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Holder gradient estimates for a class of singular or
degenerate parabolic equations
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Abstract

We prove interior Holder estimate for the spatial gradients of the viscosity solutions to the
singular or degenerate parabolic equation

up = |Vau|® div(|VuP~2Vu),

where p € (1,00) and x € (1 — p,00). This includes the from L> to C1:* regularity for
parabolic p-Laplacian equations in both divergence form with £ = 0, and non-divergence
form with k = 2 — p. This work is a continuation of a paper by the last two authors [12].

1 Introduction

Let 1 < p<ooandk € (1 —p,00). We are interested in the regularity of solutions of
up = |Vu|® div(|Vu|P 72 V). (1)

When s = 0, this is the classical parabolic p-Laplacian equation in divergence form. This is
the natural case in the context of gradient flows of Sobolev norms. Holder estimates for the spatial
gradient of their weak solutions (in the sense of distribution) were obtained by DiBenedetto and
Friedman in [7] (see also Wiegner [24]).

When k£ = 2 — p, the equation (1) is a parabolic homogeneous p-Laplacian equations. This is
the most relevant case for applications to tug-of-war-like stochastic games with white noise, see
Peres-Sheffield [20]. This equation has been studied by Garofalo [9], Banerjee-Garofalo [1, 2, 3],
Does [8], Manfredi-Parviainen-Rossi [17, 18], Rossi [21], Juutinen [13], Kawohl-Kromer-Kurtz
[14], Liu-Schikorra [16], Rudd [22], as well as the last two authors [12]. Holder estimates for the
spatial gradient of their solutions was proved in [12]. The solution of this equation is understood
in the viscosity sense. The toolbox of methods that one can apply are completely different to the
variational techniques used classically for p-Laplacian problems.

The equation (1) can be rewritten as

w = |Vul" (Au+ (p — 2)|Vu| 2wujug;) 2
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where v = p + kK — 2 > —1. In this paper, we prove Holder estimates for the spatial gradients
of viscosity solutions to (2) for 1 < p < oo and v € (—1,00). Therefore, it provides a unified
approach for all those « and p, including the two special cases v = 0 and v = p — 2 mentioned
above.

The viscosity solutions to (2) with v > —1 and p > 1 falls into the general framework
studied by Ohnuma-Sato in [19], which is an extension of the work of Barles-Georgelin [5] and
Ishii-Souganidis [11] on the viscosity solutions of singular/degenerate parabolic equations. We
postpone the definition of viscosity solutions of (2) to Section 5. For r > 0, @), denotes B, x
(—r2,0], where B, C R is the ball of radius r centered at the origin.

Theorem 1.1. Let u be a viscosity solution of (2) in 1, where 1 < p < oo and vy € (—1,00).
Then there exist two constants « € (0,1) and C' > 0, both of which depends only on n,~,p and
|l oo (@, ), Such that

HquCa(QUQ) <C.

Also, the following Holder regularity in time holds

u(z, t) — u(z, 5)|

<C.

sup 1ta =
(w)t)z(mvs)te/Q ‘t - S‘ 2oy

Note that (1 + «) /(2 — ay) > 1/2 for every a > 0 and v > —1.

Our proof in this paper follows a similar structure as in [12], with some notable differences
that we explain below. We use non-divergence techniques in the context of viscosity solutions.
Theorem 1.1 tells us that these techniques are in some sense stronger than variational methods
when dealing with the regularity of scalar p-Laplacian type equations. The weakness of these
methods (at least as of now) is that they are ineffective for systems.

The greatest difficulty extending the result in [12] to Theorem 1.1 comes from the lack of
uniform ellipticity. When « = 0, the equation (2) is a parabolic equation in non-divergence form
with uniformly elliptic coefficients (depending on the solution ). Because of this, in [12], we use
the theory developed by Krylov and Safonov, and other classical results, to get some basic uniform
a priori estimates. This fact is no longer true for other values of . The first step in our proof is
to obtain a Lipschitz modulus of continuity. That step uses the uniform ellipticity very strongly in
[12]. In this paper we take a different approach using the method of Ishii and Lions [10]. Another
step where the uniform ellipticity plays a strong role is in a lemma which transfers an oscillation
bound in space, for every fixed time, to a space-time oscillation. In this paper that is achieved
through Lemmas 4.4 and 4.5, which are considerably more difficult than their counterpart in [12].
Other, more minor, difficulties include the fact that the non-homogeneous right hand side forces
us to work with a different scaling (See the definition of )/ by the beginning of Section 4).

In order to avoid some of the technical difficulties caused by the non-differentiability of viscos-
ity solutions, we first consider the regularized problem (3) in the below, and then obtain uniform
estimates so that we can pass to the limit in the end. For ¢ € (0, 1), let u be smooth and satisfy
that

du = (|Vul? + £2)7/? (5”- +(p—2)— "t > ;. 3)

|Vul2 +e2)
We are going to establish Lipschitz estimate and Holder gradient estimates for u, which will
be independent of ¢ € (0, 1), in Sections 2, 3, 4. Then in Section 5, we recall the definition



of viscosity solutions to (2), as well as their several useful properties, and prove Theorem 1.1
via approximation arguments. This idea of approximating the problem with a smoother one and
proving uniform estimates is very standard.
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2 Lipschitz estimates in the spatial variables

The proof of Lipschitz estimate in [12] for v = 0 is based on a calculation that |Vu/|? is a subsolu-
tion of a uniformly parabolic equation. We are not able to find a similar quantity for other nonzero
~. The proof we give here is completely different. It makes use of the Ishii-Lions’ method [10].
However, we need to apply this method twice: first we obtain log-Lipschitz estimates, and then use
this log-Lipschitz estimate and Ishii-Lions’ method again to prove Lipschitz estimate. Moreover,
the Lipschitz estimate holds for v > —2 instead of v > —1.

Lemma 2.1 (Log-Lipschitz estimate). Let u be a smooth solution of (3) in Q4 with v > —2
and € € (0,1). Then there exist two positive constants L1 and Lo depending only on n,p,~y and
|l oo (@4) such that for every (to, zo) € Q1, we have

Lo Lo Ly
ult, ) — u(t,y) < Lol —ylllog o — yll + 2o — w0l + LIy — aof* + 2 (¢ — to)?

forallt € [ty — 1,to] and x,y € Bi(xo).
Proof. Without loss of generality, we assume xy = 0 and o = 0. It is sufficient to prove that

Lo Lo Lo
M= max{ult) —ulty) ~ Lol - ) - 2paf? - 222 - 222y
_1StSO7 Z, yGBl

is non-positive, where
o) —rlogr forr e [0,e!]
T =
e forr > e 1.
We assume this is not true and we will exhibit a contradiction. In the rest of the proof, t €

[~1,0] and 2,y € B; denote the points realizing the maximum defining M.
Since M > 0, we have

Lo
Lig(lz —y|) + 7(\33|2 + |yl + %) < 2[|ull L (@y)-

In particular,

2 o
0(0) < HU||£(Q4)’ where d = |a| and a=uz—y, 4)
1

and

llull oo (@)

t <6
1+ 1o+ Iyl < 6y T

)



Hence, for Lo large enough, depending only on [|u|ze(q,), We can ensure that ¢t € (—1,0] and
z,y € Bi. We choose L? here and fix it for the rest of the proof. Thus, from now on Ls is a
constant depending only on ||u/|zec.

Choosing L large, we can ensure that §(< e~2) is small enough to satisfy

6(8) > 20.

