The proof of Theorem is an adaptation of that of [25, Theorem 3.15]. It relies on the
introduction of the weak-Orlicz space:

1
= UG (1R

Definition 3.17. Given an Orlicz function ¢ and a probability space (S2,P), the weak-
Orlicz space LY*°(,P) is the space of all measurable functions f : Q@ — C such that, for
some constant ¢ > 0, one has

P(f|> 1) < g,

for every t > 0.
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We then have the following [25, Proposition 3.18] which is the key of the proof of [25,
Theorem 3.15].

Proposition 3.18. If 1 is an Orlicz function satisfying the A'—condition, then LY (Q,P) =
LY>°(Q,P).

Proof of Theorem|3.15. For o > —1, the both only if parts proceed from Proposition [3.13
and the Markov’s inequality

i€t = oo (20 (g ) > v (4 (i) )

< st ¢ (7 (=) ) o

For o = —1, it is enough to replace By by Sy in the previous inequalities (and to remind
the notations).

We now assume that (resp. (3.9)) is satisfied and that L¥(Q,P) = L¥>(Q,P)
(Proposition . Without loss of generality, we may assume that ¢» € C!'(R). According
to [25, Lemma 3.19], there exists B > 1 such that

A IR R S
/1 w<Bu>d“‘L<l)w<Bwl<x>>d = e

For C > 0, we denote xc(z) = (Cyp~ (zNTo)) € C(R). Using (3.8) (resp. (3.9)), there
exists A > 0 such that (resp. for every A > 0)

/BN XCa (%W) dva = XC,a(]-> + /100 Vo (1 - |¢| < ]‘/t> X,C,a(t)dt

Xe,a(t)
XA,a<t)

< Yea) + K / dt,
1

for some K < oo. Setting C' = A/B, the change of variable u = x¢(t) gives xaq(t) =
XB,a(u) and

& du

1 >
XCa | = | dva < xca(l) + K < 400.
/IBN (1 - |¢| XC,a(l) XB70¢<U)

Thus (3.5) (resp. [3.6) is satisfied and we are done. O

We are now ready to characterize small Bergman-Orlicz spaces.

3.3. A more complete characterization of small Bergman-Orlicz spaces. We recall
that the function w¥ is defined in (2.3)). In order to prove the main result of this paragraph,
we need the following lemma.

Lemma 3.19. Let M > 1, a > —1, and ¢ be an Orlicz function. Set v = N +a + 1. The

following assertions are equivalent.
(1) AY (By) = HS,., (Bar) with equivalent norms;

(2) There exist finitely many functions fi, ..., fq in AL(Byr) such that, for any f in the
unit ball of A% (Bys),

fE < 1AE+ -+ [fa(2)],

for any z € By,.
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Proof. Let us assume that (1) holds. We recall first that if ¢ is an Orlicz function, then
w7 is an essential weight on By by Lemma , so it is equivalent to a log-convex weight
by [6] (see also [18, Lemma 2.1]). By [1, Theorem 1.3] (see also |2, Corollary 12]), (2) holds
for H2,., (Bas) instead of AY (Bys), hence the first implication. Conversely, if (2) holds it is
clear from Proposition [2.4] that any function in H, . (By) also belongs to A% (By). O

We introduce the symbol
(3.10) p(z) = (7(2),0)

where 0 is the null (N — 1)-tuple and 7(z) = NN2zizy . 2y for 2 = (21, 20, ..., 2n) € By.
Note that m maps By onto D and By onto D by the Arithmetic Mean Inequality. Our first
main result states as follows.

Theorem 3.20. Let M > 1, N > 1, a > —1, and let ¥ be an Orlicz function. Set
v =N+ a+ 1. The following assertions are equivalent.

(1) 9 belongs to the A*—class;

(2) AY (By) = HS,, (By) with equivalent norms;

(3) AY (Byr) = HS, (Bar) with equivalent norms;

(4) There exist finitely many functions fi, ..., fq in AL(Byr) such that, for any f in the
unit ball of A% (Byy),

FEI<[HE -+ a2l 2 € Bars

(5) For every ¢ : By — By holomorphic, Cy acting on A% (Byy) is order-bounded into
LY;

(6) For every ¢ : By — By holomorphic, Cy is bounded on AL (By);

(7) For every ¢ : By — By holomorphic, Cy is bounded on AMY (By);

(8) C, with symbol  defined in is bounded on AY (By).

