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A simple analysis of mechanism controlability

and application to compliant origami design
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Univ Lyon, INSA-Lyon, CNRS, LaMCoS UMR5259, F-69621, France

Abstract: Design of compliant mechanism rely on several design criteria. For
instance, mechanisms using folding motions may satisfy some stiffness, strength
and controlability issues. Numerical tools may help in this design phase by sepa-
rating the difficulties allowing a step-by-step procedure. Herein, this separation
is made by using an asymptotic expansion technique.

This is a working document of an on-going research activity. It is by no mean
finalized, and content is still error-prone. It will be updated in an hopefully close
future.
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1 Introduction

1.1 Compliant mechanisms

All structures do possess a certain degree of stiffness, defined as the force /
displacement ratio, where both are measured at locations of interest, e.g. the
driving or supported force is applied at a certain location, while a displacement
is expected to be sufficiently large, or sufficiently small at an other location.
These features or drawbacks can be estimated during structural design phase
by using classical numerical tools such as finite elements.

Mechanisms are special cases where a somehow large movement is desired in
the structure. Compliant mechanisms are a design solution when such a desired
displacement is not too large, and when the remaining part of the structure has
to sustain a load without too much other parasitic displacements. This is espe-
cially the case for precision mechanism to position or move a part with strong
requirements on the accuracy. In such cases, the structure is usually weakened
at some locations to mimic a mechanism for which the mobility is more or less
separated from the remaining stiffness of the structure. These compliant hinges
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do possess a stiffness, which is sometimes not a desirable feature (and therefore
need to be carefully design and controlled), but they avoid the drawbacks of
more classical linkage designs: no contact nor friction, no functional gaps...

1.2 Available models

Rigid folding is an ideal model of origami mechanism: the paper between folds is
assumed to be rigid, and the folds themselves are assumed to be perfect hinges
without any stiffness [2, 20].

Several designs target a mechanism with a degree one mobility, i.e. there is a
single displacement mode that is compatible with the previous assumptions [4].
Usually, there are geometrical constraints to be satisfied on the fold locations,
so the mechanism is hyperstatic [19]. These structures, from the historical
ones made in paper [16], extended to other materials, especially for deployable
structures, see [12, 13, 10, 22] for instance, or for innovative mechanisms, see
[5, 6] for instance.

Command of the mechanism therefore requires theoretically only one actu-
ator (the same number as for the mobility). It may therefore be difficult to
control the movement with a single actuator due to the discrepancies with re-
spect to the idealized model. For instance for deployable mechanism, it is much
more efficient to store energy in an elastic deformation in each fold (a torsional
spring) to control the unfolding of the structure.

To check the design, an evaluation of the controlability with respect to a
given force actuation is proposed in the following. To keep the analysis simple,
this evaluation is local to a given configuration, i.e. it analyzes the infinitesimal
mechanisms close to this configuration, with respect to a given control load. For
a given configuration, we model the elastic deformation with a displacement u
with respect to the configuration, with the small perturbation assumption, using
a finite element discretization of the given structure. The paper between folds is
modeled as a thin plate, and a linear elastic behavior leads to the stiffness matrix
K. This matrix is singular, for which the kernel is denoted R, corresponding
to the modes with no energy, i.e. the rigid solid infinitesimal movements of
the mobilities of the mechanism. The kernel modes stored in R are arbitrary
orthonormalized as RTR = 1. This model reproduced the same mechanism as
the rigid folding model, and can therefore not answer to the controlability ques-
tion. A perturbed model is therefore considered, for which the joints between
plates are modeled as perfect hinges with a torsional elasticity distributed along
the fold lines. This distribution is a weight on the repartition of resistance to
movement of the mechanism: its amplitude is therefore less meaningful than
its distribution. Of course, depending on the practical design of he system, the
true (physical) stiffness of the joints [17] can be used.
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2 Asymptotic development

The contribution of the distributed torsional spring along folds to the global
stiffness matrix is K1 and the perturbation parameter is ε, so that the total
stiffness matrix is Kε = K + εK1. This last one is regular, though none of K
and K1 is. The amplitude of K1 is settled as similar as the amplitude of K,
to be precise in the following.

