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Abstract: A family of finite-dimensional approximate models is proposed which preserves the
port-Hamiltonian structure of a class of open systems of conservation laws. The approach is
based on conservative generalized leapfrog schemes with given consistency orders in terms of
their stencil. The finite volume perspective fits naturally to the formulation of the conservation
laws on staggered grids. Some observations on current structure-preserving discretization
methods are discussed and related to the proposed approach. A frequently used benchmark
example highlights some of the method’s properties and differences to existing structure-
preserving schemes.

Keywords: Port-Hamiltonian systems, systems of conservation laws, distributed-parameter
systems, semi-discretiziation, finite volume methods.

1. INTRODUCTION

The port-Hamiltonian (PH) representation of open sys-
tems of conservation laws [van der Schaft and Maschke
2002] captures their physical (interconnection) structure
and in particular includes the expression of boundary port
variables to describe the energy exchange with the envi-
ronment. The latter is a prerequisite for boundary control,
where the PH structure again is favorable in terms of
well-posedness and the application of energy-based meth-
ods, see e. g. Ramirez et al. [2014]. A discretization of
the underlying partial differential equations is necessary
for simulation and, even more if nonlinear systems are
considered, for manageable controller design. Different ap-
proaches for spatial semi-discretization which preserve the
PH structure and in particular the power balance have
been reported.

The core idea of structure-preserving semi-discretization
methods for PH systems is to account for the different ge-
ometric nature of the power variables (efforts and flows) in
the numerical approximation of their spatial distributions.
Existing works are based on a (mixed) finite element (FE)
perspective, using simple approximation forms on every
segment [Golo et al. 2004] or higher order polynomials to
approximate the distributed power variables at collocation
points [Moulla et al. 2012]. A partial permutation of the
canonical roles of energy and co-energy variables allows
formulating an alternative structure-preserving discretiza-
tion scheme [Farle et al. 2013].
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Proposal No. 655204, EasyEBC – Easy-to-Implement Energy-Based
Control Design for Systems of Conservation Laws.

For systems of conservation laws, there exists a multitude
of finite volume (FV) / finite difference (FD) discretization
schemes in space (semi-discretization) or in space and time
(full-discretization) with different characteristic properties
to simulate various systems and application cases. Find an
overview of FD and FV methods for example in LeVeque
[1992], LeVeque [2002], Eymard et al. [2000]. Among these
methods, conservative schemes such as the generalized
leapfrog methods [Iserles 1986] do not introduce numerical
dissipation.

The purpose of this paper is to show that the semi-
discrete versions of generalized leapfrog schemes are a
very natural basis to formulate structure-preserving dis-
cretization methods for open PH systems of conservation
laws. Thereby, naturally, special attention is paid to the
definition of boundary port variables.

The paper is organized as follows. In Section 2, prelim-
inaries on FV methods on staggered grids, semi-discrete
leapfrog schemes and the PH representation of systems
of two conservation laws in 1D are presented. Besides
the distributed-parameter point of view, a discrete system
representation on staggered grids, which serves as basis for
the FV schemes in Section 4, is introduced. In Section 3,
some observations on structure-preserving discretization
of PH systems with current methods are summarized.
Section 4 presents as a main result the class of FV semi-
discretization methods for open PH systems. In Section 5,
the illustrative example from Golo et al. [2004] is used for a
first discussion and comparison of the presented approach.
Section 6 concludes the paper with open questions and an
outlook to further work.
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Fig. 1. Cells on both grids; fluxes at the cell boundaries.

2. PRELIMINARIES

2.1 Systems of two conservation laws

The dynamics of a (time-invariant) system of two conser-
vation laws on a one-dimensional spatial domain can be
represented in integral form by the equations 1

d

dt

∫
Cq
i

q(z, t) dz=ϕq(q, p, zqi−1/2, t)−ϕ
q(q, p, zqi+1/2, t) (1)

d

dt

∫
Cp
i

p(z, t) dz=ϕp(q, p, zpi−1/2, t)−ϕ
p(q, p, zpi+1/2, t). (2)

q(z, t), p(z, t) are the conserved quantities, Z = [zL, zR]
the spatial domain, Cqi , Cpi are cells on the grid for the q and
the p variable, respectively. ϕq, ϕp denote flux functions
which are evaluated at the cell boundaries. zqi , zpi are the
spatial coordinates of the cell centers. As depicted in Fig. 1,
we consider shifted or staggered grids. This point of view,
which is instrumental for achieving a certain consistency
order with generalized leapfrog numerical schemes [Iserles
1986] can be found already in Yee et al. [1966] for the nu-
merical simulation of Maxwell’s equations. In differential
form, (1), (2) correspond to

d

dt

[
q(z, t)
p(z, t)

]
= − ∂

∂z

[
ϕq(q, p, z, t)
ϕp(q, p, z, t)

]
(3)

with initial conditions q(z, 0), p(z, 0) and the correspond-
ing boundary conditions on ϕq, ϕp at z = zL, z = zR.

