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for the mixed KDV-BBM equation

Christophe Besse? Pascal Noblel David Sanchez?

September 28, 2016

Abstract

In this paper, we consider artificial boundary conditions for the linearized mixed Korteweg-de
Vries (KDV) Benjamin-Bona-Mahoney (BBM) equation which models water waves in the small
amplitude, large wavelength regime. Continuous (respectively discrete ) artificial boundary condi-
tions involve non local operators in time which in turn requires to compute time convolutions and
invert the Laplace transform of an analytic function (respectively the Z-transform of an holomor-
phic function). In this paper, we propose a new, stable and fairly general strategy to carry out
this crucial step in the design of transparent boundary conditions. For large time simulations, we
also introduce a methodology based on the asymptotic expansion of coefficients involved in exact
direct transparent boundary conditions. We illustrate the accuracy of our methods for Gaussian
and wave packets initial data.

Keywords: artificial boundary conditions, stability analysis, Korteweg-de Vries and Benjamin-Bona-
Mahoney equations, numerical simulation.

1 Introduction

The Korteweg-de Vries (KdV) equation is a classical nonlinear, dispersive equation which models the
unidirectional propagation of weakly nonlinear, long waves in the presence of dispersion. It is written

(1) Oy + Opu + %u@mu + %&Cmu =0, Vt>0, VxeR,

where € > 0 is the non linearity parameter, p the shallowness/dispersion parameter and e, u have the
same order (see [13] for more details on the derivation of this particular equation). An alternative
model which possesses better dispersive properties is obtained by noticing that, as e, u — 0, J,u =
—0wu + O(e + p). Then, one can substitute a time derivative to a spatial derivative in the dispersive
term and (1) is asymptotically equivalent to

I

H—a)&gmu:(), Vo< a< e

(2) O (u — adypu) + Opu + %u@xu + (6

If « = p/6, the resulting equation is known as the Benjamin-Bona-Mahoney equation (BBM). We
will denote (KdV-BBM) the mixed model (2). Both the (KdV) and the (KdV-BBM) equation possess
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solitary waves and cnoidal (periodic) waves solutions and it is of particular interest to determine the
interaction between these waves and if these particular waves play a role in the description of the
solutions of (1) or (2) for asymptotically large time.

Indeed, in the limit of large scale and large time, the (KdV) equation is seen as a dispersive
regularization of the Burgers equation

Oru + Opu + %u@ru =0.

Dispersive regularization of hyperbolic conservation laws is known to generate so-called dispersive shock
waves (DSW). In contrast to their diffusive counterparts, dispersive shocks have an oscillatory structure
and expand with time so that the Rankine-Hugoniot jump conditions are not satisfied. There is a huge
literature on these particular patterns for the Korteweg-de Vries equation. The numerical simulation of
such patterns is a hard task: usually, such equations are solved by using spectral techniques which are
particularly suitable to describe oscillatory phenomena but suppose that periodic boundary conditions
are imposed to the edges of the computational domain. Moreover, due to the fact that the oscillatory
part of the DSW expands in time, one has to take larger and larger computational domain which, in
turn, imply high computational costs. In addition, one should mention that the dynamic of dispersive
equations is dramatically changed depending they are set on the whole space or in a periodic domain:
in the latter case, small amplitude waves cannot scatter to infinity and stay in the computational
domain forever. Instead, one can imagine a more appropriate strategy based on the transparent
boundary conditions (TBC): this consists in deriving suitable boundary conditions so that the solution
calculated in the computational domain is an approximation of the exact solution restricted to the
computational domain. These artificial boundary conditions are called absorbing boundary conditions
(ABCQ) if they lead to a well-posed initial boundary value problem where some energy is absorbed at
the boundaries. See [1] for a review on the techniques used to construct such transparent or artificial
boundary conditions for the Schréodinger equation.
In this paper, we focus on the linearized KdV-BBM equation

(3) Or(u — @0zput) + Oz + €0pzpu =0, VYVt >0, VreR,

where «, e are dispersion parameter and c is a velocity. The computation of continuous and dis-
crete transparent boundary conditions for the pure (BBM) case (¢ = 0) was recently performed in
[5]. In the pure (KdV) case (o = 0), continuous transparent boundary conditions were derived in
[14, 15]. Recently, exact transparent boundary conditions both continuous and discrete were derived
and implemented in [4]. The discrete boundary conditions were derived for a upwind (first order)
and a centered (second order) spatial discretization. The time discretization is based on the Crank-
Nicolson scheme. The discrete artificial boundary conditions (DTBC) were previously introduced in
[3, 2, 8, 9, 10] mainly for the time dependent Schrodinger equation. These (DTBC) are superior since
they are by construction perfectly adapted to the used interior scheme and thus retain the stability
properties of the underlying discretization method and theoretically do not produce any reflections
when compared to the discrete whole space solution. However, in the case of the linearized (KdV)
equation, the boundary conditions are not explicit and a numerical inverse Z-transformation is needed
which produces a numerical error and create instabilities for large time simulations (see [3, 16]).

The aim of this paper is to propose an alternative procedure to carry out numerically the computa-
tion of the inverse Z-transformation through a stable method and use it to obtain discrete transparent
boundary conditions with no restriction on the simulation time. We shall also explore approximate ex-
plicit boundary conditions by expanding the exact discrete boundary conditions in various asymptotic
regime.

The paper is organized as follows. In section 2, we first recall the derivation of continuous transpar-
ent boundary conditions for the linearized (KdV-BBM) equation and show a stability result. In section



3, we focus on discrete transparent boundary conditions: we show a consistency result and establish
sufficient stability conditions which in turn guarantees convergence of our numerical procedure. In
section 4, we carry out numerical tests: we consider test cases with Gaussian and wave packet initial
data. For large time simulations, we also derive approximate explicit discrete boundary conditions and
show numerically stability of these conditions.

2 Transparent boundary conditions for the linear KdV-BBM equa-
tion

In this section, we recall the derivation of the exact artificial boundary conditions. To do so, we
consider the initial boundary value problem

(4) Ot(u — a0pztt) + cOptt + € Opgeu =0, VYVt >0, VaeR,
(5) U(O,SL’) = ’Lbo(l‘), Vr € Ra
(6) xlggo u(t,z) = xll)r_noou(t,x) =0,

where v is compactly supported in a finite computational interval [z, x,] with z; < x,. The constants
¢ € R and a,e > 0 are respectively a velocity and two dispersion parameters. The construction of
(continuous) artificial boundary conditions associated to problem (4-6) is established by considering
the problem on the complementary of [z, z;]

(7) O(u — aOzgpu) + cOptt + €0ppgu =0, YVt >0, Vr<xzy Vr>ux,
(8) u(0,2) =0, Vo<xzy Vo>,
(9) xh_)rglo u(t,z) = xgrzloou(t,x) =0.