Proof. Let M be fixed as in the statement of the theorem. We will prove that (1) & (2)
< (3) & (4) & (5) and that (1) < (6) < (7). Since (1) does not depend on M nor N,
this will be enough. (1) = (2) was proven in Paragraph 2.2] (2) < (4) is Lemma [3.19] If
(4) holds, since it is equivalent to (2), then Proposition nsures that every composition
operator is bounded from AY (B,/) into itself (note by passing that it gives (6) for the value
M). Moreover, (4) trivially implies that the canonical embedding from AY (By,) into LY is
order-bounded into LY. Thus, Lemma [3.9| gives (5). We divide the proof of (5) = (1) into
two parts. First, we show that whatever N > 1, (6) always imply (1). Since (5) = (6)
whenever M = N, it will give (5) = (1) in the case M > 1. Because (6) trivially implies (8),
we only have to prove (8) = (1). We recall that ¢ is defined in by p(2) = (7(2),0),
where 7(z) = NV/22,2, ... zy. Now, as computed in [33, Pages 904-905] (by the means of a
result due to Ahern [3, Theorem 1]),

(3.11) Hga (S (e1,h)) ~ B2
Hence, according to Theorem , Cy, is unbounded on AY (By) whenever for any A > 0,
there exists (h,,), decreasing to 0 such that
1 2a+2N+3
srapT a0 U 1) wn e
Using that ¢~ is increasing and setting y, = Ay~" (1/hY**1), this condition is realized
as soon as for every A > 0, every C' > 0, and every 1y, > 0 there exists y > yo such that

V() BT = oy (1),
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Now, since N > 1, we have % > 1. By Proposition , the last condition is satisfied
if 1) does not belong to the A%-class, which proves (8) = (1) for any value of N > 1.

We now turn to the proof of (5) = (1) in the case M = 1. It is similar to the previous one
but even simpler: it is enough to take ¢(z) = 2z, z € D. Indeed, in this case, jy(Co(h)) =
1 —v,(D(0,1—h)) ~ h'* as h tends to 0. Now, since ﬁ—g > 1, we can prove as above that,
if 9 does not satisfy the A%-condition, then for any A > 0, there exists (h,,), decreasing to

0 such that
1

S AT (1/757)
This means that Cy is not order bounded on A% (By) by (1)—(a) of Theorem m Thus (5)
= (1) also holds in the case M = 1.

At this point, we have proven (1) < (2) < (4) < (5) . To get that (3) is also equivalent
to the previous assertions, it is enough to recall that (1) = (3) was also shown in Paragraph
2.2 and to observe that (3) = (4) can be obtained as (2) = (4) in Lemma [3.19

To finish, we remark that (6) < (7) is contained in Theorem (4), that (1) = (6) is
given by Corollary [3.8, that (6) = (8) is trivial, and that (8) = (1) has been proven just
above. This concludes the proof. 0J

=0 (h}f"‘) as n — 00.

Remark. 1) Note that the symbol ¢ appearing in the eighth assertion of Theorem m
is the simplest and most classical example of symbol inducing an unbounded composition
operator on H?(By) and A2(By). One of the striking aspect of Theorem is that the
boundedness of this composition operator on AY (By,) entirely determines the nature of this
space, and the boundedness of all composition operators on it.

2) In the previous theorem, the eight assertions are also equivalent to the following nineth
one:

(9) There exists an essential (radial) weight v such that AY (By) = H® (By) with
equivalent norms.

Indeed, the proof of (9) = (4) works the same as that of (2) = (4) (or equivalently (1) =
(2) in Lemma [3.19).