Example. For the linear wave equation in first order
representation we have ϕq = p, ϕp = q, and hence

d

dt

∫
Cq
i

q(z, t) dz = p(zqi−1/2, t)− p(z
q
i+1/2, t) (4)

d

dt

∫
Cp
i

p(z, t) dz = q(zpi−1/2, t)− q(z
p
i+1/2, t). (5)

2.2 Finite volume numerical schemes

A finite volume numerical scheme for this class of systems
has the general structure 2

d

dt
Qi = φqi−1/2 − φ

q
i+1/2 (6)

d

dt
Pi = φpi−1/2 − φ

p
i+1/2. (7)

1 ϕq(q, p, zq
i−1/2

, t) abbreviates ϕq(q(zq
i−1/2

, t), p(zq
i−1/2

, t)), etc.
2 The time dependency is skipped for brevity.

Table 1. Coefficients for semi-discrete general-
ized leapfrog schemes with order 2r

r a1 a2 a3
1 1

2 9
8

− 1
24

3 75
64

− 25
384

3
640

We denote

Qi ≈
∫
Cq
i

q(z) dz, Pi ≈
∫
Cp
i

p(z) dz (8)

the numerical approximations of the integral conserved
quantities on each cell and

φqi±1/2 ≈ ϕ
q(q, p, zqi±1/2), φpi±1/2 ≈ ϕ

p(q, p, zpi±1/2) (9)

the approximations of the boundary fluxes. These are
computed from numerical flux functions, incorporating a
finite number of approximate cell states Qi, Pi, according
to the stencil of the method. The simplest conservative
finite volume method is the leapfrog scheme see e. g.
Rezzolla [2011].

Example. The semi-discrete version (only in space) of the
leapfrog scheme for the linear wave equation is

Q̇i = φqi−1/2 − φ
q
i+1/2 = Pi−1 − Pi,

Ṗi = φpi−1/2 − φ
p
i+1/2 = Qi −Qi+1.

(10)

This numerical scheme has a consistency order of 2 in space
and also in time, if an appropriate centered time integra-
tion step is considered [Iserles 1986], [Rezzolla 2011].

Higher consistency order of 2r with r > 1 can be obtained
by generalized leapfrog schemes as presented in Iserles
[1986] for the advection equation. 2r cells are taken into
account to compute the net numerical fluxes into each cell.

Example. The generalized leapfrog scheme, adapted to the
linear wave equation, reads

Q̇i =

r∑
k=1

ak(Pi−k − Pi−1+k)

Ṗi =

r∑
k=1

ak(Qi+1−k −Qi+k).

(11)

By computing the coefficients 1 ≤ k ≤ r according to 3

ak = (−1)r−k
(µ− r + 1

2 )2r

(µ− r + 1
2 )(µ+ r − 1

2 )(r − k)!(r − 1 + k)!
,

(12)
a consistency order of 2r in space is achieved. µ = ∆t/∆z
is the Courant number. With a centered scheme for time
discretization, the correct µ has to be replaced. For the
semi-discrete case with µ = 0, the coefficients as in Table
5 of Fornberg and Ghrist [1999] are obtained.

2.3 Port-Hamiltonian systems of two conservation laws

In port-Hamiltonian form, the boundary fluxes are identi-
fied with point-wise evaluations of the effort variables on
the dual grid. The latter are the variational derivatives

eq(q, p, z) = δqH(q, p), ep(q, p, z) = δpH(q, p) (13)

3 This is the semi-discrete version of the corresponding formula in
Lemma 2 of Iserles [1986].
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of the total stored energy or Hamiltonian

H(q, p) =

∫ L

0

H(q(z), p(z), z) dz. (14)

with H the Hamiltonian density. The PH dynamics in
integral form is then given by 4 ,

d

dt

∫
Cq
i

q(z, t) dz = ep(q, p, zpi−1, t)− e
p(q, p, zpi , t) (15)

d

dt

∫
Cp
i

p(z, t) dz = eq(q, p, zqi , t)− e
q(q, p, zqi+1, t), (16)

or, in differential form,

d

dt

[
q(z, t)
p(z, t)

]
=

[
0 −1
−1 0

]
∂

∂z

[
eq(z, t)
ep(z, t)

]
(17)

with appropriate initial and boundary conditions.

