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Abstract

We study a stochastic optimal control problem for a partially observed diffusion. By using
the control randomization method in [4], we prove a corresponding randomized dynamic pro-
gramming principle (DPP) for the value function, which is obtained from a flow property of an
associated filter process. This DPP is the key step towards our main result: a characterization of
the value function of the partial observation control problem as the unique viscosity solution to
the corresponding dynamic programming Hamilton-Jacobi-Bellman (HJB) equation. The latter
is formulated as a new, fully non linear partial differential equation on the Wasserstein space
of probability measures. An important feature of our approach is that it does not require any
non-degeneracy condition on the diffusion coefficient, and no condition is imposed to guarantee
existence of a density for the filter process solution to the controlled Zakai equation, as usually
done for the separated problem. Finally, we give an explicit solution to our HJB equation in
the case of a partially observed non Gaussian linear quadratic model.
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1 Introduction and problem formulation

We formulate the optimal control problem of partially observed diffusion process. Let (0, F,P)
be a complete probability space, on which a (m + d)-dimensional Brownian motion B is defined.
We will distinguish the m-dimensional and d-dimensional components of B by writing B = (V, W)
where W plays the role of the observation process. We suppose that there exist three probability
spaces (Q°, F°,P°), (Q, FL,PY), (Q, F,P) such that Q = Q° x Q' x Q2, F is the completion of
Fo@F'®F with respect to P°@P!®P, and P is the extension of PP@P'@P to F. In addition, ° is
a Polish space, F° its Borel o-algebra, P° an atomless probability measure on (£2°, F°). The space
(Q°, F°,IP°) supports the initial condition £ of the state equation (1) introduced below, while
QY FLPY) supports V, and (£, F,P) supports W. This is graphically described by the following
figure:

An element @ € Q is then written as @ = (w°, w!,w), and we extend canonically V, W on Q by setting

V(w whw) = V(w), W(w,wl,w) = W(w), and similarly any random variable ¢ on (9°, F°,P°)
is extended to (Q,F,P) by setting &(w®,w!,w) = £(w®). We denote by F = (F;);>0 the natural
filtration of B (namely, the right-continuous and P-complete filtration generated by B), augmented
with the independent o-algebra F°. The partial observation character of our problem is modeled
as follows: we denote by F" = (F}V);>0 the P-completion of the filtration generated by W and
we define as an admissible control process any FW-progressive process o with values in some given
Borel space A. The set of admissible control processes is denoted by A"Y. Given t € [0,T], € €
L?(F°;R™), the set of square-integrable F°-measurable random variables, valued in R", and o €
AW the controlled state equation is

dXEEY = p(XEE ay)ds + o(XE9 ag)dBs, t<s<T, X'5“=¢ (1.1)

The coefficients b and ¢ = (0, 0,,) are deterministic measurable functions from R™ x A into R"
and R™*(m+d) " and assumed to satisfy the following standing assumptions.

(H1) There exists some positive constant C; such that for all x,2’ € R", a € A,

b(z,a) — bz, a)| + |o(z,a) —o(a’,a)] < Cilz—2|
6(0,a) +10(0,0)] < Ch.

Under (H1), it is shown by standard arguments that there exists a unique strong solution X%
to (1), which is F-adapted, and satisfies

sup IE[ sup |X§’£’°‘ﬂ < C(1+E|P) < o, (1.2)
aEAW t<s<T

for some positive constant C, where E denotes the expectation with respect to P.
The aim is to maximize, over all admissible control processes a € A", the gain functional:

gt = B[ | C X0, a)ds + g5

where f : R” x A — R, and g : R™ — R are continuous functions satisfying the quadratic growth
condition:



(H2) There exists some positive constant Co such that for all (z,a) € R™ x A,
f@,a)l+lg@)] < Co(1+[zf).

Under (H2), the gain functional is well-defined and finite, and we consider the value function
of the partial observation control problem

v(t,€) = sup J(t,&a), te[0,T], €€ L*(F°RY), (1.3)

ac AW

which satisfies the quadratic growth estimate:
vl < CO+EEP), (1.4)

for some positive constant C' depending on C; and Cs in (H1)-(H2).

This formulation of a partial observation control problem is general enough to include large
classes of optimization models with latent unobservable factors, and classical partially observed
control problems with observation process driven by an additive noise of the controlled state signal
process can be recast in our above form ([LI)-(L3]) by the usual method of reference probability,
which transforms the observation process W into a Wiener process; we refer to the introduction
and Section 2.3 in our companion paper [4] for the details. As for [4], we remark that the results
of the present paper are still valid if we require b and o to be only locally Lipschitz and satisfy a
linear growth condition in x, uniformly with respect to a. However, to alleviate the presentation,
we assume (H1) throughout.

Optimal control of partially observed diffusions is a difficult problem, and a standard way of
dealing with it is through the so-called separation method. It consists in introducing the controlled
filter, that is the conditional distribution defined for any test function ¢ : R™ — R by

Psle) = E[p(XPIRY],
and solution to the so-called controlled Zakai equation:
Aol = pLOCIL gl ds + pS Ml dW, t<s < T, (1.5)

where L% = b(.,a) - Dy + 3tr[007(.,a)D2¢|, M = D¢, (.,a). The reward functional to be
maximized is then rewritten from Bayes formula as

T
Tt.60) = B[ [ Al alds + o], (1.6

and the separated problem is a fully observable optimal control problem where one has to control
the infinite dimensional filter process valued in the space of probability measures. This makes
the problem rather challenging, and the subject of intensive study. We give a short sketch of the
possible approaches and refer the reader to the treatises [3I] and [6] for more complete results
and references. A first method is the stochastic Pontryagin maximum principle, which provides
necessary conditions for the optimality of a control process in terms of an adjoint equation and can
be used to solve successfully the problem in a number of cases: see [6] and [34]. A second approach is
the dynamic programming method applied to the separated control problem (IL0)- (L), often under

the condition that pé’g’a(dzn) admits a density p5>®(z) with respect to the Lebesgue measure on R”,



and the controlled Zakai equation is then written as an equation for p?f’o‘, considered as a process

with values in some Hilbert space (for instance the space L?(R") or some weighted L?-space), the
so-called controlled Duncan-Mortensen-Zakai (DMZ) stochastic partial differential equation

dpbse = (L) ph&* ds + (M) *ph& dw,, t<s<T, (1.7)

where (L%)*p = —div(b(.,a)p) + 3tr[D2(c07(.,a)p)], (M?)*p = —div(o,, (.,a)p), are the adjoint
operators of L® and M® (here div(.) denotes the divergence operator). This leads to a fully non-
linear Bellman (HJB) equation with unbounded terms in the infinite dimensional space of density
functions, and has been studied by viscosity methods in [29], later significantly extended in [22].
However, existence of a density process solution to the DMZ equation (LT is a difficult issue
and needs some stringent conditions, see [6], [33], and Chapter 7 of [2] for the uncontrolled case.
Moreover, a rigorous proof of the dynamic programming principle for the value function to the
separated control problem seems not available in the literature, even though this is the key step
for proving the viscosity property to the associated HJB equation. Let us mention the so-called
Nisio semigroup approach, strictly related to the dynamic programming principle, and used for
instance in [6] for partial observation control problem but with drift control only, and which allows
to characterize the value function via the non-linear semigroup as a mild solution to the dynamic
programming equation.

We propose in this paper an alternative approach for tackling partial observation control prob-
lem, which allows us to relax the density and non-degeneracy assumptions mentioned above, and
provides an original partial differential equation (PDE) characterization of the value function. We
use a randomization method introduced in [26] for classical Markovian models, and extended to
the case of partial observation in [4]. We notice that the randomization method has already been
successfully implemented for the study of Markovian models in [25], [I1], [20], [16], [17], [I8], [3], [5],
but in all these papers only the full observation case was addressed and the associated HJB equation
was defined in a finite dimensional Euclidean space (or it was a merely integral equation related
to a controlled pure jump process), whereas in the present paper we will be dealing with a HJB
equation on a genuinely infinite-dimensional space. The basic idea is to consider a stepwise process
I associated to a Poisson random measure p, and replace the control process a by this exogenous
process I in the dynamics of the process X, thus arriving at regime switching diffusion, called ran-
domized forward process. We next consider an auxiliary optimization problem, called randomized
or dual problem (in contrast with the primal problem defined in ([I.3])), which consists in optimizing
among equivalent changes of probability measures which only affect the intensity measure of u but
not the law of W. In the randomized problem, an admissible control is a bounded positive map v
defined on Q x R, x A, which is predictable with respect to the filtration F"V:# generated by W and
. It turns out that the dual and primal problems coincide, and our first main result is to prove the
so-called randomized dynamic programming principle (DPP) for the dual (hence for the primal)
problem. For this purpose, the key step is to show the flow property of the conditional distribution
of the randomized forward process given the randomized observation filtration generated by W and
. Next, for exploiting the DPP, we use a notion of differentiability with respect to probability
measures introduced by P.L. Lions in his lectures at the College de France [28], and detailed in the
notes [I3]. This notion of derivative is based on the lifting of functions defined on the Hilbert space
of square integrable random variables distributed according to the “lifted” probability measure.
By combining with a special 1t6’s chain rule for flows of conditional distributions in the spirit of



[14], we derive the dynamic programming Hamilton-Jacobi-Bellman (HJB) equation for the partial
observation control problem. This equation is a fully nonlinear second order partial differential
equation (PDE) in the infinite dimensional Wasserstein space of probability measures, and in the
case where the probability measures have a density, it reduces to the Bellman equation in the space
of density functions associated to the controlled DMZ stochastic PDE (L)), as derived in [31],
[27]. By adapting standard arguments to our context, we prove the viscosity property of the value
function to the HJB equation from the randomized dynamic programming principle. To complete
our PDE characterization of the value function with a uniqueness result, it is convenient to work
in the lifted Hilbert space of square integrable random variables instead of the Wasserstein metric
space of probability measures, in order to rely on the general results for viscosity solutions of second
order Hamilton-Jacobi-Bellman equations in separable Hilbert spaces, see [29], [30], [2I]. We also
state a verification theorem which is useful for getting an analytic feedback form of the optimal
control when there is a smooth solution to the Bellman equation. Finally, we apply our results to a
non Gaussian linear-quadratic (LQ) partial observation control problem for which one can obtain
explicit solutions.

The rest of the paper is organized as follows. Section 2] introduces notations and recalls some
useful preliminaries about the Borel o-algebra associated to the Wasserstein space of probability
measures. We formulate in Section [3] the randomized partial observation control problem, and
prove in Section M the randomized dynamic programming principle. Section [l is devoted to a
verification theorem and the viscosity characterization of the value function to the HJB equation.
Finally, Section [0l presents an application to a non Gaussian linear-quadratic partial observation
model with explicit solutions.

2 Notations and preliminaries

We introduce some notations used in the sequel of the paper.

Notations: We denote by z.y the scalar product of two Euclidian vectors x and y, and by MT the
transpose of a matrix or vector M. We denote by P,(R™) the space of probability measures 7w on
R" with finite second order moment, namely ||7||2 := [p, [z[*7(dz) < co. For any m € P,(R"), we
denote by L2(RY) the set of measurable functions ¢ : R” — RY, which are square integrable with
2 _(RY) the set of measurable functions ¢ : R® x R® — RY, which are square

respect to m, by Lo
integrable with respect to the product measure 7 ® 7w, and we set

wl¢] = /ncp(a:)ﬂ(dx), TRm] = /Rann (x, 2" )m(dx)m(dz’).

We also define L2°(RY) (resp. L% (R?)) as the subset of elements ¢ in L2(RY) (resp. L2 (RY)),
which are bounded 7 (resp. m ® 7) a.e., and ||¢||~ is their essential supremum. For every random
variable &: (29, F°) — R"™, we denote by L£(§) its probability law (also called distribution) under

P (or equivalently P).