In this case, (4) implies
[ull oo (@u)
0 < ———==2, 6
S (6)
Since t € [—1,0] and x,y € By realizing the supremum defining M, we have that

Vu(t,z) = L1¢'(0)a + Lox
Vau(t,y) = L1¢'(0)a — Loy
ut(tvx) - ut(ta y) = L2t
V2u(t, z) 0 zZ —Z
<
0 —V2u(,y)| SN [—Z 7z } + Lol 7
where 5(5)
PO A A a r—y
Z=¢"(0)a®a+ I—a®a) and a=— =
) g el ol ey
For z € R"™, we let s
Alz) =1 - 2)——1—
(Z) +(p )|Z|2+82’

and ¢ = L1¢/'(0)a, X = V2u(t,x) and Y = V2u(t,y). By evaluating the equation at (¢, ) and
(t,y), we have

Lot < (|g + Loz|? + €)% Tr (A(q T sz)X) —(lg— Loy* + %)% Tr (A(q _ Lgy)Y). (8)

Whenever we write C' in this proof, we denote a positive constant, large enough depending only
onn,p,v and ||ul| e (q,), which may vary from lines to lines. Recall that we have already chosen
Lo above depending on ||u||z only.

Note that |¢| = L1|¢/(6)|. Choosing L; large enough, § will be small, |¢/(5)| will thus be
large, and |g| > L. In particular,

la/2 < lg + Loz <2|g| and |q|/2 < g — Lay| < 2lq|. 9
From (7) and the fact that ¢”(§) < 0, we have

¢'(6)
1)
Y = —VZu(t,y) < quj((;s)(l —a®a)+ Lal

X = V2u(t,z) < Ly

(I—a®a)+ Lol
(10)



Making use of (8), (9) and (10), we have

lg — Loy|* + €2

J
_ 2 0 —2 ? -
Tr (A(g+ L20)X ) = (g + Loaf* +&2) 2L2t+<|q+L2x|z+52> Tr (A(g — Lay)Y )

—c <|qw + L ¢'§5) + 1) |

v

Therefore, it follows from (10) and the ellipticity of A that
'(6
xi<0 (i nf2 1) (1)
Similarly,
'(§
i (a4 1)

Let
B(z) = (|z|2 + 6)714(2).

We get from (8) and (5) the following inequality
—C <Tr[B(q+ Lox)X] = Tr[B(q — Loy)Y] < Th + T (12)
where
T, =Tr[B(qg— Loy)(X —Y)] and Ty =|X||B(¢+ Lex) — B(q — Lay))|-
We first estimate 75. Using successively (5), (9), (11) and mean value theorem, we get

Ty < C1X|lg)" o + ]
< CI1X|lgP !

L&/ (8
< C<\q|_7+ 10 )+1> g1,

J

2
<ol vl 13

We now turn to 77. On one hand, evaluating (7) with respect to a vector of the form (¢, &), we
get that for all £ € R¢ we have
(X —Y)§ € < 2Laf¢*. (14)

On the other hand, when we evaluate (7) with respect to (a, @), we get,
(X —Y)a-a <4L1¢"(6) + 2L 15)

The inequality (14) tells us that all eigenvalues of (X — Y') are bounded above by a constant
C. The inequality (15) tells us that there is at least one eigenvalue that is less than the negative
number 4L1¢"(0) + 2Lo. Because of the uniform ellipticity of A, we obtain

Ty < Clg|" (L1¢"(0) +1).

5



In view of the estimates for 7 and 75, we finally get from (12) that

:
~L @l < ¢ (Ja + 1+ B 1))

or equivalently,

1
L) < C (L4174 5+l ) 16)

Our purpose is to choose L large in order to get a contradiction in (16).

Recall that we have the estimate 6 < C'/L;. From our choice of ¢, ¢/(8) > 1 for ¢ small and
—¢"(6) =1/6 > cLy.

For L; sufficiently large, since v > —2

C(L+ g™V +]g "t + gl <C (1 R LS L;V) < gL’{,
1
S _§L1¢//(5)

The remaining term is handled because of the special form of the function ¢. We have

Ly 2C
—L1¢"(6) = — > —
197°00) = 5 > —+
for L; sufficiently large.
Therefore, we reached a contradiction. The proof of this lemma is thereby completed. O

By letting t = ¢y and y = zp in Lemma 2.1, and since (xq, to) is arbitrary, we have

Corollary 2.2. Let u be a smooth solution of (3) in Qq with v > —2 and ¢ € (0,1). Then
there exists a positive constant C' depending only on n,~, p and ||u| e (q,) such that for every
(t,x),(t,y) € Q3 and |x — y| < 1/2, we have

|u(t, ) —u(t,y)| < Cle —yl[log |z —y]|.

We shall make use of the above log-Lipschitz estimate and the Ishii-Lions” method [10] again
to prove the following Lipschitz estimate.

Lemma 2.3 (Lipschitz estimate). Let u be a smooth solution of (3) in Q4 with v > —2 and
e € (0,1). Then there exist two positive constants Ly and Lo depending only on n,p,~ and
|l oo (@q) Such that for every (to, o) € Q1, we have

Lo Lo Lo
u(t,z) —u(t,y) < Lilz —y| + 7|9C — xo|® + 7’1/ —zo2 + ?(t — t)?

forallt € [ty — 1,to] and x,y € By 4(x0).



Proof. The proof of this lemma follows the same computations as that of Lemma 2.1, but we make
use of the conclusion of Corollary 2.2 in order to improve our estimate.
Without loss of generality, we assume z¢ = 0 and £y = 0. As before, we define
Lo

M = max {u(t, x) —u(t,y) — L1o(jlz —y|) — *WQ -

e —
~1<t<0, z,y€ B 2 [yl }

2 2

is non-positive, where

Y0

1—2_1 forr >1
Y0

¢(r) =

{r - 2} r2=7  forr € [0,1]

for some vy € (1/2,1).

We assume this is not true in order to obtain a contradiction. In the remaining of the proof of
the lemma, t € [—1,0] and z,y € B, /4 denote the points realizing the maximum defining M.

For the same reasons as in the proof of Lemma 2.1, the inequalities (4) and (5) also apply
in this case. Thus, we can use the same choice of Ly, depending on ||u|/z~ only, that ensures
t e (—1,0]and z,y € By.

From Corollary 2.2, we already know that u(t,z) — u(t,y) < C|z — y||log|z — y||. Since
M >0,

Lo
Lig(|z —y|) + 7(|ﬂ7!2 + [y + %) < Cla — y||log |z — y]|- 17

In particular, we obtain an improvement of (5),

0| logd
tl+ | + 1yl < © 'Lf s (18)

This gives us an upper bound for |z + y| that we can use to improve (13).

Ty < CIX|lg" |z + yl,
Y
<ol + 4o ) VaTTogal

The estimate for 77 stays unchanged. Hence, (16) becomes

1
~L20(6) < € (14 VTR (Ja ™+ 1al ™4 5 +1al7) ).
Recall that |q| = L1¢/(0) > L1/2 and ¢"(§) = (yo — 1)d 0. Then,
L™ < (1 + /0] log o] (1 ) PR e IR S L;V))

The term +1 inside the innermost parenthesis is there just to ensure that the inequality holds both
for v < 0 and v > 0. Recalling that 6 < C'/L1, we obtain an inequality in terms of L only.

L < (14 Ly A log Ly (14 LTt + L7 7 4+ Ly + L77))

Choosing L; large, we arrive to a contradiction given that 1 + v9 > max(1/2,—-1/2 — =)
since yp > 1/2 and y > —2. O



Again, by letting ¢t = ¢y and y = xo in Lemma 2.3, and since (o, to) is arbitrary, we have

Corollary 2.4. Let u be a smooth solution of (3) in Q4 with v > —2 and ¢ € (0,1). Then
there exists a positive constant C' depending only on n,~,p and ||ul| 1 (q,) such that for every
(t,x),(t,y) € Q3 and |x — y| < 1, we have

u(t, z) —u(t, y)| < Cle —yl.

3 Holder estimates in the time variable

Using the Lipschitz continuity in « and a simple comparison argument, we show that the solution
of (3) is Holder continuous in ¢.

Lemma 3.1. Let u be a smooth solution of (3) in Qa withy > —1 and € € (0,1). Then there
holds
N R R T
s ) (smer |t — sl

where C'is a positive constant depending only on n, p, v and ||| o (q,)-

Remark 3.2. Deriving estimates in the time variable for estimates in the space variable by max-
imum principle techniques is classical. As far as viscosity solutions are concerned, the reader is
referred to [4, Lemma 9.1, p. 317] for instance.

