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HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS

by

Clément Erignoux

Abstract. — Collective dynamics can be observed among many animal species, and have given rise in the
last decades to an active and interdisciplinary field of study. Such behaviors are often modeled by active
matter, in which each individual is self-driven and tends to update its velocity depending on the one of its
neighbors.

In a classical model introduced by Vicsek & al., as well as in numerous related active matter models, a
phase transition between chaotic behavior at high temperature and global order at low temperature can be
observed. Even though ample evidence of these phase transitions has been obtained for collective dynamics,
from a mathematical standpoint, such active systems are not fully understood yet. Significant progress has
been achieved in the recent years under an assumption of mean-field interactions, however to this day, few
rigorous results have been obtained for models involving purely local interactions.

In this paper, as a first step towards the mathematical understanding of active microscopic dynamics,
we describe a lattice active particle system, in which particles interact locally to align their velocities.
We obtain rigorously, using the formalism developed for hydrodynamic limits of lattice gases, the scaling
limit of this out-of-equilibrium system. This article builds on the multi-type exclusion model introduced by
Quastel [35] by detailing his proof and incorporating several generalizations, adding significant technical
and phenomenological difficulties.

Résumé (Limite hydrodynamique pour un processus d’exclusion actif). — L’étude des dy-
namiques collectives, observables chez de nombreuses espéces animales, a motivé dans les derniéres décennies
un champ de recherche actif et transdisciplinaire. De tels comportements sont souvent modélisés par de la
matiére active, c’est-a-dire par des modéles dans lesquels chaque individu est caractérisé par une vitesse
propre qui tend & s’ajuster selon celle de ses voisins.

De nombreux modéles de matiére active sont liés & un modéle fondateur proposé en 1995 par Vic-
sek & al.. Ce dernier, ainsi que de nombreux modéles proches, présentent une transition de phase entre
un comportement chaotique a haute température, et un comportement global et cohérent & faible tempéra-
ture. De nombreuses preuves numériques de telles transitions de phase ont été obtenues dans le cadre des
dynamiques collectives. D’un point de vue mathématique, toutefois, ces systémes actifs sont encore mal
compris. Plusieurs résultats ont été obtenus récemment sous une approximation de champ moyen, mais il
n’y a encore a ce jour que peu d’études mathématiques de modéles actifs faisant intervenir des interactions
purement microscopiques.

Dans cet article, nous décrivons un systéme de particules actives sur réseau interagissant localement pour
aligner leurs vitesses. Comme premiére étape afin d’atteindre une meilleure compréhension des modéles
microscopiques de matiére active, nous obtenons rigoureusement, a 1’aide du formalisme des limites hydro-
dynamiques pour les gaz sur réseau, la limite macroscopique de ce systéme hors-équilibre. Nous développons
le travail réalisé par Quastel [35], en apportant une preuve plus détaillée et en incorporant plusieurs général-
isations posant de nombreuses difficultés techniques et phénoménologiques.

Key words and phrases. — Statistical physics, Hydrodynamic Limits, Lattice gases, Out-of-equilibrium systems,
Non-gradient systems, Exclusion process.
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1. Introduction

1.1. Active matter and active exclusion process. — Active matter systems, i.e. microscopic
interacting particles models in which each particle consumes energy to self-propel, have been the subject
of intense scrutiny in physics in the recent years. As explained thoroughly in Appendix A, active matter
exhibits a rich phenomenology. Its two most studied features are the emergence of global polarization,
first discovered with Vicsek’s seminal model [50], and the so-called Motility Induced Phase Separation
(MIPS, cf. [11]), which can be roughly described as the particle’s tendency to cluster where they move
more slowly. As detailed in Appendix A, these two phenomena have been extensively studied by the
physics community in the last decade (e.g. [41] [42] [43] for alignment phase transition , [10] [11] for
MIPS).

By essence, active matter models are driven out-of-equilibrium at a microscopic level, and although
many are now well-understood from a physics standpoint, their mathematical understanding to this day
remains partial. Inspired by Vicsek’s original model [50], significant mathematical progress has been
achieved using analytical tools for active alignment models submitted to mean-field or local-field inter-
actions, i.e. for which the particle’s interactions are locally averaged out over a large number of their
neighbors (e.g. [5], [15], [18]). However, in some cases, the local-field approximation is not mathemat-
ically justified, and deriving exact results on models with purely microscopic interactions can provide
welcome insight for their phenomenological study [30].

Let us start by briefly describing a simplified version of the active exclusion process studied in this
article before giving some mathematical context. On a two-dimensional periodic lattice, consider two-
types of particles, denoted ”+” and ”—”, which move and update their type according to their neighbors.

— Each particle’s type is randomly updated by a Glauber dynamics depending on its nearest

b2

neighbors.
— The motion of any particle is a random walk, weakly biased in one direction depending on its
type : the ”4” particles will tend to move to the right, whereas the ”—" particles will tend to move
to the left.

— The vertical displacement is symmetric regardless of the particle’s type.
To model hard-core interactions, an exclusion rule is imposed, i.e. two particles cannot be present on the
same site : a particle jump towards an occupied site will be canceled. This induces the congestion effects
which can lead to MIPS, and one can therefore hope that this model encompasses both the alignment
phase transition and MIPS which are characteristic of many of the active models described in Appendix
A. However, mathematically proving such phenomenology for our microscopic active model is still out of
reach.

In this article, as a first step towards this goal, we derive the hydrodynamic limit for an extension of the
model briefly described above. From a mathematical standpoint, a first microscopic dynamics combining
alignment and stirring was introduced in [13], where De Masi et al. considered a lattice gas with two
types of particles, in which two neighboring particles can swap their positions, and can change type
according to the neighboring particles. They derived the hydrodynamic limit, as well as the fluctuations,
when the stirring dynamics is accelerated by a diffusive scaling, w.r.t. the alignment dynamics. This scale
separation is crucial to have both alignment and stirring present in the hydrodynamic limit. Generally,
the strategy to obtain the hydrodynamic limit for a lattice gas depends significantly on the microscopic
features of the model, and must be adapted on a case-by-case basis to the considered dynamics. For
example, the exclusion rule in the active exclusion process makes it non-gradient, thus the proof of its
hydrodynamic limit is significantly more elaborate. The end of this introduction is dedicated to putting
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4 C.ERIGNOUX

in context the mathematical contributions of this article and describing the difficulties occurring in the
derivation of the hydrodynamic limit of our model.

1.2. Hydrodynamics limits for non-gradients systems. — The active exclusion process presented
above belongs to a broad class of microscopic lattice dynamics for which the instantaneous particle
currents along any edge cannot be written as a discrete gradient. This difficulty appears naturally in
exclusion systems, in particular for systems with multiple particle types, or for generalized exclusion
processes where only a fixed number « (k > 2) of particles can be present at the same site. Such systems
are called non-gradients. A considerable part of this article is dedicated to solving the difficulties posed
by the non-gradient nature the active exclusion process.

The first proof for a non-gradient hydrodynamic limit was obtained by Varadhan in [48], and Quastel
[35] (cf. below). To illustrate the difficulty let us consider a general diffusive particle system of size N
in 1 dimension, evolving according to a Markov generator £y. Such a diffusive system must be rescaled
in time by a factor N2, therefore each jump in £y should occur at rate N2. Denoting by 7, the state of
the system at the site z (e.g. number of particles, energy of the site), £Lx7, is a microscopic gradient,

£N77:1: = NQ(jI71,$ - jm,erl)a

where j, .41 is the instantaneous current along the edge (z,x + 1), and the N? comes from the time-
rescaling. This microscopic gradient balances out a first factor IV, and acts as a spatial derivative on
a macroscopic level. In order to obtain a diffusive equation similar to the heat equation, one needs to
absorb the second factor N in a second spatial derivative. This is the main difficulty for non-gradient
systems, for which the instantaneous current j, ;41 does not take the form of a microscopic gradient.
The purpose of the non-gradient method developed by Varadhan is to establish a so-called microscopic
fluctuation-dissipation relation
jm,erl =~ _D(nm+1 - 7]1) + ACNgma

where Lyg, is a small fluctuation which usually disappears in the macroscopic limit according to Fick’s
law for diffusive systems. Although the link to the macroscopic fluctuation-dissipation relation (cf. Section

8.8, p140-141 in [45] for more detail on this relation) is not apparent, the latter is indeed a consequence
of the microscopic identification above.

1.3. Multi-type lattice gases, and contributions of this article. — The difficulties to derive the
hydrodynamic limit of multi-type particle models vary significantly depending on the specificities of each
microscopic dynamics. Active matter provides natural examples of multi-type particle systems, since
each possible velocity can be interpreted as a different type. When the particles evolve in a continuous
space domains, (e.g. [15], [16]) and in the absence of hard-core interactions, the density of each type
of particles can essentially be considered independently regarding displacement, and the scaling limit
usually decouples the velocity variable and the space variable.
In the case of lattice gases, however, it becomes necessary to specify the way particles interact when
they are on the same site. Dynamically speaking, multi-type models often allow either
— swapping particles with different types, as in [37] for a totally asymmetric system with velocity
flips.
— The coexistence on a same site of particles with different velocities, as in [14] or [39] for a
model closely related to the one investigated in this article with weak driving forces, or in [20] for
a zero-range model exhibiting MIPS-like behavior.
These simplifications allow to bypass the specific issues arising for diffusive systems with complete exclu-
sion between particles, since the latter often require the non-gradient tools mentioned previously.