2.1 Exact boundary conditions

In order to derive transparent boundary conditions, we write (7) as a first order system with respect
to the x variable:

U 0 1 0 U
(10) O | v ] = 0 0 1 v
w 719, —e7le ae o, w

Next, the problem being homogeneous in time, we use Laplace transform so that (10) is transformed
into a classical first order differential system with parameter s € C with R(s) > 0:

0 1 0

0 0 1

—ts —e7te aels

(11) Oz = Aae(s,0)

S S
Il

S> (S ~eY

[SIEESTIE

The general solutions of this system of ODE are given explicitly by

(12) = M)z Vi(s) + et (s)e Vo(s) + es(s)e Vs(s), x=<xp, x>,

[SIEESTIE )

where A\ (s), k = 1,2,3 are the roots of P(s,c,a,e,\) = s+cA—asA\?+eX?> =0and V;, = (1, Ak, )\z)T
are the right eigenvectors of the matrix A, (s, ¢) associated to eigenvalue A\;. Let j be j = e27/3 The
roots Ag are given by

as c a?s? 1
13 Me(s) = == 4+ Te(s)\3 = [ = — k=1,2



with
1 4 c oS s «sc s\ 3
=2 —qg—/@+—p* — & 3@y 20 in(f).
¢(s) =73 ( ¢\ + 5P > , P= (35) L 4= ot e

Proposition 2.1. For all € > 0 and for all a > 0, the roots \g(s),k = 1,2,3 possess the following
separation property:

R(A1(s)) <0, R(A2(s)) >0, R(A3(s)) >0, VYR(s)>0.

Proof. Without loss of generality, one can assume ¢ = 1. Let us first show that no roots crosses the
imaginary axis when R(s) > 0. We assume that there exists A = i§ € iR, such that

s+ cié — as(i€?) + (i€)* = 0.

Then, one finds that s € iR. Now let us assume that ¢ and s are fixed and « € [0, M| for some M > 0.
Then, by applying the Rouché’s theorem, one finds that the number of roots of P(s,c,a,.) with a
positive real part is given by

1 P'(s,¢c,a,\)

NT = — —————2d\
(5,0,0) 2im Jo, P(s,c,a,\)

with Cr = {2z € C, | R(2) >0, |z] <R} with R > 0 sufficiently large depending on s,c and M. The
function N*(c,s,.) : [0, M] — N is continuous so that one can deduce that N*(c,s,a) = NT(c,s,0)
for all a € [0, M]. It is proved in [4] that N*(c, s,0) = 2 which concludes the proof of the proposition.

O

Now, we search for solutions (@, 9,w)T such that lim, . 4(s,z) = 0. It is satisfied provided that we

impose the condition

(s, )
(14) Vi(s) A | o(s,x) | =0,
w(s, x,)

which in turn provides the following two boundary conditions

(15) Ozu(s, zy) = A1(s)u(s, ), Opati(s, ) = N(s)a(s, x,).

A similar argument to obtain solutions (1, ?,w)” such that lim, , o @(s,2) = 0. We therefore have

to impose the condition
i

(16) Vo(s) AVs(s)- | 0(s,z¢) | =0,
w

which gives the following boundary condition.
Orz0(s,xp) — (N2(8) + A3(8))0x0(s, xp) + NoAsti(s, z¢) = 0.

By using relations between roots \;, one finds that this condition is equivalent to
(17) Ousit(s,e) + (M(s) = =) Buii(s,e) + (M) = Ni(s) + £ ) s, ) = 0.

Written in time variables, the boundary conditions (15) and (17) read
(18)
Opu(t, z,) = L7\ (5)) * ult, z,), Opzu(t, ) = L7HN(5)) * ult, z,.),
Oueult,we) + L7 (Ma(s) = =) * pult,ze) + L7 ((s)? = Z-Aa(s)) » ult ) + Zult, ) = 0.

A natural question is whether such truncation procedure provides absorbing boundary conditions. We
prove the following H! stability result.



Proposition 2.2. Assume that

c i€)|?
g te (%(A%(ig)) — Ml(;)') — aR(iEN(i€)) >0, VEER.

Then the problem

(19)
Oi(u — a0zzu) + cOzu + € Oyzpu = 0, (t,x) € Rf X (zg, ),
u(0,z) = ug(z), x € (zg,xy),
. ,) = £ On(8) ot 7). Dusult ) = £70R(8) vt ), R,
Oueult,xe) + L7 (Ma(s) = 5) * pult, w)+ t € R,
L7 (5)* = hi(s) * ult,ze) + Sultg) = 0,

is H'-stable. More precisely for any t > 0, the generalized kinetic energy satisfies

Tr

/mr u?(t, x) + a(0pu)?(t, z) do < / ud(z) + a(Opup)? da.

£ Te

Remark 2.3. The root Ai(s) is defined for all s € C such that R(s) > 0. We define A (i) with £ € R
as

A1(i€) = lim Ay (n 4+ i€).
n—0+
Proof. Let us first compute the time derivative of ||u(t,-)||? T2 (apn)’

d [

T u?(t,z) de = — / ' Ox (CU2 + 2eud?u — e(Opu)? — 2au3t2mu) (t,x) dx,

Ty
= (cu® + 2eud2u — e(dyu)? — 2au8§’tu) (t,x0)
- (cu2 + 2eud?u — £(Dyu)? — 2au3§tu) (t, ).

Then the generalized kinetic energy is

/CET‘ u?(t, ) + a(9,u)?(t,2) doe = /% ud(z) + a(Opup)? da

Ty Ty
+1} (cu® + 2eud2u — e(9,u)? — 20ud2u) (-, z4)
—I} (cu? + 2eudzu — £(9pu)? — 20ud2u) (-, ),
::/ ud(z) + a(Opug)? dx + Jy — J,.

4

The problem is H' stable if J, < 0 and J, > 0. Let us fix T > 0 and set U = u(t,¢) 1) and
V' = Ozu(t, x¢)1p 7). One has

Jy :/ cU? —eV? 4 2¢U (Op(% —M(s))V + Op( “h(s) — g — )\1(3)2)U> —2aUV'dt,
0

zaf

DO — S = 22T > — 2l dt,

27r (2@045)\1(25)—c—26)\2(2£))|U\2 5]V|2—25)\1(i§)f]f/,

<5- / (2R(iaé (i€)) — ¢ — 2eR(T ()| U + | M (i€)P|U Pd€ < o,
T JRr



A1 (i6)]?
by assumption on the sign of % +e (%(A%(zﬁ)) - Mf”) — aR(i€A1(i€)). Now, let us set U =
u(t, zr) 1o 7). We have

Jp = /OO cU? — £(Op(M)U)? + 2eU Op(A\})U — 2aU Op(AM)U',
0
= or [ (= M) + 22RO () ~ 2Rl (1) [UF = 0
T JrR

This completes the proof of the proposition. O

Proposition 2.4. The stability condition given in Prop. 2.2 is always fulfilled:

W(W>_

> aR(i€A1(i€)) = 0

Ve €R, % te <§R(A%(z5)) -

Proof. We let A\1(i€) = a + ib. The stability condition writes:

2

2 4 2 32
@ )+a§b:g+5a + atbh.

2

I:;+€<a2—62—
The roots A\g(s), k = 1,2, 3, with R(s) > 0 fulfill
s+ ch—ash? +eXd =0,
Writing s = 1+ i£ with £ € R and 1 > 0 and taking the limit as n — 0 we get
i€+ eA(i€) — i€ N2 (i€) + eX(i€) = 0.
By taking the real part of this equation we obtain:
0 =¢ (a® — 3ab*) + 2aatb + ca = 2al.