The load control can be separated in two components: the first one is f ,
orthogonal to the mobilities, so that RTf = 0, and the second one is a singular
perturbation f1 that activates the mobilities. The total load is therefore fε =
f + εf1 (f and f1 having similar amplitudes). The global elastic problem is

Kεuε = fε (1)

With a small parameter ε, the previous problem can be developed asymp-
totically [1, 18]: its solution is uε = u + εu1 + ε2u2 + O(ε3). This approach
is close to the analyses of welded plates with a weld stiffness [9]. Different sub-
problems, obtained by identifying increasing powers of ε, are concerned with
the different displacements as:

Ku = f (2)

Ku1 = f1 −K1u (3)

Ku2 = −K1u1 (4)

With a singular matrix K, the solvability condition for the problem (2) is
satisfied: RTf = 0. Its solution is therefore

u = K+f +Rα (5)

K+ is a generalized inverse of K [8] and α is an a priori undefined mobility
mode amplitude. The problem (3) possesses a solution provided that its own
solvability condition is fulfilled: RT (f1 −K1u) = 0. This condition leads to
determine the mode amplitudes α as:

α = k−1
1 RT (f1 −K1K

+f) (6)

where k1 = RTK1R is the apparent stiffness of the mechanism mobilities,
arising from the joint stiffness, and is regular. This gives the degree-0 solution:

u = PK+f + (Rk−1
1 RT )f1 (7)

with the projector P = 1− (Rk−1
1 RT )K1 on subspace span(K1R) and in the

direction span(R): P 2 = P , PR = 0 and RTK1P = 0. Moreover, the solution
to the problem (3) is

u1 = K+(f1 −K1u) +Rα1 (8)

where the second order mode amplitudes α1 are determined with the solvability
condition of problem (4): RTK1u1 = 0, as

α1 = −k−1
1 RTK1K

+(f1 −K1u) (9)
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The degree-1 solution finally reads:

u1 = PK+(f1 −K1u) = (PK+P T )(f1 −K1K
+f) (10)

Both degree-0 and degree-1 solution are used to analyze the local controlabil-
ity: depending on the load controls f and f1, the solutions u and u1 propagate
(i.e. have an associated strain field that spans) more or less across the struc-
ture. Recalling St Venant principle [15], these solutions are localized unless the
mobilities can be activated.

In each of these two displacement fields, there are two contributions: one
from the regular load f and one for the activating load f1.

3 Interpretation of the asymptotic model

Spectral analysis. To have a more clear interpretation of the contribution of
the degree-0 and degree-1 solutions, a singular value decomposition [11] of the
initial symmetric stiffness matrix is useful :

K =
[
V R

] [S 0
0 0

] [
V R

]T
(11)

S is the diagonal matrix of non-zero singular values (by decreasing order), V is a
rotated orthonormal basis of the regular subspace of the stiffness matrix, orthog-
onal to the kernel R. Then, K = V SV T and K+ = (V SV T +RγRT )−1 =
V S−1V T +Rγ−1RT where γ > 0 is used as a regularization.

If one represents the regular load as f = V Sg (i.e. in span(V )) and the
singular load as f1 = Rk1g1 (i.e. in span(R)), one gets indeed RTf = 0 and
also V Tf1 = 0; this is a unique decomposition of any arbitrary load. One
then obtains: PK+f = PV g, and Rk−1

1 RTf1 = Rg1. Finally, the degree-0
solution is

u =
[
V R

] [ g
g?1

]
(12)

where g?1 = g1−k
−1
1 (RTK1V )g is a condensed vector, and the degree-1 solution

is

u1 = PV S−1
{

(V TK1R)g1 +K?
1g
}

=

=
[
V R

] [ 1

−k−1
1 (RTK1V )

]
S−1

{
(V TK1R)g1 +K?

1g
}

(13)

where K?
1 = (V TK1V ) − (V TK1R)k−1

1 (RTK1V ) is a condensed stiffness
matrix.