Example. The linear wave equation from the above exam-

ples is recovered when H(q, p) = q2

2 + p2

2 .

A salient property of the PH representation is that, from
the structure of the equations, using integration by parts
(or Stokes theorem in more than one spatial dimension),
the following power balance equation 5 is obtained:

Ḣ=

∫ zR

zL

eq(z)q̇(z)+ep(z)ṗ(z) dz = − [eq(z)ep(z)]
zR
zL
. (18)

Stokes-Dirac structure. In a more formal way, see
van der Schaft and Maschke [2002] for details, the power
balance equation can be expressed as the non degenerate
bilinear form, associated to the Stokes-Dirac structure on
the space F × E defined by

F = Ω1(Z)× Ω1(Z)× Ω0(∂Z) 3 (fq, fp,f b) (19)

E = Ω0(Z)× Ω0(Z)× Ω0(∂Z) 3 (eq, ep, eb) (20)

with the one-forms (flow variables in Ω1(Z))

fq = q̇(z) dz, fp = ṗ(z) dz, (21)

the zero-forms (effort variables in Ω0(Z)) as defined above
and the boundary variables (in Ω0(∂Z)), defined e. g. as

eb =

[
ep(zL)
eq(zR)

]
, −f b =

[
eq(zL)
−ep(zR)

]
. (22)

4 Note that we have replaced zq
i−1/2

= zpi−1, zp
i−1/2

= zqi , etc.
5 Using the definition of the variational derivative and taking q̇ and
ṗ as variations

The above-mentioned bilinear form to express the balance
equation is then

〈(eq, ep, eb)|(fq, fp,f b)〉 =

∫
Z

[eq ∧ fq + ep ∧ fp] + 〈eb,f b〉

(23)
with ∧ the exterior product between two differential forms,
〈·, ·〉 the standard inner product on Euclidean space.
Power-preservation is expressed by

〈(eq, ep, eb)|(fq, fp,f b)〉 = 0. (24)

Discrete representation. As a whole, the system of two
conservation laws can be represented in integral form by

d

dt

∫ zR

zL

q(z) dz = ep(zL)− ep(zR) (25)

d

dt

∫ zR

zL

p(z) dz = eq(zL)− eq(zR), (26)

which gives no information about the spatial distribution
of the energy variables (states) q(z) and p(z). Dividing the
spatial domain into the intervals

Cqi =

{
[zL, z

p
1 ] i = 1,

(zpi−1, z
p
i ] i = 2, . . . , N,

(27)

Cpi =

{
[zqi , z

q
i+1) i = 1, . . . , N − 1,

[zqN , zR] i = N,
(28)

the conservation laws can be rewritten, i = 1, . . . , N ,

d

dt

∫
Cq
i

q(z) dz = ep(zpi−1)− ep(zpi ), (29)

d

dt

∫
Cp
i

p(z) dz = eq(zqi )− ep(zqi+1), (30)

with zp0 = zL, zqN+1 = zR. Define for i = 1, . . . , N

fqi :=
d

dt

∫
Cq
i

q(z) dz, fpi :=
d

dt

∫
Cp
i

p(z) dz, (31)

as flow variables and the point-wise values of the dis-
tributed efforts

eqi := eq(zqi ), epi := ep(zpi ) (32)

as efforts and collect them in the vectors

f q =

f
q
1
...
fqN

 , fp =

f
p
1
...
fpN

 , eq =

 e
q
1
...
eqN

 , ep =

 e
p
1
...
epN

 . (33)



With the boundary efforts ep0 := ep(zL) and eqN+1 :=
eq(zR), a discrete version of (29), (30) is

f q =


−1
1 −1

. . .
. . .
1 −1


︸ ︷︷ ︸

D

ep +


1
0
...
0


︸︷︷︸
gq

ep0 (34)

fp =


1 −1

. . .
. . .