Either I = 0 and the stability condition is fulfilled, either R(\;(i€)) =

In order to study the latter case, we perform an asymptotic expansion in the expression of \x(n+1i§)
given in (13) as 7 — 0. The asymptotic expansions of various terms involved in the definition of A

are given by
_ (eaa(2t) —62’5(3)2 + O
b= 5 3e 3c) R

= po+ipin + O(n?),

o= (e e ()) en(le e (L)) o

= igo + qn + O(n?),

4 4
¢+’ = <—q§+27po+2mqoq1+1273pop177+0( )>
= Ao +indL+ 0,
. A
¢ =3 (ZWA/ +n<Q1+22A1/2>+O( )>

= (o + ¢+ O(n?).



The terms p;, ¢; and A; with j = 0,1 are real.
1/3
Case Ay <0: Ay = —ag and A(l)/2 =1iag. Welet £ = — <(]0+2a[)> . Then

Mn+ig) = o A 3(1/3,
i im/6 Po _ir/6 @ G 2im/3 pl —wr/6 Poc1 z7r/3
= — E— 2 el
3. 7€ 3E°¢ +"(3e 3m2°¢ "3E° opt® ) o),

and we have

R(A1(i€)) = V3 (E — pi) , S(A(i6)) = %f + % (E+ 375)

2 3E
_ ‘ V3 Po 2 _
We are now in the case where R(A1(i§)) = > (E — 3—E> = 0 which implies that £ 3 9 which also

writes
ag(ap + qo) = 0.

4 2 2
Since ag > 0, we have \/q 27p0 4+ qo = 0, which leads to 0 = pg = — + 39—52. If ¢ > 0 there is no
€

¢ € R such that R(A1(i€)) = 0. If ¢ <0, R(A1(i€)) = 0 if and only if £ = £ —3%. In this cases we
e

have ' = 0 and o

(S )

c NN
I = §—T+a§J(A1(zg),
- 035(0‘5+E> +a§< g+E> 0.
2 2 €

1/2 a + 43 1o 1/2 -
Case Ag > 0 : Ay = a2 and AY? = ag. We let E = <4> . Then 1 (AO n iqo) — E3eBi0
with 6 € [-7/6,7/6] and

. as P . ._
M +i§) = §+<1/3—§C 18,
i 0 , Po_ip o Gl _2ig , .P1 __ig , PoS1 i
= Y5 gt PO I O P Dobt 0
3. ¢ TRpe +77<3a+3E26 tigge gt ) O,

The real and imaginary parts are given by

R\ (i€)) = —E cos 0 + é% cosf, (M (i€)) = ‘;)if - (E n ?TE) sin 6.

We are now in the case where R(A1(i§)) = — (E - %) cos § = 0 which implies that F? = %. In this

case we have

3e((A1 (¢
PSSR L s,

c 3¢ 2 ag
— (2Esm9) + o <2ESIH9>

2 2 3e

Cc 3e 252 2
= 2+2(952 —4—8111 9>,
> g <§ 3 —po) since 6 € [—7/6,7/6] and py > 0,
> 0.



3 Discrete transparent boundary conditions

It is not possible to compute explicitly the inverse Laplace transform of g, £k = 1,2,3 and thus
we cannot obtain a closed form of the boundary conditions. It is therefore difficult to discretize the
transparent boundary conditions (18) without any other knowledge. In [4] and [5], the construction
of the discrete transparent boundary conditions for the approximation of the linearized Korteweg-de
Vries equation (IKdV) (a = 0) and the linearized Benjamin-Bona-Mahoney equation (IBBM) (¢ = 0)
is made on fully discrete numerical schemes. In the case of the (IBBM) case, the space differential
operator is of order two and it is possible to give explicit formulas both for the continuous and discrete
transparent boundary conditions. It is not the case when one deals with (IKdV) where the space
differential operator is of order 3. In the continuous case, the explicit inverse Laplace transform is not
available. This issue is also met at the discrete level where a numerical procedure is used to compute
numerically the inverse Z transform. However, it requires an implementation with quadruple precision
floating number in order to avoid instabilities as time becomes large (see [4] for more details). Here
we propose an alternative approach to invert numerically the Z—transform which allows to construct
“explicit” coefficient of discrete kernels.

3.1 Design and computation of discrete transparent boundary conditions

In this section, we derive discrete transparent boundary conditions associated to the centered-Crank
Nicolson discretization of the linear KdV-BBM equation:

n+l _ ,n _ n+l n+1 n+1_ n n__,n
u; uj —Ap <uj+1 2u;™ 4 u wjyq + 2uj u],1>

PR (gt ) 4 2 )
+ % ( 7121 — 2uﬁ’11 + 2u”+1 u?f%)
(20) %D(uyﬁ—mﬁﬁzu Ul y) =0, Vi=0,...,J,
with cot edt «
A=< Ap=<, Ap=

Here, t > 0 denotes the time step and dx > 0 the space step. We set J = (z, — x)/0x. The
approximation of the exact solution (¢, x) at points jdx and instants ndt with 0 < j < J and n € N
is uj ~ u(nét, z + jox).

In order to derive appropriate artificial boundary conditions, we follow the same procedure as in
Section 2, but on a purely discrete level. First we apply the Z-transform with respect to the time index
n, which is the discrete analogue of the Laplace transform in time, to the partial difference equation
(20). The standard definition reads

o0
w(z) = Z{(u Zukz |zl > R>0,
k=0
where R is the convergence radius of the Laurent series and z € C. Denoting 4; = u;(z) the

(n)

Z—transform of the sequence (uj
ence equation

“ )\H 4/\32—1 4 8/\3 Z—lA
AP ) I T I
Ui+2 ( AD LY AD Z+1> j+1+()\ * )\D>Z+1uj

JneN, We obtain from (20) the homogeneous fourth order differ-



The characteristic polynomial associated to this linear recurrence relation is given by

4
(22) P(r):r4—(2—a—|—,up(z))r3+(AZ~l—2,u>p(z)r2+(2—a—,up(z))r—1:0.
with
Y _ 48 (Z)_Z_l_l_z_l
"o Mo P T T e

We prove the following separation properties on the roots ri(z),k = 1,2, 3, 4:

Proposition 3.1. Assume e > 0,a > 0, dz,dt > 0 and ¢ € R. Then, the roots of P are well separated
according to

r(2)] <1, [r2(z)l <1, r3(2)| > 1, [ra(2)] > 1
which defines the discrete separation properties. As a consequence, there is a smooth parameterization

of the “stable” (respectively “unstable”) subspace E*(z) (resp E“(2)) of solutions to (21) which decrease
to 0 as j — oo (respectively j — —oo) for |z| > R with R large enough.

Proof. First let us note that p : z — jﬁ maps {z € C||z| > 1} onto {z € C|R(z) > 0}. Now let us

assume that there exists z such that |z| > 1 and there is a root r = ¢% of P. Then, one finds:

4isin(0) <cos(0) 2 - “) - <2,u(cos(9) Sy AH) p(2).

This equation holds for some z such that |z| > 1 only if

sin(0) <cos<e) 2 - “) _ <2u(cos(9) Sy i‘;) ~0.

