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Abstract

In the 1980s, Helffer and Sjostrand examined in a series of articles
the concentration of the ground state of a Schrodinger operator in the
semiclassical limit. In a similar spirit, and using the asymptotics for
the Szeg6 kernel, we show a theorem about the localization properties
of the ground state of a Toeplitz operator, when the minimal set of
the symbol is a finite set of non-degenerate critical points. Under the
same condition on the symbol, for any integer K we describe the first
K eigenvalues of the operator.

Contents

1 Introduction 2
1.1 Motivations . . . . . .. ... ... 2
1.2 Kahler quantization . . . ... ... ... ... ... .... 4
1.3 Mainresults . . . . . ... Lo 6
1.4 Methods — semiclassical properties of Kéahler quantization 8
1.5 Outline . . . ... . . ... .. 9

2 The Szeg6 projector 9
2.1 Bargmann spaces . . . . . ... .o e e e e 9
2.2 Semiclassical asymptotics . . . . .. ... 11
2.3 Universality . . . .. ... .. ... o 14

*deleporte@math.unistra.fr
This work was supported by grant ANR-13-BS01-0007-01



3 Toeplitz operators 15

3.1 Calculus of Toeplitz operators . . . . . ... ... ... ... 15
3.2 A general localization result . . . . .. ... ... ... ... 16
3.3 Quadratic symbols on the Bargmann spaces . . . . . . . .. 18
4 The first eigenvalue 21
4.1 Existence . . . . . ... 21
4.2 Positivity . . ..o 29
4.3 Uniqueness and spectral gap . . . . . . . .. ... ... ... 30
4.4 End of the proof . . ... ... ... ... .. ... ... 32
5 Eigenvalues in a scaled window 33
5.1 Approximate eigenvectors . . . . . . . .. ... ... 33
5.2 Uniqueness . . . . . . . . . . 34
6 Acknowledgements 35

1 Introduction

1.1 Motivations

In classical mechanics, the minimum of the energy, when it exists, is a
critical value, and any point in phase space achieving this minimum corre-
sponds to a stationary trajectory. In quantum mechanics, the situation is
quite different. A quantum state cannot be arbitrarily localized in phase
space and occupies at least some small amount of space, because of the
uncertainty principle. Nevertheless, due to the correspondence principle,
one expects the quantum states of minimal energy to concentrate, in some
way, near the minimal set of the Hamiltonian, when the effective Planck
constant is very small.

In a series of articles [17, 18, 19, 20, 21], Helffer and Sjostrand considered
the Schrédinger operator P(h) = —h?A + V, acting on L?(R"), where V
is a smooth function. If V' is smooth, bounded from below and coercive,
then the infimum of the spectrum of P(h) is a simple eigenvalue. Helffer
and Sjostrand then studied the concentration properties of associated unit
eigenvectors, named ground states, in the semiclassical limit 7 — 0. It is
well known that the ground state is O(h*°) outside any fixed neighbourhood
of {x € R",V(z) = min(V)}. If there is only one such z, then the ground
state concentrates only on x. But if there are several minima, it is not clear
a priori whether the ground state is evenly distributed on them or not.



In the first articles [17, 18, 19], the potential V' is supposed to reach
its minimum only on a finite set of non-degenerate critical points, named
“wells”. It is proven that only some of the wells are selected by the ground
state, that is, the sequence of eigenvectors is O(h>°) outside any fixed neigh-
bourhood of this subset of wells. The selected wells are the flattest ones,
in a sense that we will make clear later on. Sharper estimates lead to a
control, outside of the wells, of the form exp(—Ch™!), where C is expressed
in terms of the Agmon distance to the selected wells. Moreover, when the
potential V' has two symmetric wells, the ground state “tunnels” between
these wells, so that there exists another eigenvalue which is exponentially
close to the minimal one.

In the two last papers [20, 21|, the potential V' is supposed to reach its
minimal value on a submanifold of R™. Again, it is easy to prove that the
ground state concentrates on this submanifold. From this fact, a formal
calculus leads to the study of a Schrodinger operator, on the submanifold,
with an effective potential that depends on the 2-jet behaviour of V near
the submanifold. The authors treated the case of an effective potential
with one non-degenerate minimum, which they call the miniwell condition.
In this case, the ground state concentrates only at the miniwell. On the
contrary, when the minimal submanifold corresponds to a symmetry of V,
the ground state is spread out on the submanifold.

This is an instance of what is called quantum selection: not all points in
phase space where the classical energy is minimal are equivalent in quantum
mechanics. When there is a finite set of minimal points, only some of them
are selected by the ground state. Similarly, when the minimal set is a
submanifold, the ground state may select only one point (or not). The
series of articles [17, 18, 19], and also [34, 35] were adapted to more general
pseudodifferential operators [16, 30, 38]. In the physics literature, these
effects are believed to appear in other settings; for example, the miniwell
condition was used in [14], without mathematical justification, to study
quantum selection effects for the Heisenberg model on spin systems, when
the classical phase space is a product of 2-spheres. However, the arguments
used by Helffer and Sjostrand depend strongly on the fact that they deal
with Schrédinger operators, when the phase space is T*R"™. Thus, it is a
priori not clear to which extent the quantum selection can be generalised
to a quantization of compact phase spaces.

We propose to study the Kéhler quantization, which associates to a
symbol on a phase space a Toeplitz operator. In the particular case of
the coordinate functions on S? = CP*!, the Toeplitz operators are the spin
operators [5], so that our approach contains the physical case of spin sys-



tems. In this article we prove (Theorem A) that quantum selection occurs
in the case of wells, with O(h*°) remainder, extending some of the results of
[17, 18, 19]. The case of miniwells is in preparation. Exponential estimates
will be the object of a separate investigation.

1.2 Kahler quantization

When a compact symplectic manifold is endowed with a Kéhler structure,
there is a natural way to define a quantization scheme, which is compatible
with abstract geometric quantization [26, 36].

Definition 1.1. A Kéihler manifold is a complex manifold M where the
tangent space at each point is endowed with a hermitian metric, i.e. an
inner product, whose imaginary part is a closed 2-form on M.

In particular, a Kéhler manifold has both a symplectic and a Rieman-
nian structure, which are respectively the imaginary part and the real part
of the inner product.

Let L be a holomorphic complex line bundle over a Kéhler manifold
M, and h denote a hermitian metric on L. Let w denote the imaginary
part of the hermitian metric. There exists a unique connection (the Chern
connection) compatible with A and the complex structure. We wish to
consider a prequantum bundle (L, h), such that the curvature of the Chern
connection is —iw. This is always locally possible, but the global existence
of a prequantum bundle is equivalent to the fact that w/27 has integral
cohomology class (see for instance [40], pp 158-162, or Prop. 2.1.1 of [26]).
From now on we suppose that w/27 has integral cohomology class, and we
let (L,h) be a prequantum bundle.

There are two equivalent formulations for the basic objects of Kéahler
quantization, one dealing with holomorphic sections of powers of line bun-
dles [9, 10, 27], the other using equivariant functions on a circle bundle, the
Grauert tube [7, 41, 33]. In this article we use the circle bundle approach.

Let L* denote the dual bundle of L, with h* the dual metric. It is itself
a Riemannian manifold. Define

D ={(m,v) € L*, h*(v) < 1}
X =0D = {(m,v) € L*, h*(v) = 1}.
Then X is a circle bundle on M, with a S'-action on the fibres 7y :
(m,v) — (m,ev). We will also denote by 7 the projection from X onto

M. As X is a submanifold of a Riemannian manifold, it inherits a volume
form. Since (L, h) is a prequantum bundle, D is pseudoconvex, and the



volume form on X coincides with the Levi form. The scalar product on
L?(X) is related to the one on L?(M) via the S! action. Indeed, if sg
denotes any smooth section of X, one has, for any u,v € L?(X):

(u,vy = //SIXMﬂ(rgso(m))v(rgso(m))dﬂdm.

Let us consider the Hardy space, defined as follows.

Definition 1.2. The Hardy space on X, denoted by H(X), is the closed
subspace of L?(X) consisting of functions which are boundary values of
holomorphic functions inside D. The orthogonal projector from L?(X)
onto H(X) is denoted by S, the Szegd projector.

Using the S! action, the space H(X) can be further decomposed. For
N € N, an element f of H is said to be N-equivariant when, for each z € X
and @ € S', there holds f(rgz) = €V’ f(z). The space of N-equivariant
functions is denoted by Hy(X); then H(X) is the orthogonal sum of the
different spaces Hy(X) for N > 0. We will call Sy the orthogonal projec-
tion on Hy(X). Then the Schwartz kernel of Sy is itself N-equivariant,
that is:

S (roz, rgy) = N0 S (2, y).

For every N, the space Hy(X) is finite-dimensional, the dimension
growing with N. To see this, note that the trace of Sy is finite as a
consequence of Proposition 2.3. It also comes from the fact that Hy(X)
can also be formulated as a space of holomorphic sections of an ample line
bundle over the compact manifold M.

Now we define the Kdhler quantization, which associates to any smooth
function f on M a sequence of operators (Tn(f))nen:

Definition 1.3 (Toeplitz operators). Recall 7 : X — M is the natural
projection. If f € C°°(M) is a smooth function, one defines the Toeplitz
operator with symbol f as the sequence of operators T (f) : u — Sy (7*f u)
from Hy(X) to itself.

In this article we are interested in the asymptotics, as N — —+oo, of
Toeplitz operators and their eigenvectors. Alternative conventions exist
for the quantization (associating an operator to a symbol), though they
define the same class of operators. The convention of Definition 1.3 is
sometimes called contravariant [3, 10]. The reason for this choice is that
we rely crucially on the positivity condition: if f is real and nonnegative,
then T (f) is nonnegative.



For any N, the operator Ty (f) acts on a finite-dimensional space, more-
over for real-valued f this operator is obviously self-adjoint. Thus, the
spectrum of T (f) consists only of a finite number of eigenvalues, each of
which having a finite multiplicity. We will call the “lowest eigenvalue” the
minimum of the spectrum of a Toeplitz operator.