Proof. Let f = max(2, (24 ~)/(1 ++)). We claim that for all ¢y € [—1,0), n > 0, there exists
L1 > 0and Ly > 0 such that

u(t, z) — u(ty,0) < n+ Li(t —to) + Lo|z|® =: @(t,x) forall (t,x) € [to,0] x By. (19)

We first choose Lo > 2||u|| 0 (q,) such that (19) holds true for x € 9B;. We will next choose
Ly such that (19) holds true for ¢ = t(. In this step we shall use Corollary 2.4 that u is Lipschitz
continuous with respect to the spatial variables. From Corollary 2.4, ||Vull L=(Qs) 18 bounded
depending on ||u|| ;e (g,) only. It is enough to choose

IVl oo (@a 2] < 1+ Lofal?

which holds true if 5
o IVulieg,)
2 = 7”5_1 .

We finally choose L; such that the function ¢(¢, z) is a supersolution of an equation that u is
a solution. The inequality (19) thus follows from the comparison principle. We use a slightly
different equation depending on whether v < 0 or v > 0.

Let us start with the case v < 0. In this case we will prove that ¢ is a supersolution of the
nonlinear equation (3). That is

i — (€2 + [Vl (5z‘j +(- 2)%) pij > 0. (20)



In order to ensure this inequality, we choose L1 so that

Ly > (p— D)|Ve['|D%g| > (€2 + V|22 (6 + (p — 2) 252 o).
1> (p—D[Ve|"[D%p| > (e° + [Ve|7) i+ )€2+!Vs0|2 Pij

We chose the exponent 3 so that when v < 0, |[Vo|?|D?p| = CL%H for some constant C'
depending on n and 7. Thus, we must choose L1 = CL§+7 in order to ensure (20).

Therefore, still for the case v < 0, 8 = (2 + v)/(1 + +), and for any choice of > 0, using
the comparison principle,

_ v+1
u(t,0) = ulto, 0) <0+ C(n | Vulfu g, + 2lull oy +¢)  (E—to)
<+ O [Vl 75, It — tol + Clull o () + )1t — tol

By choosing = HVUHZQ&;S) |t — to|'/2, it follows that for ¢ € (¢, 0],

LJ',Q
u(t, 0) = ulto, 0) < C (| V]| poo(gq) 2 [t — to]? + C ([l ooy + )7 |t — tol.

The lemma is then concluded in the case v < 0.
Let us now analyze the case v > 0. In this case, we prove that ¢ is a supersolution to a linear
parabolic equation whose coefficients depend on . That is

UiUj

— (&2 27/2 (5. 99—
o= €IV (354 0= )l

> PYij > 0. 21D

Since v > 0 and Vu is known to be bounded after Corollary 2.4, we can rewrite the equation
assumption
Pt — aij(t, z)pij > 0, (22)
where the coefficients a;;(, ) are bounded by

jaij ()] < C (& + [Vull o)

Since v > 0, we pick 8 = 2 and D?¢ is a constant multiple of Ly. In particular, we ensure that
(22) holds if
Ly > C (8 + HVUHLOO(QS))’YLQ.

Therefore, for the case v > 0, 8 = 2, and for any choice of > 0, using the comparison principle,
u(t, 0) — u(to, 0) <n+C (8 + HVUHLOO(Qg))'Y (nil”qu%w(Qs) + HuHLoo(QS)) (t — t()).
Choosing = (e + HVUHLOC(QS))WHI (t — o)™/, we obtain,

U(t, O) - U’(th 0) <C (E + ||VUHL°°(Q3))7/2+1 (t — t0)1/2_|_
C (e + I Vull oo (q) " l1ull poe(s) (£ = to)-

This finishes the proof for v > 0 as well. O



4 Holder estimates for the spatial gradients

In this section, we assume that v > —1 so that Corollary 2.4 and Lemma 3.1 holds, that is, the
solution of (3) in ()2 has uniform interior Lipschitz estimates in x and uniform interior Holder
estimates in ¢, both of which are independent of ¢ € (0, 1). For p,r > 0, we denote

Qr = B, x (—r%,0], Q°=DB, x (—p 1%0].

The cylinders @} are the natural ones that correspond to the two-parameter family of scaling of

the equation. Indeed, if u solves (3) in Q7 and we let v(z,t) = #u(rm, r2p~7t), then
ta) = (Vo2 +e2p72)"% (A _9 Vilj ) .
v (t, x) (\ v|c+¢ep ) v+ (p )|Vv|2+52p*20” in Qq

If we choose p > ||[Vul[ < (g,) + 1, we may assume that the solution of (3) satisfies [Vu| < 1
in Ql.

We are going to show that Vu is Holder continuous in space-time at the point (0,0). The
idea of the proof in this step is similar to that in [12]. First we show that if the projection of Vu
onto the direction e € S"~! is away from 1 in a positive portion of ()1, then Vu - e has improved
oscillation in a smaller cylinder.

Lemma 4.1. Let u be a smooth solution of (3) with € € (0, 1) such that |Vu| < 1 in Q1. For
every % <l <1, pu>0, there exists 71 € (0, %) depending only on i, n, and there exist 7,0 > 0
depending only on n, p,~, i and £ such that for arbitrary e € S~ 1, if

{(z,1) € Qu: Vu-e <L} > p|@l, (23)

then
Vu-e<1-9§ ian_‘s,

and Q< C Q.

Proof. Let
qiqj
i) = (o + 277 (85 + 0= 2) 20 ) e re o4
and denote 5
s
QAijom = 78(]”'
m

Differentiating (3) in zx, we have
(ur)t = agj (uk)z] + @i mui; (Ug)m-

Then
(Vu-e—10); = ajj (Vu e —L)ij + aijmui;(Vu - e — 0y,

and for
v = |Vul?

10



we have
U = QU5 + QijmWijUm — 2045 UiUj-
For p = ¢/4, let
w= (Vu-e—{+p|Vu*)T.

Then in the region 24 = {(x,t) € Q1 : w > 0}, we have
Wi = AjjWij + QijmUigWm — 2005 Ukj-

Since |Vu| > ¢/2in Q4 , we have in 2 :

1

c(p,n, e, ify >0
’aijm’ < .
’ c(p,n, )=+, ify <0,

where ¢(p, n, y) is a positive constant depending only on p, n and . By Cauchy-Schwarz inequal-
ity, it follows that
wy < ajjwij + e ()| Vw*  in Qy,

where

col™7 73, ify >0
a(l) = o3
col77°,  ify <0

for some constant ¢y > 0 depending only on p, v, n. Therefore, it satisfies in the viscosity sense
that
wy < dijwij + 61(6)|V’w|2 in Q1,
where
. aij(Vu(z)), x€Qy
aj(z) =
dij, elsewhere.

Notice that since ¢ € (%, 1), a;; is uniformly elliptic with ellipticity constants depending only on
p and y. We can choose c2(¢) > 0 depending only on p, 7, n and ¢ such that if we let

W=1-¢+p

and

1
W= —(1 —e2w=W))
C2

then we have
wy > a;jwi;  in Qq
in the viscosity sense. Since W > supg, w, thenw > 0 in Q1.
If Vu-e < /{ thenw > (1 — e (8*1)) /co. Therefore, it follows from the assumption that

(@) € Qu:w > (1— ) Jer} > plQul.

By Proposition 2.3 in [12], there exist 7; > 0 depending only i and n, and v > 0 depending only
on i, ¢, n,~ and p such that
w>v inQn.

11



Meanwhile, we have
w<W-—w.

This implies that
W—-—w>v inQn.

Therefore, we have
Vu-e+plVu?<1+p—v inQ,.

Since |Vu - e| < |Vul, we have
Vu-e+p(Vu-e)> <l+p—v inQn,.