3) As already said in Remark [3.16] Assertion (2) in Theorem is never true for Hardy-
Orlicz spaces, so the previous theorem does not hold for a = —1. In fact, Assertions (2),
(3), (4) and (5) do not hold for H (By). Nevertheless we know after [11, Theorem 3.7] that
every composition operator is bounded on HY (By) whenever 1) satisfies the A%—condition.
Moreover we can prove as in Theorem that every composition operator is bounded on
HY (By) iff ¢ satisfying the A%-condition, and iff the single composition operator C,, is
bounded on HY (By), where ¢ is given by (the estimate also holds for a = —1).
Actually, these properties are also equivalent to the boundedness on HY (By) of the single
composition operator induced by the symbol ¢(z) = (6(z),0"), where 6 is a non-constant
inner function of By vanishing at the origin [4]. Since 6 is measure-preserving as a map from
OBy to 0D, we get

ond (S (er, h) = on (071 (S (1, 1)) = h.

Thus C3 is unbounded on HY (By) whenever for every A > 0, there exists (h,), decreasing

to 0 such that
1

¥ (A=t (1/h7))

which is, as above, satisfied whenever ) does not belong to the A?-class, keeping in mind
that N > 1.

=o(h,) asn — oo

3.4. Compactness and order boundedness.
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3.4.1. Two direct consequences of Theorem[3.20. In this paragraph we derive from Theorem
3-20] and from known results some new statements (not necessarily new results) about the
compactness of composition operators on small weighted Banach spaces and small Bergman-
Orlicz spaces.

First of all, up to now, no estimate of the essential norm ||Cy||, of the composition operator
Cs on Bergman-Orlicz spaces is known, except when ¢(x) = 2P, 1 < p < oo (see [12] and
the references therein). In [7] the authors estimate ||Cyl|, for composition operators acting
on weighted Banach spaces on certain domains in the complex plane, including the unit
disc. This, together with Lemma [3.5] and Theorem |3.20 provides us with the estimates in
Equation below. We omit the proof.

Corollary 3.21. Let o > —1, let ¢ be an Orlicz function satisfying the A?-condition, and
let ¢ be a holomorphic self-map of D. Then

: /=10 1971l 4
(3.12) |Coll, 4v» =~ lim sup ~ lim sup ———==.
PleAs Tt e (1) (1= [2])) oo (127 g

In particular Cy is compact on A%(D) iff

Y 1/ (A —1¢(2)])

. |
(3.13) lim sup =0
o1 T/ (L= 2))
or iff
(3.14) lim sup I9"llag _
oo [|27]] 4

Similar estimates also appear in [I8 [34] where weighted composition operators acting on
weighted Banach spaces of the unit disc are considered. Note that the equivalence between
and the compactness of Cy also holds in the unit ball By instead of D, as a particular
case of [13, Theorem 3.11]. Indeed, it is shown there that, under some mild condition, this
characterization holds not only for By, but also on the whole range of weighted Begman-
Orlicz spaces, whenever the Orlicz functions satisfy the V—condition (yet the essential norm
was not estimated, even in D). Moreover, we believe that some part of the proof given in
[7] smoothly extends to By, so that it is quite likely that the first estimate in is also
true in the unit ball.

Second it was proven in [I3, Theorem 3.1] that if Cy is compact on A% (By) for every
Orlicz function 1, then Cy is compact on H*. Actually it is not difficult to adapt the proof
of that theorem (more specifically that of Lemma 3.2 there) to show that if C}, is compact
on AY(By) for every Orlicz function v satisfying the A?-condition, then C is compact on
H°. We deduce from that and Theorem the following.

Corollary 3.22. Let ¢ be a holomorphic self-map of By. If Cy is compact on H°(By) for
every weight v of the form v = w¥ with ¢ an Orlicz function satisfying the A%-condition,
then Cy is compact on H*.

This corollary is in fact a slight refinement of [8, Corollary 3.8].

3.4.2. Compactness and order boundedness. The main result of this paragraph states as
follows:

Theorem 3.23. Let a > —1, let ¢ be an Orlicz function satisfying the A?-condition and
let ¢ : By — By be holomorphic. The following assertions are equivalent.