We slightly extend the definition of Toeplitz operators in order to deal
with the Kéhler manifold M = C", which is not compact. This does not
affect the definitions of Hy (M, L) and Sy, except that the space Hy(C", L)
has infinite dimension in this case. If f € C°°(C"), one can define the
Toeplitz operator Tfyat( f) as an unbounded operator, and it is an essentially
self-adjoint operator with compact resolvent, at least when the symbol is a
positive quadratic form (see section 3.3).

1.3 Main results

In this article, we adapt the results from [17] to the setting of Kéhler
quantization. In particular, we are only interested in the following situation:

Definition 1.4. A function h € C°°(M) is said to satisfy the wells condi-
tion when the following is true:

e min(h) = 0;
e Every critical point at which h vanishes is non-degenerate.

Observe that, by definition, Morse functions whose minimum is zero
satisfy the wells condition, as does the square modulus of a generic holo-
morphic section of L®Y for N large. Note that a function that satisfies the
wells condition has a finite cancellation set.

We need the following definition to state our main theorems:

Definition 1.5. Let Z be a subset of M, and let
Vs(N) = {(m,v) € X, dist(m, Z) > N°}.

A sequence (uy)nen of norm 1 functions in L?(M, L) is said to concen-
trate on Z when, for every § € [0, %), one has

lun vy llzzx) = O(N ™).

Note that concentration, in the sense of the definition above, implies
microsupporting in the sense of Charles [10], that is, for any open set V at
positive distance from Z, as N — +o00, one has |luyly |2 = O(N~*°). The



microsupport is contained in the concentration set, while the concentration
set is included in any open neighbourhood of the microsupport.

In Subsection 2.2, we consider convenient local maps of “normal co-
ordinates” around any point P € M, which preserve infinitesimally the
Kahler structure. If a non-negative function h vanishes with positive Hes-
sian at P € M, the 2-jet of h at P reads in these coordinates as a positive
quadratic form ¢(P) on C™. The first eigenvalue p of the Toeplitz operator
Tlflat(q(P)) (which we call model quadratic operator) does not depend on
the choice of normal coordinates. We define this value to be u(P).

Let now h be a smooth function on M that satisfies the wells condition
of Definition 1.4.

Theorem A. For every N € N, let Ay be the first eigenvalue of the op-
erator T (h), and uy an associated normalized eigenfunction. Then the
sequence (un)Nen concentrates on the vanishing points of h on which p is
minimal.

If there is only one such point Py, then there is a real sequence (ay)k>0
with ag = p(Py) such that, for each K, one has

K
AN =N""3 NFa+ O(NK2).
k=0
Moreover, Ay is simple, and there exists C > 0 such that Ay is the only
eigenvalue of T in the interval [0, N~ (u(Py) + O)].

Theorem B. Let C > 0. There is a bounded number of eigenvalues
(counted with multiplicity) of Tnx(h) in the interval [0,CN~1]. More pre-
cisely, for C' > C, let K and (by)1<k<xi be such that

o, k<K= U Sp(T{"(a(P))) N[0, €
PeM
h(P)=0
with multiplicity. Then one can find ¢ > 0 and o list of real numbers
(ck)i1<k<k such that, for each k, one of the eigenvalues of Ty (h) lies in the
interval

[IN“'bp + N3¢, — eN72, N~V + N~3/2¢; + <N 7).

Moreover, there are at most K eigenvalues of Ty(h) in [0, CN ] and each
of them belongs to one of the intervals above.

Among the smooth functions satisfying the wells condition, there is a
dense open subset of “non-resonant” symbols such that, for every k > 0,
the k-th eigenvalue of the associated operator has an asymptotic expansion
in powers of N~1/2.



The case of “miniwells”, a transposition of [20], will be treated in future
work. Under analyticity conditions, we also hope to state results on expo-
nential decay in the forbidden region, as in [19]. In the one-dimensional
case, a full asymptotic expansion for the first eigenvalues of Tx(h) was
given in [27], with a fixed domain of validity [0, Ep].

1.4 Methods — semiclassical properties of Kihler quantiza-
tion

If M is compact or C™, the Kéhler quantization has many similarities with
the Weyl quantization on cotangent bundles. One can indeed find a star
product on the space of formal series C°°(M)[[n]] that coincides with the
composition of Toeplitz operators when n = N~ (see [32] for a short proof),
that is, such that

Tn(f*g9) = Tn(f)Tn(g) + O(N™).

Thus, the limit N — +oo for Toeplitz operators can be thought of
as a semiclassical limit, with semiclassical parameter N~' — 0. Unless
otherwise stated, we will state results under this limit.

It has been known since at least [10] that there is a microlocal equiva-
lence between the semiclassical calculus of Toeplitz operators and that of
Weyl quantization. Such a correspondence was already given in the homo-
geneous setting (without a semiclassical parameter) in [7].

Thus, a possible approach to the spectral study of Toeplitz operators
(such as this one, which focuses on low-lying eigenvalues) would be a con-
jugation by a Fourier Integral Operator to an operator known by previous
work. This could be a pseudodifferential operator, in the spirit of [17], or a
Toeplitz operator with a simpler symbol, cf [37, 31]. However, each of these
approaches require a priori results on the concentration of eigenvectors.

We will use a direct approach in this paper. Indeed, our future work
(in preparation) will focus on the case when the minimal set of the symbol
is a submanifold, where a priori concentration is not known, so it is un-
clear whether the previous approaches are sufficient. Moreover, the main
theorems in this paper depend on subprincipal effects, and the criterion
for quantum selection would be less natural if we should keep track of it
through a Fourier Integral Operator. Finally, we believe that Proposition
3.1 is of independent interest. It can easily be generalized into a result on
the microsupport of low-energy states for any smooth symbol, and it does
not depend on estimates on the asymptotics of the Szegé kernel but only
on the nature and symbolic calculus of Toeplitz operators. It could be used
as an elementary proof of microsupporting for pseudodifferential operators.



1.5 Outline

We review in Section 2 the definitions and semiclassical properties of the
Szegd kernel. Using well-known results about its semiclassical expansion
[33, 10, 13, 4], we derive Proposition 2.7, which states that the Szeg6 kernel
on C" is a local model for any Szegd kernel.

In Section 3, we remind the reader of the symbolic properties of Toeplitz
operators [32]. The state of the art is such that one can compose Toeplitz
operators with classical symbols. We then show, with a new method, a
standard result on localization: low-energy eigenvalues concentrate where
the symbol is minimal. Finally, we study in detail a particular case of
Toeplitz operators, when the base manifold is C™ and the symbol is a
positive quadratic form.

Section 4 is devoted to the proof of Theorem A. We build an approxi-
mate eigenfunction of the Toeplitz operator and prove that the correspond-
ing eigenvalue is the lowest one. The most important part is Proposition
4.2 for which we use the same method than in [17]. For this, we consider
the Hessian of h at a cancellation point, as read in local coordinates; this
is a real quadratic form g on C™. Then we compare the Toeplitz operator
Tn(h) with the Toeplitz operator T]{,lat(q), which we call model quadratic
operator.

In Section 5, we modify the arguments used in Section 4 to describe, un-
der the same hypotheses on the symbol, the spectrum of a Toeplitz operator
in the interval [0, CN~!] where C > 0 is arbitrary (Theorem B).

The Appendix is independent from the two main results of the paper.
We recover, in the Kéhler setting, the off-diagonal estimate for the Szegd
kernel of [13, 10, 4], in local coordinates. For this we use the techniques
developed in [41, 33], which yield estimates on a shrinking scale, and slightly
modify them to recover an estimate on a fixed scale.

2 The Szeg6 projector

2.1 Bargmann spaces

As a helpful illustration for the general case (which originates from [1, 2],
see also [15], pp. 39-51), we first consider the usual n-dimensional complex
space C", with the natural Kédhler structure, with w = >"1* ; dz; AdZz;. In
this example, the Szegd kernel is explicit.

Because C" is contractible, the bundle L is isomorphic to C**!, but the
hermitian structure A is not the flat one, for which the associated curvature
is zero. Indeed, one can show that h(m,v) = e~™/*|v|2 is the correct choice.



Here, the spaces Hy(C™, L) are called the Bargmann spaces and will be
denoted by By. They can be expressed as

By = L*C") N {z — 6_%‘2‘2]"(2), f holomorphic in C" } .

The space By is a closed subspace of the Hilbert space L?(C") and
inherits its scalar product:

(f.9) = /Cn fg.

The functions in By are not holomorphic for the standard structure.
However, let us introduce the following deformation of 9:

N
—2z.
2

Wy = ef%|z|256%‘z‘2 =0+

We will further denote by dy; the i-th component of 9. The space By
is the space of L? functions in the kernel of . The adjoint of dy is
oy = e~ 21 9e 5127 The orthogonal projector on By has a Schwartz
kernel. Indeed, one Hilbert basis of By is the family (e, ),ezn with

NWw/2v
es(z) = N E B
W"\/ﬁ
Hence the kernel may be expressed as:

N N N
My (o) = exp (~ 5 Jof? = Sl + Na 7). 1)
Note that, by definition, Iy commutes with 9. Moreover
M, Zi] = HNOn;.

The space By is isometric to By by an isometric dilatation (or scaling)
of factor N1/2:

BN — Bl
s NTPF(NT2),

Moreover, there is a unitary transformation between B; and L*(R"),
called the Bargmann transform. The transformation By : L*(R") — By
reads:

Bif(z) = e—%\Z\Q/exp [— (%z cz+ %x cx— \/izx)] f(z)dx.

10



This transformation conjugates the position operators z; into the position
operators z;, and the momentum operators 01, into the momentum opera-
tors %8%1"

From Bi, one can deduce an isometry from By to L?(R") by composing
the scaling isometry and the Bargmann transform.

One noteworthy subspace of B; is the dense subset of functions f € B
such that fP € By for any polynomial P € C[z]. This space is denoted
by D. Any element of the previously given Hilbert basis belongs to D
and the Bargmann transform is a bijection from S(R™) to D; the preimage
of e, is the function =z — C’,,:U”e_|””|2/2, where C), is a normalizing factor.
Moreover, because of the commutation relations above, the image of S(C™)

by the Szeg6 projector Iy is D.

2.2 Semiclassical asymptotics

Semiclassical expansions of Sy are derived in [41, 33, 28, 9, 4], in different
settings. In [41, 33|, the Fourier Integral Operator approach is used to prove
an asymptotic expansion of Sy in a neighbourhood of size N~/2 of a point.
In [9, 28, 4], one derives asymptotic expansions of Sy in a neighbourhood
of fixed size of a point.