If sin(f) = 0 or cos(f) = 1 — a/2 then (2,&(008(9) —-1)— ;\l—g) < —4a/Ag < 0 so there is no roots of
P on the unit circle for all z such that |z| > 1. Let us order the four roots of P as |ri(z)| < |ra(z)] <
Irs(2)] < |ra(z)]. Since |r1(z)r2(z)r3(z)ra(z)] = 1, one has |ri(z)] < 1 < |ra(2)|. There remains to
locate ra(z) and r3(z). Let p(z) — oo: one has r4(2) ~ up(z) whereas there are r;(z),i = 1,2,3
remains bounded and converge to the solutions of

4
pr — (—a + 2u)72 + pr = 0.
g

One deduce then that ri(z) — 0 as p(z) — 400 and a straightforward computation shows that
ri(z) ~ —ﬁ(z). Finally r2(2),73(%) converge to the roots of

4a

2

e —(2+ r+1=0

( uAH)

We easily deduce that |ra(z)| < 1 < |r3(z)|. This concludes the proof of the proposition. O

According to this proposition, we set
5%(2) = r1(2) +12(2), P*(2) = ri(2)ra(z),  5%(z) = r3(2) +14(2), P*(2) = r3(2)r4(2)
and the characteristic polynomial P admits the factorization
P(r) = (r2 — S"(z)r + P'(2)) (r2 — S%(2)r + P*(2))

The discrete transparent boundary conditions are written as follows. On the left boundary, one must
have
('LAL,27 U—1, Uy, ’Ill) € Eu(z)



which is also equivalent to the following boundary conditions
(23) u; — S“(2) g + PY(2)u—_1 =0, ay—S“2)u_1 +P“(2)u_2 =0.
On the other hand, one must have on the right boundary
(Gg—1,0g,Uyy1,Ur42) € E*(2)
which is also written as
(24) gy —S%(2) g1 + P*(2) 0y =0, dy41 —S%(2)ay + P%(2) Gy-1 = 0.

The coefficients of P admits a singularity at z = —1 which in turn implies bad behavior of the
coefficients in the expansion of S%, P“ S% P*. In order to remove this singularity, we will consider
alternative boundary conditions by multiplying (24) and (23) by 1+ z~!. Inverting the Z—transform,
one finds that the left and right boundary conditions are written as:

(25) WPl + 5 kg ug T+ g uT =0, w4 uf 4 5 kg T+ P g uE =0,

+1 . 1, 1 _ +1 = 1 = 1 _
(26) u3+2+u7}+2+ss*du9+l+ps*du? =0, u7}+1+uf}+1—|—s“*du§ +p"*q uj T =0,

where the sequences §%, p* and 5%, p° are defined as

gs(z) = (1 + Z_I)SS(Z) = Z %7 PS(Z) — (1 + Z—I)PS(Z) _ ]j%’
n=0 n—=0

§2) = (42 ) = 3 Py = (e P =Y B
n=0 n—=0

The relations (25) and (26) allow to compute the ghost values u_s, u_1, uyy; and ujyyo. Now there
remains to compute the coefficients §¥, p¥, §5,p5 for all n € N. For the Schrodinger equation [3, 16]
and for the (IKdV) equation (o = 0) [4], the numerical procedure to compute the coefficients is as

o0
follows: if one set U(z) = Zuk 2 for all || > R, the coefficients uy, are recovered by the formula
k=0

rn 2

U(re®)e™dg, W¥n e N,

Up = —
" 2 0
for some r > R and the approximation of these integrals are done by using the Fast Fourier Transform.
In [3, 16, 4], one has R = 1 so that the numerical procedure is unstable as n — oo due to truncation
errors. Here, we propose an alternative approach based on the use of the relation between coefficients
and roots. We set © = 2z~ and one has to solve the following system

$¥(a) + 8%(a) =2 — o + py
PU(z) + P(x) + S™(2)S"(z) = <4a+2 ) 1-e
27) O “1_1; ’

PU@)SH(a) + P05 @) = - (2t ).
PY(z)P%(x) = —1.

As mentioned previously, we compute instead an expansion of S¥, S5, P¥ P$: the system satisfied by
these quantities is given by

S9(z) + 8%(z) = (2—a)(1 +z) + p(l — z), A
(1+0)P'(a) + (14 ) Pa) 4 505 (@) = (35 +20) (1= ),

P (2)5°(x) + P*(2)5" () = — (2 — a)(1 + 2)* — p(1 — %)),
PU(z)P%(x) = —(1 4+ 2)%

(28)
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Now, the coefficients satisfy the linear recurrence relations for all n > 1

~s ~u __ n
Sn + Snp =01,
n—1
~q ~3 =S =u ~5 ~u n ~q ~3 § : ~S ~u
Pn +pn + S0Sn + SpnS0 =02 = Pn—1 — Pp—1— SkSn—k»
k=1

29 s~ s ~ s~ s ~ . s~
2 SEB + 52+ BRSPS = o — D St — D A

Sopn + SnpO = U Zﬁiﬁg k-

whereas the coefficients for n = 0 satisfy the non linear system:

~S ~U

~S ~u _ 0 ~3 ~ ~s~u _ 0 ~uxs ~s~u __ 0 0
(30) So+ Sy =01, Pyt Dyt Sg5) = 02, PoSo + DPoSo = 03, DoPo = O4-

Here the sequences o, k = 1,2, 3,4 are given by

4
o1=02-a+p)bo+2-—a—p), o= <)\;+2M> (60 — d2),
o3 = —(2—&—#)50—2(2—&)(51 — (2—(14—/1)(52,042 —0g — 201 — 09.

The nonlinear system is solved numerically simply by computing the roots of P for z~' = z = 0 and

the recurrence relation (29) is implemented directly. Note that a 4 x 4 matrix has to be inverted. The
invertibility is ensured by the separation of the roots at z = 0. We plot the coefficients 5} on left curves
of Figure 1 and we see that they decrease as n~3/2 just as in the BBM case or for the Schrodinger
equation [8].

10° ‘ 10* ‘

o5 PN
n73/2 ) TL73/2 f
102 T R
102§ \ 1

IS

10

i ‘
rﬁ ‘ ‘\H Il m W\H H

Py Iy

108

10710 ' ; ' ; ) 10710 ' ; ; ; ;

500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
n n
5t =104 5t =102

Figure 1: Coefficients 35 with 6z =218 a =§ =1 and c =2

Though in the limit dz — 0, the roots of P are not separated which implies that the linear systems

that are to be solved in our procedure are not well conditioned which increases the impact of numerical
errors: see right curves of figure 1.
Note that this “bad” behavior is observed for spatial steps dz much smaller than those used in [4]. In
order to deal with this particular problem for small spatial steps dx, we will carry out an asymptotic
expansion of the coefficients 5, 5% and p;, py in the limit dz — 0 and truncate these expansions to a
given order p larger than 2 in order to preserve the accuracy of the scheme.
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In the limit §t — 0, the divergence of coefficient is indeed stronger since it is easily proved that

ot 4adx

r1(z = 400) ~510 Iz r4(z = 400) ~510 ot "

3.2 Consistency and stability of discrete transparent boundary conditions

In this section, we check the consistency of the discrete transparent boundary conditions (23) and (24)
with the continuous boundary conditions. As an application, we shall obtain an asymptotic expansion
of the convolution coefficients s;, 5% and p;, pyw. First, let us prove the following proposition
Proposition 3.2. Let s € C such that R(s) > 0. Set z = exp(sdt) and u(z) = (?t((2111))
that the roots \i(s) are distinct. Then the roots r1,r2,73,74 0f the characteristic equation (22) admits
a smooth expansion with respect to ot,0x — 0 and expands as:

and assume

r=1+ 02 1(s,02) = 14 62X (s) + 022 A + 62 O(622 + s26t2),

)

a?s?