(1) Cy is compact on AY (By);

(2) Cy acting on A% (By) is order bounded into MY ;
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(3) Cy is weakly compact on AL (By).

Remark. (1) The two first equivalences were obtained in [25] Theorem 3.24] for N = 1 and
a=—1.

(2) The A?-Condition in Theorem is certainly important for (1)<(2). Indeed it was
proven in [25, Theorem 4.22] that there exists an Orlicz function ¢ € A!, and an analytic
self-map ¢ of D such that the composition operator Cy : H¥(D) — H¥(D) is not order
bounded into MY (9D), though it is compact.

(3) Yet the A?-condition has no importance for (2)<(3) which in fact holds for a larger
class of Orlicz functions, namely the A%class, see [25, Theorem 4.21]. But this equivalence
fails if 10 € Ay NV because, in this case, AY(By) is reflexive and so every bounded operator
in weakly compact.

(4) The equivalence between compactness and weak compactness for a composition operator
is more generally related to the duality properties of the spaces on which it acts. For
instance, such equivalence was also observed in the context of weighted Banach spaces of
analytic functions on the unit disc [7].

Proof of Theorem[3.23. We present it only for a > —1, as it is again very similar if o = —1.
The proof of (1) = (2) = (3) is an adaptation of the proof of Theorem 3.24 in [25]. By
Proposition [3.12 we already know (2) = (1). To prove the converse, it is enough to show,
according to Theorem that the condition

1
vt (1/ (= Jal) ¥+

(3.15) [fa © Ol av@r) = Ola—1

implies
Cy

o (CalI) = 5 G (1 o)
for every A > 0, every h € (0, h4) and some hy € (0,1) and Cy > 0. (note that we may just
require the preceding to be true for any A bigger than some arbitrary positive constant).
Now let us remind that we showed, at the end of the proof of Corollary that if Condition
holds then for every e > 0, there exists h. € (0,1) such that for every ¢ € Sy and
every h € (0, h.) we have

1
(3.16) oalSIC1) S oy ey

Now it is a classical geometric fact that there exists a constant M > 0, depending only on
a such that for any h € (0, 1), there exists ¢ € Sy such that

p(Co () < e (S (G KH)) B

Thus we get that for every £ > 0, there exists h. € (0,1) such that for every h € (0, h.)

M
w1 (Cq (h)) < hN+atlyy (Kqp=1 (1 /pN+a+1)) |

Since 1) satisfies the A%-condition, there exists a constant C' > 0 such that for every z large
enough, (¥(z))? < ¥ (Cx). Then for any € > 0 small such that K/(Ce) > 1, there exists h.
such that for every h € (0,h.), we have

M o My (Gt /ptet) M
hN+a+1w (%wq (1/hN+a+1)) - [w (% 1 (1/hN+O‘+1))]2 " (%Tﬁ*l (1/hN+a+1>) .

We conclude by setting A = K/(Ce) and choosing hs = min(h., hl).
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To prove (1) < (3), we need only to prove (3) = (1) and then, according to Corollary [3.3)]
that the weak compactness of C; on A% (By) implies

1
v (1/ (1= Ja) ™)

But this can be done exactly in the same way as in the proof of [25] Theorem 3.20]. Indeed,
by Theorem [2.3| (4), Cy : AMY(By) — AMY(By) is also weakly compact so that we can
appeal to [24, Theorem 4] and get, for any € > 0, the existence of a constant K. > 0 such
that for every f € AMY (By),

1f ol ay < Kellfllpy +ellfll4-

(3.17) 1fa © @l 4% gy = Olal—1

Taking f = f,, we obtain
2N+O‘+1€

Y1/ (1 = [a])Nrert)”
since || fol| ;2 = (1—la])¥ ™ (a change a variable for &« > —1 and the Cauchy formula when
a = —1). We conclude that (3.17)) holds, for ¥(x)/z — +o00 as x — +o0. O

1fa 0 0ll o < Ke(1—la))™** +

4. SOME GEOMETRIC CONDITIONS FOR THE ORDER BOUNDEDNESS OF COMPOSITION
OPERATORS ON HARDY-ORLICZ AND BERGMAN-ORLICZ SPACES

For ( € Sy and a > 1, we recall that the Koranyi approach region I' ({,a) of angular
opening a is defined by

P(Ga)={z€By, 1= (=0l <5 (1-[F)}.