1 −1
1


︸ ︷︷ ︸

−DT

eq +


0
...
0
−1


︸ ︷︷ ︸

gp

eqN+1. (35)

Note however that in this discrete formulation of the
conservation laws, the flows and the efforts are both
defined in terms of the distributed states q(z), p(z), whose
evolution obey the corresponding PDE (17).

For the dashed boundary cells in Fig. 2, which have not
been considered so far, we have

fp0 = eq0 − e
q
1, fqN+1 = epN − e

p
N+1. (36)

Expressing the (lumped) power balance over all 2N inte-
rior (solid) cells, we get

〈eq,f q〉+ 〈ep,fp〉
= (eq)T (Dep + gqe

p
0) + (ep)T (−DTeq + gpe

q
N+1)

= (eq)Tgq︸ ︷︷ ︸
eq1=eq0−f

p
0

ep0 + (ep)Tgp︸ ︷︷ ︸
−ep

N
=−ep

N+1
−fq

N+1

eqN+1.

The definition of boundary port variables, i. e. in- and
output variables of the boundary control systems,

eb =

[
ep0

eqN+1

]
, −f b =

[
eq0(−fp0 )

−epN+1(−fqN+1)

]
, (37)

is in accordance with (22), except for the terms in brackets.
The slight non-collocation is due to the staggered grids and
vanishes with ∆z → 0. Hence, the discrete analogue of Eq.
(23) is

〈eq,f q〉+ 〈ep,fp〉+ 〈eb,f b〉 = 0. (38)

Remark 1. Note that the roles of in- and outputs can be
permuted by shifting the grids in opposite direction. In this
paper only the situation depicted in Fig. 2 is considered.

3. OBSERVATIONS ON STRUCTURE-PRESERVING
DISCRETIZATION OF PH SYSTEMS

Structure-preserving discretization schemes aim at a finite-
dimensional approximation of the infinite-dimensional PH
dynamics which is in PH form and can be understood
as the explicit representation of an approximation Dirac
structure. Current methods [Golo et al. 2004, Farle et al.
2013] are based on a mixed finite element perspective,
exploit a direct formulation of discrete conservation laws
on dual meshes [Seslija et al. 2014] or use a pseudo-
spectral collocation approach [Moulla et al. 2012]. In this
section, some observations on current structure-preserving
methods, which have a direct relation to the present work,
shall be summarized.

1. The mixed FE method [Golo et al. 2004], as well as
the pseudo-spectral approach [Moulla et al. 2012] lead to

finite-dimensional approximate state space models which
feature a direct feedthrough between in- and outputs at
opposite terminals. This fact can be nicely used to generate
inverse models for inversion-based feedforward control
[Kotyczka and Blancato 2015]. It is, however, at odds with
the finite propagation speed in hyperbolic systems.

2. The direct feedthrough does not appear in the mixed FE
approach presented in Farle et al. [2013], nor the explicit
simplicial discretization of Seslija et al. [2014] where the
state/flow variables are defined on dual meshes.

3. The approach of Golo et al. [2004] features a param-
eter α which contains information on the approximation
forms on both energy domains. Using the same forms for
both domains, α = 1

2 is the only value to satisfy the
compatibility conditions of the approach. On the other
hand, α and 1 − α appear as factors to compute the co-
state variables at each interval from the boundary efforts.
Using (disregarding the compatibility conditions) α = 0
or α = 1, the feedthrough disappears, see e. g. Hamroun
et al. [2008]. The state representation then coincides with
the one obtained by simplicial discretization or the basic
FV method as presented below.

4. PH FINITE VOLUME DISCRETIZATION

In a finite volume numerical approximation which is sup-
posed to preserve the PH structure we replace the flow
end effort variables f q,fp, eq, ep by their numerical coun-
terparts F q,F p,Eq,Ep. At the same time we preserve
the boundary input variables Eb = eb and approximate
the collocated outputs F b ≈ f b. In contrast to (34),
(35), where the elements of f q, fp equal the net fluxes
to each cell, F q, F p are identified with net numerical
fluxes computed from the numerical efforts Eq, Ep. As
usual in higher order finite volume methods, the infor-
mation of multiple adjacent control volumes can be used
to approximate the boundary fluxes. The presented finite-
dimensional models result from a semi-discrete adaptation
of the generalized leapfrog schemes of Iserles [1986] to the
open PH setting, putting attention to the definition of
boundary in- and outputs.