The first hydrodynamic limits for non-gradient microscopic systems were studied by Varadhan and
Quastel. They developed in [48] and [35] a general method to derive the hydrodynamic limit for non-
gradient systems with main requirement a sharp estimate for the Markov generator’s spectral gap. Quastel
also notably obtained in [35] an explicit expression for the diffusion and conductivity matrices for the
multi-type exclusion process, as a function of the various particle densities and of the self-diffusion
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HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 5

coefficient ds(p) of a tagged particle for the equilibrium symmetric simple exclusion process with density
p. This result was then partially extended to the weakly asymmetric case (in [36] as a step to obtain a
large deviation principle for the empirical measure of the symmetric simple exclusion process, and where
the asymmetry does not depend on the configuration, and in [24] for a weak asymmetry with a mean-field
dependency in the configuration), as well as a more elaborate dynamics with creation and annihilation
of particles [38].

In this article, we derive the hydrodynamic limit for an active matter lattice gas with purely microscopic
interactions. To do so, we generalize the results obtained by Quastel [35] by incorporating many natural
extensions, and apply in great detail the non-gradient method for multi-type exclusion with a weak drift.

There are several reasons behind our choice to detail this difficult proof. First, Quastel’s original
article suffers from typos which are fixed in this paper, in particular the spectral gap for the multi-type
exclusion process is not uniform with respect to the density and this required an adaptation of the original
proof. Second, Quastel’s proof relied significantly on the structure of the microscopic dynamics which
could be controlled by the symmetric exclusion. This played a crucial role in [35] to ensure that the
particle density does not reach 1, because when this is the case, the system loses its mixing properties as
represented by the decay of the spectral gap. When the considered dynamics is a multi-type symmetric
exclusion (identical for any particle type, as in [35]), the macroscopic density for the total number of
particles evolves according to the heat equation, and density control at any given time is ensured by
the maximum principle. In our case, the limiting equation is not diffusive and a priori estimates on the
density are much harder to derive. Finally, [35] was one of the first examples of hydrodynamic limit
for non-gradient systems, and to make the proof more accessible, we used the more recent formalism
developed in [27], in which an important upside is the clear identification of the orders of the estimates
in the scaling parameter N.

We extend the proof of the hydrodynamic limit for the multi-type exclusion process [35] to the weakly
asymmetric case when the particle types depend on a continuous parameter. The hydrodynamic limit for
lattice gases with K particle types takes the form of K coupled partial differential equations. Extending
it to a continuum of particle types therefore poses the issue of the well-posedness of the system. To
solve this issue, we therefore introduce an angular variable joint to the space variable. Although the
global outline of the proof remains similar, this induced numerous technical difficulties. In particular, as
opposed to the previous examples, local equilibrium is not characterized by a finite number of real-valued
parameters (e.g. density, local magnetization), which required significant adaptation of the proof of the
hydrodynamic limit.

1.4. Active exclusion process and main result. — The remainder of this section is dedicated to a
short description of our model and its hydrodynamic limit. For clarity’s sake, we first describe in more
details the simplified model with only two types of particles briefly presented above, and then introduce
the more general active exclusion process studied in this article. Precisely describing the complete model,
and rigorously stating its hydrodynamic limit, will be the purpose of Section 2.

Description of a simplified process with two particle types. — For the clarity of notations, we describe
and study our model in dimension d = 2. The simplified version of the model can be considered as an
active Ising model [43] with an ezclusion rule : each site x of the periodic lattice T% of size N is either

— occupied by a particle of type “+” (nF = 1),

— occupied by a particle of type “—” (n; = 1),

— empty if i =n; =0.
Each site contains at most one particle, thus the pair (n;",7, ) entirely determines the state of any site
x, and is either (1,0), (0,1) or (0,0). The initial configuration for our particle system is chosen at
local equilibrium and close to a smooth macroscopic profile {y = (8' + ¢ - T? — [0,1], where T? is
the continuous domain [0, 1]? with periodic boundary conditions, and ¢; (x/N) (resp. (i (z/N)) is the
initial probability that the site x contains a “+4” particle (resp. “—"). We denote by 7 the collection

(0 sm7 )z, -
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6 C.ERIGNOUX

Each particle performs a random walk, which is symmetric in the direction ¢ = 2, and weakly asym-
metric in the direction ¢ = 1. The asymmetry is tuned via a positive parameter A, thus a “+” (resp.
“—") particle at site x jumps towards z + e; at rate 1 + A/N (resp. 1 — A/N) and towards = — e; at rate
1—MA/N (resp. 1+ A/N). If a particle tries to jumps to an occupied site, the jump is canceled. In order
to obtain a macroscopic contribution of this displacement dynamics, it must be accelerated by a factor
N2

Moreover, the type of the particle at site z is updated at random times, depending on its nearest
neighbors. Typically, to model collective motion, a “—" particle surrounded by “+” particles will change
type quickly, whereas a “—” particle surrounded by “—” particles will change type slowly, to model the
tendency of each individual to mimic the behavior of its neighbors. Although they determine the shape of
the last term of the hydrodynamic limit, the microscopic details of this update dynamics are technically
not crucial to the proof of the hydrodynamic limit (in the scaling considered here), we therefore choose
general, bounded flip rates ¢, (7)) parametrized by an inverse temperature 8 > 0 and depending only on
the local configuration around xz. We further assume that these jump rates depend continuously on the
0,’s around z.

¢

The complete dynamics can be split into three parts, namely the symmetric and asymmetric contri-
butions of the exclusion process, and the Glauber dynamics, evolving on different time scales. For this
reason, each corresponding part in the Markov generator has a different scaling in the parameter N : the
two-type process is driven by the generator

1 ,
Ly = N? [/: + £“’*} + L€,
N
whose three elements we now define. Fix a function f of the configuration, we denote by

7736277:_‘_77; E{Oal}

the total occupation state of the site z. The nearest-neighbor simple symmetric exclusion process gener-
ator L is
LF@ = 30 3 ma (U= mess) (FG) — £)) .
zeT% |2|=1

L™ encompasses the weakly asymmetric part of the displacement process,

L@ = 30 ST A =0y (1= msae,) (FE™) = F(@),

rGT%5:i1

which is not a Markov generator because of its negative jump rates, but is well-defined once added to the
symmetric part of the exclusion process. Finally, £ is the generator which rules the local alignment of
the angles
L@ = Y muca s (@) (FT) = F(@)) -
z€T%,

In the identities above, 7***# is the configuration where the states of z and = + 2z have been swapped in

77, and 7” is the configuration where the type of the particle at site x has been changed.

”

Hydrodynamic limit. — Let us denote by p; (u) (resp. p; (u)) the macroscopic density of “+” (resp.“—")
particles, and by p;(u) = p;i (u) + p; (u) the total density at any point u in T?. Let us also denote by
m¢(u) = pi (u) — p; (u) the local average asymmetry.

Then, as a special case of our main result the pair (p;, p; ) is solution, in a weak sense, to the partial
differential system

{@pz_ =V. [D(pt, p?)V,Ot + ds(pt)vP?_] — 20y, [mts(pt,pf) + dS(pt)p?_] + 1,
Oipy =V - [0(pe, pi )V +ds(pe)Vpr | 4 2000, [mus(pr, ) — ds(pi)py | — T

with initial profile

(1.2) po (w) = ¢*(u).

(1.1)
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HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 7

In the PDE (1.4), 9., denotes the partial derivative in the first space variable, ds is the self-diffusion
coefficient for the SSEP in dimension 2 mentioned in the introduction, the coefficients ? and s are given
by

* *

(1.3) a<p,p*>:%<1—ds<p» and s(p,p*>=%<1—p—ds<p»,

and I is the local creation rate of particles with type “+”, which can be written as the expectation under
a product measure of the microscopic creation rate. Although it is not apparent, the coefficients 0, s,
and dy satisfy a Stokes-Einstein relation in a matrix form when the differential equation is written for
the vector (p;, p; ), in the sense that

(0(p,p+)+ds(p) o(p, ") )<p+(1—p+) —ptp” )

2(pp7) 2(p,p7) +ds(p) —ptpm  pT(1—p7)
_ (p*[ﬁ(p, p) +ds(p)] p~s(p. p") )
pts(p.p7) p~ls(p,p7) +ds(p)])

The second matrix above is the compressibility matrix, whose components are Cov,+ ,- (15", 75> ), where
both s; and sg take value in {+, —}.

This simplified model is very close to the active Ising model (cf. Appendix A, and [43]) with a weak
driving force. The main difference is the exclusion rule : in the active Ising model, there is no limit to the
number of particles per site, and each particle’s type is updated depending on the other particles present
at the same site. In our two-type model, the exclusion rule creates a strong constraint on the displacement
and therefore changes the form of the hydrodynamic limit, which is no longer the one derived in [43].

Description of the active exclusion process. — We now describe the active exclusion process considered
in this article, which is in some form a generalization of the model presented above. Indeed, although for
technical reasons the proof of our main result cannot be applied verbatim to a finite number of particle
types, the overwhole scheme is exremely similar, and under suitable assumptions on the initial profile,
one can state an analogous result in the case of a finite number of particle types as well. Since the
active exclusion process is thoroughly introduced in Section 2, we briefly describe it here, and only give
a heuristic formulation for our main result. Denoting

$ := [0, 27|,

the periodic set of possible angles, the type of any particle is now a parameter § € $ representing the
angular direction of its weak driving force. To compare with the simplified model, the “+” particles
correspond to the angle § = 0, whereas the “—” particles correspond to the angular direction 6 = 7.