-2 6% + 0z O(62% + s20t2),

r3 =14 6xha(s,02) = 1+ dxda(s) + O(0z? + s26t2),

ry =14 02)3(s,0x) = 1 + 62)3(s) + 0022 + s25t2).

ry=—1+ op —
€

with
A(s) (asAi(s)? — 2¢hi(s) + 3s)

3X2(s) — 2asAi(s) + ¢

Al =

Proof. As a first step, we compute an expansion of the three roots that bifurcate from 1. Let us rewrite
(22) as

r+1
e(r—1)

— adz p(2)r(r — 1) + cdz?r( )(r — 1) 4 623 p(2) r* = 0.

37+ 1
2
Now, let us set r = 1 4+ dxA: one finds

(14 20T)N — ap(2)(1 4 M)V + o1+ Adx) (1 4+ “ST)\ 4 (14 Ad)Pp(z) = 0,

Letting ¢, 5z — 0, one obtains u(z) = s(1 + O(s?6t?)) and
(31) X3 — asA? + A+ 5= 0.

Recall that we have chosen A;(s) roots of (31) such that ®(A1(s)) < 0, R(A2(s)) > 0 and R(A3(s)) > 0
and assumed that the roots are distinct so that we can apply the implicit function theorem: there are
three roots 71, r9, 74 which bifurcates from 1 and expands as

r1 =1+ 0z (s) + O(02 + s%6t%), 7 = 1+ dxdp_1(s) + O(02® + s%6t%), k=3,4.

Next, we compute an expansion of the eigenvalue bifurcating from —1: the implicit function theorem
do apply and we obtain

ry = —1+ 25z + O(s25t% + 622).
3
This concludes the proof of the proposition. O

Now we can check the consistency of the discrete transparent boundary conditions with the con-
tinuous ones. To simplify the presentation, we assume that [z, z,] = [0, 1].

12



Proposition 3.3. Let u be a smooth solution of the (KdV-BBM) system (19). For all x € [-20x,1+
26x], we define the Z-transform of (u(not, x))nen by

) B > u(ndt, x)
n=0
Then, for all K C C* and all s € K, one has for the left boundary conditions:

a(e™ ox) — S"(e Sét)a( Ot 0) + P(e*)a(e™, —dz) = da O(6t + 8a),
a(e*,0) — SU(e*)u(e®!, —dx) + P*(e*)d(e Sﬁt, —20z) = 622 O(6t + dx),

whereas on the right hand side

a(e*,1 4 20x) — S (e a(e*®, 1 + 6z) + P*(e*")au(e*, 1) = 2 O (6t + dz),
a(e® 1+ 6x) — S5 ()i (e*?, 1) + P*(e*V)a(e*, 1 — 6z) = 62 O(t + o).

Proof. Let us first check left boundary conditions. First, from proposition 3.3, one finds that

St(eh) =2 + oz (5\2(3, 5x) + A3 (s, 533)) ,
P (%) = 1 + 6z (5\2(8, 5z) + Aa(s, 593)) + 62 3a (s, 62) As(s, 0x).
By inserting these expansions in the discrete transparent boundary conditions, one finds
(et 52) — U a(e™,0) + PU(e*)a(e*, —5x) _u( 5 52) — 2a(e*,0) + 4™, —ba)
—ox ()\2(5 6x) + \3(s, 6x) ) (11 s3t ) e, 51‘))
+022Xa (s, 02) A3(s, 0x)(e*®t, =6z,

2
= b2 (3 e,0) = (ha(s) + Xa(6) 50, 0) + AalsDNa()a(e,0) + O(6))

=622 (5151 (;;Lu(s, 0) — (Aa(s) + Ag(s))aaxﬁu(s, 0) + Aa(s)Az(s)Lu(s, O)> +O(5t + 5x)> ,
=02% 0 (0x + 6t).

The proof of consistency of the second boundary condition on the left is carried out similarly. Let us
now consider boundary conditions on the right. Note that S° and P? are written as

ﬁ(esét’l _'_5x) _SS( s6t)A( sot 1) +PS( sét),&(es&,l o 51_)
= a(e®, 1 + 62) — a(e*,1 — 6z) —51’)\1(8)< (€, 1) + a(e*, 1 — 595))
as

_7( (€ 1) — a(e®, 1 — o )> +0(522),

=20z (61«11(65&, 1) — Ai(s)a(e®t, 1) + O(5:U)) = 0x O(dt + ox).

The proof of consistency of the second boundary condition is similar. This completes the proof of the
proposition. ]

Remark 3.4. Note that the order of accuracy is one order lower on the right hand side. This is due to

the additional mode that bifurcates from —1 which is a pure numerical artifact.

Let us now write a stability result for discrete transparent boundary conditions. For that purpose, we
introduce A*(z) and A"(z) the Hermitian matrices




with

> 2
o(2) = E n(pr(2)),
s _ ‘Z + 1‘2 2 s s B 28
) = EHE R - ) + (0 - 2500) - n P8 ),
z 2 z—Z 4
(@) = EHE (50 - @) - (- 2p(@) - ST
and
2 2
o(2) = E2 ),
z 2 Z—z
5= B () - 5 — (0 - 25(2) — nE5 ES(54(2)
z 2 — z—zZp“(z
1) =B (pr2)) - 50 + (@ - 20() 4 w27,

Proposition 3.5. Let uj with j € [—1, J+1] and n € N solution of (20) with the discrete transparent
boundary conditions (25) and (26). Denote &,

J (’LL
j=1

n\2 2
j ]-‘rl u-

2012

Assume that for all 6 € [—m, m] the Hermitian matrices A*(e?) and A"(e') are positive semi-definite.
Then the boundary conditions (25) and (26) are dissipative:

VN € N, En—&E=-TRi—R-<0

with

R =32 [T Ve ("G Yo zo

Re = 25/ << ua_Bl((ei;e)) ) A(E) < uuol(( 2;? )>d9 =0

Remark 3.6. In the pure BBM case, the discrete transparent boundary conditions are proved to be
dissipative and for all n > 0, one has &, < &): see |5] for a proof. Note that in this later case, the
discrete transparent boundary conditions, only one ghost point is added at the end of each boundary
and dissipativity is proved only by checking the sign of a function defined on the unit circle at each
end of the domain. Here, we see that we have to check that two Hermitian matrices are positive semi
definite. The size of the matrices is determined by the number of ghost points added at each boundary.
These conditions are hardly verified in the general case and we will show later that the boundary
conditions are indeed dissipative through direct numerical simulations. A generak framework to study
the dissipativity of the transparent numerical boundary conditions for evolution equations can be found
in [6].
u? + u

Proof. Multiply equation (20) by v} = % and sum over all j =0,---,J: one finds

Ent1 — En = Apvlj (Wi —uf™) = (Wl —ul)) + Ap ol ((ug™ —uTh) = (uf —u?y))

A A
(33)+ —- dl (UJ+1UJ vyvty) + 7D (V4o 0 + 050 — oo™y —ugv™y) — Ap (V407 — vgo”y) = 0.
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Denote ' the contribution of boundary terms at the left end of the domain and ;" at the right end.
Then, one has

AD

ri = == (21 +0gets) 4+ 2(a = 2)egety — oy ((ug™ = a1 = (uf —uy))),
AD
ri = (20 )+ 0favfoy) +2(a = 2)0f0) — pofi (] —uf™) = (ulfg —u}))).
We sum the equations for all n =0,..., N — 1: one finds
N-1 N-1
Ev—&+RY+RY =0, RYN=>"r" RY=> 1y
n=0 n=0

Let us deal with the right hand side. By applying Plancherel’s theorem for Z-transform, one finds
(34)
)‘D T z + ]- 2 —_— — — ; z — 2/\ — o~ 7
Y= B | 5 | <uJ+2uJ +uyiug—1 + (a — 2)UJ+1UJ> (€)= p 5 1y —uy)(e?)ds.
—T

Recall that the discrete transparent boundary conditions are given by
Ugr2(z) = s*(2)uysi(2) = p°(2)ug(2),  wrs1(2) = s°(2)ug(2) — p*(2)ws-1(2).