A load with a priori no mobility activation. The first particular case that
can be discussed concerns a load with only a regular component, i.e. g1 = 0.
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The solutions read:

u =
[
V R

] [ 1

−k−1
1 (RTK1V )

]
g (14)

u1 = PV S−1K?
1g =

[
V R

] [ 1

−k−1
1 (RTK1V )

]
S−1K?

1g (15)

Therefore, the degree-0 solution u has indeed a plate deformation component
with the term V g, but due to the coupling stiffness RTK1V , it also activates
a mechanism mobility with the second term. The degree-1 correction has the
same structure, with g replaced with S−1K?

1g, which entirely depends on the
same coupling stiffness in K?

1.

A load with a priori only the mobility activation. The complementary
example is when g = 0, so that u = Rg1 (as for a rigid plate case) and u1 =
P (V S−1V T )K1u.

Influence of coupling stiffness terms. The coupling stiffness V TK1R is
leading the different terms. With the stiffness repartition along the fold lines,
the stiffness K1 is not restricted to the sole mechanism mobility modes, e.g.
the stiffness k1 = RTK1R, and the coupling term is not zero. If this was the
case, the previous expressions simplify into:

u =
[
V R

] [ g
g1

]
(16)

u1 = V S−1(V TK1V )g (17)

Moreover, a zero coupling term will also lead to V TK1V = 0 (no influence
on the regular stiffness of the plates) and the degree-1 displacement is null:
u1 = 0. The total displacement therefore reduces to u with two separated
contributions: the plate deformation mode V g and the mobility movementRg1.
It is therefore a simple superposition of the rigid folding mechanism model, and
the plate deformation model, that does not serve the purpose of checking the
controlability.

Rigid cases. The rigid plate model corresponds to selecting S−1 = 0. In
this case, the solutions reduce to: u = Rg?1 and u1 = 0. For the rigid origami
model, one adds K1 = 0, so that g?1 = g1. This is a pure mechanism mobility
mode, and does not allow as well a controlability estimation.

4 Controlability estimation

To get useful information on the controlled structure, we therefore rely on the
perturbed compliant model, i.e. with a stiffness repartition along the fold lines.
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If no additional information is provided, a uniform repartition en selected as
a perturbation. The analysis is specific to a given load control f t in a given
configuration. It is separated in two contributions, f1 = RRTf t and f =
f t − f1. The costly part requires two global solves to get the system answer
(u,u1) from (7) and (10).

The controlability question can be addressed by using an analogy with strain
field propagation in continuum mechanics. Indeed, the so-called St Venant
principle provides a general result on propagation of edge effects: if an elastic
solid is loaded with a residual (i.e. with a null resultant and a null resulting
torque), the deformation is localized in the vicinity of the load.

There are noticeable counter-examples or special cases, for instance, some
structures with incompressible or quasi-incompressible material, such as the slab
in Figure 1, where the load on a face propagates the strain up to the opposite
face; some thin-walled structures [14, 21] Figure 2. We also expect that with
a controllable compliant mechanism, a command at some point may propagate
along the mechanism with its mobility to reach with sufficient amplitude the
part that is intended to be controlled.

Figure 1: Elastic slab (laterally clamped) submitted to a bottom sine pressure
and with a free top side, for cases closer and closer to incompressibility (plane
deformation, vertical normalized deformation is depicted on the normalized de-
formed configuration).

4.1 Implementation issues

For an implementation point of view, the kernel of the stiffness matrix K as
well as the factorization of its regularized version benefit of the approach used
for floating substructures [7, 3].

Dealing with plate finite elements, for instance DKT, care must be taken with
the hybrid nature of the degrees of freedom (displacements and rotations), so a
diagonal scaling may be applied prior to the factorization. This is especially
useful when using a fictitious small stiffness for the drilling local rotations,
normal to the plate element, to avoid non-physical modes with zero stiffness.
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Figure 2: Elastic thin tube loaded with traction and compression forces of null
resultant and resulting torque.