The Szeg6 kernel is rapidly decreasing away from the diagonal as N —
+00:

Proposition 2.1 ([10], Corollary 1, or [13], Prop. 4.1 in a more general
setting). For every k € N and € > 0, there exists C' > 0 such that, for every
N €N, for every x,y € X, if

dist(m(2),7(y)) > €,

then
1SN (2, y)] < CNF,

The analysis of the Szeg6 kernel near the diagonal requires a convenient
choice of coordinates. Let Py € M. The real tangent space Tp,M carries
a Euclidian structure and an almost complex structure coming from the
Kéhler structure on M. We then can (non-uniquely) identify C" with
Tp, M.

Definition 2.2. Let U be a neighbourhood of 0 in C" and V be a neigh-
bourhood of Py in M. Let m denote the projection from X to M. Let R
cover S'. The group action ry : S' — X lifts to a periodic action from R to
X, which we will also call rg. A smooth diffeomorphism p : UxR — 7= (V)
is said to be a normal map or map of normal coordinates under the following
conditions:

11



e Vze U,V eR, p(z,0) =rygp(z,0);
o Identifying C" with Tp,M as previously, one has:

V(z,0) € U xR, w(p(z,0)) = exp(z).

Through this paper we will often read the kernel of Sy in normal coor-
dinates. Let Py € X and p a normal map on X such that p(0,0) = Fy. For
z,w € C" small enough and N € N, let

SN (z,w) == e NI SN (p(2,0), p(w, 9)),

which does not depend on # and ¢ as Sy is N-equivariant.

The following proposition states that, as N — +oo, in normal coordi-
nates, the Szegd kernel has an asymptotic expansion whose first term is the
flat kernel of equation (1):

Proposition 2.3 ([13], theorem 4.18). There exist C >0, C' >0, m € N,
e > 0 and a sequence of polynomials (b;);>1, with b; of same parity as j,
such that, for any N € N, K > 0 and |z|, |w| < €, one has:

<

K
S22 (2, w) — Ty (z,w) (1 + Z N=/2p;(V N2, \/Nw))

j=1

CN"=EED2 (1 4 |VN2| + [VNw|) " e VNl O(N=2). (2)

Remark 2.4. We will use Proposition 2.3 as a black box, as we do not
want to divert the reader into considerations on the asymptotics of Sy,
which are more technical than the rest of this paper.

The scope of [13] is much more general than the case of K&hler mani-
folds; by specialising to this case, one obtains stronger estimates. Indeed,
a result very close to this proposition can be found in [4], and also in [10],
Theorem 2. However, these results are stated without local coordinates,
hence the link with the Bargmann spaces is not obvious.

For the sake of the argument, we derive in the Appendix a precised
formulation of this stronger version, adapting the techniques presented in

[33].

Remark 2.5. The Proposition 2.3 gives asymptotics for the kernel of Sy,
read in local coordinates. However, the normal maps of Definition 2.2 do
not preserve the volume form, except infinitesimally on the fibre over Py.
For the associated operators to be preserved, one has to pull-back Schwartz

12



kernels as half-forms. We claim that it does not change the structure of the
asymptotics.

Indeed, if dVol is the volume form on X and dLeb is the Lebesgue form
on C", one has, for any normal map p:

p*(dLeb ® df) = adVol,

for some function a on the domain of p with a(0) = 1. We want to study
the asymptotics of (z,w) — SA?(z, w)y/a(z)a(w), which is the kernel of the
pull-back of Sy.

The function (z,w) — y/a(z)a(w) is smooth on the domain of p. We
write the Taylor expansion of this function at 0 as:

K
a(z)a(w) =1+ a;j(z,w) + 02|, Jw| ")
j=1

where a; is homogeneous of degree j, so that a;(z,w) = N*j/2a]~(\/ﬁz, VNw).
We let now b; be such that

(1 + iN_j/ij(\/Nz, \/Nw)) (1 + f:N_j/Qaj(\/Nz, \/Nw))

j=1 j=1

K
=1+ N7/2;(VNz,VNw) + O(N~ED/2),
j=1
Then

<
j=1

K
510 (z,w)v/a(z)a(w) — Ty (z,w) (1 + Z Nﬁj/?l;j(\/ﬁz, \/Nw))

CN" KD/ (1 4 |/ N2| + [VNw]) " e~ VNEmulp o(N—2),

Hence, the effects of the volume form can be absorbed in the error terms
of equation (2), and the Proposition 2.3 also holds when Sy is replaced by
the corresponding half-form.

Thus, we can use the asymptotics of Proposition 2.3 to study how the
operator Sy acts. For instance, we are able to refine the Proposition 2.1:

Corollary 2.6. For every k € N and § € [0,1/2), there exists C > 0 such
that, for every N € N, for every x,y € X with dist(w(x),n(y)) > N7, one
has:

ISy (x,y)| < CNF,

13



In particular, if u € L?(X) is O(N~°°) outside the pull-back of a ball
of size N9, then S (u) is O(N~>) outside the pull-back of a ball of size
2N 9.

2.3 Universality

In the previously given local expansions of the Szeg6 kernel (2), the domi-
nant term is the projector on the Bargmann spaces of equation (1). Thus
the Bargmann spaces appear to be a universal model for Hardy spaces,
at least locally. To make this intuition more precise, we derive a useful
proposition.

We can pull-back by a normal map the kernel of the projector Il by
the following formula:

p*HN(p(Za 6)7 p(w7 ¢)) = eiN(0_¢)HN(Za U))
By convention, p*Ily is zero outside 7~ 1(V)2.

Proposition 2.7 (Universality). Let € > 0. There exists 6 € (0,1/2), a
constant C > 0 and an integer Ny such that, for any N > Ny, for any
function u € L*(X) whose support is contained in the fibres over a ball on
M of radius N—°, one has:

(o™ N )u = Syl p2x) < ONTY2fu 12 x,).

Proof. Let again Sﬁo (2,0,w,¢) — e NO=9) S (p(2,0), pw, ¢)) denote
the kernel Sy as read in local coordinates, which does not in fact depend
on (0, ).

Equation (2), for K = 0, can be formulated as:

S (2, w) = Nn (2, w) + R(z,w) + O(N~%), 3)
with
|R(z,w)| < CN" Y21 + |V/Nz| + |VNw|)"e ' VN=—ul

for every z and w such that (z,0) and (w,0) belong to the domain of p.

Let 6 € (0,1/2) and u a function contained in the pull-back of a ball of
size N9,

Let v = Syu—(p*Ix)u. Because of Corollary 2.6, v is O(N~°) outside
p(B(0,4N~9) xS). Hence, up to a O(N~>°) error, it is sufficient to control
the kernel of Sy — p*Tly on p(B(0,4N %) x S') x p(B(0,4N %) x S!), where
equation (3) is valid.

It remains to estimate the norm of the operator with kernel R, using a
standard result of operator theory:

14



Lemma 2.8 (Schur test). Let k € C*°(V x V') be a smooth function of two
variables in an open subset V of R%. Let K be the associated unbounded
operator on L*(V).

Let

K] oo 1 := max <Sllp |k(z, ')”Ll(\/)asuP ”k('7y)”L1(V)> .
zeV yev

If ||k||peo 1 is finite, then K is a bounded operator. Moreover

1K |20y r2vy < Kl oot
Thus, we want to estimate the quantity:
sup / NPV2(1 4 VN 2|+ [VNw|)meCle e,
|z|<aN—6 J|w|<4N 2

After a change of variables and up to a multiplicative constant, it remains
to estimate:

N7Y2 sup / (14 |2| + [u])™ e CM.
|2|<4N1/2-6 J[u|<AN1/2=0

This quantity is O(N (m_l)%_m‘s). Thus, for any € > 0, there exists ¢ such

that the above quantity is O(N_%+e).

By the Schur test, the L? norm of a symmetric kernel operator is con-
trolled by the L>°L' norm of the kernel. When restricted on B(0,4N°%)2,

the kernel of SJI\:;O — Iy has a L®°L! norm of order N_%+E, from which we
can conclude. O

3 Toeplitz operators

3.1 Calculus of Toeplitz operators

The composition of two Toeplitz operators is a formal series of Toeplitz
operators. The theorem 2.2 of [32] states for instance that there exists a
formal star-product on C°°(M)[[n]], written as f * g = Zjﬁg W C;(f,9),
that coincides with the Toeplitz operator composition: as N — 400, one
has, for every integer K, that

K .

Tn(H)Tn(9) = D N ITn(Ci(f.9)) = ON K.

§=0
The functions C; are bilinear differential operators of degree less than 27,
and Co(f,g) = fg. An explicit derivation of C;(f,g) is given by the Propo-
sition 6 of [10].
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3.2 A general localization result

Using the C*-algebra structure of Toeplitz operators, one can prove a fairly
general localization result:

Proposition 3.1. Let h be a smooth nonnegative function on M. Let
Z = {h = 0}, and suppose that h vanishes exactly at order 2 on Z, that is,
there exists ¢ > 0 such that h > cdist(-, Z)%.

Let t > 0, and define

Vi = {(m,v) € X, dist(m, Z) < t}.

For every k € N, there exists C > 0 such that, for every N € N, for
every t > 0, and for every u € Hy(X) such that Tn(h)u = Au for some
A € R, one has

RN
M) Hu||22
12.

lulx\v, 172 < C( I

Remark 3.2. Here M is a Kéhler manifold, so dist is the Riemannian
distance, but since M is compact, the condition on h does not depend on
the chosen Riemannian structure.

Proof. By a trivial induction, the k-th star power of a symbol f is of the
form

f*k:fk+ncl,k(f"" ,f)+772027k(f,"' af)+a

where C; 1, is a k-multilinear differential operator of order at most 2i.

We want to study C;(h,--- ,h) for i < k. The function h is smooth
and nonnegative, hence vk is a Lipschitz function. In other terms, there
exists C such that, for every (z,§) € TM with ||£|| < 1, one has [0¢h(z)| <
C'/h(z). In local coordinates, the function C; x(h,--- , h) is a sum of terms
of the form a0"*ho"?h... 0" h, where Z?Zl |vj| < 2i and a is smooth.

o If v; =0, then 0"7h = h.
o If |vj| = 1, then |9*7h| < CVh.
o If |vj| > 2, then |[0"7h| < C.