Therefore, remarking that v < 1 + p, we have

T dp(ltpo
Vu.e< 2HY +2/J( +p—v)
p

<1-¢§ inQn

for some § > 0 depending only on p,~, i, ¢,n. Finally, we can choose 7 = 71 if 7 < 0 and
7 =71(1—6)"2?if v > 0 such that Q1% C Q,. O
Note that our choice of 7 and ¢ in the above implies that

X
2

T7<(1-40)2 when~y >0.

In the rest of the paper, we will choose 7 even smaller such that
< (1=0)1*7 forally > —1. (25)

This fact will be used in the proof of Theorem 4.8.

In case we can apply the previous lemma holds in all directions e € 9B, then it effectively
implies a reduction in the oscillation of Vu in a smaller parabolic cylinder. If such improvement
of oscillation takes place at all scales, it leads to the Holder continuity of Vu at (0, 0) by iteration
and scaling. The following corollary describes this favorable case in which the assumption of the
previous Lemma holds in all directions.

Corollary 4.2. Let u be a smooth solution of (3) with € € (0, 1) such that |Vu| < 1in Q1. For
every 0 < £ < 1, i > 0, there exist T € (0,1/4) depending only on pandn, and § > 0 depending
only on n, p,~y, u, £, such that for every nonnegative integer k < loge/log(1 — 9), if

{(x,t) € Qilfa)i :Vu-e < 0(1-6)"} > /L|Q9,.76)i| foralle € S" Yandi =0, -k, (26)

then | »
’vu‘ < (1 —5)Z+1 in Q;;f) foralli =0,---,k.

Remark 4.3. Remark that we can further impose on 0 that § < 1/2and 6 < 1 — 7.
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Proof. When i = 0, it follows from Lemma 4.1 that Vu - e < 1 — § in Q, for all e € S"~!. This
implies that |Vu| < 1 — 6 in Q179.
Suppose this corollary holds for ¢ = 0,--- , kK — 1. We are going prove it for ¢« = k. Let

v(z,t) = ku(7kx, k(1 — 5)_1”15).

k(1 —9)
Then v satisfies

) 2 v/2 Viv;
= —— A -2 : ] inQ.
v (‘W *(1—6)%) (”“p )vm?+a2<1—5>—%“”) in @1

By the induction hypothesis, we also know that |[Vv| < 1in @1, and

{(2,t) € Q1 :Vv-e <L} > pu|Q1| foralle e S" 1.
Notice that ¢ < (1 — §)*. Therefore, by Lemma 4.1 we have
Vv-e<1l—¢ in Qi_‘s foralle € S™ 1.
Hence, |[Vv| < 1—4in Qi_‘s. Consequently,

Vul < (1= 8" in QU™ O

Unless Vu(0,0) = 0, the above iteration will inevitably stop at some step. There will be a
first value of k£ where the assumptions of Corollary 4.2 do not hold in some direction ¢ € S*~1.

This means that Vu is close to some fixed vector in a large portion of Qil,;(s)k. We then prove that
u is close to some linear function, from which the Holder continuity of Vu will follow applying a
result from [23].

Having Vu close to a vector e for most points tells us that for every fixed time ¢, the function
u(z, t) will be approximately linear. However, it does not say anything about how v varies respect
to time. We must use the equation in order to prove that the function u(zx, t) will be close to some
linear function uniformly in ¢. That is the main purpose of the following set of lemmas.

Lemma 4.4. Let u € C(Q,) be a smooth solution of (3) with v > —1,& € (0,1) such that
|[Vu| < M in Q. Let A be a positive constant. Assume that for all t € [—1,0], we have

oscp, u(-,t) < A,

then

cA, ify=20
0scQ, u < 1 )
C(A+A™) if —1<v<0,

where C is a positive constant depending only on M, ~, p and the dimension n.

Proof. When ~ > 0, for the a;; in (24), we have |a;;| < A := (M? +1)7/? max(p — 1,1), and
therefore, the conclusion follows from the same proof of Lemma 4.3 in [12].
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When v € (—1,0), we choose different comparison functions from [12]. Let

w(x,t) =a+ AATE+ 24]2|P,
w(z,t) =a— AATE - 24]x|8

2+
1+~

w(-,—1) > u(-,—1) in By and w(z, —1) = u(z, —1) for some € By, and a is chosen so that
w(-,—1) <wu(-,—1) in By and w(z, —1) = u(z, —1) for some x € B1. This implies that

where § = and A to be fixed later. As far as @ and a are concerned, @ is chosen so that

a—a=u(®—1) —u(z,—1) + 20 A" —24|7|* — 2A|z|* < A+ 2AA7.

Notice that 5 > 2 since v € (—1,0). We now remark that if A is chosen as follows: A =
(28)7*1(3 — 1)pn? + 1 then the following first inequality

AN < (AP + <) pn - 248(8 - D]l < (2871 (8 — DpnZA1,

(we used that v < 0) cannot hold true for x € B;. This implies that w is a strict super-solution of
the equation satisfied by u. Similarly, w is a strict sub-solution.
We claim that
w>u in@p andw <wu in Q.

We only justify the first inequality since we can proceed similarly to get the second one. If not,
let m = —infg, (W — u) > 0 and (z,%p) € Q; be such that m = u(w,ty) — W(zo,to). Then
w4+ m > win Q1 and W(xo, to) + m = u(xo, tp). By the choice of a, we know that ty > —1. If
rg € 0B1, then

2A = (W(xo,to) + m) — (W(0,t0) + m) < u(xo,to) — u(0,ty) < oscp, u(-,tg) < A,

which is impossible. Therefore, x¢y € B;. But this is not possible since w is a strict super-solution
of the equation satisfied by u. This proves the claim.
Therefore, we have

ochlugsupw—infygEL—Q+4A:2AA7+1+5A. O

@1 @

Lemma 4.5. Let u € C(Q,) be a smooth solution of (3) withy € R,e € (0,1). Lete € S* !
and 0 < 0 < 1/8. Assume that for all t € [—1,0], we have

08Crep, (u(x,t) —x-e) <6,

then
0SC(z1)eq (u(x,t) —x - e) < C6,

where C'is a positive constant depending only on v, p and the dimension n.

Proof. Let

+x-e+ At + 26|z|?,
+x-e— At — 26|z|?,

w(x,t)

a
w(z,t) =a

14



where A > 0 will be fixed later, @ is chosen so that w(-, —1) > u(-, —1) in By and w(Z, —1)
u(z,—1) for some € B1, and a is chosen so that w(-, —1) < u(-,—1) in By and w(z, —1) =
u(x, —1) for some z € By. This implies that

a—a=u(Z,~1)—7 e— (ulz,—1) —z-e)+2A5 — 26|7|* — 25|z* < (2A + 1)4.

For every x € By, and t € [—1,0], since § < 1/8, we have
Vw0 > el — 40]2] > 1/2,  [Vao(a,t)] > le] — 46}a] > 172

Similarly, |Vw(z,t)| < 3/2 and |Vw(z,t)| < 3/2. Therefore, using the notation (24), there is a
constant Ay (depending on p and y) so that

a;j(Vw(z,t)) < Agl and a;j(Vw(z,t)) < Agl.
We choose A = 5nAy. We claim that
w>u in@; andw <wu inQq.

We only justify the first inequality since we can proceed similarly to get the second one. If not,
let m = —infg, (W — u) > 0 and (zg,to) € Q; be such that m = u(zg, to) — W(xo, o). Then
w4+ m > win Q1 and W(xg, tg) + m = u(xo, tp). By the choice of a, we know that tg > —1. If
ro € 0B1, then

20 = (w(zp,to) + m) — xo - e — (wW(0,tg) + m)
< u(xg,tg) —xo- e —u(0,ty) < oscrep, (u(z,to) —x-e) <4,
which is impossible. Hence, x¢ € B;. Therefore, we have the classical relations:

u(zo, to) = wW(xo, to) + m,

Vu(zo, to) = Vw(zo, to) € Bsjz \ By,
D?u(x,t0) < D*Ww(xo, to) = 461,
8tu(x0, to) > 615@(.%‘0, to) = AJ.