Remark 2.1 We notice that F¢ is rich enough to carry R™-valued random variables with any
arbitrary square-integrable distribution, namely P, (R") = {£(£): £ € L?(F°;R™)}. Indeed, when
Q° = [0,1], F° = B([0,1]) and P° = X the Lebesgue measure, then the result is well-known
(see for instance Theorem 3.1.1 in [38]). In the general case, by Corollary 7.16.1 in [§] there



exists a Borel isomorphism ¢: Q° — [0, 1], which allows to define an atomless probability measure
P =Po ¢! on ([0,1],B([0,1])). Let F,: [0,1] — [0,1] be the cumulative distribution function
corresponding to P2, namely F_ (t) = P?([0,¢]), for all £ € [0, 1]. Since F), is continuous, the function
G,(s) = inf{t € [0,1]: F,(t) > s}, s € [0,1], satisfies /(G (t)) = G_(F,(t)) =t (see for instance
Lemma 1.37 in [23]). Notice that A =P? o GG, is the Lebesgue measure. Now, let m € P,(R") and
consider a random variable £: [0,1] — R” with 7 = £(€). Then, the random variable £: Q° — R

given by 5 = { o F, oy has distribution 7. The claim follows from the arbitrariness of . O

Given a function u defined on P,(R"™), we call lifted function of u, the function v defined on
L?(Fo;R™) by v(¢) = u(L(€)). Conversely, given a function v defined on L?(F°;R"), we call
inverse-lifted function of v the function u defined on P,(R"™) by u(w) = v(§) for m = L(&). Notice
that u exists if and only if v(¢) depends only on the distribution of £, for every ¢ € L?(F°;R"),
and in this case there is a one-to-one correspondence between functions defined on P,(R™) and
functions defined on L?(F°;R"™) via this lifting relation. Recall that P,(R") is a metric space when
endowed with the 2-Wasserstein distance W, defined by

1
Wy(m, ') = inf {(/ |z — 2'|?v(dx, dx/)) * .y e P,(R" x R") with marginals = and 77/}
R xR™

— inf { (E]f - g’F)% c¢,¢ € LX(FOR™) with £(€) =, L(€) = 77/}.

We end this section providing two useful properties related to the space P,(R™), endowed with
topology (and the Borel o-algebra B(P,(R"))) induced by the Wasserstein metric Wa. In the sequel
we denote by %,(R™) the set of Borel-measurable functions on R” with quadratic growth.

Lemma 2.1 (Skorohod’s representation theorem for W,-convergence) Let (7,,)m be a se-
quence in P,(R™) such that Wa (7, ) — 0, for some m € P,(R™). Then, there exists a sequence
of random variables (£,,)m C L2(FO;R™), with L(&) = Tm, converging P-a.s. and in L?*(F°;R™)
to some & € L?(F°;R"™), with L(§) = .

Proof. By Theorem 6.9 in [36], we have that Wh(m,,,7) — 0 is equivalent to the following
convergence:

/n () T (dz) =3 /n o(x) w(dx), for every ¢ € %,(R").

In particular, 7, converges weakly to 7, namely [ ¢dm,, — [ ¢ dnr for any bounded continuous .
Therefore, by Skorohod’s representation theorem (see for instance Theorem 2.2.2 in [I0]) and in
particular Remark 211 there exist random variables (£,,),, and ¢ in L?(F°;R"), with £(&,) = T
and £(¢) = 7, such that &, converges P-a.s. to €. It remains to prove the convergence in L%(F°; R").
To this end, we notice that, by Proposition 7.1.5 in [I] the sequence (|&,,|?),, is uniformly integrable.
Then, it follows that &, — & in L*(F°;R™). O

Lemma 2.2 Let (E,&) be a measurable space and consider a map II: E — P,(R™). For every
v € B,(R™), we denote by Il[p]: E — R the following map:

Iyp](e) = /n o(z) (e, dx), for every e € E.

Then, 11 is measurable if and only if, for every continuous ¢ € %,(R"), Il[¢| is measurable.



Proof. For every continuous ¢ € %,(R"), define the map A_: P,(R") — R as follows:

A, = / o(z) w(dz), for every m € P,(R").
By Theorem 6.9 in [36], we have that Wa(mp,,7) — 0 if and only if, for every ¢ € £,(R"),
A, mm — A_m. Therefore, the o-algebra o(A,, ¢ € %,(R") continuous) coincides with B(P,(R")).
Notice that, for every ¢ € %,(R"), the map Il[g] is given by the composition of A and II,
namely:
Hpl(e) = (A, oII)(e), for every e € E.

Then, recalling that o(A, ¢ € %,(R") continuous) is equal to B(P,(R")), we deduce the equiv-
alence between the measurability of II and the measurability of A o II, for every continuous
v € B,(R"). O

3 Randomized partial observation control problem

Up to a product extension, we can assume without loss of generality that the complete probability
space (€2, F,P) supports in addition to the Brownian motion W, a Poisson random measure p on
R, x A, independent of W. The random measure p has compensator \(da)dt, for some finite positive
measure A on (A, B(A)), with full topological support, and thus p is a sum of Dirac measures of the
form pp =3 <67, 4,), where (A),>1 is a sequence of A-valued random variables and (7}, ),>1 is
a strictly increasing sequence of random variables with values in (0, 00), and for any C' € B(A) the
process u((0,t] x C) —tA(C), t > 0, is a P-martingale.

For every (t,a) € [0,T] x A, we associate to the random measure p the A-valued pure jump

process
L= ) alpry()+ Y Aulm (), s>t (3.1)
n>1 n>1
t<Th

Notice that, when A is a subset of the linear space, formula ([BI]) can be written as

e = CH—// w(drda’), s >t.

From the definition of I*® in ([B), we see that the flow property holds:

e — " (3.2)

for all §,s € [t,T], with # < s. The probability space (Q,F,P) on which we shall define the
randomized partial observation control problem, can be described graphically as follows:

Ql .=
_ /—/H
0= 0°xQlxQ,
) 1) T
3 v W,n

and we extend canonically V, W, u, & on (Q, F,P). As reported in the graph, we have defined the
space (Q!, FLPY), where Q' = Q° x Q!, F! is the completion of 7° ® F! with respect to P° @ P!,
P! is the extension of P° @ P! to F'.



For every ¢t > 0, we denote by FP#t = (.7-"5 1) 5t the P! @ P-completion of the filtration on
Q! x Q generated by (Bs— By)s>¢ and 1 1j; o). We then consider, for every (t,,a) € [0,T] xR" x A,
the following regime switching diffusion equation:

dX, = b(X,, I"Yds 4 o(X,, IY")dBs, t<s<T, Xy ==x. (3.3)
We also require that X = x, for every s € [0,1).

Lemma 3.1 Under Assumption (H1), there exists a random field (Xﬁ’m’a), with (t,s,z,a) €
[0, 7] x [0,T] x R™ x A, such that:

(i) for every (t,xz,a) € [0,T] x R™ x A, (Xﬁ’x’a)se[t,ﬂ is the unique (up to indistinguishability)
FB:#t_adapted continuous process solution to B3), and Xhwae — x, for every s € [0,t);

(ii) the map X" ([0,T])x [0, T]x Q' xQxR"x A, B([0, T])@B([0, T)) @ Fl @ FO B(R") @ B(A)) —
(R™, B(R™)) is measurable.

Proof. In order to construct the random field (Xé’x’a), it is enough to show that there exists a

random field (27%), with (t,s,2,a) € [0,T] x [0,T] x R" x A, such that:

(i) for every (t,x,a) € [0,T] x R™ x A, (,%”st’x’a)se[t;p} is the unique (up to indistinguishability)
FB:#t adapted continuous process solution to ([B:3)), and X — g for every s € [0,1);

(i) the map 2: ([0, T]x[0, T]x 2 xQxR"x A, B([0, T))@B([0, T) @ Fa o B(R")@B(A)) —
(R™, B(R™)) is measurable.

As a matter of fact, suppose that we have already constructed the random field (%t’x’a). Then,
by a monotone class argument, we see that there exists a P! @ P-null set N € F!' ® F and a
random field (X™%), with (t,s,2,a) € [0,T] x [0, T] x R™ x A, which is measurable as a map from
([0, 7] x [0, T] x Q' x Q@ x R* x A, B([0, T]) @ B([0,T]) ® F'! @ F @ B(R") ® B(A)) into (R", B(R")),
such that (27" coincides with (X2™) on [0,7] x [0,T] x (2! x Q)\N) x R" x A. It is then
easy to see that (X™") satisfies items (i) and (i) of the Lemma.

It remains to construct a random field (27"™%) satisfying (i)’ and (ii)’. To this end, we ex-
ploit the Picard iterations method. More precisely, we define recursively a sequence of processes
(g mbray setting 206 = 0 and then defining 2 ™ +HH%¢ from 2™ H5% as follows:

d(/t@//sm—l—l,t,x,a _ b(%m,t,m,a’lz,a)ds + O_(%zn,t,x,a’ I;t,a)st’ ¢ § s S T, %m+1,t,m,a _

We also set 2, ThHoe — x, for every s € [0,t). It can be shown (proceeding for instance as in
Lemma 14.20 of [24]) that there exists a random field (23°™%) such that we have the following
convergence in probability:

1
sup |Zmbee . grlna 228, as m tends to infinity. (3.4)
s€[0,7T

Then, for every (t,z,a) € [0, T]xR™x A, the process (e%t7m7a)8€[t7T] is FB:#t_adapted and continuous,
and solves equation ([3.3). Moreover, LT = x, for every s € [0,t). Therefore, by Theorem 14.23
in [24], (%t7x7a)8€[t’T] is the unique (up to indistinguishability) FZ#‘-adapted continuous process
solution to ([B3]). This proves item (i) .



On the other hand, we notice that, for every m, the map 25" ([0,T] x [0,T] x Q' x Q x
R™ x A, B([0,T]) ® B([0,T]) ® FZ"' @ B(R™) @ B(A)) — (R", B(R™)) is measurable. Then, by the
convergence in probability ([B4]), we see (proceeding for instance as in the first point of Exercise
IV.5.17 in [32]) that the map 27™%: ([0,7] x [0,T] x Q' x Q x R"™ x A, B([0,T]) ® B([0,T]) ®
FE @ B(RY) @ B(A)) — (R™, B(R™)) can be taken to be measurable. This implies that item (ii)’
holds true. O

For every t € [0, T], let us denote by FoBt — (FB#t) ejt,7] the P-completion of the filtration
generated by 77, (Bs—By)s>t, and p 1(; o), and by L2(F B, ; R™) the set of square integrable F}” Do
(= F) B ’0)—measurable random variables on (€2, F,P). By Lemma Bl the pathwise uniqueness
of a solution to (B3], and identity (3.2]), we deduce the following standard result.

Lemma 3.2 Under Assumption (H1), for every (t,€,a) € [0,T) x LA(FOPHR™) x A, the process
(Xﬁ’g’a)se[tj |, defined as X5 wo, w!l w) = X2 Sl )’a(w ,w), is the unique (up to indistinguishabil-
ity) Fo-Bott _qdapted continuous solution to the equation:

dXLST = p(XLEO I ds + o(XES, IDdB,, t<s<T, X5 =¢, (3.5)
and satisfies the standard estimate

E| swp |X:P’] < C(1+EIgP) < oo, (3.6)
t<s<T

for some positive constant C. In addition, we have the flow property:

t,&a rta
. 0,x4% 1
Xtea = xg70 (3.7)

PR-a.s., for all 0,5 € [t,T], with 6 < s.

Remark 3.1 By misuse of notation, we have written here X% for the solution to the randomized
SDE (B3], but we point out that this differs from the solution X% to the controlled SDE (I.T])
when « is constant equal to a. O

We next consider on (2, F,P), for every t > 0, the so-called randomized observation filtration
FWnt — (.F!V’”’t)szt, as the P-completion of the filtration generated by (Ws — Wy)s>; and plp o),
and denote by P(F"W#t) the corresponding predictable o-algebra on  x [t, 00).

We can then define, for every t € [0, 7], the randomized optimal control problem as follows: the
set V., of admissible controls consists of all v = vg(w,a) : Q x [t,00) x A — (0,00), which are
P(FWH) @ B(A)-measurable and bounded.