By substituting these relations into (34), one finds RY = R,. Similarly, one finds R) = R,. This
concludes the proof of the proposition. O

4  Numerical Results

We propose in this section to illustrate the behaviour of the numerical solutions to (3) when we use
the numerical scheme (20) complemented with the boundary conditions (25) and (26).

4.1 Computation of reference solutions

In order to plot convergence curves, we need to compare to reference solutions. We use two techniques
to compute reference solutions to (3). The first technique is dedicated to the linear Korteweg-de Vries
equation

(35) O + €0pzzu = 0.
The fundamental solution to (35) is

1 x
E(t,z) = Ai ,
(t,2) v/3¢et (\3/ 35t>
where Ai(-) is the Airy function. Then the exact solution to (35) is given by
Uref(t, ) = E(t, x) % up(z),

where * denotes the convolution product on the whole real axis.
Such a fundamental solution is not known for the general equation (3). In this case, we apply a
Fourier transform to (3) and obtain

(1+ a€?)oya(t, &) +i(c€ — e&¥)a(t, &) = 0,

where £ stands for the Fourier variable. The reference solution is therefore obtained by

3 _
uref(tax) = 971 (exp <281§+a§§t> lLAO(é)) :

The computation is made with fast Fourier transforms and periodic boundary conditions. The extent
of the computational domain is chosen large enough to avoid any spurious effects of the boundary
conditions.
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4.2 Case 1: exact transparent boundary conditions

The numerical scheme is given by (20) coupled with the boundary conditions (25) and (26). Then, the
linear system we have to solve is given by

(36) Au"t! = Bu™ +s"

where A, B € My;5.74+5(R) and u®,u"*! s" € R/*? with u = uf,

Py —s5 1 0 0 0 -1 0
0 py —s55 1 0 0o 0 0 -1 0
-1 c_ co c4 1 1 e ¢ e -1 0
0 -1 ¢ ¢ ¢ 1 0 0 1 ¢ cg c- —1 0
A= o , B= !
0 =1 ¢ ¢ ey 1 0 1 e+ ¢ c- -1
0 pi -5, 1 0 0 0 0 -1 0
0 p; —5 1 0 0 0 -1
and 0 L N
Eknzo 3;+1—k“0k_ p§+1—k“—k1
2 k=0 Sn1-kUT — Pryy1- kU0
0
Sn: .
0
> k=0 52+1—k“§ - ﬁiﬂ—k“?fl

n ~3 k ~3
D k=0 Spa1—kUgr1 — Pry1—xUJ

The constants c_, ¢y and ¢ take the values

4a

+ 2u, cr=a—2—pu.
AH

c-=2—a—pu, o=
The computational domain is (¢, z) € [0,4] x [0,1]. The evolution of the solution depends on «, £ and
c¢. In order to check the order of the numerical scheme, we define e(™ the relative £2-error at time
t = nét given by:
el = l[wret (tr, ) = u" ()llg / [[wret (Ens )2 5

where u™ is the solution to the numerical scheme and where we use trapezoidal rule to compute the
(2-norm. Thanks to the definition of (™ we consider the error function given by the maximum of e(™
with respect to 0 <n < N

Ep = max (e("))

0<n<N

which corresponds to the discrete version of L$°L?2 error function. Since we consider the Crank-Nicolson
scheme (20), we should have the bound

(37) Ep < C1ot? + Cpoa’.

We consider two kinds of initial conditions respectively of Gaussian type and modulated Gaussian (or
wave packet). The two initial conditions we consider are

1\2
Up,G = exp (—400 (:U — 2> ) , uo,wp = U, sin(20mx).
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Figure 2: Evolution of the reference solution for (& = ¢ = 0,e = 10_3) and ug = ug,q

Figure 3: Evolution of the reference solution for (¢ = 0,a =¢ = 10_3) and ug = ug,q
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Figure 4: Evolution of the reference solution for (¢ = 2,a = ¢ = 1073) and ug = U, WP

The evolutions of the solutions for this two initial data and for conditions (o = ¢ = 0, = 1073),
(c=0,a=c=10"%) and (o = ¢ = 1073, ¢ = 2) are plotted respectively on Figures 2, 3 and 4. We
plot on Figure 5 the behavior of £p with respect to dx for various dt for the three test cases. In all cases
and for éx > 5-107°, we recover the second order behaviour of the numerical scheme. There exists a
saturation process linked to C;. When dz is small enough, the dominating term in (37) is C;dt2. When
dx < 5-107°, the behaviour of £p is deteriorated and the relation (37) is not valid anymore. This
process is linked with a (dx, dt)-singularity of the convolution coefficients §%, p*, §° and p°®. Indeed, as
already mentioned in the previous section, our strategy to compute these coefficients is based on the

cox? 5m3)

inversion of a 4 x 4 matrix: as dx — 0, one shows that its determinant is of order O + 5t
€

which increases the numerical errors in the computation of convolution coefficients. This bad behaviour
is however limited when 6¢ > 5-107°. A way to correct the dz-singularity is proposed in the following
subsection. The upper-left subfigure in Figure 5 has to be compared to Figure 5 in [4] which was
limited to dz ~ 10~3 due to the unstable procedure of inverse Z-transform. Moreover, the study of
the error Ep for very small dx and dt seems to have never been produced before in the literature (for
example, the smallest dx is approximately 1072 with §¢ = 10~ in [1]) and may be present for other
transparent boundary conditions and other equations. We also plot the evolution of £p with respect
to 6t with 6z = 27 ~ 6-107° for (c = 0,a = ¢ = 1073) and yy = ug,¢ on Figure 6 (the results for
other test cases are similar). The second-order with respect to dt is well recovered.

4.3 Case 2: approximate discrete transparent boundary conditions

In this section, we explore the limit dz — 0. In order to simplify the discussion, we focus on the (IKdV)
equation (a = 0). The general case is presented in Appendix. We first derive an asymptotic expansion
of the coefficients involved in the formulation of the discrete transparent boundary conditions (25) and
(26). Then, we present some numerical results. In particular, we present convergence results to verify
that the truncation procedure does not introduce numerical instabilities and does not destroy the order
of consistency of the numerical scheme.

Recall that the problem of inverting the Z-transform in transparent boundary conditions (23)
and (24) amounts to expand into Laurent series the functions s°(z), s*(z),p*(z), p*(z) defined by the
relation ,

P(r) = rt—2r3+ %p(z)r2 +2r—1
= (r=s(z)r +p°(2)) (r* — s“(z)r + p“(2)) .
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Figure 5: Evolution of £p with respect to dx for various dt.