1 : X
Hence |a0"*hd"2h ... 0" h| < Ch 22 min 1) oreover >0 min(2, |vi]) <
> lvil < 24, from which we can conclude:

|Ci,k;(h, T, h)| < Chkiz
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This means that, for every k > 0, the function h** is of the form:

k—1
WE =0 "0 e+ 0 a(n),
=1
where ¢ is bounded independently on n and where, for each ¢ and k there
exists C such that |f; | < ChF—

Using this, we can prove by induction on k that there exists C} such
that, for every N and for every eigenvector u of T (h) with eigenvalue A,
one has

[, B} < Cimax(\, N1 ]2

Indeed, this is clearly true for k = 1, because (u, hu) = A||ul|?.
Let us suppose that, for all 1 < ¢ < k, there exists C such that

|(u, ¥~ )| < C'max (A, N™HE|u|?.

Because u is an eigenvector for T (h), it is an eigenvector for its powers,
hence
Tn(R*)u = Ty (h)Fu + O(N=°) = X\eu + O(N~).

Replacing h** by its expansion and using the fact that h > 0, we find:

k-1
[, BRu) < A Jal® + 3 N"Hu, figu) + CN7Flul|?.

i=1
Here we used the fact that the function g is bounded.
Now recall |f; x| < C@khk*i, and the induction hypothesis:
[(u, h*~"u)| < Cimax(A, N~ lu?

for every ¢ > 0. Hence

k—1
[, hru)| < Cmasc (O, N=DF Juf + 37 i hCiN " max(h, N~1)5 a2,
i=1
hence there exists Cy such that |(u, h*u)| < Cp max(\, N~k
Now we can conclude: for every k, there exists C' such that, for every

t > 0 one has
Vz ¢ Vi, bk > Ot

Finally, for every k there exists C' such that, for every N € N, ¢t > 0
and u an eigenvector of T (h) with eigenvalue A, there holds

— k
max (A, N 1)) 2,
_ 2.

nmmmmsc( :

17



O

Recalling Definition 1.5, let us specialize the Proposition 3.1 to the case
A=ON"Yandt=N"°for0<d<1/2:

Corollary 3.3. Let u = (uny)nen be a sequence of unit eigenvectors of
Twn(h), with sequence of eigenvalues Ay = O(N~1). If h vanishes at order
two on its zero set, then u concentrates on this set.

We can reformulate the Proposition 3.1 in these terms: if h is a positive
smooth function on M, which vanishes at order two on its zero set, then
any sequence of normalized eigenvectors of T (h) whose eigenvalues are
O(N~1) concentrates on the zero set of h.

Remark 3.4.

e An independent work by Charles and Polterovich, that appears par-
tially in [11], treats the case of an eigenvalue close to a regular value
of the symbol, with a result very similar to Proposition 3.1.

e The proof of Proposition 3.1 uses cancellation at order two only when
dealing with V;. Indeed, a more general result is

max(\, N71) g a2
max(h(z),z € V) Hize

lulxv, 172 < C(

which holds for any smooth h and any eigenfunction u of T (h) with
eigenvalue \.

3.3 Quadratic symbols on the Bargmann spaces

Toeplitz operators can also be defined in the Bargmann spaces setting, but
one should be careful about the domain of such operators.

This section is devoted to a full survey of the quadratic case, which is
very useful as a model case for the general setting. Let ¢ be a positive
definite quadratic form on C”. Let

Av={7 € BuJal)s¢) € 2}

Then Ay is a dense subspace which contains the image of D by the iso-
morphism between By and By. It is the domain of the positive quadratic
form ty : (u,v) — [ quv, and Ay is closed for the norm ||u\|?4N = |Jull?: +
tn(u,u). Moreover, the injection

(AN |- llay) = By, [l - ll2)
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is compact. Using the usual results of spectral theory, the associated op-
erator T]J\cflat(q) is positive and has compact resolvent. The spectrum of
T]J\cflat(q) thus consists of a sequence of nonnegative eigenvalues, whose only
accumulation point is 4o0.

Observe that, since g is even, T]J\[,lat(q) sends even functions to even func-
tions, and odd functions to odd functions. Moreover, ¢ is 2-homogeneous.
Recalling that the normalized scaling on C" by a factor N'/2 sends By into
B, the conjugation by this scaling sends T]{,lat(q) to N_lTlflat(q).

Proposition 3.5. The first eigenvalue un of T]{,lat(q) is simple.

Proof. As q is positive a.e, the quadratic form ¢, is strictly convex, hence
the first eigenvalue is simple. O

We now compare Toeplitz quantization with Weyl quantization for
quadratic symbols. Let Op{,vv_l(q) denote the Weyl quantization of ¢, as
a symbol in T*R" ~ C", with semiclassical parameter N '

1 N .
Op% (Qu(x) = (27T)n/elN(§,x—y)q (5’ xTw> u(y)dyd€.

Recall that By is the N-th Bargmann transform.

- tr
Proposition 3.6. B]\fo\c,lat(q)BK,1 = Opl, () + N? %

In particular, the first eigenvalue of T]{[lat(q) s positive.

Proof. These computations belong to the folklore on the topic. Never-
theless, for the comfort of the reader, we recover them explicitly.

It is sufficient to consider the N = 1 case which is conjugated with the
general case through the usual scaling: indeed Op%_l(q) = N~1O0p},(q).

Here we shorten the notations for the momentum operators: on the
Bargmann side, we let 0; = 0., + %z_j; on the R" side, we let 0, = % a%j.

Let 7,k be two indices in [|1, n|].

Ifq: 2= zjz, = (xj+iy;) (xR +iyk), then tr(q) = 0, so the two operators
should coincide. Tlf lat(q) is the operator of multiplication by z;z,. This
operator is conjugated via B; to the operator (w; + i0y;)(wx + 10s,) =
Tjx) — Oz; Oz + 120y, + 10, x). Moreover, the Weyl quantization of ¢ is
the operator

i
Opll/V(q) = TjT) — Oy, O, + §(amk$j + 20z, + O, Tk + 10,

These two operators coincide whether 7 = k or not.
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The case q : z — Z;z; = (xj—1y;)(xr —iyx) is the adjoint of the previous
one.

If g: 2 = 27 = (xj + 1y;) (2 — tyx), then tr(q) = 25%. In that case,
Tlflat(q) = 02;. This operator is conjugated to (x}, — 0y, )(zj +1i0y;). The
Weyl quantization of ¢ is
1
2

The two operators coincide when k # j, and when k = j the difference is
1.

Op‘l,v(q) = TjTg + Op; Oz, + (—O0pyxj — 0, + Oz, Tk + wkaxj)-

From the conjugation, it is clear that the first eigenvalue of T]{,lat(q) is
positive, because the Weyl quantization of ¢ is nonnegative (see Remark
3.7) and tr(q) > 0. O

Because T{/(q) is conjugated to N7V (q), one has uy = N~1p,
and for some C > 0,

dist(un, Sp(TH*) \ {nn}) = CN 7,

The first eigenvalue p; of T7(q) depends on g, but is invariant under an
unitary change of variables on C"”. From now on we will use the notation
1(q) to denote ;.

Remark 3.7. The computation of 1(g) is non-trivial. As explained in [29],
Lemma 2.8, or as a direct consequence of the classification in [39], the first
eigenvalue of Oply,(q) can be obtained the following way: let M € S5, (R)
denote the symmetric matrix associated with ¢ in the canonical coordinates.
Let J be the matrix of the symplectic structure:

0 —Id
J_<Id 0 )

Then the matrix JM is skew-symmetric with respect to the scalar prod-
uct given by M. Hence A = iJM can be diagonalized; the eigenvalues of
A appear in pairs of opposite values A and —\. Then g is the sum of the
positive diagonal elements of A. In particular, this explicit formulation
shows that Op%ﬁl(q) is nonnegative.

We can use Proposition 3.6 to transpose well-known results for the quan-
tization of quadratic symbols to the Bargmann case. Since p(q) is simple,
the operator Tlf lat(q) — u(q) has a continuous inverse on the orthogonal set
of the associated eigenfunction. This inverse sends D into itself, because
one can build a Hilbert base of D with eigenfunctions of Tlf lat(q). Moreover
the eigenfunction associated with p(q) is even.
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Remark 3.8. To illustrate the Proposition 3.6, we solve completely the
n =1 case. Up to a U(1) change of variable, any real quadratic form on C
can be written as ax? + By?. The associated Weyl operator is —BA + ax?,
with first eigenvalue /aB. On the other hand, the first eigenfunction of

014;5(22 +0%) + ot ﬁbz is a squeezed state of the form z — el e3#?
_ 2
with A\ = % (or A =0 in case a = ). The associated eigenvalue
a —_—
+ 2
is then M. The difference is , which is exactly half of the

trace of q.

Remark 3.9. If instead of Tiy(h) one would consider Ty (h — 52), as in
[10], then the Toeplitz quantization of a quadratic form would be exactly
conjugated to its Weyl quantization: indeed tr(q) = Ag. We recover in this
particular case the computations in [27].

4 The first eigenvalue

This section is devoted to the proof of Theorem A.

Let Py € M, one can find normal coordinates from a neighbourhood
of Py to a neighbourhood of 0 in C*. If at Py a non-negative function
h vanishes with positive Hessian, the 2-jet of h at Py maps to a positive
quadratic form g on C", up to a U(n) change of variables. Hence, the map
associating to Py the first eigenvalue p of the model quadratic operator
T]J\cflat(q) is well-defined. From now on, we will also call y this map.

The method of proof for Theorem A is then as follows: for each van-
ishing point Py, we construct a sequence of functions which concentrates
on Py, consisting of almost eigenfunctions of T (h), and for which the as-
sociated sequence of eigenvalues is equivalent to N~'u(FPy) as N — +oc.
We then show a positivity estimate for eigenfunctions concentrating on a
single well. The uniqueness and the spectral gap property follow from a
similar argument. At every step, we compare Tx(h) with the operator on
By whose symbol is the Hessian of h at the point of interest.