Remark 3.2 The randomized problem can be equivalently formulated (in the sense that the value
function is the same) with VW . instead of V,, . More precisely, define on (Q, F,P), for every

€ [0,7), the filtration FWst = (FVHt) s>t as the P-completion of the filtration generated by
(Ws — Wi)s>e and puly o, and let P(FW#t) denote the corresponding predictable o-algebra on
Q) x [t,00). Consider the set V,, , of maps v = v4(w,a) : Q x [t,00) x A — (0,00), which are
P(FW-#1) @ B(A)-measurable and bounded. Then, the value function of the randomized optimal
control problem (defined below in (BI0)) remains the same if we replace V,,, ., by V,,, .. Indeed, for

VV/J/7 Wll/v

every s > t, Fs is the P-completion of the canonical extension of Fg to Q. As a consequence,



using for instance Proposition 1.1 in [24], we see that given v € Vw%t there exist v € V,,, , and

a Pnull set N € F such that v4(0,a) = vs(w,a) for every (@,s,a) € (Q\N) x [t,00) x A, where

1. w). Notice that in [4] the randomized problem was formulated using the class 1_)W7#7 i

|

w= (ww

For every t € [0,T], v € V

W,p,t?

Wt = &( /t | /A (r(a) — 1) (u(dr, da) —A(da)dr)).

We then define a new probability measure on (Q,F) as dP"! = lﬁg—:t dP. Since k"' is defined
on Q, we also define a new probability measure on (Q,F) as dP*! = lﬁg—:t dP. From Girsanov’s

consider the Doléans exponential process

theorem it follows that under P** the compensator of u on the set [t,T] x A is the random measure

I/t

Y(a)\(da)ds, while B remains a Brownian motion under P*! and the law of a F°-measurable

random variable ¢ is the same under P and P*!. Therefore, under (H1), we obtain by standard
arguments the following estimate:
sup E"| sup |X§’5’“|2] < CO1+E[¢P]) < oo, (3.8)
VEVW,H,t s€(t,T)
where E*? (resp. E*!) denotes the expectation with respect to P*¢ (resp. P*f). We finally introduce
the gain functional of the randomized control problem

T
TRt gra) = B[ [ X 1)ds + (X (39)
L
and the corresponding value function:
UR(t,Ea) = sup TR(Eva), te[0,T], £ e LHFORY), ac€ A (3.10)
l/EVW,H,)5

It is proved in [4] that the value functions of the primal partial observation control problem
([C3) and of the randomized control problem (BI0]) coincide:

vt &) = VR, Ea), tel0,T)], £ e L*(F%R"Y), ac A. (3.11)

This key relation will be exploited in the sequel for deriving a so-called randomized dynamic pro-
gramming principle and then a Bellman equation characterizing (in the viscosity sense) the value
function to the partial observation control problem.

Remark 3.3 Relation (BII]) shows that the value function of the randomized control problem
depends only on the objects B = (V,W), b, o, f, g and A of the primal partial observation control
problem, and thus not on the intensity measure A of i, nor on the initial point a taken by the jump
process 149, O

4 Randomized filtering and dynamic programming principle

4.1 Randomized filter process and Zakai equation

We first consider the filtering of the randomized process solution to (B3] with respect to the
randomized observation filtration. More precisely, for every (¢,s,w,m,a) € [0,T] x [t,T] x Q X

10



P,(R™) x A, we define pi™%(w) € P,(R") as follows:

Are@lel = B [ o0 e nian), (4.1)

t,m,a

for every ¢ € %,(R"). We also set pg
P,(R™) x A.

(w) = m, for every (t,s,w,m,a) € [0,T] x [0,t) x Q x

Remark 4.1 Let ¢ € L?(F°;R") with law 7 and consider the process (X§7§7a)56[t7T} solution to
BX). Then, we see that

el = B [ gt atan)] = Bp(xi0n(.w)

= E[p(xto0)| R (@),

P(dw)-a.s., where the o-algebra Fy ' was introduced in Remark In other words, p5™%(w) is
the law of the random variable Xﬁ’S(')’a(., w) on (Q', F1,PY), or equivalently the realization at w of
the conditional law of Xﬁ’g’a given ]:'SW #t Notice that Xﬁ’g’a is independent of the increments of
W, — W, and u([s,r) x B) for all r > s, B € B(A). Thus, p5™" is equal to the conditional law of

XE5 given FI*, denoted by £(XESY W, ). -

Lemma 4.1 Under Assumption (H1), the P,(R™)-valued random field (pi™%), with t € [0,T],
s€[0,T], 7 € P,(R"), a € A, is such that:

(i) the map p5™*: ([0,T]x [0, T]x 2 xP,(R™) x A, B([0, T])@B([0, T)) @ F@ B(P,(R™))@B(A)) —
(P,(R™), B(P,(R™))) is measurable;

(ii) for every (t,m,a) € [0,T]xP,(R™)x A, the stochastic process (p?”’“)se[t,T] is FWtt_predictable,
and satisfies the estimate

E| swp g™ < o(+ ), (4.2)
t<s<T

for some positive constant C'.

Proof. Concerning item (i), we begin noting that it is enough to prove that for every ¢ € %, (R")
the map p5™"(w)[¢]: ([0,T]x[0, T] x 2x P, (R™) x A, B([0, T]) @ B([0, T)) @ F@B(P,(R")) @ B(A)) —
(R, B(R)) is measurable. In order to prove this latter property, fix ¢ € %,(R") and notice that, by
LemmaB T and Fubini’s theorem, the map E (X5 (-,w))]: ([0, T]x [0, T]x QxR x A, B([0,T])®
B([0,T]) ® F @ B(R") ® B(A)) — (R, B(R)) is measurable. Then, by a monotone class argument
(proving firstly the measurability of p5™%(w)[¢] when the map E'[p(X5"%(-,w))] can be expressed
as a product ¢1(t,s,w,a)ps(x), for some measurable and bounded functions ¢1 and ¢2), we see
that pi™%(w)[¢] is measurable, so that the claim follows.

Let us now prove property (ii). Fix (t,7,a) € [0,T] x P,(R™) x A. Notice that, by Lemma 2.2]
item (ii) follows if we prove that for every continuous ¢ € %,(R") the process (pé’”’a[gp])se[t,:p] is
FW:#t predictable. In order to prove this latter property for a fixed continuous ¢ € %,(R"), it is
enough to show that:

(ii.a) P(dw)-a.s., the map s — p2™"(w)[e] is continuous;

11



(ii.b) the process (0™ *[¢])sefr.1) is FV*!-adapted.

Regarding item (ii.a), we begin noting that, since, for every € R", (P! ® P)-a.e. path of
t.x,a, 1

the process (Xﬁ’x’“)se[tj] is continuous, we deduce that the map s — (Xg"%(w!, w)) is (P! ®
P)(dw!, dw)-a.s. continuous. This implies that

/ lim sup ‘@(Xz}m’a(wl,w)) - @(Xz}f’a(wl,w))‘ (P! ® P)(dw',dw) = 0, (4.3)
Q1xQ 00 |/ 5| <§
8,78”6(@

where we observe that the map
(@hw) — lim sup [p(X5 W w) — o(X5 (W w))]

640 |s'—s"| <6 s
§'.s"cQ

is F!® F @ B(R")-measurable, as a consequence of Lemma[3J(ii). Then, from (@3] and by Fubini’s
theorem, we obtain

0 = / (/ lim  sup  [p(Xo""(w!,w)) — o(Xor (W, w))| (P! ®]P>)(dw1,dw)>ﬂ(dx)
Rn QLlxQ &LO |8/_8//‘<6
8/78"6(@

= / (/ lim sup ‘@(Xz}m’a(wl,w)) - @(Xz}fﬂ’a(wl,w))‘Pl(dwl)w(dx)>]?(dw).
Q \JQixRn 00 |y _g7|<5
5,78”6(@
We conclude that there exists a P-null set N € F such that for every w ¢ N the map s —
O(XE" (W', w)) is P} (dw' )7 (dx)-a.e. continuous, so that

/ lim sup [p(X5"(whw)) — p(X57 (wh, w))| P (dw') m(dz) = 0, Vwé¢ N. (4.4)
QIxRr N0 |5/ g7|<§

SI7SIIEQ
In particular, this implies that, for every w ¢ N, we have: P!(dw!)7r(dx)-a.e.

t7 b t7 b
sup ‘cp(Xs,x (W w)) — o(X 5 a(wl,w))|
|s'—s"|<0

= sup [e(X;" (W w)) — e(Xu5 (W w))]. (4.5)
|s'—s"|<8
s',s"eQ
Now, we observe that, by formula ([I]), we have

g™ (W) = pg ()] < /Ql . (X" (", w) = p(XG"" (W, w) | P! (dw') 7m(da).
X n

Fix § > 0 and take the supremum over all pairs s’, s” such that |s' —s”| < §, then, for every w ¢ N,

sup [t ) — 7 )

|s'—s""|<d
< [ [ e) - X )| P ) ()
QLR |s'—s"|<6
— / sup (X570 (whw)) — p(X5P (W w)) | PY(dw?) 7(dz), (4.6)
Q1 XR™ |5/ —s"'| <8
s,s"€Q
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where we used property ([AH]). Taking the limit as ¢ | 0 in (4.6]), we obtain, for every w ¢ N,

3 tv ) tv )
i, sup ) )
§'—s
<[ i sup_ Jo(X () = X0 ) [P ). (0)
xR™ s'—s""|<
s',s"eQ

From (@4), we deduce that

lim sup |p™(w) — plr(w)| = 0, Vwé¢ N.
610 \s’—s”\<5

This proves that, for every w ¢ N, the map s — pé’”’a(w)[cp] is continuous, and concludes the proof

of item (ii.a).

Let us now prove item (ii.b). To this end, fix ¢ € L*(F°;R"), with 7 = £(£). Recall from
Lemma that the process (Xﬁ’é’a)se[mﬂ is FoBmt_adapted. As a consequence, (Xﬁ’g’a)se[tﬂ is
adapted (and hence predictable, since it is continuous) with respect to the P-completion of the
filtration (F°® F!'® ]-'SW’“’t)sZt. Then, by Proposition 1.1.(b) of [24] it follows that there exists a
P-null set N C Q and a process (Xﬁ’s’a)se[t,:p] such that:

[ (X'E’g’“)se[t,ﬂ is (F°® Fl® fgv’“’t)szt—adapted;

° gXﬁ’g’a)se[mT] and (Xﬁ’g’a) se[r,7] coincide on the complementary set of N, namely they are
P-indistinguishable.

In particular, there exists a P-null set N C Q such that, for every w ¢ N, the processes (X£5(-,w)) selt,T]

and (Xﬁ’g’a(',w))se[mﬂ are Pl-indistinguishable. Therefore, for every s € [¢,7] and continuous
v € B,(R™), we have

preliel = B[ [ p(xtme( o) mdn)] = B0, w)] = B p(XE0( )],

where the last equality holds for every w ¢ N. Now notice that, by Fubini’s theorem, the map
w — (X502 w))] is FV*! measurable. Since the random variable w — p&™(w)[g] is
equal P-a.s. to w s Eo(XE5 (- w))], ph™¢] is also Fi'*'-measurable. This implies that the
stochastic process (pi™%[]) ser,r) is FV*-adapted, so that item (ii.b) holds. Finally the estimate

([#2)) follows from (B.6)), and this concludes the proof of property (ii). O

Lemma 4.2 Under Assumption (H1), for every (t,m,a) € [0,T] x P,(R™) x A, the flow property
holds:

t,mT,a G’PZJ’GJ;G
ps’ ' = Ps ) (48)

P-a.s., for all §,s € [t,T], with 6 < s.

Proof. We recall from Theorem 2.18 in [2] that there exists a countable separating class (¢, )m of
continuous and bounded functions from R™ into R, namely (see Definition 2.12 in [2]) given 7, mo €
P,(R™) the condition 71 () = m2(¢m), for every m, implies that m; = m3. As a consequence, the
claim of the Lemma, follows if we prove that

0,05 (W), 15" (w)

(W)[em] = ps (w)[em], P(dw)-a.s., for every m. (4.9)

t,m,a

Ps
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Fix ¢ € (¢m)m. Our aim is to prove @Q) for ¢. From the definition of p5™*(w)[g] in @I) and
Remark .1 we have

el = B [ et o)nn]| = Ble(xie.w)].