When N = 1, Koranyi approach regions reduce to non-tangential approach regions (or Stolz
domains) given by

r(g,a>:{zeﬂ), IC — 2] <g(1—|z|2)}.

In [?], the author proves that if ¢ takes By into a Kordnyi approach region, then Cj is
bounded or compact on H? (By) (hence on A? (By) for any o > —1) whenever the angular
opening of the Koranyi region is not too large. This result immediately extends to the
HY (By) or AY (By) setting for Orlicz functions 1 satisfying the Ay—condition [13|, Theorem
3.3].

On the opposite side we have the following.

Theorem (Theorem 3.5 of [I3]). Let N > 1 and let ¢ be an Orlicz function satisfying
the A?—condition. Then, for every ( € Sy and every b > 1, there exists a holomorphic
self-map ¢ taking By into T ((,b), such that Cy is not compact on HY (By) (and hence not
order-bounded into MY (Sy,on)). The same holds for the weighted Bergman-Orlicz spaces
i dimension 1.

So, when ¥ € A%, the condition ¢ (By) C ' ((,b), whatever the opening b > 1, becomes
non-sufficient for the compactness of Cy on A%, while it is trivially sufficient for its order
boundedness into LY (since in this case every composition operator is order bounded into
LY by Theorem (3.20)).

The next result tells that if ¢(By) C I'(¢,a) for some ¢ € Sy and a > 1 sufficiently
small, then Cy : AY(By) — A%(By) is still order bounded into LY when 1) satisfies the
A'-condition.

Theorem 4.1. Let a > —1 and let ¢y be an Orlicz function.
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(1) Let ¢ : D — D be holomorphic. If ¢ (D) is contained in some Stolz domain, then
Cy: AL(D) — AY(D) is order bounded into LY.
(2) Let N > 1 and let ¢ : By — By be holomorphic. We set ay = 1/ cos (%Nfgil)
(a) If ¢ By) C T(C,7) for v < an then Cy : AY(By) — AY(By) is order bounded
into LY;
(b) We assume that v satisfies the A'~condition. If ¢ (By) C T'((,an), then Cy :
A¥(By) — AY(By) is order bounded into LY.

Proof. We will assume that @ > —1, the case a = —1 being similarly proven (to get the
case o = —1, it is essentially enough to change suitably By into Sy and v, into oy, and to
consider ¢* instead of ¢, or S((, h) instead of S((,h). The details are left to the reader).
Moreover we can assume for simplicity that all Kordnyi approach regions I' ({, a) appearing
in the sequel are based at the point ( = e; = (1,0,...,0) € Sy. Indeed for every unitary
maps U of By UT' (¢,a) = T'(U¢,a), and Cy : A%(By) — A¥(By) is order bounded into
LY if and only if Cpy : AY(By) — A%(By) is order bounded into LY (by (1) in Proposition
3.13).

The proof of (1) and (2)—(a) are similar: if N = 1, we recall that if ¢ maps D into a
Stolz domain, then Cjy is Hilbert-Schmidt on A2(D) [39] and then the conclusion follows
by Remark (1). If N > 1 it is classical that if ¢ (By) C I' (¢,7) for v < ay then C,
is Hilbert-Schmidt on A2 (By) (see the remarks on Theorem 2.2 in [32], Page 246). We
conclude again by Remark [3.14]

We now deal with (2)—(b). For this purpose, we need first an adaptation of [I5, Lemma
6.3] to the Orlicz setting.

Lemma 4.2. Let 1) be an Orlicz function and o > —1. Let ¢ : D — D be holomorphic and
assume that ¢ (D) C I'(1,v) for some v > 1. There exists a constant A > 0 which depends
only on ¢ (0) and ~y such that

oo (S (1, 1) !