Any site is now either occupied by a particle with angle 6 (n, = 1, 6, = 0), or empty (n, =0, 6, =0
by default). The initial configuration 77(0) of the system is chosen at local equilibrium, close to a smooth
macroscopic profile Z : T? x § — R, where each site x is occupied by a particle with angle 6,. € [0, 6+ df|
with probability E(;v/N, 0)de, and the site remains empty w.p. 1 — fs Z(x/N, 0)do.

Our active exclusion process is driven by the Markov generator

1 ,
Ly = N? [/:+ NEV‘A} + LS,

with three parts described below. Fix a function f of the configuration. The nearest-neighbor simple
symmetric exclusion process generator £ is unchanged with respect to the two-type case, whereas £ is
now given by

L@ =D Y 0N02)ne (1= nayse,) (O = F@))

z€T?, |z]|=1
z=de;

where the asymmetry in the direction ¢ for a particle with angle 6 is encoded by the functions X;(6),

A1(0) = Acos(9) and A2(0) = Asin().
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8 C.ERIGNOUX

To fix ideas, The Glauber generator will be taken of the form
i =3 /S cas(0,7) (F(7°) — F(7) do,
z€T%,

where 779 is the configuration where 6, has been set to @, and we choose alignment rates similar to the
Glauber dynamics of the XY model (cf. Appendix A). More precisely, we consider

€xp (5 Dy Ty COS(0y — 0))
fs exp (ﬁ Zywm 1y cos(0y — 9’)) o’

which tends to align 6, with the 6,’s, for y a neighbor site of . In the jump rates above, we take the
value in [—m, 7] of the angle 6, — 6. The intensity A and the inverse temperature § > 0 still tune the
strength of the drift and the alignment.

As mentioned before, we settle for now for a heuristic formulation of the hydrodynamic limit. Let us
denote by pf(u) the macroscopic density of particles with angle 6, and by p¢(u) = [, pf(u)d6 the total

A~

cw,ﬂ(aa 77)

N
density at any point u in the periodic domain T? := [0,1]%. Let us also denote by Q; the direction of the

i = [ st (o)) o

As expected from (1.1), the main result (cf. Theorem 2.6) of this article is that p? is solution, in a weak
sense, to the partial differential equation

(14)  0pf =V - [0(pr, p{) Vi + ds(pr)Vpi] — 2V - {s(pt’ AN+ o) <:\\;Ez§)] e

local average asymmetry

with initial profile R
po(u) = ((u,0).

In the PDE (1.4), d, is the self-diffusion coefficient for the SSEP in dimension 2 mentioned previously, the
coefficients 0 and s are given by (1.3) as in the two-type case, and T'; is the local creation rate of particles
with angles 6, which can be written as the expectation under a product measure of the microscopic
creation rate.

Before properly stating the hydrodynamic limit, let us recall the major difficulties of the proof. The
main challenge is the non-gradient nature of the model : the instantaneous current of particles with angle
0 between two neighboring sites = and = + e; can be written

jz,erei = l{ﬁm:(f}nz(l - 7730+6i) - 1{9z+ei:0}nl+ei(1 - 7793)7
which is not a discrete gradient. One also has to deal with the loss of ergodicity at high densities, and with
the asymmetry affecting the displacement of each particle, which drives the system out-of-equilibrium,
and complicates the non-gradient method. Finally, the non-linearity of the limiting equation also induces
several difficulties throughout the proof.

Model extensions. — Several design choices for the model have been made either to simplify the notations,
or to be coherent with the collective dynamics motivations (cf. Appendix A). However, we present now
some of the possible changes for which our proof still holds with minimal adaptations.
— The model can easily be adapted to dimensions d > 2. The dimension 1, however, exhibits very
different behavior, since neighboring particles with opposite drifts have pathological behavior and
freeze the system due to the exclusion rule.
— The nearest neighbor jumps dynamics can be replaced by one with local and irreducible transition
function p(-). This involves minor adjustments of the limiting equation, as solved by Quastel [35].
In this case, the total jump generator must be split between a symmetric part scaled as N2, and
an asymmetric part scaled as N whose jumps can be decomposed as a succession of jumps from
the symmetric part. However, providing exact criteria for the validity of the extension to a more
general jump kernel would be rather difficult, and such extensions are best checked on a case-by-
case basis. In the case of nearest-neighbor exclusion, the drift functions can be replaced by any
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bounded function, and can also involve a spatial dependency, as soon as \;(u,6) is a smooth C'1:1
function of its two variables u and 6.

— We chose for our alignment dynamics a jump process, however analogous results would hold for
diffusive alignment. The jump rates can also be changed to any local and bounded rates, provided
they are smooth in the 6,’s. The smoothness assumption in the last two comments is there to make
sure that the expectation of their microscopic contribution under the grand-canonical measures is
a Lipschitz-continuous function in the grand-canonical parameter.

1.5. Structure of the article. — Section 2 is dedicated to the full description of the model, to
introducing the main notations, and the proper formulation of the hydrodynamic limit for the active
exclusion process.

Section 3 is composed of three distinct parts. In Subsection 3.1 we characterize local equilibrium for
our process by introducing the set M ($) of parameters for the grand-canonical measures of our process.
We also give a topological setup for M (%), for which some elementary properties are given in Appendix
C. In Subsection 3.2, we prove using classical tools that the entropy of the measure of our process with
respect to a reference product measure is of order N2. The last Subsection 3.3 tackles the problem of
irreducibility, which is specific to our model and is one of its major difficulties. Its main result, Proposition
3.12, relies on a-priori density estimates, and states that on a microscopic scale, large local clusters are
seldom completely full, which is necessary to ensure irreducibility on a microscopic level.

Section 4 proves a law of large numbers for our process. The so-called Replacement Lemma stated in
Subsection 4.1 relies on the usual one block (Subsection 4.3) and two blocks (Subsection 4.4) estimates.
However, even though we use the classical strategy to prove both estimates, some technical adaptations
are necessary to account for the specificities of our model.

Section 5 acts as a preliminary to the non-gradient method. The first result of this section is the
comparison of the active exclusion process’s measure to that of an equilibrium process without drift nor
alignment (Subsection 5.1). We also prove, adapting the classical methods, a compactness result for
the sequence of measures of our process, (Subsection 5.2) as well as an energy estimate (Subsection 5.3)
necessary to prove our main result.

The non-gradient estimates are obtained in Section 6. It is composed of a large number of intermediate
results which we do not describe in this introduction. The application of the non-gradient method to the
active exclusion process, however, requires to overcome several issues which are specific to our model. One
such difficulty is solved in Subsection 6.3, where we estimate the contributions of microscopic full clusters.
In Subsections 6.6 and 6.7, we prove that for our well chosen diffusion and conductivity coefficients, the
total displacement currents can be replaced by the sum of a gradient quantity and the drift term. For the
sake of clarity, we use to do so the modern formalism for hydrodynamic limits as presented in [27] rather
than the one used in [35]. We state in this section a convergence result at the core of the non-gradient
method (Theorem 6.11) whose proof is intricate and is postponed to the last section.

All these results come together in Section 7, where we conclude the proof of the hydrodynamic limit
for our process. Some more specific work is necessary in order to perform the second integration by parts,
due to the delicate shape of the diffusive part of our limiting differential equation.

Finally, Section 8 is dedicated to proving Theorem 6.11, following similar steps as in [27]. To do so,
we estimate in Subsection 8.1 the spectral gap of the active exclusion process on a subclass of functions.
We then describe in Subsection 8.2 the notion of germs of closed forms for the active exclusion process,
and prove using the spectral gap estimate a decomposition theorem for the set of germs of closed forms.
A difficulty of this model is that the spectral gap is not uniform in the density, and decays faster as the
density goes to 1. This issue is solved by cutting off large densities (cf. equation (8.2) and Lemma 8.15).
Using the decomposition of closed forms, Theorem 6.11 is derived in Subsection 8.5.
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10 C.ERIGNOUX

2. Notations and Main theorem

We describe an interacting particle system, where a particle follows an exclusion dynamics with a
weak bias depending on an angle associated with this particle. At the same time, each particle updates
its angle according to the angles of the neighboring particle. We study the macroscopic behavior of the
corresponding 2-dimensional system with a periodic boundary condition.

2.1. Main notations and introduction of the Markov generator. — On the two dimensional
discrete set

T% = {1,...,N}?

with periodic boundary conditions, we define the occupation configuration n = (1;),cr2, € {0, 1}???\, where
n: € {0,1} is the number of particles at site z. With any occupied site = € T%;, we associate an angle
0, € 3 representing the mean direction of the velocity in the plane of the particle occupying the site.
When the site x is empty, we set the angle of the site to 8, = 0 by default.

Definition 2.1 (Configurations, cylinder & angle-blind functions)
For any site x € T%, we denote by 7),, the pair (1,,6,), and by 7 = (7z)zer2, the complete configuration.
The set of all configurations will be denoted by

Sx = {0, 0u)sers, € (10,1} x $)™ | 0, =0if 3, =0}

Denote by Y the set of infinite configurations above, where T%; is replaced by Z?. We will call cylinder
function any function f depending on the configuration only through a finite set of vertices By C Z2,
and C! w.r.t. each 0., for any x € By. The set of cylinder functions on Z? will be denoted by C. Note
that a cylinder function is always bounded, and that any function f € C admits a natural image as a
function on X for any N large enough. This is always the latter that we will consider, and we therefore
abuse the notation and denote in the same way both f and its counterpart on X .