0.Xp% 1" .
Now, recall from (B7) that X:5% = X0 ¢ PR.as., therefore there exists a P-null set N € F

such that Xﬁvf(%“(- w) = XS’X;’H')'E("“)J;'a(w)

w ¢ N, we have

ool = B (x0T )]

_ El[/n<p(Xf’Xg'”'a("“)’Iga(“)(-,w)) 7T(d:1:)} _ /nEl DX (- ), )] m(da),

(,w), P°®@Plas., for every w ¢ N. Hence, for every

where Y
By,w') = (X007 ! w)), (4.10)

for every (y,w!) € R™ x Q (we omit the dependence of ® on t,6,s,a,w). Notice that, for every
(t,0,s,w,a), the o-algebra on Q' given by o(X ma( w), x € R™) is independent of o(®(y,-), y €
R™). Therefore, by a monotone class argument (first taking ® of the form ®(y,w) = ®1(y)P2(w),
for some measurable and bounded functions ®; and ®3), we see that

El [q)(Xg’w’a('v w)7 )] = / ¢(Xg7m7a(wlv w)7 wl) Pl(dwl)
Ql
= [ egre@w)w) (o B, do),
QlxQ!
where (Q!, F1,P') is a copy of (Q', F*,P'). In conclusion, we find, P(dw)-a.s.,
pL™ (w / / (X" (@ w),wh) (P! @ PY)(dw!, do") 7(dx). (4.11)
n legl
On the other hand, from formula (4.1I]) we have
07 t,m,a 7It,aw 67 7It,aw Ta
p T )] = B [ / (X1 (w) T W) (dy)| (4.12)
Notice that ,ot % (w), which is defined as
el = B [ et e ). for every v € B,

is the distribution of the random variable Xﬁ’S(')’a(-, w): Q' — R™. Therefore, (EZI12) can be rewrit-
ten as (recalling that 7 is the distribution of ¢)

t,m,a t,a t,x,a t,a
AT O g = B [ M ) ) e, i)
R x Q1

t,x,a B
- / /Q a X{WTEDIID (1 ) (B @ B (', dY) m(da),
" X
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which coincides with ([@IT), using the definition of ® in (£I0]). This concludes the proof. O

For sake of completeness, we end this paragraph by showing how one can derive a filtering
equation, namely an evolution equation for the randomized filter process p, although it will not be
used in our approach. We denote by L* and M“, a € A, the second-order and first-order differen-
tial operators from CZ(R"™) (C %,(R™)), the set of bounded and twice continuously differentiable
functions on R™ with bounded derivatives, into 4, (R"):

1
L% = b(.,a) - Dyp+ §tr (007 (., a)D2¢],
M% = Dyp'o,(.a).

By It6’s formula to (3.5)), given ¢ € CZ(R™), we have
S t,a S
P = pl&)+ [ D) dr + [ Dup(XEE e (X4, 1) v,
t t
$ t,a
+ / M (X589 aw,. (4.13)
t

Taking in ([AI3]) the conditional expectation with respect to the o-algebra Fm ' introduced in
Remark B.2] we obtain by (£I)) and Remark 1]

S

s t,a t,a
Pl = wlel + / prTALI ] dr + / P M ] AW, (4.14)
t t

for all s € [t,T]. Observe that equation (4.I4]) looks like a controlled Zakai equation (see equation
(LH)) where the control parameter has been replaced by the stochastic process I*®. We refer to
[EI4) as randomized Zakai equation. Following standard arguments in nonlinear filtering (see for
instance Chapter 7 in [2]), we can recast equation ([£.I4]) in a strong form under the condition that,
for all s € [t,T], pi™" has a density pt™* € L2(R™) (the L? space on (R", B(R™)) with respect to
the Lebesgue measure), namely

Pl = / p(a)pe™ (@) de = <@,p;™" >, ., forevery s € [t, T,
for all bounded measurable functions ¢ on R™. In particular, 7 has a density 7 := pi’w’a € L2(R"),
and we set pi™® := pi™*. If the function z — pts’"’a(x) is smooth enough (for instance, phme

€ C2(R") C L*(R"), the set of twice continuously differentiable functions on R™ with compact
support), integrating by parts in (4£.I4]) we obtain:

t,m,a

ps [(;0] = < (107p?n’a >L2(]R")

= <o (n+ / (L2 yphne dr + / (MY D W) >
t t
for all p € C3(R"), where
(LY)'p = —div(b(.,a)p) + 5tr[D3(007(.,a)p)],
(M**p = —div(aw(., a)p),
are the adjoint operators of L* and M® (here div(.) denotes the divergence operator). This leads

to consider the stochastic partial differential equation (SPDE) for the density p"® in the Hilbert
space L?(R"):

(4.15)

dpt™e = (LI )phnads + (MUY pbmeqw, t<s<T, pi" = n e LAR"), (4.16)
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which is refereed to as the randomized Duncan-Mortensen-Zakai (DMZ) SPDE (compare with the
controlled DMZ equation in (I1)).

4.2 Randomized dynamic programming principle

From Bayes formula, and the (P, F"**!)-martingale property of the density process x* in (3.8) of
the probability measure P*!, v € V

W,p,t?
separated form involving the randomized filter process (A1), namely:

we can express the randomized gain functional (B3] in a

R _ vt T t,m,a t,a t,7m,a
JE(t. € v,a) = E /tps [f (- Lo®)lds + p7"g] | -

where ¢ € L2(F°;R") has distribution 7. We then see that the randomized gain functional J™
depends upon & only through its distribution 7. Therefore, we define the inverse-lifted version of
JIR by:

T
TRt va) = TR(Eva) = E"’t[/t Pi’”’“[f(-,fﬁ’“)]ds+PtT’”’a[9]}

for all (t,7) € [0,T] x P,(R") and every v € V. Similarly, we define the inverse-lifted versions
of U and VR respectively as v and v™. They are given by (recalling the equivalence result (Z.11]))
v(t,7) = vR(t,m,a) = sup JR(t, 7, v,a), (t,m) € [0,T] x P,(R"), a € A. (4.17)

VEVW%t

Noting that v™ is constant with respect to a € A, from now on we simply write UR(t,W) instead
of vR(t,,a), for any a € A. Notice also from (L4]) that we have the quadratic growth condition:
there exists some positive constant C such that

wit,m)| < CA+|r|2), Y(t,m)€[0,T]xP,(R"). (4.18)

The purpose of this paragraph is to prove a dynamic programming principle for the value
function v™ of the randomized control problem, and consequently for the value function v of the
primal partial observation control problem. We shall rely on the dual representation of v (¢, )
in terms of a constrained backward stochastic differential equation (BSDE), obtained in [4], and
refereed to as the randomized equation.

For every (t,m,a) € [0,T] x P,(R™) x A, the randomized equation is formulated in terms of the
filter process (p?ma)se[t,gp] as a backward stochastic differential equation with nonnegative jumps
on the filtered probability space (Q, F,FW:#t P):

T
Vo= A [ AT b K K,
S

T T
—/ Zp dW, — / / U, (a) p(dr da), for all s € [¢,T], (4.19)
s s A

Us(a) < 0, P(dw) ds A(da)-a.e. on Q x [t,T] x A.

We are interested in the minimal solution to ([@.I9]), whose definition is reported below.

Definition 4.1 For every (t,m,a) € [0,T] x P,(R™) x A, a quadruple (Y, Z,U,K) is a solution to
equation (EI9) if:
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1. Y € S2(FWHt), the class of real cadlag FWV+'-adapted processes (Ys)se,r) such that HYH?SQ(FW’W
= Elsupy<<r [Ys]?] < oo;

2. 7 € L2, (FWHb), the class of R¥-valued P(FW*t)-measurable processes (Zs)scim such that
w S

1Z122 gwpny = E[ [ 1Z5]2ds] < oo
i ( )

3. U € L%L(IE‘W’“’t), the class of P(FW*1) @ B(A)-measurable maps U: Q x [t,T] x A — R such
T
that U123 gy = BLI [ 1Us()PAda)ds] < oo;

4. K € K2(FWnt) | the subclass of S2(FW*1) consisting of P(FV+!)-measurable nondecreasing

processes satisfying K; = 0.

A solution (Y, Z,U, K) is called minimal if, given any other solution (Y', Z',U’, K'), we have Yy <
Y!, P-a.s., for all s € [t,T).

It is proved in [4], Theorem 5.1, that for every (¢,7,a) € [0,7]x P,(R™) x A there exists a unique
minimal solution (Y™, ztma ytmae gtma) ¢ S2(FWmt) x L2 (FWrt) x Ly (FW b)) x 2 (FWHL)

to (£I9). Moreover, we have the following dual representation (see Theorem 5.1 in [4]):

T
YT = sup E“’t[ / LTS (L IE)] ds + p 9] (4.20)
t

VEVW,H,t
This implies, using [@IT), that (recall that we write v™(¢, ) instead of v™(t, 7, a), for any a € A)
o(t,m) = oR(t,m) = Y™ (t,7) € 0,T] x P,(R™), for any a € A. (4.21)

As shown in Theorem 5.2 of [4], the following generalization of the dual representation (Z.20]) holds:

0
Y™ = sup supEV’t[/ Pi’ﬂ’a[f(',ff»’a)]dr+Y9t’m]
I/EVW#W [ t
0
= sw g [ pmelsenear v, (1.22)
”va,u,t t

where the sup, and infy are taken over the class of FW*!_stopping times 6 valued in [t, T], and this
can be viewed as a dynamic programming relation for the solution to the BSDE. The importance
of the flow property in Lemma is now to state in the next Lemma the identification between
the value function and the solution to the BSDE at any time, which in turn allows to obtain the
randomized dynamic programming principle for the value function.

Lemma 4.3 Under Assumption (H1), for every (t,m,a) € [0, T]xP,(R™)x A, we have the identity:
P-a.s.,
U(S,pz’w’a) — ’UR(S,pt’W’a) — Ystﬂr,a. (4'23)

s

Proof. We provide a sketch of the proof. We introduce, for every m € N, the penalized backward
stochastic differential equation:
T

T
Y'sm,t,’ﬂ',[l — p?_‘ﬂ-?a’l:g] + / pt77T7a|: T‘(‘)I;E’a):l d,,,, + K,Ir?vtvﬂ-va _ Kgn,t,ma
S
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T T
- / Zmbma qyy, — / / Umb™e(a) p(dr da),
s s A

for every s € [t,T], where

K;n,tﬂr,a _ m/ /(U;n,t,n,a(a))‘i' )\(da) dr.
t A

By Lemma 2.4 in [35] it follows that, for every m € N, there exists a unique solution (Y™™
zmitma gmtma) ¢ §2(FWmt) x L2 (FWVht) x L%(vaﬂvt) to the penalized equation. Since this
latter equation is not a constrained equation, it is easy to prove, by the flow properties ([B:2]) and
(£3]), that the following flow property holds:

t,m,a yt,a
mvevpg 719

y/mbme — vy : (4.24)
P-a.s., for all 0, s € [t,T], with § < s. Let us now define, for every m € N, the deterministic map:
Ot a) = Y000 for every (t,m,a) € [0,T] x P,(R") x A.
Then, from ([@24]), we obtain:
Um(s, pi™, IHY) = ymbme P-as., for every (¢,m, a) € [0,T] x P,(R") x A. (4.25)

We now notice that, proceeding as in Theorem 2.1 of [26], we see that Y B increasingly converges
P-a.s. to Y™, as m goes to infinity, for every s € [t,T]. In particular, v, (t,r,a) = Y;™"™°
converges to v(t,m) = vR(t,7) = Y™ for every (t,m, a) € [0,T] x P,(R") x A. Then, letting

m — oo in ([A.28)), we obtain ([4.23)). O
By (#22)) and formula (£23]), we then obtain the so-called randomized dynamic programming
principle for the value functions v = v™:
0
v(t,m) = sup supE" [/ PmLf (e Lo))dr + v(e,pév“’“ﬂ
VGVW»MJ 0 t
0
— o arEn| [ o657, (426)
VEVW%t t

for every (t,7) € [0,7] x P,(R"), a € A, with # varying in the class of FW:*!_stopping times valued
in [t,T].