Figure 6: Evolution of £p with respect to dt for dz = 2714
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The roots of r2 — s%r + p* belongs to {r € C, |r| < 1} whereas the ones of 72 — s%r + p* belongs to
{r € C, |r| > 1}. Let us calculate (s*,p*, s*, p*). These functions satisfy

s% + s = 2,

s55Y + ps + pu _ 4§m3p(z)
(38> S,U U S E(St ’

s°p" +s"p = -2,

p°p" = -l

We look for an asymptotic expansion of these quantities as dx — 0 in the form:

s° = Z spox’, p° = Zpkémk, st = Ztkéa:k, p* = quéazk.

k>0 k>0 k>0 k>0

By inserting this expansion into (42) and identifying O(dz™) terms with (n € N), we obtain a non
linear system and a series of linear systems to be solved. First, by identifying 0% order terms, one
finds the nonlinear system of equations:

so + to = 2,
soto+po+q = 0,
5090 + topo = =2,
D040 = -1

The solution writes (so, po,to,qo0) = (0,—1,2,1). Next, we identify O(d2") terms with n > 1. One
finds the family of linear systems:

Sn 1 0 1 0 10 1 0
Pn| _ »n v lto 1 s 1| 21 0 1
A b= n = %pn — G, where A = w toopo sol 12 -1 0]
In 0 g 0 po 01 0 -1
0 0 0
0 . ip(Z) n:l Skt —k
S = ifn#3, Xg=| ¢t , Gp = _ k=1 o808
" 0 7& 3 0 " ZZ:% Sk:ankl"i_ ZZ:% tkpnfk:
0 0 > k1 Prln—k
1
The matrix A is not invertible, the eigenvalue 0 is simple and associated to v = :i . If the condition
-1
0 1 0
1 0 1
det | F, ol =11 o =0
1 0 1
is fulfilled, then U,, = (Sn, Pn, tn, qn)’ is given by
An
(Fn)2 + (Fn)a
(Fn)2 + (Fn)4 F2 — F4 *)\n -
Up=2A —_— F,)a — (F, F, = 2
n= Aoty = s ) et A = By = (Faa + (R
F - F,
B 22 4
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where (e1, e, €3, e4) is the canonical basis of R%. Let A the root of A3 + %p(z) = 0 whose real part
is negative. We get:

s __ )‘1
§° = Aoz + “Loa? +3 5t6w + 06z,

A2
u_9_ _ Ol
A10x 5 ox 2 &595 + 0(5z%),

s A
D ——1—)\1533——5 +3€5t5x + O(6z%),

p“zl—)\léx—i—)\lcs +75x + O(6z%).

3edt
We now need to invert the Z transform of z — A;(s(z)) = — (%)1/3 p(2)'/3. Note that
_ —1\k/3
k/3 _ (1-27")
p(z) TR Viz| > 1, VkeZ.

As a consequence, p(z)¥/3 can be expanded into Laurent series explicitly: indeed, (1 — z=1)” and
(14 271)7 expand as

p=0 2P pH p L
[e') B("/) (k) v — (p _ 1) )

(I+277) :Z?a Bpi1 = D By Bo=1
p=0

(39) M(s(2) =Y 72 (@)’ =Y B

where
(1) 2\’ 131 @ (2 Ve @) a-23)
op’ = — (5515) ;:0: o B Ip " = <55t> ;:0: o B,

We are now in a position to formulate approximate discrete transparent boundary conditions. The
transparent boundary conditions are written in term of asymptotic coefficients as", ap“s, as®, ap®,as

nt1 ntl
w4 Ut — Z ubass iy + Z ufi_yapy, iy, =0,
(40) b0 =N
uilh Ut — Z ulf @85 g+ Z ulapy 1 =0,
k=0 k=0
and
nt1 nt1
ug 4 ug — Z ulasp g + Z u? app i1, =0,
(41) il niT
uft 4w — Z ugasy 1y, + Z uf yappii_p =0,
k=0 k=0
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where

o2
@ = oy or+ o +7?é-+owx)
() (2) 5
asi = (o) + <1>>5 + T2 - S 0,
JHCI RN
_|_
@y = (of) + 1(721)59”4‘%595 +0(6z"), p>1,
(2)
a, = 4fﬁ$w—”g&¥+;g+owx)
(2)
ap;, = —1— (o +o{V)ox - . %— " ??twwx)
2
appi1 = —(01(71)4-0;21)613—%51‘ +0(6zY), p>1,
(2) 3
ast = 2-oow— f%faxQ ;h;t4—CK5x ),
. W . o v, a 4
asy = 2—(oy +o0y )0z — ox? +355t+0(5x ),
2 @

G5ty = —(eW 4o )sr— 52 L ogaty, p1
e D p+1 9 y, b=,
(2) 3

apy :1—$%+g&hﬁg+mwx
(3 (2 3

. 26

@ = 1 (o) o)+ T - 2 4 0at),
2 @

— op’ +o

W = —(of) +ol)br+ T 4 06t 21,

To illustrate numerically the efficiency of these new coefficients of convolution, we reproduce the test
case (¢ = c=0,e = 10_3) with ug = up,¢ and compared the evolution of £p on Figure 7. We make
use of these asymptotic coefficients only for small dx. The bad behaviour of Ep is clearly limited when

10° ¢ 10°
107 £ 107t F
[c; 13
102 ¢ 102 ¢
S 100 & 108
Q
oy
10% £ 10 \
Y ) —e— 0t =102 & & » —e— 0t =102
St — 3 _ 3
10 04— B 10°f 000 TRl
—a—§t=210" —a— 0t =210""*
4 0t=10"* 4 ot=10"*
10—6 L L L L L I} 1076 L L I}
107 10° 10° 10 107 1072 10 107 10°® 10° 10" 1073 107 10
Sz ox
(a=c=0,e=1073), up = uoc (c=0,a=ec=107%), up = up ¢
standard coefficients asymptotic coefficients

Figure 7: Evolution of £p with respect to dx for various dt.

dx, 823 /6t are very small. These asymptotic coefficients are also useful for long time simulations. We
consider here 7' = 1000, 6t = 107!, 6z = 27 and ug = ug,g. We see on Figure 8 that the standard
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coefficients do not have the good decay n~3/2. This rate is clearly well preserved by the asymptotic

coeflicient. For this test case, we cannot compare the numerical solution to a reference solution. The
two procedures described in subsection 4.1 are not valid for such long time simulations. We therefore
present here the evolution of the solution with standard and asymptotic coefficients but also of the
discrete energy (32) respectively on Figure 9 and 10. It is clear that the behavior of the solution with
standard coefficient is not good since the solution does not decay with ¢ > 0 and the discrete energy is
growing. We obtain a good behavior with the asymptotic coefficients.

10° . . . ; 100

1010 . . . . 10710 . . . .
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
n n
coefficients p* and ap® coefficients 5° and as®
Figure 8: Evolution of the convolution coefficients.
1 1
05 05
0 0
05 05
1000 1000
1 1
500 o 08 500 s 8
0.4 0.4
0.2 0.2
t 0 o X t 0 o X
standard coefficients asymptotic coefficients

Figure 9: Evolution of the solution with standard and asymptotic convolution coefficients.