We will call angle-blind function any function depending on 7 only through the occupation variables
n = (17_»,3)%13v . In other words, an angle-blind function depends on the position of particles, but not on
their angles. We denote by S the set of angle-blind functions.

We will use on the discrete torus the notations | - | for the norm |z | = Z?:1| ;|-

Let T be a fixed time, we now introduce the process (7)(t)):cjo,7] on X n which is central to our work.
Our goal is to combine the two dynamics present in Viscek’s model [50] : The first part of the process
is the displacement dynamics, which rules the motion of each particle. The moves occur at rates biased
by the angle of the particle, and follows the exclusion rule. Thus, for § = +1 the rate p,(de;,n) at which
the particle at site  moves to an empty site « + de;, letting e; = (1,0), e2 = (0, 1) be the canonical basis
in Z2, is given by

pz(des, 1) = { 1+ MC?S(QI)/N %f Zi ! ;
+ Adsin(6,)/N if i=2
where \ € R is a positive parameter which characterizes the strength of the asymmetry. For convenience,
we will denote throughout the proof

(2.1) A1(0) = Acos(0) and A2(0) = Asin(6).

The previous rates indicate that the motion of each particle is biased in a direction given by its angle.
The motion follows an exclusion rule, which means that if the target site is already occupied, the jump is
canceled. Note that in order to see the symmetric and asymmetric contributions in the diffusive scaling
limit, we must indeed choose an asymmetry scaling as 1/N. Furthermore, in order for the system to
exhibit a macroscopic behavior in the limit N — oo, we need to accelerate the whole exclusion process
by N2, as discussed further later on.

The second part of the dynamic is the angle update process, which will be from now on referred to
as the Glauber part of the dynamics. A wide variety of choices is available among discontinuous angle
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dynamics (jump process) and continuous angle dynamics (diffusion). We choose here a Glauber jump
process with inverse temperature 8 > 0 described more precisely below.
The generator of the complete Markov process is given by

(2.2) Ly = N2LP + L©,
where
1
D _ 1w
(2.3) L =L+ NL

is the generator for the displacement process (which two parts are defined below) and L€ is the generator
of the Glauber dynamics. The process can therefore be decomposed into three distinct parts, with
different scalings in N, namely the symmetric part of the motion, with generator N2£, the asymmetric
contribution to the displacement generator NL" with parameter A > 0, and finally the angle-alignment
with generator £¢ and inverse temperature 3 > 0, which are defined for any cylinder (and therefore C*
in the angular variables, cf. Definition 2.1) function f: Xy — R, by

(2.4) LIM =D > e (L= 1) (FH") = f(@))

z€T?; |2|=1

'Cmf(ﬁ) = Z Z 6)‘1(990)779: (1 - 779:+5€z') (f(ﬁmﬁm-i_&i) - f(ﬁ)) )

€T3, 6==%1
Ni=1,2

(2.5) crm =3 n /S er 5(0,7) () — F(7)) do.

2
zeTy,

Note that £ alone is not a Markov generator due to the negative jump rates, but considering the
complete displacement generator £+ N1 L™ solves this issue for any N large enough. In the expressions
above, we denoted 7*'**# the configuration where the occupation variables 7, and 7, . at sites x and

2 + z have been exchanged in 7

Ntz if y=ux,
R if y=a+z,
Ty otherwise,

and %% the configuration where the angle 6, in 7 has been updated to @

HT0 (nyv 9) if Y=z,
Y Ty otherwise.

For z,y € T%, we write z ~ y iff |z — y| = 1. We choose for ¢, 5 the jump rates

exp (B >y Ty €08(6y — 9))
fs exp (ﬁ Zywx 1y cos(0y — 0’)) o’

which tend to align the angle in x with the neighboring particles according to XY-like jump rates (cf.
Appendix A) with inverse temperature 8 > 0. Note that by construction, for any non-negative [,
fS ¢z,3(0,7)df = 1 and that the jump rates ¢, g(#,7) can be uniformly bounded from above and below

A~

01’5(9, 77)

by two positive constants depending only on f.
The process defined above will be referred to as active exclusion process.

2.2. Measures associated with a smooth profile and definition of the Markov process. —
We now introduce the important measures and macroscopic quantities appearing in the expression of the
hydrodynamic limit. Let us denote by T? the continuous periodic domain in dimension 2,

T2 = [0,1)%.
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Definition 2.2 (Density profile on T?). — We denote by M (8) the set of non-negative measures &
on $ with total mass @($) in [0,1]. We call density profile on the torus any function

p: (u,dd) — p(u,dd)

such that p(u,.) € M;(8) Vu € T%,. For any density profile p on the torus, p(u,df) represents the local
density in u of particles with angle in df, and p(u) represents the total density of particles in w.

Definition 2.3 (Measure associated with a density profile on the torus)
To any density profile on the torus p, we associate pg, the product measure on X such that the
distribution of 7, is given for any x € T% by

py (N = 0) = 1— p(z/N),
(2.6) piy (1 = 1) = p(z/N),
piy (0, € df | ny =1) = p(x/N,df)/p(x/N),

and such that 7,7, are independent as soon as x # y.

In other words, under ug, the probability that a site z € T% is occupied is p(x/N) = [ p(x/N,0)d6 €
[0,1]. Furthermore, the angle of an empty site is set to 0 by default, and the angle of an occupied site x
is distributed according to the probability distribution p(z/N,-)/p(z/N).

E[I?,’T] =

Definition of the process. — Let D([0,T],Xn) denote the space of right-continuous and left-

(0.T] the elements of EE?,’T]. For any initial

—1£V\A a

limited (cadlag) trajectories 77 : ¢t — 7(t). We will denote by 7'
measure v on Y, any non-negative drift A < N (to make the displacement operator £ + N
Markov generator), and any 3 > 0, we write P)'? for the measure on EE(\),’T] starting from the measure
7(0) ~ v, and driven by the Markov generator Ly = Ly (), 3) described earlier. We denote by E)'? the
expectation w.r.t. P25, In the case A = 3 = 0, there is no drift and the angle of the particles are chosen
uniformly in $. In this case, we will omit A and $ in the previous notation and write P, for the measure
and E, for the corresponding expectation. Let us now define the initial measure from which we start our
process. Let ¢ € C (T? x $) be a continuous non-negative function on T? x $, which will define the initial

macroscopic state of our particle system. We assume that for any u € T?,
(2.7) Clu) = /Z(u, 6)do < 1,
3

i.e. that the initial density is less than one initially everywhere on T2. This assumption is crucial,
because when the local density hits one, because of the exclusion rule, the system loses most of its mixing
properties. At density 1, mixing only comes from the (slow, because of the scaling) Glauber dynamics,
which is not sufficient to ensure that local equilibrium is preserved.

We can now define the initial density profile on the torus p, by

(2.8) Po(u, df) = C(u, 0)do.
We start our process from a random configuration

(2.9) 7(0) ~ pu™ = p

fitting the profile p,, according to Definition 2.3. Given this initial configuration, we define the Markov

(0,71

process 7071 ¢ XN }P’i]g driven by the generator Ly introduced in (2.2), starting from p'v
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Topological setup. — Let us denote by M(T? x $) the space of non-negative measures on the continuous
configuration space endowed with the weak topology, and

(2.10) MOTI = D (j0,T], M(T? x 8))

the space of right-continuous and left-limited trajectories of measures on T2 x §. Each trajectory 7%

of the process admits a natural image in M7 through its empirical measure

L (ﬁ[O’T]> ~3 Z N2 (t)0z /N0, (1)

IET2

We further define the projection 7%, which associates to 77) the trajectory ¢ — 7’ (711). We endow
MI%T] with Skorohod’s metric defined in Appendix B.1, and the set P(M![%7]) of probability measures
on MT] with the weak topology. We now define QN € P(M[*T]) the distribution of the trajectory of
the empirical measure 7V (777) of our process 7%} ~ ]P’Z\Ljf

2.3. Hydrodynamic limit. —

Self-diffusion coefficient. — The hydrodynamic limit for our system involves the diffusion coefficient of
a tagged particle for symmetric simple exclusion process (SSEP) in dimension 2. Let us briefly remind
here its definition. On Z2, consider an infinite equilibrium SSEP with density p and a tagged particle
placed at time O at the origin. We keep track of the position X (t) = (X1(t), X2(t)) € Z? of the tracer
particle at time ¢ and denote by @, the measure of the process starting with measure 1, on 72\ {0} and
a particle at the origin.

Definition 2.4 (Self-Diffusion coefficient). — The self-diffusion coefficient ds(p) is defined as the
limiting variance of the tagged particle

The existence of this limit is a consequence of [28]. A variational formula for ds has been obtained
later by Spohn [44]. The regularity of the self-diffusion coefficient was first investigated in [49], where
Varadhan shows that the self-diffusion matrix is Lipschitz-continuous in any dimension d > 3. Landim,
Olla and Varadhan since then proved in [31] that the self-diffusion coefficient is in fact of class C*° in
any dimension. The matter of self-diffusion being treated in full detail in Section 6, p199-240 of [29], we
do not develop it further here. We summarize in appendix B.2 some useful results on the matter.