Remark 4.2 It would be possible to derive a standard DPP from the randomized version. How-
ever, there is no advantage in doing it, since the randomized DPP is as powerful as the standard
one for our purpose of characterizing the value function through a dynamic programming equation
in the Wasserstein space of probability measures. This is the focus of the next section. O

5 Bellman equation and viscosity solutions in the Wasserstein
space

The purpose of this section is to derive from the dynamic programming principle ([£26]) a partial
differential equation (PDE), called Hamilton-Jacobi-Bellman (HJB) equation, in the Wasserstein
space of probability measures for characterizing the value function v(¢, ).
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5.1 Notion of differentiability and It6’s formula

We shall rely on the notion of derivative with respect to a probability measure, as introduced by
P.L. Lions in his course at College de France [28], and detailed in the lecture notes [13].

A function u : P,(R™) — R is said to be differentiable (resp. C') on P,(R"™) if its lifted function
v is Fréchet differentiable (resp. Fréchet differentiable with continuous derivatives) on L2(F°;R™).
In this case, the Fréchet derivative [Dv](€), viewed as an element Dv(¢) of L%(F°;R™) by Riesz’
theorem: [Dv](€)(¢) = E°[Dv(§).C], can be represented as

Du(€) = 9ru(L(£))(E), (5.1)

for some function d;u(L(§)) : R™ — R", which is called derivative of u at m = £(§). Moreover,
Oxu(m) € L2(R™) for m € P,(R") = {L£(€),& € L*(F°;R™)}. Following [15], we say that u is fully
C? if it is C!, and one can find, for any 7 € P,(R"), a continuous version of the mapping z € R"
Oru(m)(x), such that the mapping (m,z) € P,(R") x R" — Oru(m)(x) is continuous at any point
(m,x) such that = € Supp(w), and

(i) for each fixed m € P,(R"), the mapping x € R" — 0 u(w)(x) is differentiable in the standard
sense, with a gradient denoted by 9,0;u(7)(x) € R™*™, and such that the mapping (7, x) €
P,(R™) x R"™ — 0,0u(m)(z) is continuous

(ii) for each fixed z € RY, the mapping p € P,(R") — dyu(r)(z) is differentiable in the above
lifted sense. Its derivative, interpreted thus as a mapping 2/ € R? — 0, [dru(r)(z)](2/)
€ R™" in L2(R™ "), is denoted by 2’ € R™ + 92u(n)(z,2), and such that the mapping
(m,z,2") € P,(R") x R® x R" = 92u(n)(z, ) is continuous.

We say that u € CZ(P,(R")) if it is fully C2, 8,0-u(w) € L (R™™), 92u(n) € L%, (R™*™) for any
m € P,(R™), and for any compact set I of P,(R"), we have

sup [/ |87ru(7r)(x)|27r(d:17) + Hagc&ru(w)ﬂoo + H@,%u(ﬂ)Hoo] < 0. (5.2)
ekl R™

If u lies in C#(P,(R™)), then its lifted function v is twice continuously Fréchet differentiable
on L?(F°;R"). In this case, the second Fréchet derivative D?*v(¢) is identified indifferently by
Riesz’ theorem as a bilinear form on L?(F?;R") or as a self-adjoint operator (hence bounded) on
L?(F°;R™), denoted by D?v(§) € S(L*(F°;R")), and we have the relation (see Appendix A.2 in

[14]):

D = E[D%(OQ)¢] = B [E[tr(22u(£(©)(€ €)(C))] ]
+ B[t (0:0,u(L©)©cCT)]. (53)
D20(©)N.N] = E°[D>(€)(N)aN| = E°[tr(0,:0-u(L(E)(©)mr") .

for any ¢ € L2(F°;R"), ¢ € L*(F%R"), n € L*(F°;R™9), and where (¢,(’) is a copy of (£,()
on another Polish and atomless probability space (Qlo S F ‘o , ]P’/O), N € L?(F°;RY) is independent of
(&,m) with zero mean and unit variance.

We next need an Itd’s formula along a flow of conditional measures proved in [I4] for processes

with common noise, and that we adapt and formulate here in our randomization context for partial
observation. Let (Q, F,P) be a probability space of the form: Q = Q' xQ, F = F1@ F, P = P'®P,
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where Q! = Q° x Q! F! = 7o @ F!, P! = P° ® P!, with (Q°, F°,P°) a “rich” probability space
(see Remark 2.T)), (2!, 71, P!) supporting a m-dimensional (P!, F! = (F}!);)-Brownian motion V,
(Q, F,P) supporting a d-dimensional (P,F = (F;);)-Brownian motion W. For our purpose, F is
the P-completion of either the filtration generated by W, or the filtration generated by W and a
Poisson random measure . Denote by F = (F;); the P-completion of the filtration generated by
Fi, F} and F°, t > 0. Let us consider an It6 process in R™ of the form:

t t t
X, = X0+/ bsds+/ asvdvs+/ oVdw,, 0<t<T, (5.4)
0 0 0

where Xg € L?(F°,R"), b, 0 = (UV JW) are F-progressively measurable processes, and satisfying
the integrability condition:

T
E[/ b2 + oudt] < oo
0

For w € Q, denote by p¢(w) the law of the random variable X;(.,w) on (!, F1,P1). Thus p; is the
conditional law of X; given F.,, hence also equal to the conditional law of X; given F; (recall that

F is the natural filtration of W or of (W, u)), which then defines an F-adapted process (p;) valued
in P,(R"™). Let u € CZ(P,(R™)). Then, for all ¢ € [0,T], we have

u(py) = u(po)—l—/o El[@ru(ps)(Xs).bs—I—%tr(amﬁﬂu(ps)(Xs)asa;)]
+EUE [%tr(&%u(ps)(Xs, X))otV (o)) ds

v B oup) (X0 ] W, (5.5)

where X’ and oW are copies of X and ¢" on another probability space Q= Al xQFle

F,P''oP), with (Q', F'1,P'!) supporting V' a copy of V.

Alternatively, we can formulate It6’s formula for the lifted v on L?(F°;R™). For this consider
a copy V of V on (Q°, F°,P°), and denote by X, b, 5V, 6"V copies of Xg, b, ¢” on (Q° x Q, F°®
F,P° ® P), and consider the It6 process

t t _ t
X, = X0+/ bsds+/ &sVstJr/ sWaw,, 0<t<T, (5.6)
0 0 0

which is then a copy on (2° x Q, F° ® F,P° @ P) of X in (5.4). The process X defined by X;(w)
= Xi(,,w), 0 <t < T, is F-progressive, valued in L*(F°;R") with £(X;(w)) = ps(w). Similarly,
the processes defined by by(w) = by(.,w), 57 (w) = &(,w), oV (w) = 6V (,w), 0 < t < T, are
F-progressive valued in L2(F°;RY), P-almost surely. Itd’s formula (5.5) is then written for the
lifted function v € C?(L?(F°;R?)) from (5.1)-(G.3) as:

. . t | . 1 g
v(Xy) = u(Xo)+ / E° [DU(XS).bS + 5D%(XS)(éSVN).&SVN+ gtr[Dzv(XS)(ésW).ésWHds
0

t
+ / E°[Dv(X,)'6 [dW,,  0<t<T, Pas. (5.7)

0
for any Gaussian random variable N € L?(F°;R™) independent of (V, X), with zero mean and
unit variance. We do not report the proof of 1t6’s formula (5.7, since it can be done proceeding

along the same lines as in the proof of Propositions 6.3 and 6.5 in [I4], see also Theorem 7.1 in [12],
and [I5] for related results.
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5.2 Bellman equation and verification theorem

We have now the ingredients for deriving the Bellman equation for the (inverse-lifted) value function
v(t,7) in (£I7), and it turns out that it takes the following form:

O+ sup {w [F(a) + Lo(t, )] + 7 @ 7 [M(t, )] } = 0, (t,7)€0,T)xP,RY,
U(Tv 77) = 77[9]? e P, (Rn)a
(5.8)
where for ¢ € CZ(P,(R")), a € A, and m € P,(R"), L2¢(m) € L2(R) is the function R” — R defined
by
LYD(m)(x) = 0Oz¢(m)(x).b(x,a) + %tr(@wﬁﬂdﬂ)(:n)ad(:n, a)) (5.9)

and M%p() € L2, (R) is the function R” x R” — R defined by

TR
MOP(m)(z,2") = %tr (02¢() (2, 2" )0, (2, a)0T (2, a)). (5.10)

The Bellman equation (B8] is validated by the following verification theorem, whose proof will
rely on the above It6’s formula.

Theorem 5.1 (Verification Theorem)

Let w be a real-valued function in C;’2([0,T] x P,(R™)), i.e. w is continuous on [0,T] x P,(R"™),
w(t,.) € CZ(P,(R")) for allt € [0,T], and w(.,m) € C1([0,T)) for all = € P,(R™), and satisfying a
quadratic growth condition as in [AI8), together with a linear growth condition for its derivative:

|Opw(t, ) (z)| < CA+|z|+|xl,), Yt zx)el0,T]xR:xP,(RY, (5.11)

for some positive constant C'. Suppose that w is solution to the Bellman equation (5.8)), and there
exists for all (t,m) € [0,T) x P,(R™) an element a(t,7) attaining the supremum in (5.8) such that
the stochastic McKean-Vlasov SDE

dXs = b(Xsa(s, L(Xs|W)))ds + o (X, a(s, L(Xs|W)))dBs, t<s<T,

admits a unique solution Xtg given an initial condition ¢ € L*(F°;R"™). Then, w = v and the
feedback control in AW defined by

of = a(s, L(XLEW)), t < s <T, (5.12)
is an optimal control for v(t,m), i.e. v(t,m) = J(t,&, ) for m = L(§).

Proof. Fix (t,7 = L£(£)) € [0,T) x P,(R"), and consider an arbitrary control a € A" associated
to X5 solution to (II). From (LZ) under (H1), we have

T
E[/ B, )| + |0 (Xp9% ag)Pds | < oo
t

Consider the controlled filter process {p?w’o‘,t < s < T} of the controlled process Xt62  which
defines an F"-optional process valued in P,(R"), given for any bounded measurable function ¢ by

el = E[p(XE|FY], t<s< T n=L) €PERY, ac AV, (5.13)
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Notice that X5%® is independent of the increments of W, — Wy, for all » > s. Thus, p5™ is equal
to the conditional law of X5 given FY . denoted by £(XL**|W), and notice that P(dw)-a.s.,
pi™(w) is the law of X4¥(,,w) on (Y, FL,P'). From (LJ), we have the estimate:

E{tgugTWﬂ < CAA+|al?), V(7)€ 0,T]x P,R"),ac AV,  (5.14)

for some positive constant C. One can apply [t6’s formula (B35) to w(s, pi™*) between ¢ and the
FW _stopping time 67 = inf{s > ¢ : |p5™%||, > n}, and obtain:

077,
(HT,,OZZLW) = w(t,m)+ dyw(s, pb™*) + E! [&w(s,pé’”’o‘)(Xs)-b(Xs,as)
t
+ %tr(@m&rw(s pé’ra)(Xs)Jsag(Xs,as))]

4 BB [Rtr (0205, ™) (X, XDy, (X 0)ay (XL, 00)7)] | s
”
+/t El[(‘) w(s, Ma)(Xs)TUW(XS,as)]dWS,

where we set for alleviating notations: Xz = X £,§,a7 and X! is a copy of X, t < s < T, on another
probability space (Q x Q, F' @ F,P'' @ P), with (Q'!, F'1,P'!) supporting V' a copy of V, (recall
that oy is F)”-measurable and thus is a copy of itself). By definition of pi™® and since a is
measurable with respect to 2, the above relation can be written as