5 Conclusion

In this paper, we derived continuous and discrete transparent boundary conditions for the linearized
mixed (KdV)-(BBM) equation. We chose finite difference centered scheme for spatial derivatives and
a Crank Nicolson scheme in time to achieve second order in time and space and to preserve some
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10° ‘ ‘

—6e— standard coefficients
—— asymptotic coefficients

0 200 400 600 800 1000

Figure 10: Evolution of the discrete energy &, of the solution with standard and asymptotic convolution
coeflicients.

invariants in the equation (spatial mean, energy). Continuous transparent boundary conditions are
proved to be stable whereas we provide sufficient conditions in the discrete case. Moreover the discrete
transparent boundary conditions are proved to be consistent with the continuous ones.

From a numerical view point, the key step is to compute the inverse Z-transform of convolution
kernels. We propose a new strategy based on the fact that convolution kernels are products and sums of
roots of some characteristic polynomial: we simply compute an asymptotic expansion of these roots as
x = z~! — 0 where z is the parameter in Z-transform. This method is proved to be very efficient and
stable except for small dx. Here, we propose an alternative strategy based on an asymptotic expansion
of convolution kernel with respect to dx. We show that the resulting coefficients have a good behavior
for large time simulation which is not the case for the first strategy.

In practice, we will have to deal with non-linear equations. In order to derive transparent boundary
conditions in the nonlinear case, we will adapt our strategy to linear equations with variable coefficients
and then adopt a fixed point strategy: see [1] for more details in the case of nonlinear Schrodinger
equations. We shall use this strategy to study accurately the interaction of solitons in BBM equations
like [11], [7] (where non physical boundary conditions were used).

Other interesting questions concerns the design of discrete transparent boundary conditions for
more general models of water waves. On the one hand, it would be of interest to adapt this strategy
to two dimensional models for large wavelength weakly nonlinear water waves like the Kadomtsev-
Petviashvili (KP) equation: the main issue there is to deal with non local terms in the equation. A
close model is also the Zakharov-Kuznetsov equation [12]. On the other hand, it would be of interest
to derive discrete transparent boundary conditions in the case of the Serre-Green-Naghdi equations
[13] which are physically more relevant for the water wave problem: the main issue there is to design
discrete transparent boundary conditions in the context of systems of partial differential equations
instead of scalar partial differential equations.
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6 Appendix

We present the limit §z — 0 for the general case KAV-BBM of the convolution coefficients. It extends
the case of the (IKdV) equation performed in subsection 4.3. The roots leading to the convolution
coefficients are solution to

P = P @t @) () e (2 () 1

2 3 2
_ A (2 B 05: N 4?(;?1)(,2)) E <45:B N 8a5:n> ()2 + (2 _ cdz®  dadw (z)> S

got et € eot p
- (r2 —s%(z)r + ps(z)) (r2 — s (2)r —i—p“(z)) .

The roots of r2 — s°r + p® belongs to {r € C, |r| < 1} whereas the ones of r> — s%r + p“ belongs to
{r € C, |r| > 1}. Let us calculate (s°,p®, s*, p*). These functions satisfy

dap(), ¢,

s° 4+ s = 24 T — —d0z*,
8ap(z p(2) . 5
S U S (7 — 5 6 ,
(42) ey 55t4x(+) T
s°p" + s¥p® = -2+ aprz or + EémQ,
edt €
L p°p* = —L

We look for an asymptotic expansion of these quantities as dx — 0 in the form:

s% = Z spozt, p* = Zpkéxk, s* = Ztk&vk, pt = qu&ck.

k>0 k>0 k>0 k>0

By inserting this expansion into (42) and identifying O(dzP) terms with (p € N), we obtain a non
linear system and a serie of linear systems to be solved. First, by identifying 0*" order terms, one
finds the nonlinear system of equations:

s0 +to = 2,
soto+po+q = O,
5040 + topo = -2,
D040 = -1

The solution writes (s, po, to, q0) = (0, —1,2,1). Next, we identify O(dxP) terms with p > 1. One finds
the family of linear systems:

Sn 1 0 1 o0 1 0 1 0
Pn | _ B B lto 1 s 1| 21 0 1
A 0| = n =2 — G, where A = o toopo sol 12 -1 0]
4n 0 g 0 po 01 0 -1

4ap
5t —= 0
3}3 0E 4 (2) 8
Y= zfét ,Se=| ¢ |, Zs=| ot , Up = 0 if n >4,
dap . 0
Egt 0 0 0
0
n—1
Gn = oy Sktnifl
22:1 Skqn—k t+ 22:1 tkpn—k

1
> hC 1 Prln—k
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The matrix A is not invertible, the eigenvalue 0 is simple and associated to v = 1l If the condition
-1
0 1 0
1 0 1
det | F,, N TR =0
1 0 -1

is fulfilled, then U,, = (S, Pn, tn, @)’ is given by

An
(Fn)2 + (Fn)4
(Fn)Q + (Fn)4 Fy — Fy _)\n
U,=\ —_— ) — (F F, = 2
Y 2 ; 4
where (e1, es, 3, e4) is the canonic basis of R*. Let A; the root of
o Bapye (e 20007 (20 2acp 16077
et € £20t2 g0t €26t e36t3
whose real part is negative. We get:
s° = Moz + agdz® + O(02?),
4
Y =24 <0zp - )\1> ox — (ag + E) 6z + O(623),
edt €
4ap 20 p  8a?p? 9 3
S =—1 — — A\ | 0z — — ) O(6
P * < edt 1) v <a2 oot ez )0 T (62%),
dap o 6alp  8a?p? 2 3
=1 — =X\ ]0 A7 — — 1) O(6
P +<55t 1> $+<1 oot o )or T (62%),
where
1 ateu? — 3\ aeud + 2)\%a2£u2 + 202cu? — 6\ acu — 2aeu® + 80)\% + 6A1eu
ag = —=
2 2 4c+12eX? — 16acuM; + baleu?
and u = %.
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The asymptotic expansions of various terms are

P o C a2u2
e 12
_ (¢ 4 LA RN CEINS N G o S ON ) BN RN e
B <€ ; 826t2> - 3e26¢2 ( 12 ) z 32612 = 2 <ﬁl ~ 2+ i ) ’
_ Zﬁ )
— :,
>0 o
_ 2ac L2 2
T 3e20t - edt’
B _ 16 x 19 x 502
N 27e35t3 1
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+Z |: ( (-1) ( )>—|—B< l( )_361(71)“‘361(72)_/3[(73 ):|’
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Finally, it leads to the asymptotic coefficients

as® = A\ <1 + 1) Sz + O(02?),
2

1
(Modz + O(62?)) + ) = (A1 + Aiy—1)dz + O(62?))

>1

ast = 2 (1 + 1) + (1 + 1> (Mp — /\1> Sz 4+ O(0z?),
z z edt
40[ 2 1 40[ 2
<2 + Qedt )\170> ox + O((S:C )) + ; (2 <€(5t + )\1,1 + )\1,0> oz + O((S:L’ ))
+ Z ? ((_>\1,l - )\171_1) ox + 0(5.%2)) ,

>2

ap® = — (1 + 1) + (1 + 1> (W — >\1> oz + O(0z?),
z z edt
_ [ Ao 2\ 1 (_y_ (% 2
— ( 14+ (6& )\170> dx + O(dz )> + . ( 1 <55t + A1+ /\170> oz + O(0x )>
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+2 P ((=A10 = A1) 6z + O(62%))
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- 1 1\ /4
< z edt
4o 1 4o
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