Diffusion, conductivity and alignment coefficients. — Given a density profile on the torus p(u, df), recall
from Definition 2.2 that p(u fs u,df) is the local density. We introduce the coefficients
’\ (ua da) ﬁ(uv d@)

o(p, p)(u, db) = o) (1=ds(p(u))Lipy0y,  5(p, P)(u,db) = (1—p(u) *ds(P(U)))Tu)l{p(uM},

5
where dy is the self-diffusion coefficient described in the previous paragraph. We also define (p), the
vector representing the mean direction of the asymmetry under p,

g ~ cos(#)
Q = ! .
@ = [ st (o)
as well as T'(p) the local creation and annihilation rate of particles with angle 6
L(p)(u,dO) = p(u)Ep(u..) [co,5(0,1)] dO — p(u, dD),

where under Ej5(,,,.), each site is occupied independently w.p. p(u), and the angle of each particle is chosen
according to the probability distribution p(u,-)/p(u). The precise definition of E5,,.) is given just below
in Definition 3.4.



456

457

458

460

461

462

463

464

465

467

468

469

470

471

472

473

474

475

476

477

478

479

480

481

482

483

484

485

14 C.ERIGNOUX

Weak solutions of the PDE. — In order to state the hydrodynamic limit of our system, we need to
describe the notion of weak solutions in our case, which is quite delicate because of the angles. For any
measure m € M(T? x $) and any function H : T? x § — R integrable w.r.t. m, we shorten < m, H >=
Jpe s H (u, 0)dr(du, d6).

Definition 2.5 (Weak solution of the differential equation). — Any trajectory of measures
(7t )eejo,m) € MIOT] will be called a weak solution of the differential system
(2.11)

N ~ N N N = N cos(6) N
0P, =V - [0(pt, P)Vpe + ds(pr) VD] — 22XV - |5(pt, p,) Q2 + Pyds(pr) (Sin(ﬂ))] +T(p,)

po(u,dd) = ((u,0)dl
if the following four conditions are satisfied :

i) mo(du,dd) = C(u, 0)dudd

ii) for any fixed time ¢ € [0, T], the measure 7 is absolutely continuous in space w.r.t. the Lebesgue
measure on T?, i.e. there exists a density profile on the torus (in the sense of Definition 2.2) p,, such
that

7t (du, df) = p,(u, df)du.
iii) Letting p¢(u) = [q p;(u,dh), pis in H'([0,T] x T?), i.e. there exists a family of functions 9, p;
in L2([0,T] x T?) such that for any smooth function G € C%*([0,T] x T?),
/ pt(1)0y, Gt (u)dtdu = —/ G () Oy, pt(u)dtdu
[0,T]x T2

[0,T]xT2

iv) For any function H € C1%1(]0,T] x T? x 8),

T
<mpr,Hpr > — <7, Hy >:/ < my, Oy Hy > dt
0

T
)
0 T2x$

0, Hi(u,0) [2X6(pr. )54 (B,) + 20:(0)du(p) ] (u d@)) + Hy(u,0)0(p,)(u, d6) | dudt,

2
3 ( — 0u Ho(1,0) [0(p1. ,) — . (p2)By] (. d8) D, pr (1) + 02, Hy(u,0)ds(p1) 5, (u, d6)

i=1

where the various coefficients are those defined just before, and the functions \; are defined in (2.1).

Note that in this Definition, the only quantity required to be in H' is the total density p : indeed, the
term d,(pt)Vp, is rewritten as

ds(p)V Py = V(ds(pe)Py) — dy(pe) PV prs
and the first term in the right-hand side above allows another derivative to be applied to the test function
H, whereas the second term only involves the derivative of p as wanted.
We are now ready to state our main theorem :

Theorem 2.6. — The sequence (QV)yen defined at the end of Section 2.2 is weakly relatively compact,
and any of its limit points Q* is concentrated on trajectories (m;)icjo, ) which are solution of (2.11) in
the sense of Definition 2.5.

Remark 2.7 (Uniqueness of the weak solutions of equation (2.11))

One of the reasons for our weak formulation of the scaling limit of the active exclusion process is
the lack of proof for the uniqueness of weak solutions of equation (2.11). Several features of equation
(2.11) make the uniqueness difficult to obtain : First, our differential equation does not take the form
of an autonomous differential equation : the variation of p;(u,6) involves the total density p, therefore
the differential equation is in fact a differential system operating on the vector (p:(u, ), ps(u)). Cross-
diffusive systems can exhibit pathological behavior when the diffusion matrix has negative eigenvalues,
but in our case, both eigenvalues are non-negative and this issue does not appear.
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However, although cross-diffusive systems are quite well understood (cf. for example [1]), our equation

involves a drift term which factors in via the vector ﬁ(ﬁt) the whole profile (p;(u,0))pcs. One of the
consequences of this drift term, which is the main obstacle to prove uniqueness, is that even the uniqueness
of the total density p;(u) is not well established. Indeed, contrary to [35], in which the total density evolves
according to the heat equation, the total density in our case is driven by the Burgers-like equation

Fppi(u) = Api(u) = AV - (my (u)(1 = pe(u)))

where m is a quantity which depends on the whole profile (p;(u, 0))ges, and for which uniqueness is hard
to obtain.

2.4. Instantaneous currents. — In order to get a grasp on the delicate points of the proof, and to
introduce the particle currents on which rely the proof of Theorem 2.6, we need a few more notations.

Throughout the proof, for any function ¢ : ¥y — R and z € T%, we will denote by 7,¢ : ¥n — R the
function which associates to a configuration 7 the value ¢(7,.7), where 7,77 € X is the translation of the
configuration 7 by a vector x :

(Tzﬁ)y = ﬁerya Yy € T?V'

For any function
H: [0,T]xT?x8%§ — R
(t,u,0) —  Hi(u,0)’
in C121([0, 7] x T? x 8), and any measure 7 on T? x S, let us denote
<7 Hy >= Hy(u,0)dn(u,0)
T2 x$

the integral of H with respect to the measure m. We consider the martingale MtH’N

t
(2.12) MPN =< 7N H, > — < xl¥, Hy > —/ (8s + Ly) < 7N, H, > ds,
0

N

where 7' is the empirical measure of the process

1
=5 D 1:(8)00 /N 0. (s)-
zeT?,

The quadratic variation of this martingale can be explicitely computed, and is equal to (cf. Appendix
1.5 of [27])

t
[MH’N]t:/LN(<7r§’,H5>)—2<7r H,> Ly <7N, H, > ds
0

= / Loy 00 (511 (5) Hi (/N 02(5)) H (@ + 1) /N, 82115

zeT%,

— N1 () Ho (2 + 1) /N, 0211(5)) Ly [12(5)Hs(2/N, 0(s))]
— N (8)Hs(2/N, 05 (5)) Ly [241 () Hs (2 + 1)/N, 041(s))] ds

Because of the initial factor N~4, the contributions of the asymmetric and Glauber parts of the dynamic
can be crudely bounded respectively by CN~! and CN 2. By computing the symmetric part, we finally
obtain

P =00/N) 4 5 X | [ a6 [F2o + /N, 0.060) + H2w = 1/8,0,(9) = 20222 /N.0,(5)

zeT?,
+205(8) (1 = N1 (8)) Hs (2/N, 0,()) [Hs((x + 1) /N, 04(5)) — Hy(x/N, 0:(s))]
+20541(8) (1 = 12(8)) Ho (2 + 1) /N, 041 () [Hs (2 + 1) /N, 0541(5)) — Hs (2/N, 0511 (3))]-
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Because we assumed that H is a smooth function, the three lines above are of order at most N~!, and

therefore [MtH’N]t vanishes as N goes to infinity. The martingale thus vanishes uniformly in time, in
probability under Piﬁ

Assume now that the function H takes the form
(2.13) Hy(u,0) = Gg(u)w(8),

where G and w are respectively functions on [0, 7] x T? and $. From now on, for any function ® : § — R,
any configuration 7 and any = € T3 we will shorten

Ny = ©(0,)ns-
With these notations, recalling that
Ly =N?(L+N'L™) + L9,
we can write the generator part of the integral term of (2.12) as
T
(2.14) /O Ly <7V, H,>ds= N2/ 37 Gula/N) (N2[Ln2(s) + N7LL® 2 (5)) + L2 (s))ds.
z€T%,

Let us introduce accordingly the three instantaneous currents in our active exclusion process. Recall that
T, represents the translation of a function by x.

Definition 2.8. — Given asite x € T%;, each part of the generator Lx’s action over n% can be written
2
(2.15) L = (Ta—e e = 72dy)  with (@) =n6 (1= ne,) — ¢ (L—10)
i=1
2
(216) LM = (et =) with (@) =05 (=) + 02 (1= o),
i=1
and
(2.17) LY =71,4¢  with  4¥([7) = no/coﬁlg(G,ﬁ)(w(G) —w(fp))do.
s

For 7 € {1,2} we will at times write j&', .. = 7,j (vesp. ry . .. = 7,7¢), which is interpreted as the
instantaneous current with intensity w in the direction i along the edge (x, z +¢;) of the symmetric (resp.
weakly asymmetric) part of the process. The last quantity 7,v* is the local alignment rate.

When considering the time process (7(t))icjo,r) we will, for the sake of concision, write ji'(t) for
J¢(1(t)), and in the same fashion ¢ (¢) instead of r¢(7(t)), and v (t) instead of 4*(7(¢)). Finally, in the
case where w = 1, we will denote by

Ji =G =10 = Te-

Performing a first integration by parts on the exclusion part of the right-hand side of (2.14), we obtain

thanks to equations (2.15), (2.16) and (2.17)

(2.18)

T 2
/O Ly <N H, > ds = NQ/ S [Z (N2 (5) +14(9)) 9w, WGl /N) + Gular/N )y (5) | i,

zeT%, i=1
where 0, v is the discrete partial derivative

(Ou; NG)(x/N) = N [G((x + e;)/N) — G(z/N)].