¢ o
w(HT,pGZr Y = wt,T) + t {Ovw(s, pi™) + pi™ [L¥w(s, pi™*)] (5.15)
en
+ o™ ® pT (M w(s, p™) ]}d8+/ P [Orw(s, pi™) ()T, (-, ) | AW,

by definition of £% and M® in (59)-(.I0). Now, the integrand of the stochastic integral with
respect to W in (5.15]) satisfies:

2 2
[ (B, o) (o (0] < ( / [omw(s, 5T @) 0y, () 7 (d))
/ ‘87{[0 t7ra ‘2 t7ra / ‘UW($,as)‘2pé’ﬂ’a(dl‘)
n R”

<C1+n*? <00, t<s<OR

from Cauchy-Schwarz inequality, the linear growth condition of o, in (H1), the choice of 6., and
condition (GII)). Therefore, the stochastic integral in (5.15]) vanishes in P-expectation, and we get

E[w(HT,pZZf ]

w(t.) + E| / S7 (8:057%) + P [Lw(s, o)
+ pb™m @ phme [MQS (s, pb™ a)} ds]
o or
< w(t,m) — E[/t o ene)lds]. (5.16)

since w satisfies the Bellman equation (5.8)). By sending n to infinity into (5.I6), and from the
dominated convergence theorem (under the condition that w, f satisfy a quadratic growth condition
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and recalling the estimation (5.14))), we obtain:
w(tr) = B[ [ o elf(au)lds + ol gl
t

- E[/tTf(X;@a,as)ds+g(X;§’C“)] = J(t,§ )

Since « is arbitrary in A, this shows that w(t,7) > U (&), hence w > v.
In the final step, let us apply the same It6’s argument as in (G.I5]) with the control o* in (G.I2]).
Since a attains the supremum in the Bellman equation, we thus get after taking expectation:

T T
w(t, ™) = E[/t P [F (o ad] + o Tl = E[/t FIXEE" af)ds + g(XEST)

which shows that w(t,n) = J(t,&,a%) (< V(t,€) = v(t, 7)), and therefore the required result:
o(t, m) = w(t,m) = J(t¢ o). O

Remark 5.1 (Bellman equation in the space of density functions)

Assume that the probability measure m € P,(R") of the random variable ¢ € L?(F°;R") has a
density 7, i.e. m(dz) = n(z)dz, with n € L?(R"), and to alleviate notations, we set v(t,n) = v(t, )
for the value function defined on [0, T] x L?(R™) or on [0, T x P, (R™). Suppose that v(t,.) is Fréchet
differentiable on L?(R") with derivative D,v(t,n) € L*(R™) by Riesz theorem. As shown in [7],
this derivative is related to the derivative in the Wasserstein space by:

Orv(t,m)(z) = Dy(Dyo(t,n)(z)), andso 8,0.v(t,m)(z) = Di(Dyv(t,n)(z)).

Moreover, if v(t,.) is twice Fréchet differentiable on L?(R™), its second derivative is a self-adjoint
operator on L?(R™), which can be identified by Riesz theorem, as a symmetric function of two
arguments, namely D%v(t,n)(az,x’ ), and it is related to the second derivative in the Wasserstein
space by:

O2v(t,m)(x,2') = DyDy (ng(t, n)(z,z")).

Recalling the definition (B.9]) of the operator £%, we then have
T[L%(t,m)] = /n [Dy (Dyo(t,n)(x)).b(z,a) + %tr(Di (Dyo(t,n)(z)) oo™ (z,a))|n(z)dx
= | Dyo(t, n)()(L*) n(x)de = (Dyo(t,n), (L)) 2 g,
by integration by parts and definition (£I5]) of the adjoint operators (L%)*. Similarly, recalling the
definition (5.I0)) of the operator M*, we have

TR@m[MW(t,m)] = %/Rann tr[Dy Dy (ng(t,n)(x,x'))aw (z,a)oT (2, a)|n(x)n(z")dzda’
1

= 5 /RnXRn D727U(t’T,)(‘rax/)(Ma)*n(x)(Ma)*?](xl)dxdx/

1 a\ * a\*
= §<D%’U(t,7])(M ) 777 (M ) T,>L2(Rn)7
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by integration by parts and definition ([@.I5]) of the adjoint operators (M®)*. Therefore, the Bellman
equation (5.8) is reduced to the Bellman equation in [0, 7] x L%(R"):

ov(t, * * *
Uéttn) + SlelAI? <D"7U(t7 77)7 (La) ,’7>L2 (R™) + %(D?]U(t7 77) (Ma) 777 (Ma) ,’7>L2 (R™)
a

@) e | = 0, O17)
'U(T7 77) = <g, 77> L2 &)’

which is the dynamic programming equation associated to the controlled DMZ equation (7).
A clear advantage of the Bellman approach in the Wasserstein space compared to the classical
Bellman approach in the space of density function, is that it is more general since we do not need
to have a density for the controlled filter process, i.e. the existence of a solution to the controlled
SPDE (7)), which typically requires some uniform ellipticity condition on the diffusion matrix o
(not needed here), see [31] for related results. Moreover, the viscosity property and the uniqueness
result of the value function to (5.I7)) are delicate issues as this Bellman equation in L*(R") is fully
nonlinear with unbounded first and second order terms, and needs to be studied in weighted L2
spaces, see [27] and [2I] for some results. Alternatively, and as investigated in the next section, the
viscosity solutions approach for the Bellman equation (5.8)), when lifted in the space L2(F°;R"),
appears quite convenient and leads to rather general results under mild conditions, again without
any uniform ellipticity assumption. O

5.3 Viscosity solutions

In general, there are no smooth solutions to the HJB equation, and we shall thus consider in this
section a notion of viscosity solutions for the Bellman equation (5.8]) in the Wasserstein space of
probability measures P,(R™). We adopt the approach in [28], and detailed in [I3], which consists,
after the lifting identification between measures and random variables, in working in the Hilbert
space L?(F°;R") instead of working in the Wasserstein space P,(R"), in order to use the various
tools developed for viscosity solutions in separable Hilbert spaces, in particular in our context,
for second order Hamilton-Jacobi equations. We shall assume that the o-algebra F° is countably
generated up to null sets, which ensures that the Hilbert space L2(.7-"°;}Rd) is separable, see [19],
p- 92. This is satisfied for example when F° is the Borel o-algebra of a canonical space €2° of
continuous functions on R4, in which case, F° =V __ F, B’ where (.FSBO) is the canonical filtration

S
on €2°, and it is then known that F°¢ is countably generated, see for instance Exercise 4.21 in

Chapter 1 of [32].
Let us then consider the “lifted” Bellman equation in (0, 7] x L?(F°;R"):

_88_?; +H(E, DU(t,€), D*U(t,€)) = 0 on (0,T) x L?(F°R"), (5.18)
U(T,€) = §(&) = E°g()], €€ L*(F%R"),
where H : L*(F%;R") x L?(F%;R") x S(L*(F°;R")) — R is defined by
HE PT) = —sup{E°[f(&,a) + Pb(E a) (5.19)

a€A

+ 3000, (€ 0N) 0, (€N + 5tr[T(oy, (€00, (€ )]
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with N € L?(F°,R™) of zero mean and unit variance, and independent of £. Observe that when u
€ C3([0,T] x P,(R™) is a (classical) solution to the Bellman equation (5.8)), then its lifted function
v is a classical solution to the lifted Bellman equation (G.I8]).

We then define viscosity solutions for the Bellman equation (B8] from viscosity solutions to
(BEI8). As usual, we say that a function w (resp. v) is locally bounded in (0,7 x P,(R™) (resp.
on (0,T] x L?(F°;R")) if it is bounded on bounded subsets of (0,T] x P,(R") (resp. of (0,T] x
L?(F°;R™)), and we denote by u* (resp. v*) its upper semicontinuous envelope, and by wu, (resp.
v4) its lower semicontinuous envelope. More precisely, concerning for instance v we have

vk(t,€) = liminf v(s,¢) and v (t,§) = limsup v(s,§)
(s)—(t.8) (s,m)—(t.8)
s<T s<T
for all (¢,&) € (0,T] x L*(Fo;R™).
We denote by C;foc((o, T) x L?(F°;R™)) the set of real-valued functions ¢ on (0,T) x L?(F°; R")

which are C12((0,T) x L?(F°;R™)) in the sense of Fréchet, and ¢, together with its derivatives aa—(’:,
Dy, D%y, is bounded on bounded subsets of (0,7) x L?(F°;R"™).

Definition 5.1 We say that a locally bounded function w : [0,T] x P,(R") — R is a viscosity
(super, sub) solution to (BR) if its lifted function v : [0,T] x L?(F°;R™) — R is a viscosity (super,
sub) solution to the lifted Bellman equation (5I8), that is:

(i) v(T,.) > g, and for any test function ¢ € Cé’foc((O,T) x L2(F°;R™)) such that v, — ¢ has a
minimum at (t,,&,) € (0,T) x L*(F°;R"), one has

Oy

_E(tmgo) +H(govD‘;D(tmgo)sz‘p(to’go)) > 0.

(ii) v*(T,.) < g, and for any test function ¢ € C;’foc((O,T) x L2(F°;R™)) such that v* — ¢ has a
mazimum at (t,,&,) € (0,T) x L*(F°;R"™), one has

Oy

_E(tmgo) +H(govD‘;D(t07£0)7D290(t07£o)) < 0

Remark 5.2 Notice that every test function in Definition 5]is also a test function in the sense
of [2I] (see Definition 3.32 in [21I]). This will allow us to deduce a uniqueness result for viscosity

solutions to the lifted Bellman equation (5.I8]) from Theorem 3.50 in [21]], see Theorem [5.2] below.
O

The main result of this section is to prove the viscosity characterization of the (inverse-lifted)
value function v in ([@I7) to the Bellman equation (B.I8]), hence equivalently the viscosity charac-
terization of the value function v in (L3]) to the lifted Bellman equation (B.I8]). In addition to the
standing conditions (H1)-(H2), we shall make a uniform continuity assumption on the running
gain function.

H3) There exists some modulus m¢ (namely, m¢ > 0 and m¢(§) — 0 when § goes to zero) such
f f f
that for all z,2' € R", a € A,

[f(z.a) = f(@' )] < my(le—2]).
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Theorem 5.2 The value function U in ([L3)) is the unique viscosity solution to the lifted Bellman
equation (0.I8)) satisfying a quadratic growth condition (L4). Moreover, U is continuous on (0,T) x
L3(F°;R™).