4.1 Existence

We let h denote a smooth function satisfying the wells condition. At every
cancellation point of h, we will find a candidate for the ground state of
Tn(h). Instead of finding exact eigenfunctions, we search for approximate
eigenfunctions. This is motivated by the following lemma:
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Lemma 4.1. Let T be a self-adjoint operator on a Hilbert space, let A € R,
and u € D(T) with norm 1.
Then dist(X, Sp(T)) < || T(u) — Au]|.

Let Py € M be a point where h vanishes. Let p be a local map of normal
coordinates in a neighbourhood of 7=!(P,). Let Qy be the set of 2 € C"
such that (z/v/N,0) belongs to the domain of p. Recall from equation (2)
that, for every N € N and every z,w € Q, there holds:

_ z w
vt (75 7w)
=111 (2, w) (1 + i Nk/2bk(z,w))> + Rg(z,w,N) + O(N~>). (4)
k=1
Here the b;’s are polynomials of the same parity as j, and there exist
C > 0,m > 0 such that, for every (z,w, N) as above:
|Rc(z,w, N)| < ON~EFD2e=Cllmwl(q o m 4 jgp|m).
The main proposition is

Proposition 4.2. There exists a sequence (u;)j>o of elements of S(C"),
with (ug, u) = 03, and a sequence (\j);j>o of real numbers, with Ao = pu(Pp)
and \j = 0 for j odd, such that, for each K and N, if u™ (N) € L*(X) and
ME(N) € R are defined as:

K
uf(N)(p(2,0)) = NN 3" NP0 (VN2),
j=0

u® (N) is supported in the image of p,
K .
AE(N) = NI N2y,
=0
there holds, as N — 400,
HSNhSNuK(N) — )‘K(N)UK(N)HLQ(X) _ O(Nf(K+3)/2)‘

Remark 4.3. The functions u* (V) do not lie inside Hy(X), because they
are identically zero on an open set. Nevertheless, the operator SyhSy on
L?(X) decomposes orthogonally into T (k) on Hy, and 0 on its orthogonal.
Hence a nonzero eigenvalue of Sy hSy must correspond to an eigenvalue of
Tn(h) with same eigenspace. The same holds for almost eigenvalues.
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Introducing A as a polynomial in N~/2 whose odd terms vanish may

seem surprising. However, in the proof, we construct A as a polynomial
in N~Y2 as we do for . The fact that it is a polynomial in N~ is due
to parity properties.

Proof. Let us solve the successive orders of
(SyhSy — ME(N)uf(N) = 0.
We write the Taylor expansion of h around Fy at order K as
+ Z Tj + EK )
Because of equation (4), the kernel of SyhSy, read in the map p, is:

N 005\ hSy (p (N*l/%, N*la) P (N’I/Qw, N*lgb))

=N~ /< )+ ZN M2y oy )+NEK(N_1/29)>

K
HI(Z’ y) (1 + Z Nﬁj/2bj(z’ y)) + RK(Z’ Y, N)]

J=1

K
X lHl(y7 w) (1 + Z Nﬁl/2bl(y7 U))) + RK(y7 w, N)‘| dy

=1
+O(N™>). (5)

Let us precisely write down the K =0 and K =1 case.
The dominant order (that is, N~!) of the right-hand side is simply:

(z,w) —» N~ /(Cn Iy (2, y)q(y) 1 (y, w)dy.

It is N~! times the kernel of the Toeplitz operator Q = Tlflat(q) on By
associated to the quadratic symbol ¢, which we studied in Subsection 3.3.
Its resolvant is compact, the first eigenvalue p(Fy) is simple, and if ug is an
associated eigenvector, the operator @) — u(FPp) has a continuous inverse on
ug- which sends D into itself. Moreover ug is an even function.

This determines ug and A\g = u(Py). Here ug € D, so we can truncate
the function (z,0) — eV N"™uy(N22) to a function supported on the
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domain of p, with only O(N~°°) error. The push-forward by p of this
truncation, extended by zero outside the image of p, is denoted by u°(N).
Now ug € D so u® concentrates on Py. The error is thus:

ISvhSNu®(N) = N~ Agul (V) 132 x)

< C’N_Q/3 Az, y, w, N)?|up(w)[*dydwdz + O(N ),
QN
where
Alz,y,w, N) = N|Ey(N~"?y)IL (2, )1 (y, w)|

+ 1) (1Ro(z. . NI (5,10) + [ Rofys w0, N) s (2,)

+ |R0(Za Y, N)RO(y, w, N)|) :
Here, F5 is a Taylor remainder of order 3 on a compact set, so
INEy(N~'2y)| < ClyPN~Y2.

Moreover, recall that, on 3%, one has

[Ro(z,y, N)| < CN~V2em (0 4 2 4 Jy|™).
Hence, on Q3;, there holds:

|A(z,y,w, N)| < ONTV2em@Emvl=Cloml (g 2 4 ™ 4 fw]™).

Because ug € D, one deduces:

N3 /X ISyhSyu® — N7 Agul|?

< C [ el P |y P w2 ug (w) P dydeduw

3
QN

+O(N™™)

2
<c (/ |v|2me—0’lvldv> / ]2 g (w) 2dw + O(N )
cn cn
<c

This method (estimating an error kernel using polynomial growth and
off-diagonal exponential decay) will be used repeatedly again.
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From there we deduce that ug is an approximate eigenvector:
HSNhSNUO(N) - Nﬁl)\ouO(N)Hlp(X) = O(N73/2).

This proves the proposition for the case K = 0.

The construction of w; and A is different, moreover there are supple-
mentary error terms. The term of order N~3/2 in the right-hand side of
equation (5) is:

(2,w) = N73/2 /n I (z,y)[rs(y) + a(y) (01 (2, y) + bi(y, w)) 1 (y, w)dy.
Let J; denote the operator with kernel as above. We are trying to find
u1 and Aq such that

(Q — Xo)ur + Jiug = Aug, (6)

with the supplementary condition that (uj,ug) = 0: indeed if (uj, A1) is
a solution of equation (6), then so is (u1 + cugp, A1) for any ¢ € C. The
orthogonality condition makes the solution unique as we will see.

The functions r3, ¢ and by are polynomials, so J;(D) C S(C™). This
ensures that the problem is well-posed. Note that J; does not map D into
holomorphic functions; this is because the normal map p does not preserve
the holomorphic structure.

Now r3 and b; are odd, so Jiug is odd. In particular, (ug, Jiup) = 0,
and because @ is self-adjoint, (ug, (Q — Ag)u1) = 0. From this we deduce
that Ai]|ug? = 0, hence \; = 0.

To find u1, we use again the fact that Jyug is orthogonal to ug. Since
Ao is a simple eigenvalue, Q — )¢ is invertible from ug to itself, and maps
SN uOl to itself. Hence there exists a unique u; € S orthogonal to ug, such
that (ug,0) solves (6). Moreover u; is odd.

Now we investigate the error terms. With ! and A! as in the statement,
let

FHIN) = (SnhSy = X (N))u' (N).

As ug and u; belong to S, the function u!' concentrates on Py, and so

does f!. Hence it is sufficient to control f! near Py. After a change of
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variables, one has:

N7 O fLN)(p(N"V22, N710)) = N2 Jyu(2)

e O, Ko ts

N [ R W ) (12 )20 )+

8  [1 e 1+ 2 R g ) at)+ 2 o+ 22
N Rl )R 0, M) ato) + 2 ual) + 2y
+O(N~™),

As u; € S, the first line of the right-hand term is well-defined, and
IN72Jiui || = O(N2).
There holds a uniform Taylor estimate on the domain of p:

Es(y) < Clyl,

so E3(N~1/2y) is bounded by N2 times a function with polynomial growth
independent of N. In particular, there exist C,C’, m > 0 such that, on Q?’V:

|E3(N71/2y)1_[1 (Za y)Hl (y’ w)|
< N2 OOl 2™y ™+ Jw|™).

Of course the same type of estimate (with different C' and m) applies
if we multiply the left-hand side by bi(z,y), bi(y,w), or both. Hence,
following the last part of the K = 0 case, we can estimate the second line
of the expansion of f! as OLz(X)(N*Q).

The three following lines are treated the same way: because ug and uy
belong to &, it is sufficient to prove estimates for the error kernels, of the
form

Az, y,w, N)| < N720em o=l (g 27 4 [y 4 fw|™),

which are easily checked.
We construct by induction on K the following terms of the expansion.
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For j > 1, we let .J; : L>(C™) — L?*(C") the unbounded and symmetric
operator with kernel

I = [ M@l | X @ nraa@bn(.2) | dv
cr k+14+m=j
k,m, >0
Here we use the convention by = 1, and r9 = ¢q. The dense subspace S(C™)
is included in the domain of J;, moreover J;(S) C S because all the b;’s
and r;’s are polynomials. Moreover J; has the same parity as j.
Let K € N, and suppose we found functions (ug)g<x € S, orthogonal

to ug, and of the same parity as k, and real numbers A\ that vanish when
k is odd, and such that, for each k£ < K, there holds:

k k—1
(Q — Xo)ug + Z Jjug—; = Aruo + Z )\juk_j. (7)
j=1 j=1

Let us find ug 41, orthogonal to ug, and A 41 so that equation (7) also
holds for k£ = K + 1.

Take the scalar product with ug. As Q is symmetric, the left-hand side
vanishes, and we get a linear equation in Ag 1, whose dominant coefficient
is ||ugl|? = 1. Hence Mg, is uniquely determined. Moreover, if K + 1 is
odd, then Jjug41—; and A\jug1—; are odd functions for every j, so their
scalar products with ug are zero, hence A1 = 0.

We now are able to find ux 41 because we can invert (Q — Ag on the
orthogonal set of ug. Finally, ux 1 is of the same parity as K + 1.

It remains to show that this sequence of functions u corresponds to an
approximate eigenvector of SyhSy.

Let K > 0, fixed in what follows. For each N € N, we can build a
function u® (IN) on X, supported in the image of p and such that, for =
in the image of p, one has u (N)(p(z,0)) = eNON" K N=F/2y,, (VN 2).
Note that u/(N) concentrates on Py.