4.1 Main result

As a main result, we formulate a class of FV semi-
discretization schemes which numerically approximate
(34), (35) and the power balance (38). For brevity we
present only the case of a Hamiltonian independent of the
spatial variable z. After some comments on consistency
order and convergence, Section 5 illustrates and compares
the approach using the (z-dependent) benchmark example
from Golo et al. [2004].

The numerical approximate models will have the explicit
PH representation[

F q

F p

]
=

[
0 D̄

−D̄T
0

] [
Eq

Ep

]
+

[
ḡq 0
0 ḡp

] [
Eb

L

Eb
R

]
(39)

−
[
F b
L

F p
R

]
=

[
ḡT
q 0T

0T ḡT
p

] [
Eq

Ep

]
. (40)

The vectors of discrete flow variables

F q = Q̇, F p = Ṗ (41)



denote the time derivatives of the approximate conserved
quantities Qi, Pi on each cell Cqi , Cpi , i = 1, . . . N (discrete
state variables), according to Eq. (8). The numerical efforts
Eq, Ep are derived from the discrete energy approximation

H̄(Q,P ) =

N∑
i=1

H(
Qi

∆z
,
Pi

∆z
)∆z (42)

according to

Eq
i =

∂

∂Qi
H̄(Q,P )=

∂

∂qi
H◦(Qi

∆z
,
Pi

∆z
)= eqi (

Qi

∆z
,
Pi

∆z
), (43)

Ep
i =

∂

∂Pi
H̄(Q,P )=

∂

∂pi
H◦(Qi

∆z
,
Pi

∆z
)= epi (

Qi

∆z
,
Pi

∆z
). (44)

Proposition 2. The PH state representation (39), (40)
with matrices

D̄=



−a1 −a2 · · · −ar
a1 −a1

. . .
. . .

...
. . .

. . . −ar
ar

. . .
...

. . .
. . .

. . . −a2
ar · · · a1 −a1


, ḡq =



b1
...
br
0
...
0


, ḡp =



0
...
0
−br

...
−b1


,

(45)
energy approximation (42) and constitutive equations
(43), (44), is a finite dimensional approximation of a sys-
tem of two conservation laws in PH form if the coefficients
ai, i = 1, . . . , r are computed from Eq. (12) and

bk =

r∑
i=k

ai, k = 1, . . . , r. (46)

The consistency order of the approximation inside the
spatial domain is 2r. The approximate power balance

(Eq)TF q + (Ep)TF p + (Eb)TF b = 0 (47)

converges to (38) for ∆z → 0.

Proof. The consistency of the numerical approximation is
commented in the following subsection. Here, we sketch
the convergence of the discretized power balance (47) –
which follows from the PH structure of (39), (40) – to
(38) for ∆z → 0.

• The discrete effort variables tend to their continuous
versions, see Eqs. (42)–(44): Eq

i → eqi (zqi ) = eqi and
Ep

i → epi (zpi ) = epi for i = 1, . . . , N .
• The same holds for the discrete flows due to the consis-

tency of the method (see below): F q
i → fqi and F p

i → fpi
for i = 1, . . . , N .

• The boundary inputs Eb = [ep(zL) eq(zR)] coincide in
the original and discretized case. From the structural
identity of (38) and (47) and the convergence of flows

and efforts, also −F b→ [eq(zL) −ep(zR)] follows.

Moreover, it can be verified that the steady state gains
from Eb

L to F b
R and from Eb

R to F b
L are of magnitude 1

which confirms the conservation of flux.

4.2 Consistency

The consistency order depends on the local approximation
error made by the use of numerical flux functions. We
sketch the consistency analysis for the equations not

affected by the boundary inputs, leaving out for the
moment the discussion of the boundaries (as a bottleneck
for the approximation accuracy of the open system). The
net flux to a cell Cqi , i = r + 1, . . . , N on the q grid 6 is

fqi = ep(q(zpi−1), p(zpi−1))− ep(q(zpi ), p(zpi )), (48)

whereas the net numerical flux is

F q
i =

r∑
k=1

akE
p
i−k(Qi−k,Pi−k)−

r∑
k=1

akE
p
i−1+k(Qi−1+k,Pi−1+k).