The spatial averaging is of great importance throughout the proof of the hydrodynamic limit, we need
some convenient notation to represent this operation. For any site € T3, and any integer [, we denote
by

Bz)={yeTx | lly—allo <}
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the box of side length 2] 4+ 1 around z. In the case where x = 0 is the origin, we will simply write
By := By(0). For any finite subset B C T%, |B| denotes the number of sites in B. Given ¢ a function on
YN, we denote by

R R

yEB ()

the average of the function ¢ over Bj(z). In the case where (7)) = n§, (resp. ©() = no), we will write

T20¥ = (@)L (vesp. 7.p) for the empirical average of 7 (resp. 1) over the box centered in x of side

length 2] + 1.
We will also denote for any integer [ by p; the empirical angular density defined by

- 1
(2.20) pL= B/ Z Nwdp, € Mi(5),
z€B;

where M (8) is the set of non-negative measures on $ with total mass in [0, 1] (cf. Definition 3.1 below).
Finally, to simplify notations throughout the proof, we will write e N instead of the integer part [eN|.

3. Canonical measures, entropy and irreducibility

3.1. Definition of the canonical measures. — Due to the presence of angles, the canonical product
measures for the active exclusion process are not parameterized by the local density « € [0,1] like the
SSEP, but rather by a measure @ on [0, 27] whose total mass [q @(df) is the local density.

Definition 3.1 (Grand-canonical parameters). — Recall that T? is the 2-dimensional continuous
torus (R/Z)?, and let M(S) be the set of non-negative measures on $§. We will call grand-canonical
parameter any measure & € M(8) with total mass o := [ @(df) < 1. We denote by

(3.1) Mi(8)={aeM@S)|ac|01]},
the set of grand-canonical parameters.

We now define a topological setup on M;($). Let us consider on C1(8), the set of continuously
differentiable functions, the norm ||g||* = max(||g|| ., ||¢’||..), and let B* be the unit ball in (C*(S), [|-||).

Definition 3.2. — We endow M (S$), the vector space of finite mass signed measures on $, with the

norm nall= sup, {/g(e)da(e)},

and with the corresponding distance

d(a,a’) := sup {/g(@)d&(ﬂ) —/g(ﬁ)da’(ﬂ)}.
geB* 3 S

We then endow M;($) with the topology induced by ||| - |||. This distance is a generalization of the

Wasserstein distance to measures which are not probability measures.

Remark 3.3. — As checked in Appendix C, this topology satisfies
— for any cylinder function 1, the application & — Eg(¢)) is Lipschitz-continuous (cf. Proposition
C.2).
— any a € M(S) is the limit of combinations of Dirac measures.
— if 0 — 6, then ||| dp, — o ||| — 0.
It is therefore the natural choice for our problem.

We now introduce the canonical measures of our process, which are translation-invariant particular
cases of measures associated with a density profile, introduced in Definition 2.3.
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Definition 3.4 (Grand canonical measures). — Consider a translation invariant density profile on
the torus p, i.e. such that for any u € T?,

plu, d9) = a(do)

for some grand-canonical parameter & € M;($) independent of u. We will write ug for the product
measure ,ug , and E5 will denote the corresponding expectation. This class of measures will be referred
to as grand-canonical measures. Furthermore, for any a € [0,1], the measure ug associated with the
uniform density profile on the torus

p(u,db) = adb /27,

where the angle of each particle is chosen uniformly in $, will be denoted by ), and the corresponding
expectation will be denoted by E,.

Note that these measures are dependent on N, but due to their translation invariant nature, we will
omit this in our notation.

Remark 3.5. — For any density o € [0, 1], the measure u¥ on Xy is not invariant for our dynamic,
because although it is invariant for the symmetric part of the exclusion, the weakly asymmetric part (as
well as the Glauber part as soon as 8 # 0) breaks this property. We will however prove in Section 3.2
that due to the scaling in N, the stationary distribution of our dynamics is locally close to p.

Definition 3.6 (Canonical measures). — Fix a positive integer [, an integer K < (2 + 1)? and
Ok = (b1,...,0k) a family of K angles, taken up to reordering of its coordinates, we shorten by K the
pairs (K, O ), which we will refer to as canonical states on B;. We will denote by K; the set of canonical
states K on By,
K; = {K = (K,Ok) | K < (20 +1)?}.

Since our process loses its fast mixing properties when there is only one or less empty site (In which case
mixing mainly comes from the Glauber dynamics, which is very slow w.r.t. the displacement dynamics,
cf. Section 3.3 below), we also introduce

(3.2) K ={KeK | K< (2+1) -2},

the set of K for which the exclusion process on B; is irreducible. Furthermore, for any fixed K e K;, we
denote by

K
(3.3) »i = {ﬁ config. on B ‘ Z Nelp, = 259k }7
k=1

r€EB;

the set of configurations on B; with canonical state K in By.
Let p7, ; denote the measure py, on B, for any density « €]0, 1, we will denote by y,  the conditioning

of uy, ; to Elf( (which is therefore a measure on the set of local configurations 7 € ({0,1} x $)%!), and by
[E, z the corresponding expectation

E (o) =Eai (9 | e =F).
These measures will be referred to as canonical measures of the process.

Definition 3.7. — Fix [ € N, we associate to any K e K; the grand-canonical parameter

1 K
PR — o
AR (2l+1)2; O

When there is no ambiguity, we will drop the dependency in I and simply write o = a g .

The pertinent results regarding the metric space (M1(S),]|| - |||) are regrouped in Appendix C : The
equivalence of ensembles is proved in Section C.1, the Lipschitz-continuity of the expectation w.r.t. ug
in the parameter @ is proved in Section C.2, and finally, the compactness of the set (M1 (S),]|| - |||) is

proved in Section C.3.
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3.2. Entropy production and local equilibriumm. — The proof of the replacement Lemma is based
on the control of the entropy production of the process. The difficulty here is that the invariant measures of
the process are not known, and the decay of the relative entropy w.r.t. these measures cannot be computed
directly. Thus we consider approzimations of these measures, and for a fized non-trivial density o €]0, 1],
our goal is to get an estimate of the entropy of the process’s time average with respect to the reference
measure p, introduced in Definition 3./.

Let us fix « €]0, 1], we are going to prove that regardless of the initial density profile, the entropy of
the active exclusion process w.r.t the measure of a process started from ), and following a symmetric
simple exclusion process can be controlled by CN? for some constant C.

The choice of p}, among the p’,, o/ €]0,1] is not important, since for any different angle density
o’ €]0, 1], the relative entropy between the two product measures p? and u, is of order N2 as well.

For some cylinder function h € C, and some edge a = (aj,az) in T or Z?, we denote by V, the
gradient representing the transfer of a particle from site a; to site as under the exclusion process

(3.4) Vaf () = na, (1 =1a,) (f (7°%) = f(1)) -

We will shorten this notation in the case where a = (0,e;) by writing V; := V(g ,). Before turning
to the control of the entropy itself, we introduce an important quantity in the context of hydrodynamic
limits.

Definition 3.8 (Dirichlet form of the symmetric dynamics). — Let h be a cylinder function, we
introduce the Dirichlet form of the process

(3.5) Za(h) = —Ea(hLh),

where £ is the symmetric exclusion generator defined in equation (2.4). It can be rewritten thanks to
the invariance of pg w.r.t the symmetric exclusion process as

-@a(h) = %]Ea Z Z (vfc,x+zh)2

zeT% |2|=1

If there is no ambiguity, we will omit the dependency in @ of the Dirichlet form, and simply denote it by
2. The Dirichlet form is convex and non-negative. Furthermore, any function f in its kernel is such that
f(@) = f(@) for any pair (7, 7) of configurations with the same number of particles K < N? — 2 and the
same family of angles. For any non-negative function h, we also introduce the Dirichlet form

(3.6) D(h) = 2(Vh),
which has the same properties as 2.

We now investigate the entropy production of the active exclusion process. Let PtN AF he the semi-
group of the active exclusion process associated with the complete generator Ly introduced in equation
(2.2), and pN = pN PN’ the measure of the configuration at time ¢. Because we assume the initial
profile to be continuous (and therefore bounded), u? is absolutely continuous with respect to the product
measure p%, with density

d,uN(A): 10 (1_nm)1—C(x/N) +nr27r<(m/N76$)

(37) du, K 11—« a

2
z€T%;

This, and the fact that the alignment rates c, g are bounded from above and below uniformly in 6,
guarantee that for any time ¢, pl¥ is also absolutely continuous w.r.t. uZ. We therefore denote by
N = duly /uz the density of the measure at time ¢ w.r.t. the reference measure ;. We now prove the
following estimate on the entropy of the function f/.

Proposition 3.9 (Control on the entropy and the Dirichlet form of )
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For any density f w.r.t. p, we denote by H(f) = E}(flog f) the entropy of the density f. Then, for

o~

any time t > 0, there exists a constant Ko = Ko(t, A, 3,() such that

1 [t 1 rt
H (t/ fSNds) <KoN* and D (t/ fSNds) < K.
0 0

Proof of Proposition 5.9. — The density f{ is solution to

(3.8) {atftN = L}kvftN

fo! = du™ Jdps,
where LY is the adjoint of Ly in L?(u}). To clarify the proof, we divide it in a series of steps.