Let

K
AE(N) = NS NTR2),
k=0

We evaluate (SyhSy — ME(N))uf(N) =: f5(N). Consider an open set
V1, containing Fy, and compactly included in the image of p. One has

1F5 (N) | e evy = O(N ™)

because u (N) concentrates on P.
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To compute fX(N) in V1, we use the equation (4) at order K. A change

of variables leads to:

anefiNGfK(N) <p(N71/2Z’ 9))

:N*IZN g{(@ Ao)uk(z ZJUk j(2) = Aruo(z Z)‘uk J ]
uk ]( )]

k+j5+1
+ Z N~ 5 Aleuk —i—ZN 2AjNuk +ZN Nuk
k;vjl 0 k?,j 0
By construction, the first line of the right-hand term vanishes. The
second line is O(N~(K+3)/2) " There are three error terms in the last line.

Aj1 N is the operator with kernel:

Ajun(zw) = | 1 (2, )T (y, w)b; (2, y)bi (y, w) Ex (N~ 2y)dy.
N

The function Eg is a Taylor remainder at order K + 3, so there exist
constants C' > 0,C’ > 0,m > 0 such that, on Q3

’H1(27 y)Hl (y7 w)b] (Z, y)bl (y7 w)EK(N—l/Qy)’
< ON™EEDEm R 4 2™ + [y ™ + ™).

Hence, for each function u € S, one has
A8 (u)]| 2 = O(N~UEF3)/2),

In particular it is true of the functions uy.
A’ v s the operator with kernel:

Ay = [ ()b (5 (N 20) Ry, w0, N)dy

+ [ Ty )by, w)Ric . NN 2y)dy.

One has h(N~2y) < CN~y|?, so there are constants C' > 0,C’ >
0, m > 0 such that, on Q‘?V:

T (2, 9)bj (2, Y) R (N 2y Ric (y, w, N
< CN—(K-{—S)/QG—C/\z—y\—C’|y—w\(1 + |Z|m + |y|m + |w|m)
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As usual we get, for every k, that
|A) n (k)| 2 = O(N ~EF3/2),

A" is the operator with kernel
Af(e,2) = [ Bacla,y, NN 2y) Rac(y, 2, N)dy.
N
Again there exist constants C' > 0,C’ > 0,m > 0 such that, on Q3

|RK(Z’ Y, N)h(N71/2y)RK(y, w, N)|
< ON=K=3=Clemyl=Clrmul (| L s [y 1 ™),

To conclude, the L?-norm of all the error terms is O(N~(K+3)/2)

From this proposition we conclude that, at every well P, there exists an
eigenvalue of Ty (h) which has an asymptotic expansion in inverse powers
of N, the dominant term being N ~!u(P). In particular, the first eigenvalue
of Ty (h) is O(N~1).

4.2 Positivity

The following proposition implies that the first eigenfunctions only concen-
trate on the wells that are minimal:

Proposition 4.4. Let (vy)nen a sequence of normalized functions in L*(X).
Suppose v concentrates at a point Py, on which h vanishes. Then for each
€ > 0 there exists Ng and C such that, if N > Ny,

(on, huy) > N7 u(Py) — CN 3/,

Proof. Let § < % be close to % Let p denote a normal map around Fj.

Then the sequence (wn)n>0 = (p*vN)N>0 is such that [|wn|| 2 po,n-0)) =

O(N~°°). Then one has as well:
IINwn |l z2eBo2n-0y) = O(N™™)

ISR wN | L2 (e Boan-s)) = O(N™>).

Using the Proposition 2.7, for § close enough to %, if p*Il is a pull-back
of IIx by p, one has ||(Sy — p*Hn)on| < C'N—2%¢. Hence,

ISR — Iy )wyl| < CN72F,
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If ¢ is the Hessian of h at P read in the chosen coordinates, the spectrum
of the model quadratic operator IInyq¢lly is known: one has

(wy, Tngllywy) > N~ u(F)|[yvwy.

Moreover, on B(0,2N %) the following holds: CN=2 > h > ¢ — CN~3,

Now, if 4 is close enough to %, one has:

(wy, SXhSRwy)

> (wy, SPOqSPOwN> —CON—3

= (wn, SN qIIywy) + (wy, SR q(SEY — TIn)wy) — CN~3

> <wN, N qHNwN> 26—m1n(6,§—e)

= (wn, Mnglywy) + (wy, (SK — Ty )glywy) — ' N —26—min(8,5—¢)
> (wn, Myqllywy) — ¢ N —20—min(8,5—¢)
> N_l,U(Po) _ O N25-min(8,3-¢)

Choosing § such that § > % — € concludes the proof. O

Remark 4.5. In the proof, it appears that the condition of concentration
on Py can be slightly relaxed. We only used the fact that, for some fixed §
determined by the geometry of M and by €, one has

—oo).

lvnLr(@)g (R, N-0)llL2 = O(N

Thus, this proposition could be used in a more general context.

4.3 Uniqueness and spectral gap

Proposition 4.6. Suppose h satisfies the wells condition, and that there
is only one well with minimal pu. Then the approximate eigenvalues of
proposition 4.2 associated to this well correspond to the first eigenvalue Ay
of Tn(h), namely, for every K € N, there holds:

INE(N) = Ay| = O(N—EF3)/2),

This eigenvalue is simple; moreover there exists C > 0 such that, for N
large enough:
dist(An, Sp(Tw (h) \ {An}) > N1
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Proof. The proposition is equivalent to the claim that there exists K such
that the following is true: let ug (IN) denote the approximate eigenvector of
order K associated to the well with minimal p. Let Fy be the orthogonal
complement of ux(N) in Hy(X), and py be the orthogonal projection
from Hy(X) to Fy. Then the operator Tﬁ,(h) : Fn — Fp, defined as
Tﬁ[(h) = pnTn(h), is bounded from below by Ay + CN L.

Let vy be a sequence of normalized eigenvectors of Tjﬁv(h), and pn the
sequence of associated eigenvalues. One has Ty (h)vy = puyvy+Cnug (N).
Because ug (N) is a sequence of normalized functions and Sy is bounded,
the sequence Cy is bounded.

Assume py = O(N~1). In this slightly different setting, we can adapt
the proof of Proposition 3.1 using the fact that ug (V) is itself an almost
eigenfunction of T (h). There holds:

k
TN(h*k)UN = ,u?va +Cn Z/ﬂv—l)\’fv—]uK(N) 4 O(N*(K+3)/2)_
j=1

We can proceed as in 3.1 but the induction process stops at k = K; 3.

One concludes that, for every e > 0, the L? norm of vy is O(N~ K+437€)

outside the union of balls centred at the vanishing points of h, and of radius
1 €
N 2txss,

In particular, if Py, Py,..., P; denote the vanishing points of h, and P,
is the only one with minimal u, one can decompose vy = vo N + V1N +
s tvg N+ O(N_(K+3_e)/4), where each sequence v; y concentrates on F;.
The proposition 4.4 gives estimates for v; ; if ¢ # 0. Indeed p(P;) > pu(FPp)
by construction, and Ay < N1 u(Py) + O(N~3/2), so one can find C' > 0
small enough such that NAy + C < p(F;) for all ¢ # 0 and for N large
enough. Then

(vi N, SNhSNViN) > Ay + CN"Y|lv x5

Recall that ux(N) has an asymptotic expansion whose first term wug
is the pull-backed ground state of the operator on the Bargmann space
with quadratic symbol. This operator has a (fixed) nonzero specral gap.
Moreover (von,ux(N)) = O(N~—E+3-9/1) hecause vy is orthogonal to
urg(N) and ug(N) concentrates only at Py. Then for C strictly smaller
than the spectral gap of the quadratic operator Tlf lat(qo) at Py, one has for
N large

<UO,N7 SNhSNUO7N> > ()\N + CNil)”UQN”%.
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The functions v; y have disjoint supports, so that (v; n, SNASNVj N) =
O(N~>°) whenever i # j, and |jvy||3 = Y HUJ',NH% + O(N_(K+3_E)/4),
Thus the two inequalities allow us to conclude when K > 2. O

4.4 End of the proof

It remains to show that, in the case where only one well Py has minimal
i, then the ground state is O(N~°) in a fixed neighbourhood of the other
wells. Let K € N. We have constructed in Subsection 4.1 a sequence
(ug (N))nen which vanishes outside a fixed neighbourhood of Py, and which
is a sequence of approximate unit eigenvectors of T (h), with approximate
eigenvalue A\g (N). One has

A (N) = N"'u(Ry) + O(N~3/2),
and
dist (A (N), Sp(T (h)) = O(N~U+9/2).

Moreover we proved in Subsection 4.3 that there can be only one eigenvalue
of Ty (h) in [0, N"1(u(Py) + C)] for some C, and that this eigenvalue is
simple. Hence, denoting Ao (V) this sequence of eigenvalues, one has

Aoo(N) = min Sp(Tn(h)),
and
Moo(N) = A (N)| = O(N~F+3)/2),

Let Ux(N) denote a sequence of unit eigenvectors associated to Ao (IV),
and decompose ug (N) = ¢(N)Uso(N) + wi (N), where wi (N) L Ux(N).
Then

(T (h) = Ao(N)wic(N) = O(N~EF9/2),

The operator T (h) — Moo (V) is invertible on Uy, (N)* and its inverse has a
norm bounded by N, so wg (N) = O(N~E+1/2)_ Since both ux(N) and
Uso(N) are normalized, one has ¢(N) — 1.

Finally, if V' is a neighbourhood of another well, then ug () is zero on
V, so that

1Uso (Nl 2 vy = i (N)|| 2y = O(N~EFD/2),

This concludes the proof.
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5 Eigenvalues in a scaled window

This section is devoted to the proof of Theorem B. The method of proof is
very similar to that of Theorem A: we will exhibit approximate eigenvectors,
then show that they cover the low-energy spectrum.

5.1 Approximate eigenvectors

In the proof of the Proposition 4.2, the first guess for an approximate eigen-
vector of Ty (h) was the first eigenvector of the model quadratic operator
at one of the wells. If, instead of the first eigenvector, we start from any
eigenvector of the model quadratic operator, we can proceed the same way;
however the recursion stops after one step, in general.