For the additional perturbation stiffness K1, this can be issued from a stiff-
ener model of the interface between plates. Considering again the solution
technology used for domain decomposition, one car consider each plate panel as
an independent subdomain, A boolean mapping matrix on the interface reads:
Bu for transferring the dof of the plates to the displacement jump on the inter-
face, and Br for transferring the dof of the plates to the rotation jump on the
interface. Assembling the plates in a mechanism fashion leads to (i) nullify the
displacement jump, i.e. prescribing Buu = 0 (for instance by dof substitution
method), and (ii) to define rotation jumps on the nodes of the stiffener elements
(beam elements for instance, as in []), as ∆ω = Bru. The stiffness K1 is the
assembly of a beam stiffness with only a distributed torsional stiffness behavior,
as K1 = BT

r κBr.

Normalization. For conditioning issues, we choose to modify the stiffness
matrices using a diagonal scaling. Moreover, the amplitude of the two stiffness
matrices are to be chosen similar.

To do so, we first consider the stiffness matrix K, which is singular, but as a
full assembling of elementary stiffness matrices, possess positive non-null diag-
onal terms. The scaling is therefore a diagonal matrix W storing the inverse of
the square root of the diagonal terms of the initial matrix, i.e. W = (KD)−1/2.

The renormalized matrix is therefore K̃ = WKW . It is still singular, with a

kernel R̃ (that can be chosen such that R̃
T
R̃ = 1). A suited generalized inverse

could be K̃
+

= (K̃ + R̃R̃
T

)−1.
The stiffness matrix K1 is also singular but is only a partial assembling of

elementary matrices, and therefore exhibits null diagonal terms. The amplitude
of this matrix is chosen such that the mean value of the non-null diagonal terms
corresponding to rotations in K1 is equal to the same mean for K. Then, the

scaling for K1 is also selected as W and K̃1 = WK1W .
Due to the simultaneous scaling of the two stiffness matrices, the previous
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approach is trivially applied to the renormalized system, that is:

K̃v = g with g = Wf and u = Wv (18)

K̃v1 = g1 − K̃1v with g1 = Wf1 (19)

K̃v2 = −K̃1v1 (20)

so that: v = vreg + vmec and v1 = v1,reg + v1,mec with

vreg = P̃ K̃
+
g (21)

vmec = R̃k̃
−1

1 R̃
T
g1 (22)

v1,reg = −P̃ K̃
+
K̃1vreg = −P̃ K̃

+
P̃

T
K̃1K̃

+
g (23)

v1,reg = P̃ K̃
+
P̃

T
g1 (24)

and P̃ = 1− (R̃k̃
−1

1 R̃
T

)K̃1 with k̃1 = R̃
T
K̃1R̃.

4.2 Design indicators

Once the solution ureg is obtained, it can be used to check a first feature: when
no driving force is applied, f1 = 0 (so that u1 = 0), does load f to be sustained
induces parasitic displacement? Indeed, ureg is expected to satisfy the Saint
Venant principle and should be more or less localized in the neighborhood of
the load. Its long range propagation would have therefore to be limited in the
design of the compliant structure.

On the other hand, with umec, the target is to have a sufficient propagation
of the mobility movement to mimic a mechanism that is under target. This
time, the displacement propagation should be sufficiently developed.

Once the configuration of the compliant structure (position of panels, hinges...)
has been selected based on the previous indicators, the parameter ε can now
be chosen. Indeed, the asymptotic analysis if performed ideally when ε → 0,
but in each design, ε has a finite value. For the designer, a target value can be
obtained by selecting the design of the hinges (thickness, material...) or of the
panels. ε is typically the relative stiffness of the most compliant parts and the
most rigid parts of the structure. Design intervals for its value can therefore be
selected when comparing the indicators ureg and umec to the next order indica-
tors u1,reg and u1,mec discussing the structural performance compromises, since
ut,reg ≈ ureg + εu1,reg and ut,mec ≈ umec + εu1,mec.

Finally, the absolute stiffness can be found as the threshold of the indicators
as the answer of the structure submitted to the given amplitude of the load.
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