Ezpression of the entropy production of the system. — The relative entropy of ul¥ with respect to the
reference measure p) is given by

H(uy | o) = H(fY) =B (fM log f1Y)

which is non-negative due to the convexity on [0, +00[ of  — xlogz. According to equation (3.8), its
time derivative is

(3.9) OcH (fY) =7, (log £ L fY) +ES (LN fY) -
The second term on the right-hand side is equal to
E; (LifN) =B (£ Ia1) =0,
since all constant functions are in the kernel of Ly. Equation (3.9) can be rewritten, since L%, is the
adjoint of Ly in L?(u}), as
OuH (fY) =2 (ff Lnlog fY).
Now thanks to the elementary inequality

2
logb —loga < %(\[— Va),
we can control Ly log f¥ by
2

WLN ftNa

therefore, the definition of Ly yields

outt(%) < <2870 (1) + 2 (V5o i) s (Ve /).

where D is the Dirichlet form defined in Definition 3.8.
Integrating between the times 0 and ¢, we get

10)  mG L +2n? [ D) < e e+ [ E (R eves s o /a ) as

Since the Dirichlet form of the symmetric exclusion process is non-negative, we now focus on showing that
the part of the entropy due to the weakly asymmetric part and Glauber part do not grow too much in NV,
in order to get an upper bound on the Dirichlet form D(f) and on the entropy H(ul | uZ). From here,
control over the initial relative entropy should suffice to ensure that the measure of the active exclusion
process remains close to a product measure.
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Bound on the entropy production of the asymmetric part of the dynamics. — by definition of the asym-
metric dynamic,

B (Ve /i) —E | A -y 5@ (Vi - )

z,i,0=+1

Despite the extra factor IV, the jump rates of the weakly asymmetric dynamics are not very different
from symmetric exclusion process jump rates, which allows us to estimate the quantity above in terms of
the Dirichlet form. More precisely, thanks to the elementary inequality

E(py) < 1E(9?)/2 + E(¥?)/2y

which holds for any positive constant v, we can write with

o == ) (VI = 1@,
and

Y = Ni(0:)04/ [N (D)
that

. (Ve /i)
s

2
z,i,0==+1 v

N 2 N ?
Es (Mi(0)°1Y) | Tk; <nm<1 ~ se,) (\/EW”“) - fsN(ﬁ)) )] .

In right-hand side above, letting Cy = 4\? the first term can be bounded by C) N2 /2, since the number
of terms in the sum is 4N2, whereas the second sum of terms is yD(f~). We then let ¥ = N to obtain
the upper bound

(3.11) 2NE;, (MfSNcW* fSN) < CAN? + N2D(fM).
Bound on the entropy production of the Glauber part of the dynamics. — thanks to the elementary

inequality ab < (a® + b?)/2, and since the jump rates c, g are less than €%° /27, and 7, by 1

B (Ve i) s (VA X [eontem (Viran - @) a

z€T%,
e8P 1 3
< EX (= [ NG5+ = fN@) ).
< % (3 [rrann S
Tely

Since B}, (5= [ fN(7%)d0) = EZ, (f2), the expectation can be bounded from above by 2, and we can
therefore write, letting Cs = 2¢%% /7

(3.12) oF; ( ngLG\/E> < O5N?

Bound on the Dirichlet form and on the entropy production. — at this point, we obtain from (3.10),
(3.11) and (3.12)

t
H(ulN | ph) +N2/0 D (fN)ds < H(u™ | pf) +t(Cx + Cs)N?

By (3.7), there exists a constant K = K(Z, a), such that for any N € N, ||10g de/duZ||oo < KN?, and
we can therefore estimate the relative entropy of the initial measure p w.r.t. u? by

(3.13) H(pN | ) < KN2.

We can therefore write

(3.14) 1 )+ [ VD (1) < KON,
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where K (t) = K 4 t(Cx + Cp) is a positive constant. Since H(f) = E*(flog f) and D(f) are both non-
negative and convex, we can deduce from (3.14), that for some time-dependent constant Koy = fg K(s)ds,

we have
I Lt
(3.15) H (t/ fSN) <KyN?> and D (t/ fSNds) < K.
0 0
This upper bound proves proposition 3.9, and will be necessary in the next Section to apply the replace-
ment Lemma, 4.1 to the active exclusion process. [

Before taking on the problem of irreducibility, we give a result that will be needed several times
throughout the proof, and comes from the entropy inequality. Let us denote by £5#=0 the modified
Glauber generator with uniform update of the angle in $, (i.e. 5 =0)

=0 p/ 1 P .
£o008@) = Y mg- [ — f@)ds
T Js
zeT?,
and denote in a similar fashion
(3.16) L0 = N2LP + £9°=0,
which is the complete generator of the active exclusion process with random update of the angles. Then,
accordingly to our previous notations, IP’I);;O is the measure on the trajectories started from u and driven
by the generator Lfi,zo. We can now state the following result.

Proposition 3.10 (Comparison of Pi,{,j and sz). — We endow XN with the topology associated
with the metric

(3.17) A7) = Y L=

2
z€T%;

A

0, — 0
444;;447 +’1{ﬁz#ﬁ;}”

where |0, — 07| € [0, 7], and EES’T] with the corresponding Skorohod’s metric. There ezists a constant
Ky = Ko(T, 8, E) > 0 such that for any bounded and measurable function X : E[I?,’T] — R and any A > 0,

1
RWe] ~[0,T 2 A0 ~0,T
EN [X (77[ ])} << (KON +log ), {exp (AX (n[ 1))})
where HI0T] is the notation already introduced at the end of Section 2.2 for a trajectory (0(t))eeio,r)-

Proof of Proposition 3.10. — The proof of this Proposition is rather straightforward thanks to the en-
tropy inequality. In a first step, we compare the same process starting from p%. First note that for any

function X : EE?,’T] — R, we can write

By [x (707)] =B (f{f ((0)X (ﬁmﬂ)) :

This yields that
.19 BN [ (707)] < L (B0 2 +10g ) [exp (4x (707))]).

In the entropy inequality above, EM is the expectation under the measure of the process started from
n

pY, whereas Ezf is that of the process started from the stationary measure ;.

By (3.13), the first term in the right-hand side above is less than KN?/A for some fixed constant
K=K (Z ). Furthermore, the Radon-Nikodym derivative of the process with alignment (5 > 0) w.r.t the
one without alignment (8 = 0) can be explicitly computed. Given a cadlag trajectory plo Tl ¢ EES’T],
consider 71, ...,7g the set of angle jumps between times 0 and 7', let us denote by x; the site at which
the angle changed at time 7;, and by 6; = 6, (7;) the new angle at site ;. Then, the density between the
measures with and without alignment is given by

R ~
dP; @ =] C;,8(0i, (7)) < (SR,

dp)° Ca;,0(05,7(72))

i=1
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where R is the number of angle updates between times 0 and T. To establish the estimate above, we
used that ¢, (6,7) can be uniformly bounded from above by €83 /27, that ¢, 0(6,7) = 1/27, and that
regardless of the configuration and the inverse temperature §, each site updates its angle at rate 1(i.e.
Jy €e,5(0,7) = 1). We can now estimate the second term in the right-hand side of equation (3.18) by
%logEi‘L’f {eSﬂR exp <AX (ﬁ[O’T]>)} .
Applying the Cauchy-Schwarz inequality yields that the quantity above is less than
i (1ogEi‘L:§O [ewﬂR] + log EI’):;O [exp (2AX (ﬁ[O’T]))D .

Since the angle updates happen in each site at rate 1 except when the site is empty, we can define on the
same probability space as our process a family P, of i.i.d. Poisson variable with mean 7', and such that
R< Zzeﬂl‘?v P,. Thanks to the elementary inequality

logE [6166 Lot} P’”} =T(e' —1)N?,

we now only have to let
Ko(T, 3.¢) = 2K(¢) + T(e'* — 1)
and replace A by 2A to conclude the proof of Proposition 3.10. O

3.3. Irreducibility and control on full clusters. — Unlike the exclusion process with one type of
particles, the multi-type exclusion process is not irreducible when the number of particles is too large,
namely when the domain has less than one empty site. When all the sites are occupied for example, the
process is stuck in its current configuration, up to realignment, due to the exclusion rule. At high density,
we therefore lose the mizing properties we need to reach local equilibrium. To illustrate this statement,
consider a square macroscopic domain of size eN, and on it a configuration with the bottom half filled
with particles with angle 0, and the top half filled with particles with angle 6/ # 0, and letting a finite
number of sites be empty, the mizing time of this setup is of order larger than N? due to the rigidity of
the configuration. In order to reach equilibrium, an empty site needs to "fetch” a particle and transport it
in the other cluster, and so on, until the density is homogeneous for both types of particles. The scaling
of our alignment dynamics, is, furthermore, not sufficient to ensure sufficiently frequent realignment of
the particles to solve this issue.

In order to prove the scaling limit of a multi-type exclusion process, it is therefore critical to bound
the particle density away from 1. This issue was solved in [35] by using the fact that the total density of
the multi-type SSEP (the angle blind model) follows the standard SSEP dynamics (with one specie). Thus
the total density could be controlled by the classical argument on the hydrodynamic limit for SSEP. In
our case, however, the total density does not follow the SSEP dynamics. In fact, it is not even a Markov
chain due to the asymmetric parts which depend on the angles. A different argument is required to control
the evolution of the total density, which is the purpose of the subsection.