It follows that
ut(xo, to) — aij(Vu(:Uo, tg))é?iju(xo, to) > @t(l‘o, to) — aij(Vw(:co, to))aijW(.%o, t(]) > 0,

which is a contradiction. This proves the claim.
Therefore, we have

05C(z,1)eQ; (u(r,t) —x-e) <sup(W —z-e) —inf(w—z-e) <a—a+46 = (2A+5)A. O

X @

Lemma 4.6. Let 1) be a positive constant and u be a smooth solution of (3) withy > —1,¢ € (0,1)
such that |Vu| < 1in Q. Assume

H(z,t) € Q1 : [Vu—e|>eo}| <e

for some e € S"~ and two positive constants ¢, 1. Then, if ¢y and 1 are sufficiently small, there
exists a constant a € R, such that

lu(z,t) —a—e-z[ <n forall (z,t) € Q).

Here, both €y and €5 depend only on n, p,y and .
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Proof. Let f(t) .= |[{x € By : |Vu(z,t) — e] > e0}|. By the assumptions and Fubini’s theorem,
we have that f31 f(t)dt < eq. It follows that for £ := {t € (—1,0) : f(t) > \/1}, we obtain

B < \;a/Ef(t)dtg \/1?1/1f(t)dt§ JAL

Therefore, forall t € (—1,0] \ E, with |E| < /g1, we have
{z € By : |Vu(z,t) —e| > e} < +/e1. (27)

It follows from (27) and Morrey’s inequality that for all ¢ € (—1,0] \ E, we have

1
oscBm(u(‘,t) —e-x) <CMn)[[Vu —ellp2n(p,) < C(n)(eo +&1™), (28)

where C'(n) > 0 depends only on n.

Meanwhile, since |Vu| < 1in ()1, we have that oscp, u(-,t) < 2 forallt € (—1,0]. Thus,
applying Lemma 4.4, we have that oscg, u < C for some constant C'. Note that u (¢, z) — u(0, 0)
also satisfies (3) and [|u(t, z) — u(0,0)||z~(q,) < oscg, w < C. By applying Lemma 3.1 to
u(t, z) — u(0,0), we have

t#£s,(t,z),(s,2)EQ1 |t - S|

Therefore, by (28) and the fact that |E| < /1, we obtain

1 1
0scp, , (u(t) —e- ) < Cleg +ef" + 1)

forall ¢t € (—1/4,0] (that is, including ¢ € E). If €9 and ¢; are sufficiently small, we obtain from
Lemma 4.5 that

1

1 1
oscQ, ,(u—e-z) < Cleg +ei" +¢7).
Hence, if g and ¢ are sufficiently small, there exists a constant a € R, such that
lu(t,z) —a—e-x| <n forall (x,t) € Q. O

Theorem 4.7 (Regularity of small perturbation solutions). Let v be a smooth solution of (3) in
Q1. Foreach B € (0,1), there exist two positive constants 1 (small) and C' (large), both of which
depends only on 3,n,~ and p, such that if |u(z,t) — L(x)| < nin Q1 for some linear function L
of © satisfying 1/2 < |VL| < 2, then

H’LL o LHCQ’B(Q1/2) <C.
Proof. Since L is a solution of (3), the conclusion follows from Corollary 1.2 in [23]. ]

Now we are ready to prove the following Holder gradient estimate.
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Theorem 4.8. Let u be a smooth solution of (3) withe € (0,1),y > —1 such that |Vu| < 1in
Q1. Then there exist two positive constants « and C' depending only on n,~ and p such that

\Vu(z,t) — Vu(y,s)| < C(le —y|* + |t — ﬂﬁ)

forall (z,t), (y,s) € Q12 Also, there holds
[u(e.£) — u(e,5)| < Oft = s[5

forall (z,t),(z,5) € Q)2

Proof. We first show the Holder estimate of Vu at (0, 0) and the Holder estimate in ¢ at (0,0).
Let 7 be the one in Theorem 4.7 with 5 = 1/2, and for this 7, let £, e1 be two sufficiently
small positive constants so that the conclusion of Lemma 4.6 holds. For ¢ = 1 — £2/2 and

p=e1/|Q1],if

{(z,t) € Q1 : Vu-e <} < pulQ| foranyeec S"1,

then
{(z,t) € Q1:|Vu—e| >eo}| <eq.

This is because if |Vu(x,t) — e| > g for some (x,t) € @1, then
Vul? —2Vu-e+1 > &2

Since |Vu| < 1, we have
Vu-e<1—¢e3/2.

Therefore, if ¢ =1 — €2/2 and pp = 1/|Q1], then
{(z,t) € Q1: |Vu—e| >ep} C{(x,t) € Q1: Vu-e <}, (29)
from which it follows that
{(@,1) € Qu: [Vu— e > o}l < {(2,8) € Q1 s Vu-e < 0} < pl @] < 1.

Let 7,6 be the constants in Corollary 4.2. Denote [loge/log(1 — )] as the integer part of
loge/log(1—d). Let k be either [log e/ log(1 — J)] or the minimum nonnegative integer such that
the condition (26) does not hold, whichever is smaller. Then it follows from Corollary 4.2 that for
all/=0,1,---, k, we have

Vu(z,t)] < (1-0)" in QU™

Then for (z,1) € Q1" \ QD"
IVu(z, )| < (1—6)! < C(|z|™ + [t|7o), (30)
where C' = I—L; and o = %. Thus,
Vu(e,t) —q) < C2* +1175) i@\ QY 31)
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for every ¢ € R™ such that |g| < (1 — &)*. Note that when v > 0, it follows from (25) that

2—ay>0 and 2_a7<;. (32)
For/ =0,1,--- ,k,let
wg(,t) = Mu(#x, 2201 — §)~0p). (33)
Then |Vuy(z,t)] < 1in Qq, and
Oiug0jug

Ayup = (|Vug|? +2(1—6)726)7/2 (% +(p—2) )_%> dijue  in Q. (34)

|Vug|2 +e2(1 -6
Notice that £2(1 — §)72¢ < £2(1 — 6)~2* < 1. By Lemma 4.4, we have
oscg, uy < C,

and thus,
OSCQU[(;)Z u< Crf(1 —6)~ (35)

Let v = ug.

Case 1: k = [loge/log(1l — §)]. Then we have (1 — §)*1 < ¢ < (1 — §)*, and thus,
% <1—0<e(l—0)"% < 1. Therefore, when £ = k, the equation (34) is a uniformly parabolic
quasilinear equation with smooth and bounded coefficients. By the standard quasilinear parabolic
equation theory (see, e.g., Theorem 4.4 of [15] in page 560) and Schauder estimates, there exists
b € R™, |b] < 1 such that

IVo(z, t) — b < O(lz] + ]2) < C(|z]* + |{]==) in QL C Qi

and
0w < C inQL° C Q1/4

where C' > 0 depends only on v, p and n, and we used that 5-%— < % Rescaling back, we have

2—ay
Ve, t) — (1 8)Fb| < C(la* + || =5)  in QY™ (36)
and .
Ju(z, t) — ue,0)] < CrF(1 - )R+ in QULY . 37)

Then we can conclude from (31) and (36) that
[Vu(z,t) —ql < C(Jz|* + [t|>7) in Q1)2,

where C' > 0 depends only on +,p and n. From (37), we obtain that for [t| < 727(1 — §)~™
withm > k + 1,

[u(0,t) — u(0,0)| < Cr7F(1 = §)FOH2m(1 — 5)=™7 < C7™(1 — §)™, (38)
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where in the last inequality we have used (25). From (35) and (38), we have
[u(0.) — u(0,0)| < Ct)7,

forall t € (—1/4,0], where /3 is chosen such that
(1-0)=(2(1 - 6)_7)5.

That is,

5:21—1—&' (39)
— v

Note that 3 > 3 if v > —2.
Case 2: k < [loge/log(1l — ¢)]. Then

(@, t) € Q" : Vu-e < £(1 -8} < Q™| for some e € S".