Proof. Step I. Viscosity property. Let us first reformulate the randomized dynamic programming
principle (28] for the lifted value function ¥ on (0,7 x L2(F°; R™). For this, we take a copy V of
V on the probability space (Q°, F°,P°), and given (t,&,a) € [0,T] x L2(F°;R") x A, we consider
on (Q =X F=FQFP=Pg [P) the solution Xt6a t < s <T, to the equation

e = o [ i [o (RS Y+ [ o (RS LW, << T,
t t t

Thus, X549 is a copy of X“$® on (€, F,P), and denoting by Xﬁ’g’a(w) = Xﬁ’g’a(.,w), t<s<T,we
see that the process {X1%% t < s < T} is FW#tprogressive, valued in L2(F%; R"), and £(X5%(w))
= pi™%w) for m = L(€). Therefore, the lifted value function on [0,7] x L2(F°;R") satisfies
U(s, X5 = (s, pi™*), t < s < T. By noting that p5™[f(., )] = E° [f(Xﬁ’s’a,as)], we obtain
from (28] the lifted DPP: for all (¢,£) € [0,T] x L?(F°;R"),

0
v(t,§) = sup supE”’t[/ E°[f(Xe5 10")]ds + U(H,Xfﬁ“)}
VEVW#M [ t
0
= suwp infE”’t{ / E°[f(Xe50, 10%))ds + v(e,X;’f’“)}, (5.20)
VGVW%t t

for any a € A, with  varying in the class of FW'*!_stopping times valued in [t, T].
(1) Supersolution property on (0,T) x L*(F°;R"). Let (t,,&,) € (0,T) x L2(F°;R"), and let ¢ €
C;’lzoc((O,T) x L?(F°;R")) be such that

0 = (Vs —)(t,,£) = i Uy — 0)(t,€). 5.21
V=@t &) = | omin (0, = 9)(06) (521)

By definition of U.(¢,,&,), we have

m—r0o0

(tn:n) "5 (6,6)  and  U(t,.€,) T Ukt &),

for some sequence (¢ ,€&. ). in (0,7) x L?(F°;R™). From (5:21)) and the continuity of ¢,

m
m—r0o0

me = U(t'nﬂfm) _go(tm?é:m) — 07

Fixa € A, and let 7,,: Q — [t ,T] U {+oc} be the FW#tm_stopping time given by

m)

m

7, (w) = inf{sZtm:EO[|X§m’£M’“(w)—§m|2]l/2 > 77/2},

with the convention inf () = +o00, where 7 is some positive constant. Let also (h, ), be a sequence
of strictly positive real numbers such that

Yo M—00

0 and o — 0.

m

h m—r0o0

m

By the dynamic programming principle (5:20]), we obtain

G’UL ~ ~
Ot 8) 2 B | [ B (Rt ) s + (6, X )|
t

m
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for any v €V,, . where 6, =17, A(t, +h,)AT,,, and T, denotes the first jump time of

I'm>@ In particular, we take v = 1, so that E¥'m is the expectation E with respect to P. Equation
(52T)) implies that U > v, > ¢, thus

0,
(lp(trrmg'm) +’Ym 2 E|:/ Eo[f(Xm7§m7 7I§m7a)]ds + (p(977L7Xm7£m’ ) ° (522)
t

m

On the other hand, applying Ito’s formula (5.7) to ¢(-, X' ’§7”’a) between ¢ and 6, , we obtain

Vt"“ - m 8@
D0, X)) = @t 6,) +

T

m

(S Xt7rL7€m7 )d

0,, § i
+/ E° [D@(SvX?”’Sm’“).bs(Xﬁm@mv“,[gm,a)]ds
t

m

0
m 1 . - -
[ B [yt XS0 (RSt 1)) o (R o, 1) ]

m

6
m 1 . ~ 5
i / B2 [Str[D2p(s, Xim m ) (@l (X, 1lm)) oV (X, plm-)] | ds

m

0,,
+ / E°[Dep(s, Xlmm @)1 lV (Xtmtmoa [lm)] qW,,
t

m

for any Gaussian random variable N € L?(F°;R™) independent of (V,¢, ), with zero mean and
unit variance. Without loss of generality, we assume that N is independent of £, for every m.
Therefore, taking expectation in (5.22]), and noting that the stochastic integral with respect to W
vanishes by the localization with the stopping time 6, we get

IVm 1 em 6(70 v i § a
- _E|— _r X tmoSm>
e o AL

1 [Om 5 8
+E[ i [B| - Do, Kt ), (Kl o, 1)
S

1 . ~ -
— 5Dl X oint) (0¥ (Xl o, Tl )N, g (Xlmo&n?, Tt

1 . _ ~
o §tI‘ |:D2(’D(S, X;fm 75m ,a) (O.;/V (sz 75m 70«’ Igm 7“))‘0.?/ (sz 7§m 751’ Igm 70,)]

Now we notice that, P-a.s., I;™" = a for r € [t, 6, ]. Moreover, E[EOHsz’fm’a - §m|2]] — 0
therefore, up to a subsequence, EOHXtm’gm’a(w) - &, 2] — 0, P(dw)-a.s., so that, P(dw)-a.s

6, (w)=t, +h, when m is sufficiently large (m > M (w)). Thus, by the mean value theorem, the
random varlable inside the expectation E in ([5.23]) converges P-a.s. to

- _(tm go) E? [D(P(tovfo)'bto (607 CL) + %D290(t07 50)(022 (607 G)N)'UX (607 a)N
45t [D%(t &) (01 (&, )0l (€,0)] + 7600

when m goes to infinity. Then, by the Lebesgue dominated convergence theorem, we obtain from

©.23)

- E(tovfo) - E° |:D90(t07€o)’bt0 (gov a) + %D2¢(to=§0)(0¥(€ov G)N)-Uzg (507Q)N
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+ 5Dl &) 0 (6 a)) ol (6 a)] + 76 a)] > 0

The claim follows from the arbitrariness of a € A.

(2) Supersolution property: terminal condition. Fix &, € L*(F°;R™) and let us prove that v, (T, &,)
> §(&,). From the definition of V. (T,¢,), we have

(b)) =5 (T0&)  and V(L) =5 U(T,6),
for some sequence (¢, ,¢ ), in (0,7) x L?(F°;R"). Fix a € A. By the dynamic programming
principle (5:20]),
T
u(t,,§,) = sup E"’t’"[/ EO[f(X{mm® I )| ds + EO[Q(XtTm’gm’a)}]
VGVW»M»tm t,
T B -
> E[ | E LRt g s + Eo[g(XtTm’gm’a)]], (5.24)

t

m

where the inequality follows taking v = 1. Now, from the quadratic growth condition (H2) and
estimate (B.6]), we obtain

T
E[/ E"[f(Xﬁm’fm’“,Iﬁm’a)]ds] 0.
t

m

On the other hand, from the continuity of g and the fact that E [EO HX;"“%’G =&, ‘2]] — 0, it follows
that g(X;m’g"“a) converges in P ® P°-probability to g(§,). By the quadratic growth condition (H2)
and estimate ([B.6]), we obtain from (5.24]), using the Lebesgue dominated convergence theorem,

VT,&) = lim U(t,,6,) > lim E[E[g(X )] = lim E[g(Xa")] = 4(&,).

m—o0 m—0o0 m—o0

(3) Subsolution property on (0,T) x L2(F°R"). Let (t,,&,) € (0,T) x L2(F°R") and ¢ €
CL2 ((0,T) x L3(F%R™)) be such that

0 = (V" —p)(t = U —p)(t,§). 5.25
(V" =), &) (t,@e(o,%lffzgo;w>( ©)(t, ) (5.25)

Without loss of generality, we can assume that (¢,,¢,) is a strict maximum of U* — ¢. Then, for
any n > 0, we can define 5(n) as follows:

max (V¥ — = —f < 0,
aB((t()iE())in)( gp) (T,)

where

OB((tos&)im) = {(£:6) € (0,T) x LAFR™): max (|t — £, E°[|¢ — &, 1)%) = n}.
We will proceed by contradiction, assuming that

Dy

ot

Then by the continuity of the function H on the interior of its domain, there exists n > 0, with
corresponding 3(n) > 0, and ¢ € (0, B(n)] such that

(tmgo) +H(£07D(p(t07£0)7D2(10(t07£0)) > 0 (526)

¢

~ o (t.€) + H(E, Dep(t,€), D*p(,€)) > e, (5.27)
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for all (£,€) € B((t,, &)in) = {(t,€) € (0,T) x LAF*R™): [to —t| < n, B°[€ — & )] * < n}.

By definition of V*(¢,,¢&,), there exists a sequence (t,,,&,,),, taking values in B((¢,,&,);n) such
that

(t'nﬂ Sm) mi;o (t07 60) and U(tm7 gm) mj}o U*(t07 60)
By the continuity of ¢ and using (5:25]), we also obtain

m—r0o0

me = U(t'nﬂfm) _go(tm?é:m) — O

Fix a € A. Using the dynamic programming principle (520, we find

97” ~ ~
V&) < s B0 ][RR 1) s v, X )],
t

VGVW%tm m

with 6, := 7 AT, where 7, :=inf{s >t : (s, Xim ,§m,a) ¢ B((t,,&,);n/2)}. In particular, recalling
(E.235)), there exists v,, €V, , such that

QO(tm ? Sm) + me

0., _ .
< mmtn | [ B[RS, L ds (8,0 Ky ) = B L | + 5T 1)

Applying Ito’s formula (5.7) to o(-, X' ’g"“a) between ¢, and 6, , we get

m)

Yoo = ST —t,) ~ Bt [ / 722 o, Ky s + B B 1,y 6, — )
Bt | [ B[ (Rl 1) £ Dl K )., (R,
%132@(3,X;mvémva><o—r<xfszmﬂ,f;mvaw).ar (Ximemt, Iim )N
gD (s, X ) oY (Rt ) o2 (RfS, 1] 5]
—EVmtm [ /t o F° [Dgp(s,f(;m L T W (X tmotmoa, Iﬁm’“)] dWs] < 0. (528
Denote 7

LY PT) = E°[f(&b) + Pb(E,b) + 5T(0 (&, 0)N).0, (£, b)N + 5tr[[ (0, (€,)).0, (£, )]
for every (¢, P,T,b) € L?(F%R"™) x L?(F%R") x S(L*(F°;R")) x A, for any Gaussian random

variable N € L?(F°;R™) independent of (V, &), with zero mean and unit variance. Notice that

H(E,P,T) = — sup LO(&, P,T).
beA

Therefore, inequality ([5.28]) reads

bm (0 . t 0 § y
gt | [ (58 Xl < £ (5, i, X ), Dl K ) ) ]|

E 12
+ Vo — §(T —t,,) + B E [ o1y (0, —t,)] < 0. (5.29)

m
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Notice that

= B8 s, Koty — L1 (5, Dipls, X6, Dp(s, Xl )
> —({;—f(s,f(ﬁm Sm @) IS)EE Eb(s, D(s, XlmAm:®) D2 p(s, Xlm &)
= 5, X ) 4 H (s, Dip(s, Xl $), D5, Xt )) > e,
where the last inequality follows from (B.27). Therefore (5.29]) yields
Y= 5(T—t,) S =Bt [0, —t,] = B E'n L o1y (0, —t,,)]

< —eRBVmitmlh —t ] —gRVmitm [1{Tm <T} @, — tm)}
= —¢€ EVm,tm [1{9m:T} (em - tm)] = —¢ (T - tm)

£

Sending m — oo we get the contradiction —5(T" —t,) < —e(T' —t,).

(4) Subsolution property: terminal condition. Fix &, € L?(F°;R") and let us prove that v*(T,&,)
< g(&,). From the definition of U*(T,¢,), we have

(&) ™ (T,&) and  U(,.&,) ™= VT,

for some sequence (t,,,¢, ), in (0,7) x L*(F°R"). Fix a € A. By the dynamic programming

principle (5:20),

T
v(t,,§,) < sup E¥m EO[f(Xlm&m [tm9)]ds + E°[g(Xlm ]|
m m T

I/va%tm tn
In particular, given ¢ > 0, there exists v,, € V,;, prty, such that
T o St
U(trrmgm) é Emetm |:/ E° [f(X;m»gmva’Igmya)]ds + E° [g(Xz;rrL75m7a):|:| +e. (530)
tm

From the quadratic growth condition (H2) and estimate ([B.8]), we obtain

T T
E¥Ym b, |: / E° [f (Xgm Em 70” I;m 7a)] d8:| — / Eym b, [f (sz Em 7a’ Izm 70’)] ds miio 0.
t t

m m

On the other hand, by standard estimate on X164 we notice that

Sup El/,tm [EO HX;:?L 7§m @ _ EO ‘2]] mﬂo 0,

VEVW,u,tm

which implies from the quadratic growth condition (H2) and the continuity of g that

sup Eu,tm [EO Hg(X;mvgwwa) _ g(go) H] mﬂo 0.

vey
€ Wit

Hence, letting m — oo in (£.30),

U*(T7£O) < Eo[g(go)] +te = §(£0)+€-
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The claim follows from the arbitrariness of e.