Proposition 5.1. Let P € M on which h cancels, and Q) be a model
quadratic operator in some normal map p around P. Let \ be an eigenvalue
of Q and E) the corresponding eigenspace. Then one can find a suitable
orthonormal basis (v1,...,vq) of Ex, functions (w1, ...,wq) in S(C™) and
real numbers (b1, ...,by) such that, for any integer i € [1,d], the function

5(N) : p(z,0) — NN (0;(NV22) + N~V 20, (N1/22))
is such that
SNhSNUi(N) = N7'A+ N73/2h; + O(N?),

Moreover, if dim E\ = 1, then if ug is an eigenvector of QQ, one can find
a sequence of Schwartz functions (uy)g>1, orthogonal to ug, and a sequence
of real numbers (Ap)k>1, such that, for every K > 0, the function

K
ug (N) : p(z,0) — N"eN? Z N7F 2, (NY22)
k=0

1s such that

K/2
SnhSyug(N) = N"']A+ N3 NFy = o(v-E+3/2),
k=1

Proof. Recall from Proposition 4.2 that one can find an approximate
eigenvector at any order, starting from the ground state ug of Q.

Let now ug denote an arbitrary eigenfunction of (), which still belongs
to D. Let A be the associated eigenvalue. When A is simple, the operator

(Q — X has a continuous inverse on u&, so one can solve equation (7) at any
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order. Observe that ug is either even or odd, so that only negative integer
powers of N remain in the expansion of the eigenvalue.

If @ — X is not invertible on u&, the equation (7) can still be solved for
K =1 if ug is one of the vectors of a convenient basis of E); but the con-
struction fails at higher orders. Consider an orthonormal basis (v1,...,vr)
of the eigenspace F). Suppose uy = v;. The equation (7) reads:

(Q — Muq + Jiup = Auo.

Taking the scalar product with wg yields A\i(l) = (v, Jiv;). But we also
need to check that 0 = (v;, Jiv;) for [ # j. This is done by choosing an
orthogonal basis in which the corestriction of J; on E) is diagonal (recall J;
is symmetric and F) is finite-dimensional). One can then find u; (1) in E5-.
The proof of the error estimate is the same. To conclude we let b = A1(1)
and w; = uy(1).

Once the K =1 step is done, the basis (v1,...,vy) is fixed. Let us try
to solve equation (7) with up = vy, for K = 2. We write

(Q — )\)UQ + Joug + Jiur = Aoug + Aqug.
Taking the scalar product with ug yields Ao as previously:
A2 = (ug, Joug) + (ug, Jiug).

Now recall u; is orthogonal to Fy. If v denotes an element of E) orthogonal
to ug, then one must check

<’U, J2u0> + <U, J1U1> =0.

This equation does not hold in general, hence the obstruction. O

5.2 Uniqueness

Let €' > 0, and N € N. Consider the set ey of approximate eigenvectors
in Proposition 5.1, such that A < C’. Then Ex = span(ey) is a subspace
of L?(X), with small energy: there exists C; such that, for every N,

max{(u, Ty (h)u),u € Ey, |ul2 =1} < C'N~L + C1N 2.

We claim that, reciprocally, any function approximately orthogonal with
E'n has an energy bounded from below:
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Proposition 5.2. Let C' > 0. There exists ¢g > 0 and a function € —
No(€) such that, for 0 < € < €, the following is true. Let vy be a normal-
ized eigenfunction of Ty (h), with associated eigenvalue A\, and suppose
that the angle between vy and Ey is greater than cos™'(e), that is, for ev-
ery u € Ex normalized, one has |(u,vn)| < €. Then for N > Ny(e), one
has

AN > (Cl — G)N_l.

Proof.

Let Py,. .., P; denote the points at which h cancels. If Ay = O(N~1),
then vy concentrates on the P;’s. We decompose vy = vo N +vi,n + ...+
vg,N + O(N ™), where each v; n concentrates only on P;.

Let p; be a normal map associated with P;, and ¢; the Hessian of h at P;
read in the map p;. Let E; n be the span of eigenfunctions of Tfyat(qi) whose
eigenvalues are less than C’N~!. Then for N large, for every normalized
u € E; n, one has |(pfv; v, u)| < 2¢. Indeed functions in Ex are N~/2-close
to sums of pull-backs of functions in E; .

Hence, for N large enough,

{pivin, TIn (g — C'N DIy pjv ) > =C'N ™ (4€?).
Since v; y concentrates on F;, one can deduce that, for N large enough,
(v@N, SNhSNUi,N> > CMN?IHW,NHQ — CIN71(562),

hence
(v, SyhSyvy) > C'N™t — C'N7Y(5(d + 2)é?).

To conclude, we let g = . Then for every € < €, for N large

5(d +2)C"
enough,

(vn, SyhSyuy) > (C" — e)N~L,
O

To conclude the proof of Theorem B, if the rank of the spectral projector
of Ty (h) with interval [0, C N~!] was greater than K, then one could find an
eigenfunction of Tiy(h) which forms an angle greater than cos™'(N~!) with
Ey, and with eigenvalue less than CN~!. This is absurd since C' < C".
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Appendix : a proof for the off-diagonal estimate

This last section is an appendix about Proposition 2.3. As we already
explained, the knowledge of the result is sufficient for our needs. However,
as this proposition appears in [13], it is stated in a case that is much more
general than prequantum bundles on Kéhler manifolds.

In this specific setting, and with a more direct approach, we propose to
show a different version of this estimate, with a somewhat stronger estimate
on the remainder (see Proposition A.8). We also replace the normal maps
of Definition 2.2 with Heisenberg maps, satisfying different assumptions.
This version could be of use in situations where it is crucial that the local
map is a biholomorphism.

The proof relies on the theory of Fourier Integral Operators with complex-
valued phase functions, in the sense of Hérmander ([22], section 7.8). In-
deed, we will follow the lines of [33] (restricting ourselves to exact Kéhler
structures), which gives asymptotics at a shrinking scale; we modify the
proof in order to estimate the remainder at a fixed scale, recovering results
from [10, 4].

The starting point in [33] is the study by Boutet de Monvel and Sjos-
trand [8] of the general Szegé projector (Definition 1.2). The structure of
the Szegb projector, for the boundary of a relatively compact open set,
has been subject to a thorough study ([23, 24, 25, 6, 8, 7]). Under the
assumption of strong pseudo-convezity, which is verified for the unit ball
D of L*, the boundary of D inherits a Riemannian metric from the Levi
form (which is identical to the one we use in this paper). The projector
S is then a Fourier Integral Operator with complex phase, in the sense of
Hoérmander [22]:

Proposition A.1 ([8]). LetY be the boundary of a strongly pseudo-convez,
relatively compact open set in a complex manifold. Then there exists a skew-
symmetric almost holomorphic complex phase function p € C°(Y xY) (in
the sense of [22]), whose critical set is diag(Y'), and a classical symbol

s~y " € CF°(Y x Y x RY),
i

such that the Schwartz kernel of the Szegd projector on'Y is

+oo |
S(z,y) = /0 @) (2, 1)dt + B(z,y),

where the function E is smooth. Moreover the principal symbol sg is such
that st = h;l, where hy(x,y) is the Hessian of the function

Y xRY 3 (2,0) = ¥(z, 2) + op(2,y)
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at the critical point (which is unique and lies in a complex extension of
Y x RT).

In this setting, “almost holomorphic” means that, near the diagonal
z=w €Y, one has 9,¢(z,w) = O(|z — w|*®). The fact that the function
(z,0) = ¥(x,z) + o(z,y) has exactly one critical point in the complex
extension of Y x R*, with nondegenerate Hessian, is encoded in the require-
ments on 1 to be a complex phase function in the sense of Hérmander.

In the specific case where X is a circle bundle over M, one can use
the microlocal information on S to deduce the asymptotics of its Fourier
components Sy. Indeed, the N-th Fourier component of a smooth function
on a compact set has a sup norm bounded by O(N~>°). Thus, one has

Sw(a,y) = [ explitv(a,ryy) + iN)s(a,ryy, Ocdtdn + Bx (@, y),

where ||En|lp~ = O(N~>°). Here, as in the introduction, r, denotes the
circle action on X.

As announced, we will deal with a less restrictive class of local maps
than the normal maps of Definition 2.2. Because we are dealing with exact
Kaéhler manifolds, as opposed to the more general almost complex structure,
we slightly modify the definition of [33]:

Definition A.2. Let Py € M. Let U be a neighbourhood of 0 in C™ and
V be a neighbourhood of Fy in M.

A smooth diffeomorphism p: U x R — 7~ 1(V) is said to be an Heisen-
berg map or map of Heisenberg coordinates under the following conditions:

e 7(p(0,0)) = F;

o pw(Py) = wo(0).

e Jp=0.

e p(m,0) =rgp(m,0).

The crucial point is that, in these coordinates, the phase v from the
Boutet-Sjostrand theorem reads, for all (z,6) and (w, ¢) in the domain of
p (cf. [33], equation 61):

¥(p(2,0), p(w,9)) = i [1 = Az, w)e )]
Here, the 2-jet of A is known at the origin ([33], Lemma 2.4):

1
A(z,w) =1— 5]2 —w)? +iS(z - W) + O(|2]2, |w?).
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We will need to control the off-diagonal behaviour of A. Recall

1 1
I : (z,w) — — €XD (—5]2 —w]? +i3(z @)) .

Up to a reduction of the definition set of p, the usual logarithm is well-

defined, and we can define R4 as the unique function such that A/Il; =

relta

Proposition A.3. The two following estimates hold as z,w — 0:
R(Ra)(z,w) = O (|2 = wl*(|2] + [w]))
S(Ra)(zw) = O (|2 = wl(|22 + [w]*)) .

In particular, up to a restriction of the Heisenberg map p to a smaller
neighbourhood of Py, one has, for every z and w in the domain of p:

|A/IL |(2,w) < 7ealvl, (8)

Proof. The functions A and #w"II; are equal up to order 2 at Py, so that
Ra(z,w) = O(|z, [wl®).
The two functions A and #«"II; are both smooth and are equal to 1
on the diagonal. Moreover the first derivatives of both R(A) and R(II;)
vanish on the diagonal. For II; this is a straightforward computation.
For A it comes from the fact that v is a complex phase function whose
critical set is the diagonal. It is also a natural consequence of the fact
that 01 A(z,2) = —20¢(z) and 01A(z,2z) = 104(z), where ¢ is a complex
potential: i00¢ = w. Hence there is a constant C' such that, for every z
and w in the domain of p, there holds:
|S(A = 7"y ) (2, w)| < Clz —wl(|2]* + [w]?)
[R(A — 7" (2,w)] < Clz — wf*(|2] + fw]).
From which we deduce that
R((A = 7"I11)?) (2, w)| < Clz — wf*(|z] + |w])
[S((A = 7)) (2,w)] < Clz —wf’
|A — 7" 3 < |z — w]?.