Also, )
V| < (1-6)" inQY ™ forall=0,1,--- k.

Recall v = wy, as defined in (33), which satisfies (34) with £ = k. Then |Vov| < 1in @1, and

H{(z,t) € Q1:Vv-e <} < p|lQi| forsomeeec S"L.
Consequently, using (29), we get

{(z,t) € Q1 :|Vv—e| >ep}] <ei.
It follows from Lemma 4.6 that there exists a € R such that
lv(z,t) —a—e-x|<n forall (z,t) € Q).

By Theorem 4.7, there exists b € R™ such that

(Vo —b] < C(jz| + /Jt]) forall (z,t) € QL0 C Qyy4.

and
O] <O in Q770 C Quyae

Rescaling back, we have

Vu(z, t) — (1 — 8)%8] < C(lel* + [f|=5) in QU0

and
lu,t) — uz,0)| < CT7F(1 = 6ROt in QUL

Together with (31) and (35), we can conclude as in Case 1 that

Vu(z,t) —q| < C(|z]* +|t|Z7) in Qys,
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and
u(0,t) — u(0,0)| < C[t]?,

forall t € (—1/4,0], where C' > 0 depends only on ~, p and n.
In conclusion, we have proved that there exist ¢ € R™ with |¢| < 1, and two positive constants
«, C depending only on =, p and n such that

Vu(z,t) — g < O(|z|* + [t|=7) forall (z,1) € Q1)

and
lu(0,t) —u(0,0)| < C|t|°, forte (—1/4,0],

where [ is given in (39). Then the conclusion follows from standard translation arguments. O

S Approximation
As mentioned in the introduction, the viscosity solutions to
uy = |Vu|” (Au+ (p— 2)|Vu|_2uiujuij) in Q1 (40)

with v > —1 and p > 1 fall into the general framework studied by Ohnuma-Sato in [19], which is
an extension of the work of Barles-Georgelin [5] and Ishii-Souganidis [11] on the viscosity solu-
tions of singular/degenerate parabolic equations. Let us recall the definition of viscosity solutions
to (40) in [19].
We denote
F(Vu, V?u) = |Vu|?” (Au+ (p — 2)|Vu| 2uujuij) -

Let F be the set of functions f € C2([0, c0)) satisfying
f(0) = f(0)= f"(0) =0, f"(r)>0forallr >0,
and

lzg(gn#OF(Vg(w),VQg(x)) = ‘mggg#oF(—Vg(w)?—VQg(x)) =0, where g(z) = f(|z]).

This set F is not empty when v > —1 and p > 1,since f(r) = v € F forany 8 > max(z—ﬁ, 2).
Moreover, if f € F, then \f € F forall A > 0.

Because the equation (40) may be singular or degenerate, one needs to choose the test func-
tions properly when defining viscosity solutions. A function ¢ € C?(Q1) is admissible, which is
denoted as ¢ € A, if for every 2 = (2,1) € Q; that Vip(2) = 0, there exist § > 0, f € F and
w € C(]0, 00)) satisfying w > 0 and lim,_, @ = Osuchthatforall z = (z,t) € Q1,|z—2| <
we have

lo(2) = (2) = @e(2)(t = O] < f(lz = 2]) +w (]t — ).
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Definition 5.1. An upper (lower, resp.) semi-continuous function u in ()1 is called a viscosity
subsolution (supersolution, resp.) of (40) if for every ¢ € C?(Q1), u — ¢ has a local maximum
(minimum, resp.) at (zo, ty) € Q1, then

or < (=, resp.) |Vl (Ap + (p — 2)|Veo| *pip;ei;) at (zo,to) when Vo(zo, to) # 0

and
¢t < (=, resp.) 0 at (o, t9) when V(zg,t9) = 0.

A function u € C(Q)1) is called a viscosity solution of (1), if it is both a viscosity subsolution
and a viscosity supersolution.

We shall use two properties about the viscosity solutions defined in the above. The first one is
the comparison principle for (40), which is Theorem 3.1 in [19].

Theorem 5.2 (Comparison principle). Let u and v be a viscosity subsolution and a viscosity
supersolution of (40) in Q1, respectively. If u < v on 0,Q1, then u < v in Q.

The second one is the stability of viscosity solutions of (40), which is an application of Theo-
rem 6.1 in [19]. Its application to the equation (40) with v = 0,1 < p < 2 is given in Proposition
6.2 in [19] with detailed proof. It is elementary to check it applies to (40) for all v > —1 and all
p > 1 (which was also pointed out in [19]).

Theorem 5.3 (Stability). Let {uy} be a sequence of bounded viscosity subsolutions of (3) in Q1
with €, > 0 that €, — 0, and uy converges locally uniformly to v in Q1. Then u is a viscosity
subsolution of (40) in Q1.

Now we shall use the solution of (3) to approximate the solution of (40). Since p > 1, it
follows from classical quasilinear equations theory (see e.g. [15, Theorem 4.4, p. 560]) and the
Schauder estimates that

Lemma 5.4. Let g € C(0,Q1). For e > 0, there exists a unique solution u® € C*°(Q1) N C(Q,)
of 3) withp > 1 and vy € R such that u* = g on 9,Q1.

The last ingredient we need in the proof of Theorem 1.1 is the following continuity estimate
up to the boundary for the solutions of (3), where the proof is given in the appendix. For two real
numbers a and b, we denote a V b = max(a,b), a A b = min(a, b).

Theorem 5.5 (Boundary estimates). Let u € C(Q1) N C™(Q1) be a solution of (3) withy > —1
and ¢ € (0,1). Let ¢ := ulg,q, and let p be a modulus of continuity of ¢. Then there exists
another modulus of continuity p* depending only on n,~,p, p, (¢l L= (a,q,) Such that

lu(z,t) —u(y, s)| < p"(lz —y[ V|t — s])
forall (z,t), (y,s) € Q.

Proof of Theorem 1.1. Given Theorem 4.8, Theorem 5.2, Theorem 5.3, Lemma 5.4 and Theorem
5.5, the proof of Theorem 1.1 is identical to that of Theorem 1 in [12]. O
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A Appendix

We will adapt some arguments in [6] to prove Theorem 5.5. In the following, ¢ denotes some
positive constant depending only on n,y and p, which may vary from line to line. Denote

Ui U4
F.(Vu, V2u) = (|Vul* +2)/2 (@-j +(p - 2)W> .

Lemma A.l. For every z € OBy, there exists a function W, € C(B1) such that W,(z) =
0,W, > 0in By \ {2}, and

F.(VW,.,V?W,) < -1 in B.

Proof. Let z € 0B;. Let f(r) = /(r —1)* and w,(z) = f(|Jz — 2z|). Then for x € Bj, we
have

2 _
Fu(Vuws, V) = (f2 + )} <(1 )1 S ) |

Then there exists § > 0 depending only on n,y and p such that for x € By N B115(2z2), we have
F.(Vw,, V?w,) < —1.

For o = ﬁ +2anda > 0,let G,(z) = a(27 — ﬁ) Then G, (z) > a(27 — 1) in B;.

Also, for r = |z — 2z| and z € Bj, we have
F.(VG.,V*G.)