= 0 (AT (1/RFaTa)y

T
2cos~1(1/7)
Proof. Since ¢ (D) C I"(1,7), the beginning of the proof of [15, Lemma 6.3] ensures that

1 1
————— =For7 where F(z)= e
1—p(2) 11—z

self-map of . It follows that
{zeD, [1-p(z)<h}t = {z€D, |For(z)[>1/h}
C {zeD,|[1—7(2)] <27},

Hence, since every composition operator is bounded on every AY (D), a > —1, the measure
[bro = Vo © T ! satisfies, by the Fact

va (7 (S (11))) <

where 3 =

2b/m
) with b = cos™ (1/) and 7 is an analytic

1 T
0 (AgT (1/pAay) (recall that 5= o),
for any h € (0,n), some n € (0,1) and some constant A > 0 depending only on a and
©(0). ‘

We finish the proof of (2)—(b) of Theorem assuming that ¢ (By) C I'(¢,an). The
absorption property of the non-isotropic balls S((,t), ( € Sy, ensures that there exists a
constant 1 < C' < oo such that C, (h) NT'(1,a) C S(1,Ch). Thus

(4.1) toa (Ca (h)) < pga (S (e1,Ch)).
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Let X¢-1(S(er,n)) be the characteristic function of ¢~' (S (e1,h)). By integrating in polar
coordinates and applying the slice integration formula we get, for any h € (0, 1),

oo (S (e1,h) = / Xo1(S(e1,h) Va
By
1
— QN//S Xo—1(S(er,h)) (TC)don (C) (1—T2)QT2N_1dT
0 N
! o ) dv 2\a 2N—1
= 2N qu*l(S(el,h)) (6 TC) 2—dON (C) (1—T) T dT
0 Jsy JO Q

1 27 ) d19 o
(42) < 2N / / / Xo-1(5(er 1) (€77C) 5don () (1= 1%) " rdr.
o Jsy Jo ™

Let us now denote by ¢¢ : D — D the holomorphic self-map of D defined by ¢¢ (2) = ¢ (2()
for z € D. Since ¢ (By) C I' (e1,an) then ¢¢ (D) C T'(1,ay) and, for any ¢ € Sy, ¢(2() €
S (eq,h) if and only if ¢¢ (z) € S(1,h). Moreover ¢ (0) = ¢¢ (0) for every ¢ € Sy. Applying

the previous lemma to ¢¢ and v = ay, it follows, for any ¢ € Sy,

2/0 /0 7rXqiv—l(s(el,h)) (e"r¢) g (1—r")"rdr = w, <(¢<>—1 (5 (1, h))>
1
S DA (1))

From (4.1]) and (4.2) we conclude the proof of (2)—(b) using the concavity of 1! and Theorem
3.15| (1)—(b), ¢ satisfying the A'-condition. O

Remark 4.3. Point (2)—(b) in the previous theorem is false if ¢ satisfies the Ay—condition.
Indeed in this case, the order boundedness of a composition operator implies its compactness
and it is known [I5] (see also [13]) that there exists holomorphic self-map ¢ of By such that
¢ (By) C T (¢, ay), though Cy is not compact on AY (By), o > —1.

In view of the previous, it is more accurate to consider known geometric conditions to
the compactness of a composition operator on Hardy(-Orlicz) or Bergman(-Orlicz) spaces as
conditions to its order boundedness. This leads to the following problems:

(1) To find reasonable geometric conditions - somehow similar to that involving Koranyi
regions but depending on the Orlicz function - sufficient for the compactness of Cy
at every scale of Hardy-Orlicz (or Bergman-Orlicz) spaces.

(2) In the classical cases H? and AP, to exhibit a geometric condition ensuring the com-
pactness of Cy but not necessarily its order boundedness. As mentioned in [I5 Page
147-148], it already requires some effort to find an example of a composition operator
which is compact but not Hilbert-Schmidt on H?*(D) (i.e. not order bounded), see
also [40, Section 4].

(3) Also it would be interesting to find where in the scale of Hardy-Orlicz or Bergman-
Orlicz spaces - in terms of the type of growth of Orlicz functions - the order bound-
edness of C becomes no longer stronger than its compactness.
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