Step II. Uniqueness and continuity of U. In view of our definition of viscosity solution, we have
to show a comparison principle for viscosity solutions to the lifted Bellman equation (B.I8]). We
use the comparison principle proved in Theorem 3.50 in [2I] and check that the hypotheses of this
theorem are satisfied in our context for the lifted Hamiltonian H defined in (5.19). Notice that the
Bellman equation (5.I8)) is a bounded equation in the terminology of [21I] (see their section 3.3.1)
meaning that there is no linear dissipative operator on L?(F°;R") in the equation. Therefore, the
notion of B-continuity reduces to the standard notion of continuity in L?(F°;R™) since one can take
for B the identity operator. Their Hypothesis 3.44 follows from the uniform continuity of b, o, and
fin (H1) and (H3). Hypothesis 3.45 is immediately satisfied since there is no discount factor in
our equation, i.e. H does not depend on ¥ but only on its derivatives. The monotonicity condition
in I' € S(L?(F°;R")) of H in Hypothesis 3.46 is clearly satisfied. Hypothesis 3.47 holds directly
when dealing with bounded equations. Hypothesis 3.48 is obtained from the Lipschitz condition
of b,o in (H1), and the uniform continuity condition on f in (H3), while Hypothesis 3.49 follows
from the growth condition of ¢ in (H1).

We can then apply Theorem 3.50 in [2I] and deduce that given any other viscosity solution 1
to the lifted Bellman equation (.I8]) we have:

Ve > U and Uye > V¥,

on (0,7] x L*(F°;R"). Since U* > U, and U* > U, we get U, = U* = U, = U* on (0,T] x
L?(F°;R™). We conclude that U = U* = U, and U = U* = U, are continuous on (0, T) x L?(F°;R™)
and U = on (0,T) x L*(F°;R"™). O

6 Application: a partially observed non Gaussian L(Q model

We consider a model where the observation process (O;); valued in R? is governed by a diffusion
process driven by the d-dimensional Brownian motion W':

dO;y = k(Op)dt +~(0y)dW;, t>0, Oy € RY

Under suitable standard assumptions on s and the invertible matrix coefficient v, there exists a
unique strong solution to the above SDE for O, and the observation filtration FO generated by O is
equal to F, the natural filtration of W. We then consider a model (ILT)) for the controlled signal
process X = X governed by the m-dimensional (unobserved) Brownian motion V = (V1,... V™)
and the d-dimensional Brownian motion W = (W1, ..., Wd), with linear dynamics:

dX; = (bo+ BXi+ Cap)dt+ Y (v, + D! Xy + Flay)dVy

i=1

(v + DI X, + Fl ay)dWi, 0<t<T, Xo=umgeR", (6.1)

d
=1

+
J
and control o € AW, valued in A = RY, and progressively measurable with respect to FO = FW,
Here, by, 73, 73‘/ are constant vectors in R", B, Df/, D{/'V, are constant matrices in R"*", C, F"'/,
ng are constant matrices in R”*4. Notice that due to the affine terms in the diffusion coefficients,
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the pair of processes signal/observation (X, W) is not Gaussian (even in the absence of control),
hence we do not have a finite dimensional representation of the filter process (law of X given W)
as in the Kalman-Bucy filter. The cost functional to be minimize over a € AW is

T
J@) = E| /0 (XIQXi+ o Nay)dt + XPXr| = vo= inf J(@).  (62)

where @, P are constant valued in S™, the set of symmetric matrices in R™*" and N is constant
valued in SY. We shall make the following assumptions on the coefficients of the model:

(C1) Q, P, N are nonnegative a.s.
(C2) One of the two following conditions holds:

(i) N is uniformly positive definite i.e. N > d1,, for some ¢ > 0,

(ii) P or @ is uniformly positive definite, and F‘Z/ is uniformly nondegenerate, i.e. ]F‘Z/] > §;, for
some i = 1,...,m, and §; > 0.

We cannot use the classical results in [6] for the linear quadratic (LQ) Gaussian partial observa-
tion framework, and instead we show how one can derive explicit solutions by solving the Bellman
equation (B.8]) in our non Gaussian LQ model (GI)-(62]). Let us introduce some notations. For

any m € P,(R"), we denote by
o= / xm(dr),

and define the functions on P,(R™) x S™ and P,(R™) x R" by:

Var(m, k) = / (x —7)k(x — m)m(dz), weP,(R"), keS"
vo(m,l) = 7Um, weP,(R"), LeS"
vi(my) = y'w, wEP,(R"), y eR™

We look for a value function solution to the Bellman equation (5.8]) in the form
w(t,m) = Var(m K(t)) +va(m, At) + vi(m, Y (¢)) + x(¢), (6.3)

for some functions K, A € C1([0,T];S"), Y € C([0, T];R"™), and x € C*([0,T]; R) to be determined.
One easily checks that w lies in CI} 2([0,T] x P,(R™)) with

Opw(t,m) = Var(u, K'(t)) + va(m, A'(t)) + vi(m, Y'(2)) + X/ (1),
Orw(t,m)(x) = 2K(t)(z —7) 4+ 2A)7 + Y (2),
0. 0rw(t,m)(x) = 2K(t),
Rw(t,m)(x,2') = 2(A(t) — K(1)).

Together with the quadratic expression of the running and terminal costs f, ¢ in (6.2]), and the
linear form of the drift coefficient b, and diffusion coefficients o, o, in (6.1I]), we then see after
some tedious but direct calculations that w satisfies the Bellman equation (B5.8]) iff

Var(m, K(T)) 4+ vo(m, A(T)) + v1(m, Y (T)) + x(T) = Var(m, P)+ ve(m, P), (6.4)
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holds for all m € P,(R™), and

m d
Var(m, K'(t) + Q + Y _(DL)TK(t)D%, + Y (DI ) K (t)DJ + K(t)B + BTK(t))
i=1 j=1

+ v (m, N (t +Q+Z D) K(t)D! +Z DI YTA()D? + A(t)B + BTA(t))

i=1 7=1
m d
oy (m, Y/ () + BTY () + > 2DL)K (), +2> (D1 )TA(E, + 2A(t)bo)
i=1 Jj=1

m d
+ X)) + YO o+ Y _(5) KM, + D _(1,)"AD, + inf GT(a)
i=1 j=1
= 0, (6.5)
holds for all ¢ € [0,7"), 7 € P,(R"), where the function G : R? — R is defined by

Gf(a) = a'T(K(t),A(t))a+ [2U(K(t),At))" 7 + R(K(t),A(t),Y (t)]a

with 4
D(k,0) = N+ (F)EF. +> (Fl)tF),
=1 7j=1
Uk, ) = Y (DL)TkF!L +> (D) UF] 4 (C (6.6)
=1 =1
R(k,Ly) = > 2F)kv, + Y 2(F),) ), +Cy,
\ i=1 j=1

for (k,¢) € S™, y € R™. Then, under the condition that the symmetric matrice I'(k,¢) is positive
definite in S7 (this will be checked later on), we get after square completion:
Gi(a) = (a—a(m K(t),A®),Y (£))T(E(t),A(t))(a — alm, K(t),A(t),Y (1))
— vp(m, U(K (1), A(£))T (K (8), A(£))U (K (1), A(t)))
— o1 (m, UK (8), AT (K (£), A1) R(K (1), A(t), Y (1))
- iRT(K(t%A(t)’Y(t))T (K (1), A())R(K(2), At), Y (¢))

A/_\

), A
), A

)

with
alm ke by) = —r—l(k,e)[UT(k,e)ﬂ%R(k,e,y)} (6.7)

This means that GT attains its infimum at a(m, K (t), A(t), Y (t)), and plugging the above expression

of GT(a(m, K(t),A(t),Y (t))) in (6X]), we observe that the relation (6.4)-(G.5]), hence the Bellman
equation (B.8)), is satisfied by identifying the terms in Var(w,.), va(m,.), vi(m,.), which leads to the
system of ordinary differential equations (ODEs) for (K, A,Y, x):

m d
K'(t)+Q+ > (DLyTK ()DL +> (DI VK (t)DI, + K(H)B+ B'K(t) = 0

o9

K(T) = P,
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m d
N(t)+Q+ > (DL)K()D! +> (DI )A®t)DI, + A(t)B + BTA(t)

i=1 j=1 (6.9)

— UK (1), A@))L 1K (1), A®)U(K(1),A()) = 0

AT) = P,
m d
Y/(t) + BTY (t) + > 2(DL)TK(t)y], 42 (DL ) Ay, + 2A(t)bo

i=1 j=1 (6.10)

— UK (1), A[))DHK (1), A1) R(K (1), A(t),Y (1)) = 0,

Y(T) = 0

m d
X(t) + Y () b+ > (Vo)K@ + Y (v, ) A1),
i=1 =1 (6.11)
TRTK (1), A(t), Y ()T (K (), A(#))R(K (1), A(t),Y (1) = 0,

x(T) = 0.

Let us now show, under conditions (C1) and (C2), the existence (and uniqueness) of a solution

to the above system of ODEs. Notice that this system is decoupled:

(i)

One first considers the linear ODE (6.8)) for K, which is symmetric (in the sense that the ODE
for K7 is the same). Since the terminal condition P is nonnegative as well as the running
term @ under condition (C1), it is clear that there exists a unique solution K € C'([0,T],S")
to ([6.8]), and this solution is nonnegative.

Given K, we next consider the ODE for A with generator £ € S" — Q+ > (D! )TK (t) D, +
Z?ﬂ(ng)WD&, +{B+ B — Up(Ky, £, 2)T 7 (K, ) U (K4, £, z) € S*, and terminal condition
P. This is a Riccati equation, and it is well-known (see e.g. [9]) that it is associated to a
stochastic standard LQ control problem with controlled linear dynamics:

d
dXt — (BXt + Cat)dt + Z(D‘J/‘/Xt + Févat)thj,
j=1

and quadratic cost functional

T
JE () = E[ /0 (X]Q" )Xy + o] N (t)oy + 2XT M (t)ay)dt + X;PXT},

where QX (t) = Q+) (D! ) K(t)D,,, N¥(t) = N+Y  FIK(t)F., MX(t)=> (D, ) K (t)F,.
i=1 i=1 i=1

Under the condition that N¥ is positive definite, we can rewrite this cost functional after
square completion as

T
JE() = E[ / (X:Q" (1) Xy + &]N™ (t)ay)dt + X;PXT},
0
with Q¥ (t) = QX (t) — MN(&)(N¥ (1))~ (M (1), ar = ay + (NX ()" (M (t))7X;. By
noting that QK (t) > @Q, it follows that the symmetric matrices QX and P are nonnegative

under condition (C1), and assuming furthermore that N K is uniformly positive definite, it is
known from [37] that there exists a unique solution A valued in S™ to this Riccati equation,
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with A being nonnegative. This implies in particular that T 1 (K (t), A(t)) is well-defined.
Since K is nonnegative under (C1), notice that the uniform positivity condition on N¥ is
satisfied under (C2): this is clear when N is uniformly positive definite (as usually assumed
in LQ problem), and holds also true when one of the F‘Z/ is uniformly nondegenerate, and K
is uniformly positive definite, which occurs when P or () is uniformly positive definite from
standard comparison principle for the linear ODE for K.

(iii) Given (K, A), it is clear that there exists a unique solution Y valued in R™ to the linear ODE

(G10).
(iv) Finally, given (K, A,Y’), the equation for x is explicitly solved as
w = [ Ve 0K+ Y08 Ak,
t i=1 j=1
1
—ZRT(K(S),A(s),Y(s))F_l(K(s),A(s))R(K(s),A(s), Y(s))]ds, 0<t<T.

By misuse of notation, we set: a(t,7) = a(mw, K(t), A(t),Y (t)), which is linear in 7, and we see
that there exists a unique solution X to the linear stochastic McKean-Vlasov equation:

dX; = (bo+ BX,+a(t, E[Xo[W])dt + Y (v, + D% Xy + Fla(t, E[X,[W])dVy
=1

(7, + Di X+ P a(t E[X W)W, 0<t<T, Xo=go€R".
1

d
+

J

From the verification theorem [5.I] we conclude that an optimal control for (6.2]) is given by
a;fk = d(t7E[Xt|W])v 0<t<T,
_ ; 1
= —TTHE (), A®)[UT(K(8), ARG W] + SR(K (), A1), Y (1))],

while the optimal cost (at time 0) is given by:

Vo = w(O,(SxO) = azaA(O)xo —|—Y(O)T$0 —I-X(O).
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