(49)
To determine the local approximation error, the numeri-
cal efforts Ep

j are replaced by the expressions (43), (44).
Moreover, the discrete state variables Qj , Pj are replaced
by the integrals

∫
Cq
j
q(z)dz,

∫
Cp
j
p(z)dz, assuming the true

distribution of the state variables q(z) and p(z). Subtract-
ing (48) from (49) with these replacements, we obtain

errqloc,i = (50)

r∑
k=1

ake
p(

∫
Cq
i−k
q(z)dz

∆z
,

∫
Cp
i−k
p(z)dz

∆z
)− ep(q(zpi−1), p(zpi−1))

−
r∑

k=1

ake
p(

∫
Cq
i−1+k

q(z)dz

∆z
,

∫
Cp
i−1+k

p(z)dz

∆z
) + ep(q(zpi ), p(zpi )).

If the coefficients ak are computed from Eq. (12), a Taylor
series expansion in ∆z shows that the approximation error
is of order O(∆z2r+1). Hence, the presented family of FV
discretization schemes has consistency order 2r.

4.3 Convergence

The Lax equivalence theorem (see Iserles [2009] for a
semi-discrete formulation) allows concluding convergence
to the exact solution of a linear PDE provided it is
well-posed, the numerical scheme is of order ≥ 1 and
numerically stable. In the linear case (i. e. with quadratic
Hamiltonian), well-posedness is a property that can be
systematically verified for boundary control systems in
PH form [Jacob and Zwart 2012]. The above FV schemes
are of order ≥ 2, and for the linear case, exponential
growth bounds can be given for the numerical solution[
Q(t)T P (t)T

]T
in any interval [0, t∗]. The discussion of

convergence in the nonlinear case is more delicate, see e. g.
Section 12.12 in LeVeque [2002], and is left for future work.

5. EXAMPLE

As an illustrative example we consider the transmission
line of length L = e − 1 and non-constant inductance
and capacitance per length l(z) = c(z) = 1/(z + 1),
terminated by a resistance R = 1 at z = L as presented
in Golo et al. [2004]. The PH PDE is (17) with q(z, t) and
p(z, t) = ψ(z, t) the charge and flux density per length,
eq(z, t) = v(z, t) and ep(z, t) = i(z, t) the voltage and
current distributions. For an input voltage u(t) = eq(0, t),
the non-collocated output voltage at the opposite terminal
can be computed as y(t) = eq(L, t) = u(t− ln(z + 1)).

In Fig. 3, we show (a) the input u(t) and exact output
y(t) and (b) three numerical FV solutions yFV,r(t) with r ∈
{1, 2, 4}. In the third plot (c) the mixed FE approximation
from Golo et al. [2004] is reproduced with parameter

6 Completely analogous for cell Cpi , i = 1, . . . , N − r on the p grid.
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Fig. 3. Simulations of the non-constant transmission line.
(a) Input and exact output voltage, (b) FV output
error with three different stencils, (c) mixed FE sim-
ulation with α = 1/2.

α = 1
2 (“Exp. 4”, spline approximation by Whitney forms,

uniform grid) for comparison.

Each numerical experiment is based on a discretization
with N = 5 segments, the lumped inductances, capaci-
tances have been computed according to the expression in-
dicated in Golo et al. [2004] for “Exp. 4”, replacing the cell
centers on the accordingly shifted grids. The discretized
models being linear, the simulations are conducted with
Matlab’s lsim with a step size of h = 0.001.

Avoiding a direct feedthrough in the discretized PH model,
the FV scheme with staggered grids approximates the
delay of the analytic solution in a non-oscillatory manner
in the time interval t ∈ [0, 1), in contrast to the mixed FE
approximation. Increasing the order of the method by a
wider stencil, the error yFV,r(t)−y(t) decreases for a fixed
number of segments. The magnitude of the initial error
around t = 1 remains practically unchanged. Increasing
the number of segments 7 , the error norm of the numerical
output decreases, yet not with order (1/N)2r. This is
due to the fact that no special measures to increase the
accuracy at the boundaries, like appropriate ghost cells,
have been implemented for the simulations.

7 which is not displayed for space limitation

6. CONCLUSIONS

The proposed family of semi-discrete FV schemes pro-
vides ODE (control) models for the considered class of
distributed-parameter PH systems with a given accuracy
inside the spatial domain. An advantage compared to
higher order FE or collocation methods is that the energy
approximation to compute the co-state variables remains
simple. The “parasitic” feedthrough which is present in
some current structure-preserving methods is avoided. To
increase the accuracy at the boundaries, additional mea-
sures have to be taken. The extension to higher spatial di-
mensions is conceptually simple in the FV perspective and
is a topic of ongoing work, as well as the full-discretization
to obtain multi-symplectic schemes for PH systems.
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