_ 2 —20—2 2\2 (P*Q)UQ —0—2 —0—2
—(1(0'7“ 7 +5)2 ((1+0_2_|_827420_+2)0'(—0'—1)T 7 —i—(n—l)ar g
< _%mﬂfaq(a%fzafz +e?)3

{—a3"27("+1)01+7 when v > 0
< 2 -

—23772(g% 4+ 1)"26  when v < 0,

where in the first inequality we used the choice of o. Then we choose a that

1
20 — = 2.
o y1+5ya) o/

Since w;(z) = 0 and G (z) > 0, the function

WL G.(r) forz € By, |z — 22| > 1+
L(x) = =
min(G,(x),w,(x)) forx € By, |t —2z| <146

agrees with w, in a neighborhood of z (relative to B)). Als~o, because of the choice of a, W,
agrees with G, when z € By and |z — 22| > 1 + § for some 6 € (0,§). Moreover,

E(VW,,V*W,) < —&

for some constant x > 0 depending only on n,~ and p. By multiplying a large positive constant
to W, we finish the proof of this lemma. O
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Lemma A.2. For every (z,7) € 0,Q1, there exists W, . € C(Q;) such that W, -(z,7) = 0,
W >0inQy\{(2,7)}, and

W, — F.(VNW,, V2W,.) >1 inQ;.
Proof. ForT > —1 and x € OBy, then

W, r(z,t) = (t—1)°

+ 2W,
is a desired function, where W, is the one in Lemma A.1. For 7 = —1 and = € By, we let
Wer(w,t) = At +1) + |z — Z|Ba

where 8 = max(z—ﬁ, 2). Then if we choose A > 0 large, which depends only on 7, and p, then

W - will be a desired function. ]
For two real numbers a and b, we denote a V b = max(a,b), a A b = min(a, b).

Theorem A.3. Let u € C(Q,) N C™(Q1) be a solution of (3) with vy > —1 and ¢ € (0,1).
Let ¢ := u\ale and let p be a modulus of continuity of . Then there exists another modulus of
continuity p* depending only on n,~y, p, p such that

u(z, t) —u(y,s)] < p(lz —y[ V[t —s])
forall (z,t) € Qy, (y,5) € 3,Q1.
Proof. Forevery k > 0and (z,7) € 0,Q1, let
WR,Z,T(% t)=(z,7) + K+ Man,‘r(l‘, t),
where M,, > 0 is chose so that
o(z,7) + K+ MW, (y,s) > ¢(y,s) forall (y,s) € 0,Q1.

Indeed, N
M, = nf (p(lz =y VT = s) = K)

(4,5)€0pQ1,(y,5)#(2,7) W.+(y,s)

would suffice, and is independent of the choice of (z, 7). Finally, let

Wiz, t)=  inf  We.r(,0).
(1: ) m>0,(zl,17})€8pQ1 o (33 )

Note that for every x > 0 and (z,7) € 0,Q1,

Wi(x,t) —o(z,7) < Wy, r(2,t) —p(2,7)
<k+ MW, (x,1)
<k+ MW, (x,t) =W, (2,7))
<k+ Mw(lz —z| V[T —t]),

23



where w is the modulus of continuity for W, -, which is evidently independent of (z,7). Let
p(r) = infi~o(k + Miw(r)) for all » > 0. Then p is a modulus of continuity, and

W(I’,t) - (P(Zﬂ—) < ﬁ(’z - .%'| v |T - t’) for all (I’,t) € @17 (sz) € aPQl'

By Lemma A.2, W, . - is a supersolution of (3) for every ~ > 0 and (z, 7) € 9,Q1, and therefore,
W is also a supersolution of (3). By the comparison principle,

u(@,t) —p(z,7) <W(z,t) = p(z,7) < pllz — 2| V[T — 1)

for all (x,t) € Qy, (2,7) € 9pQ1.
Similarly, one can show that u(x,t) — ¢(z,7) > —p(|]z — x| V |7 — t|) for all (z,t) €

@1, (2,7) € 8,Q1. This finishes the proof of this theorem. O

Proof of Theorem 5.5. By the maximum principle, we have that

M = ul[ oo (@) = Il L (8,01)-

Let (z,t), (y,s) € Q1, and we assume that ¢ > s. Let 29 be such that |z — 29| = 1 — |z| = r. Let
p be the one in the conclusion of Theorem A.3. Without loss of generality, we may assume that
2M +2 > p(r) > rforall r € [0,2] (e.g., replacing p(r) by p(r) + r), and p(r) < 2M + 2 for
allr > 2.

In the following, if v € (—1,0), then we will assume first that

rtr M 42)77 < 1,

and will deal with the other situation in the end of this proof. Under the above assumption, we have
that 727 (p(2r)) ™7 < r2t7(2M +2)™7 < r when y <0, and 727 (5(2r)) ™7 < P27 (5(r)) ™7 <
r2 < r when ~v > 0. Thus, for all v > —1, we have

r I (p(2r) T <

We will deal with the situation that v € (—1,0) and »'*7(2M + 2)~7 > 1 in the very end of the
proof.
Case 1: r*7(p(2r))™ Y <1+t
If |y — x| <r/2and |s — t| < r?T7(p(2r))~7 /4, then we do a scaling:
uw(rz +z, v (p(2r)) T + 1) — u(xo, t)
7(2r) |

v(z,T) =

Then

VU5
|Vul? + 2r2p(2r)—2

v = (702 + 22023(2r) 277 (b4 (02 Jus wa

Notice that er/p(2r) < er/p(r) < e < 1and r**7(5(2r))~ < r. Thus, |v(z,7)| < 1 for
(z,7) € Q1. Applying Corollary 2.4 and Lemma 3.1 to v and rescaling to u, there exists « > 0
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depending only on v such that v is C* in («, t), and there exists C' > 0 depending only on n,y
and p, such that

_ x —yl*
uly. 5) (e 5)| < Cp(ar) =20
and | @
t—s
o ~ 1+ay ¥ 21
”U,(LU, t) U(.T, S)’ S Cp(2r) 7=Ot(2+"f) )
Therefore,

~ |1"_y|a ~ 1+a'y|t_s|a
[u(y, s) — u(z,t)| < CP(QT)Tia + Cp(2r) @)

Since |y —z| < r/2and |s—t| < 7?7 (p(2r)) 77 /4 < r/4, we have 27 Lr < |z —y| V|t —s| <
27 ™y for some integer m > 1. Then

p™ 2 (jz —yl VIt —s]) | P2 (lz —y| V|t —s]) T
|u(y7 5) - U(JI, t)| <C gmo +C omagpa(l+y)
< Pz =yl V[t = s) + pER™ 2 (|z —y| V|t = s]))
= oma )

Notice that
[)(2m+2’l“) +ﬁ(2m+2,r)l+a'y

ma —0 asr —0.

sup
m>1

Therefore, we can choose a modulus of continuity p; such that

[)(2m+2’l“) + 15(2m+2,r.)1+a’y

2ma

p1(r) > C sup
m>1

for all » > 0,

and we have
[u(y, s) —u(z, )] < p1(lz —y| V[t —s]).
If |y — z| > r/2, then

u(z, 1) —uly, s)| < |u(z,t) — u(zo, )| + |u(zo, t) — u(y, s)|
< p(r) + pllwo — y| vV [t = s])
<p2(le =yl VIt =) +p((Jlz =yl +7) VI]E=s])
<Pz =yl VIt = s)) + pB3(jz — y| V[t — s[))
<253(lz —ylV [t —s])).

If |z —y| < r/2and |s —t| > r2H7(5(2r)) 7 /4, then + < 47 (2M +2) 74 |s — ¢|Z+ when
v>0,and r < 2|s — t\% when ~ < 0. Then one can show similar to the above that

1
Jul, t) — u(y, )| < 26(c(le — y| V[t — 5|2 V |s — £|757)),
< pa(lz =yl V|t —s])

where pa(r) = Qﬁ(cr%) or pa(r) = 2ﬁ(crﬁ) depending on whether v > 0 or v < 0 is a modulus
of continuity, c is a positive constant depending only on M and +.
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This finishes the proof in this first case.
Case 2: r*™7(p(2r))™ 7 > 1+ t.

Then let A\ = /[t + 1] when v > 0, and A = (2M + 2)757 |t + 1|7 when v € (—1,0).
Then one can check that A < r.
If |y — 2| < A\/2and |s —t| < XN2T7(5(20)) 77 /4, let
_u(Az a2, P (B(2N)) T+ t) — u(wo, t)

v(z,7T) = 320 for (z,7) € Q1.