Now

2 3
A—7"Il; 1 [A—7"11 A — 71
Ra = log(A/"L) = = 1—5( i ) +O<< i ))




Taking the real and imaginary part of this equation, one deduces
R(Ra)(z,w) = O (|2 = wl*(|2] + [w]))
S(Ra)(zw) = O (|2 = wl(22 + [w]*)) .

In particular,
|A/T |(z,w) < m"eClzwl’ (D),

Reducing the domain of the Heisenberg map p to a smaller neighbourhood
of Py, one gets, for every z and w in the domain of p:

|A/T|(2,w) < 7meilvl,
(]

In fact, the symbol s of the operator can also be chosen to be very
simple in the given coordinates:

Proposition A.4. In Heisenberg coordinates, the symbol s of S in propo-
sition A.1 can be chosen to be factorized as:

s(p(2,0), p(w, ¢),t) = e "= (2, w,1),
where

&(z,w,t) ~ Zt”k{kzw)

and where each & is a smooth functzon. Moreover the principal symbol &
does not vanish in a neighbourhood of diag(M).

Proof. The expression of the phase v in local coordinates gives im-
mediatly that any derivative of order > 2 of the function (¢, z,0,w, ¢) —
th(p(z,0), p(w, $)) is of the form e'®=?) f(z,w,t) where f is constant or
linear wrt ¢. It follows that hy(p(2,0), p(w, ¢)) = ™= g(2, w) for some
function g. Hence, we can write so( (2,6), p(w, p)) = e~ ™0 ) &o(z,w) for
some smooth function &y. Of course, any partial derivative of sg is also, in
local coordinates, of the form e~™=%) f(z w) for some function f.

Let us assume that for £ < K, each function s reads in local coordinates
as e™0=9)¢; (2, w) for some smooth function &;. The coefficient sy 1 can be
derived from (s;);<x via a stationary phase lemma, in which the differential
operators come from the Taylor expansion of . Thus, sk is a priori of
the form

C
SK+1(p(Za 0)7/)(“}7 ¢)) = e—in(9—¢) ( Z eik(6_¢)§K+Lj(Zaw)) ’

j=—C
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where C is finite (but depends on K) and the £x 1 ; are smooth functions.
We can get rid of all coefficients except ;7 = 0 by adding a conve-
nient multiple of . Indeed, the operator with symbol (f + 1 g)t* is equal,
after integration by parts, to the operator with symbol ft* + ikgtF—1,
modulo a smoothing operator. For instance, replacing sg 1 with sg41 +
e 0= ¢p 11 1a(z,w) eliminates the j = 1 term.
We conclude by induction. O

The N-th Fourier component Sy of the Szeg6 projector at a point (x,y)
reads

Sn(z,y) = // exp(ityp(x, ryy) + iNn)s(x, ryy, t)dtdn + O(N ).

A change of variables leads to

Sw(a,y) = N [ exp(iN (t(a,ray) +m)s(a,ray, Ndtdn + O(N ),

If  and y belong to different fibres, the phase ti(x,r,y) + n has no crit-
ical point, so Sy(z,y) = O(N~°°); this estimation is uniform outside a
neighbourhood of 7~ (diag(M)).

Using the local expression of the phase, one can derive as in [33] an
expression for Sy at a neighbourhood of size N~1/2 of the diagonal. Let
Qn C C" x R be the set of those (z,#) such that (z/v/N,0/N) belongs to
the domain of p.

Proposition A.5 ([33], Theorem 3.1). There exists a sequence (by)ren of
polynomials on R*", such that each by, is of same parity as k, and a smooth
function Ri on C*" x N, bounded on the compact sets of C*" independently
of the second variable, such that for all N, for all (z,w,0,phi) € Q?V x R2?,
there holds

EICDNC)

K
=11 (2, w) <1 +> N=52by (2w, Py) + N~EFD2 Ry (2, w, N))
k=1

+O(N™™). (9)

Here, 11 is the kernel of the projector on the Bargmann space, as in equa-
tion (1).

Remark A.6. The next step is Proposition A.8, an estimate for Rg that
is valid in all of Q3. For this, we have to keep the O(N~°°) term outside.
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In [33], the O(N~°°) term is absorbed into Ry, without altering the
property that Rg is bounded on compact sets independently on N. How-
ever, if an estimate such that the one in Proposition A.8 did hold without
the supplementary O(N~°°) term, then one could deduce exponential esti-
mates for the off-diagonal of Sy, that is, | Sy (z, )| < e=N#=¥* for some C.
Such results are indeed known [4] but cannot be obtained via the Boutet-
Sjostrand parametrix because the Boutet-Guillemin construction [7] adapts
the Szeg6 kernel parametrix to the more general case of almost Kéhler man-

ifolds, where exponential estimates for the off-diagonal of Sy fail to hold
[12].

The method of proof for the last proposition can be in fact adapted to
compute Sy in a fixed neighbourhood of a point on the diagonal, giving a
result close to the Theorem 4.18 of [28], which also appears in [9, 4]. Recall

Sw(a,y) = N [ exp(iN (t(a,ray) +m)s(a,ray, Ndtdn + O(N ™),

Replacing ¢ and s by their expressions we get, after a change of variables,

— NeiN(G*@ // efN(t(lfA(z,w)e”’)fin)einng(z’ w, Nt)dtd?] + O(NfoO)

We cannot use the stationary phase lemma, except if z = w, because the
phase has no critical points. But ) and s depend holomorphically on €.
Thus, we can replace this integral, which is a contour integral on the unit
circle, with an integral on the circle of radius |A(z,w)| in order to get a
phase with a critical point. This corresponds to formally changing 7 into
n — ilog(]A(z,w)|) in the computations. The integral now reads

NA(Z,w)NeiN(Gftb) // efN(t(lfei")*in)emnM

Aoy e+ O(N~).

The last part of the product can now be computed using a stationary phase
lemma, and the fact that £ is a classical symbol. Hence, we recover a result
similar to [28, 10, 4]:

Proposition A.7. There exists a neighbourhood V of (m, )~ diag(M) in
X x X such that one has, in local Heisenberg coordinates around a point
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Py € diag(X) with values in V', and for each integer K :

SN(p(Z’ 9), p(w’ gb))

K
= N"eiN(e*‘b)A(z, w)N (Z ijBj(z, w, Py) + N*(KH)TK(Z, w, N, PO))
j=0

+O(N™™). (10)

FEach Bj is smooth and By is L on the diagonal. Moreover, ri is bounded

71—’71
in a compact subset of the domain of definition of p, independently of Py
and N.

1
On the diagonal set, By(z, z, Py) = —- because Sy is a projector.

Since, in a neighbourhood small enough of the diagonal, one has
1 2
Az w)] <1 7le —wl,

equation (9) can be deduced from equation (10). This way, we obtain an
estimate on the remainder:

Proposition A.8. In the equation (9), there exist C' and m such that
the remainder Ry satisfies, for every N, for every z and w in Qy, the
inequality:

|Ric(z,w, N, Py)| < CetlFP(1 4 2™ 4 |w™).

Proof. Rescaling the formula (10) yields:
i 0 wo P
oo o) (3 8)

(o) (Sm (G ) = e (G o)
+O(N™™)

The functions B; are smooth, and rx is bounded independently of N.
Thus, applying a Taylor expansion at the origin, there exist polynomials

42



b7, and a function rj with polynomial growth independent of IV, such that

e ICOXCE)

P w N [2K+1 )
= (ﬁ,\/—ﬁ) Z Ni']/2b;:(z7w> +N7(K+1)T;((Z,w7N)

j=0
+ON=). (11)

Let again R4 be such that A(z,w) = 7" (2, w)ef4E®) . We wish to
control, for any integer IV, the Taylor expansion at zero of

gN : (z,w) — eNRA(V_ \/_)

For every multi-index «, the derivative of degree o of gy is a sum of
terms of the form

NRA(\/Zﬁvﬁ) ﬁNl_lw'laﬂR ( z w )
€ 2o A\ =7/ —F= | »
i ' VN VN

where each index §; is nonzero and > 5; = a.

Recall that A and n"II; coincide up to order 2 at the origin. In par-
ticular, the derivatives of order less than 2 of R4 vanish at the origin. It
follows that a term of the form above is nonzero at the origin only if, for
each 1 < i < 4n, there holds §; > 3. In particular, for each « there holds

09 (0,0) = O(N~125),

Moreover, 0%gn (0, 0) is always a polynomial in N~1/2,

As we want to write an expansion with a remainder in O(N—5-1) let
us consider the Taylor expansion of gx at order 6K + 5. To control the
remainder, we make use again of the fact that R4 is smooth on a compact
set and that Ra(z,w) = O(|z|3, |w|?) at the origin. If 8; = 1, then there is
a constant C' such that, for every (z,w) and every N, one has

Y Ry < < ONY|z? + [w]?).

7w )=

Similarly, if 5; = 2, there exists a constant C' such that, for every (z,w)
and every IV, one has

PRa (S e )| < ON VR + .
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If 5; > 3 we simply use the fact that the function 8? ‘R, is bounded on its
set of definition. It follows that for every a there exist m and C' such that,
for every N, for every z,w € 2y, one has

0% g (z,w)| < CNTIVE 4 2™ + [w]|™) |gn (2, w)] -
Recall now from Proposition A.3 that
91(z,w)| < el

From the definition of gy one deduces that

lgn (=2, w)] < erlF,
Thus the Taylor expansion of gn of order 6K + 5 at the origin takes the
following form:

2K+1
on(zw) = 3, N w) + N7, ),
j:

Here, the b;-p are polynomials, and there exist C' and m such that, for every
z,w and every N, one has

[ (2,0, N)| < (14 2™ 4 Jw|™)e~ 11w,

We now return to equation (11). Replacing A with 7"I1;ef4 | using the
previous expression of gy and expanding, we find equation (9) with the
desired control of R. O
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