Then

’Ui’l)j
|Vul? +2X25(2)) 2

vy = (Vo2 + 22 5(20)72)1/2 <5ij +(p—2) > ui;  inQ.
Notice that A277(5(2X)) ™7 < A2 < XA when v > 0, and A277(5(2X)) ™7 < Artt7(5(2r)) =7 < A
when vy € (—1,0). Thus, |[v(z,7)| < 1for (z,7) € Q1. Also, eA/p(2A) < eA/p(A) < e < 1.
Then, by the similar arguments in case 1, we have

u(y, s) — u(z, )| < pr(jx —y[ V[t = s]).

If [y —x| > A/2,then [t + 1| < ¢(|lz —y|? V |z — y|*T7) < |z — y| for some ¢ > 0 depending
only on M and ~. Therefore,
u(z, ) = u(y, s)| < |u(z,t) —u(z, =1)| + |u(z, =1) — u(y, s)|
< p(ft+ 1) + p(lz —y[ vV [1 + s)
< plelz —yl) +p((lz —yl) V1 +1])
< ple(lz —yl VIt = s))) + plclz —y[ v |t = s])
=2p(c(lz —y| V[t = 5]))
< pa(lz =yl V]t —s|).

If [ — y| < A/2and |s — t] > A2*7(5(20))7/4, then A < 4757 (2M + 2)7H |s — t|7+
wheny > 0,and A < 2|s — t|% when « < 0. Then one can show similar to the above that
u(,t) = uly, s)| < |u(z,t) —w(z, =1)| + |u(z, —1) — u(y, s)|
< p(lt+ 1)) + p(lz —y| V [1 4 5])
< plells = 1175 V[s = t5) + pl(Je = yl) V |1+ 1)
< plells = 77 Vs —t2) + ple(|s — #1747 v |s = ¢]3))
< pa(lz =yl Vv [t = s]).
This finishes the proof in this second case.
In the end, we deal with the situation thaty € (—1,0) and r'*7(2M +2)~7 > 1. Thenr > ¢
forc = (2M + 2)#. Let A = (2M + 2)% |t + 1\ﬁ There exists ;¢ > 0 depending only M

and «y that if [t + 1| < p, then A < ¢, 2™(p(2¢)) ™7 > 1 +t, and A1+7(2M + 2)~7 < 1. Then,
fort < —1 + p, the same arguments in case 2 works without any change.
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Now the final left case is that (z,t) € Bi_. x [—1+ p, 0]. Then we only need to consider that
(y,5) € Bi_¢j2 X [=1+ /2, 0]. It follows from Corollary 2.4 and Lemma 3.1 that there exists a
modulus of continuity p depending only on n, ~y, p, M that

u(z,t) —uly, s)| < p(|lz —y[ V[t —s]).

This finishes the final situation.
Then p*(r) := p1(r) + p2(r) + p(r) is a desired modulus of continuity. The proof of this
theorem is thereby completed. 0

References

[1] A. Banerjee and N. Garofalo. Gradient bounds and monotonicity of the energy for some
nonlinear singular diffusion equations. Indiana Univ. Math. J., 62(2):699-736, 2013.

[2] A. Banerjee and N. Garofalo. Modica type gradient estimates for an inhomogeneous variant
of the normalized p-Laplacian evolution. Nonlinear Anal., 121:458-468, 2015.

[3] A. Banerjee and N. Garofalo. On the Dirichlet boundary value problem for the normalized
p-Laplacian evolution. Commun. Pure Appl. Anal., 14(1):1-21, 2015.

[4] G. Barles, S. Biton, and O. Ley. A geometrical approach to the study of unbounded solutions
of quasilinear parabolic equations. Arch. Ration. Mech. Anal., 162(4):287-325, 2002.

[5] G. Barles and C. Georgelin. A simple proof of convergence for an approximation scheme
for computing motions by mean curvature. SIAM J. Numer. Anal., 32(2):484-500, 1995.

[6] M. G. Crandall, M. Kocan, P. L. Lions, and A. Swigch. Existence results for boundary prob-
lems for uniformly elliptic and parabolic fully nonlinear equations. Electron. J. Differential
Equations, pages No. 24, 22 pp. 1999.

[7] E. DiBenedetto and A. Friedman. Holder estimates for nonlinear degenerate parabolic sys-
tems. J. Reine Angew. Math., 357:1-22, 1985.

[8] K. Does. An evolution equation involving the normalized p-Laplacian. Commun. Pure Appl.
Anal., 10(1):361-396, 2011.

[9] N. Garofalo. Unpublished notes. 1993.

[10] H. Ishii and P.-L. Lions. Viscosity solutions of fully nonlinear second-order elliptic partial
differential equations. J. Differential Equations, 83(1):26-78, 1990.

[11] H. Ishii and P. Souganidis. Generalized motion of noncompact hypersurfaces with velocity
having arbitrary growth on the curvature tensor. Tohoku Math. J. (2), 47(2):227-250, 1995.

[12] T. Jin and L. Silvestre. Holder gradient estimates for parabolic homogeneous p-laplacian
equations. fo appear in J. Math. Pures Appl., May 2015.

27



[13] P.Juutinen. Decay estimates in the supremum norm for the solutions to a nonlinear evolution
equation. Proc. Roy. Soc. Edinburgh Sect. A, 144(3):557-566, 2014.

[14] B. Kawohl, S. Kromer, and J. Kurtz. Radial eigenfunctions for the game-theoretic p-
Laplacian on a ball. Differential Integral Equations, 27(7-8):659-670, 2014.

[15] O. A. LadyZenskaja, V. A. Solonnikov, and N. N. Ural’ceva. Linear and quasilinear equa-
tions of parabolic type. Translated from the Russian by S. Smith. Translations of Mathemat-
ical Monographs, Vol. 23. American Mathematical Society, Providence, R.I., 1968.

[16] Q. Liuand A. Schikorra. General existence of solutions to dynamic programming equations.
Commun. Pure Appl. Anal., 14(1):167-184, 2015.

[17] J.J. Manfredi, M. Parviainen, and J. D. Rossi. An asymptotic mean value characterization
for a class of nonlinear parabolic equations related to tug-of-war games. SIAM J. Math.
Anal., 42(5):2058-2081, 2010.

[18] J.J. Manfredi, M. Parviainen, and J. D. Rossi. Dynamic programming principle for tug-of-
war games with noise. ESAIM Control Optim. Calc. Var., 18(1):81-90, 2012.

[19] M. Ohnuma and K. Sato. Singular degenerate parabolic equations with applications to the
p-Laplace diffusion equation. Comm. Partial Differential Equations, 22(3-4):381-411, 1997.

[20] Y. Peres and S. Sheffield. Tug-of-war with noise: a game-theoretic view of the p-Laplacian.
Duke Math. J., 145(1):91-120, 2008.

[21] J. D. Rossi. Tug-of-war games and PDEs. Proc. Roy. Soc. Edinburgh Sect. A, 141(2):319-
369, 2011.

[22] M. Rudd. Statistical exponential formulas for homogeneous diffusion. Commun. Pure Appl.
Anal., 14(1):269-284, 2015.

[23] Y. Wang. Small perturbation solutions for parabolic equations. Indiana Univ. Math. J.,
62(2):671-697, 2013.

[24] M. Wiegner. On C|,-regularity of the gradient of solutions of degenerate parabolic systems.
Ann. Mat. Pura Appl. (4), 145:385-405, 1986.

C. Imbert
Department of Mathematics and Applications, CNRS & Ecole Normale Supérieure (Paris)
45 rue d’Ulm, 75005 Paris, France

Email: Cyril.Imbert@ens.fr

T. Jin
Department of Mathematics, The Hong Kong University of Science and Technology
Clear Water Bay, Kowloon, Hong Kong

Email: tianlingjin@ust.hk

28



L. Silvestre
Department of Mathematics, The University of Chicago
5734 S. University Avenue, Chicago, IL 60637, USA

Email: luis@math.uchicago.edu

29



	Introduction
	Lipschitz estimates in the spatial variables
	Hölder estimates in the time variable
	Hölder estimates for the spatial gradients
	Approximation
	Appendix