In the general setup where the number of types of particles in a domain B can reach |B| (which will
often be the case when particles take their angles in §), it is known that the exclusion process with |B|—1
particles is no longer irreducible, as a consequence of a generalization of the n-puzzle (cf. Johnson &
Story, 1879, see [26]). We therefore need to consider only the local configurations with two empty sites,
on which the exclusion process is irreducible regardless of the number of types of particles, as stated
in the following Lemma. For any integers a,b € Z, [a,b] = {a,...,b} denotes the segment of integers
between a and b.

Lemma 3.11 (Irreducibility of the displacement process with two empty sites)
Consider a square domain B = B,(x), and two configurations 7, 7j two configurations with the same
types and number of particles in B, i.e. such that

> nabo, = > 1,00

r€EB zEB
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New position of the two empty sites

Initial positions of the two empty sites

FiGURE 1. Reaching 7*°*? from 7 .

Further assume that the number of empty sites in n and 1/ is at least 2. Then, there exists a sequence of
configurations 0°, ..., 0", such that n° =7, " = 1, and such that for any k € [0,n— 1], **' is reached
from 7* by one allowed particle jump, i.e.

Skl _ (ﬁ%)xkﬁﬁk"t‘zk

n ) and nf .. =1-nf =0 and |z ] = 1.

Furthermore, there exists a constant C such that n < Cp?.

Proof of Lemma 3.11. — The proof of this statement is quite elementary. Fix a configuration 7 € X on
a rectangular domain B with two empty sites, and let a = (a1, a2) be an edge in T%. We are first going
to prove that 7%1%2 can be reached from 7 using allowed particles jumps. Notice that according to the
exclusion rule, we can consider that any empty site is allowed to move freely by exchanging their place
with any site next to it.

We first bring ourselves back to a configuration described in Fig. 1, where the two closest empty sites
are brought next to the edge a. More precisely, we reach a configuration where the two empty sites and
the two sites a1 and ao are at the vertices of a side-1 square. From here, we are able to invert the two
particles in a; and as by a circular motion of the four empty sites along the edges of the square, and then
bring back the empty sites along the paths that brought them next to a to their original location. Doing
0, one reaches exactly the configuration 7%1>*2 from 7 with allowed particle jumps in B.

We deduce from this last statement that for any pair of configurations 77, 77/ with the same particles
in B, i) can be reached from 77 with jumps in B since the transition can be decomposed along switches
of nearest neighbor sites. The process is thus irreducible on the sets with fixed numbers K of particles,
as soon as K is smaller than |B| — 2. Furthermore, this construction ensures that any two neighboring
particles can be switched with a number of particle exchanges of order p where we denoted by p the size
of the box. Since one needs to invert 2p pairs of particles at most to move one particle to its final position
in 77/, this proves the last statement. O

We now prove that large microscopic boxes are rarely fully occupied under the dynamics. Let us
denote by E, . the event

(3.19) Epo = Z ny < |Bp(x)| =20,
YEBy(x)
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on which the box of size p around x contains at least two empty sites. When the site x is the origin,
we will simply write E, instead of F, . In order to ensure that full clusters very rarely appear in the
dynamics, we need the following Lemma.

Proposition 3.12 (Control on full clusters). — For any positive time T,
) . r g _
(3.20) Jim Jim B / foe] ET: =0.
e

Remark 3.13 (Scheme of the proof). — We first sketch the proof in a continuous idealized setup to
explain the general ideas before giving the rigorous proof. To prove that the box of microscopic size p is
not full, setting p’ = (2p + 1)? the cardinal of B,, it is enough to prove thanks to the microscopic setting

that
/ / o (w)dudt — 0,
[0,T]><’I[‘2 p'—o0

where p;(u) denotes the macroscopic density in w at time t.
We expect the total density p to follow the partial differential equation

(3.21) Op=Ap—V - (m(l - p)),

where m is an a priori random quantity representing the local direction of the asymmetry, which can be
represented as the vector field which would satisfy at any time ¢ and for any smooth function H : T?> — R

cos(0,(t))
[ HCm = i Z He (m(&(t») |

Naturally, making sense of this quantity is not obvious, and it is not our purpose in this paragraph. For
now, we carry on with our heuristic presentation, and therefore assume that (3.21) holds true. We can
therefore formally write, letting ¢(p) = 1/(1 — p)

at/ oo du—/ &' (p0) [Api — V - (my(1 = p1))] du

/ ¢ (pr) [~ (Vpe)? + mi(1 = pe) V] du

(322 <[ " [ o+ 2L 2, (- 7]

< [l (1= pdu =20l | oo

One could then apply Gronwall’s Lemma to obtain that for any time ¢,

/ d(pr)du < 2ImIi% / $(po)du
T2 T2

1 1-6
- Ppe)du = < /Tz Lip>1-0y + /Tz Lp<i-ay = —5— - Lp>1-6y + 1,

therefore, for any time ¢,
0 2
2 1 2Hlmllt / —1 :
(3.23) /T {pi21-6} < T3 [6 - d(po)du 0

As a consequence, for any time ¢, we could therefore write

(3.24) // w)dudt < T(1 — // o143
[0, T]><’]1‘2 0,T]x

The first term in the right-hand side vanishes for any fixed ¢ as p’ — oo, whereas the second becomes as
small as needed letting § — 0.

Furthermore, for any time ¢,
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Since our macroscopic density does not verify equation (3.21), however, the operations above need to
be performed in a microscopic setup. The derivation of equation (3.23) is the purpose of Proposition
3.14. Two intermediate Lemmas 3.15 and 3.16 prove the microscopic equivalent of equation (3.22).

Before giving the proof of Proposition 3.12, which is postponed to the end of the subsection, we give
first the following estimate.

Proposition 3.14 (High density estimate). — Denote

1
PN =N g1 2
lyl<eN

the average density in a small mesoscopic box centered at 0. For any positive 0 < 0’ < 1/2, and any time
t > 0, we have the bound

. . B L '
(3.25) lim sup lim sup 37 | 22 Lirppen(ty>1-0/2) | <0'C,
zeT%,
where C' is a finite constant depending continuously on t, and also depending on the asymmetry X\, and
the initial profile C.

Proof of Proposition 3.1/. — For any small § > 0, let us denote by ¢s the application

¢s : [0,1+46/2] — Ry
P T

Note that all successive derivatives of order less than & of ¢s are positive (and increasing) functions, and
all are bounded by Cj/**! for some family of universal constants (Cj)r>o.

We now fix a C! function H : T? — R, and assume that fTQ H(u)du = 1. For any u € T2, we denote
by H, the function

H,:v— H(u—v).

In order to simplify the notations, for any configuration 7 € ¥, and given its empirical measure 7V, we
shorten

R 1 T—y
(3.26) PG =< g = s 1 (S

yeT?,

In some cases, this quantity could be larger than 1, so that we need to take further precautions. For any
fixed § we will therefore assume that N is large enough for the condition

% > H(z/N) < 1+g,
zeT%,
to hold, which is possible because we assumed that H is smooth and f’ﬂ‘Z H(u)du = 1. Note that this
restriction to NV large enough is not an issue, because in all what follows, H will be fixed and N will go
to oo.
For N large enough, the density pY># (7)) is now in the domain of ¢5, we now write

1 N 1 .
(3.27) HE | s D 08 (02 ) | =B | 5 Do Lwvos (027 (@) |

IGT?\, CEGT?\,

where Ly is the generator of the complete process Ly = N2L + NL™ + LS. Our goal is to apply
Gronwall’s Lemma, to the expectation in the left-hand side, therefore we now need to estimate the right-
hand side.

Since p2-# does not depend on the angles of the particles, neither does ¢; (pY*'), and the contribution
of the Glauber part £¢ of the generator Ly in the right-hand side above vanishes. The two other parts
of the generator together yield the wanted bound, and are treated in separate lemmas for the sake of
clarity. As mentioned earlier, these two lemmas are the microscopic equivalent of equation (3.22).
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so3 Lemma 3.15. — [Contribution of the symmetric part] There ezists a sequence (c¢n (0, H)) nen depending
soa only on § and H, vanishing as N — oo, and such that for any configuration 7 € Xy

N.H NLH
¢g (pl’+€1)+¢g (pﬂ? ) ( N,H

2
(328) > Los (M) (M) < - D] 5 PRl = X)) + en (6, H).
:L’ET?V xe'ﬂ'?\,
i=1,2
Lemma 3.16. — [Contribution of the asymmetric part] There exists a sequence (¢ (0, H))nen depend-

ing only on & and H, vanishing as N — oo, and such that for any configuration 7 € Xy

(3.20) —~ > L™ es (037 ()

N
z€T%,

2. 45 (pi\[*lz) +0F (12"") ( N.H N,H)2 + 44/\2% (p2"")

< Z Z 2 Pate; — Pz

(7) +cn(0, H).

N2
zeT?, | =1
sos  Proof of Lemma 3.15. — By definition of the symmetric part of the generator L,
2
Z Lps (PiV’H(ﬁ)) = Z Z L, nyie, =0} [¢5 (PiV’H(ﬁy’erei)) — ¢ (PiV’H(ﬁ))] .
z€T?3, z,y€eT?, i=1

We now develop the gradient of ¢s5 to the second order, to obtain that the right-hand side above is equal
to

2
Do D Lnnyie—0} [% (o2 1) (o2 () — pp ™ (1)

,y€TS, i=1

1 N,H (> 9 9
& e Z@) (et grseny - 1 @) o (o34 @) - o0 @) )].

sos Note that since the successive derivatives of order less than k of ¢; are uniformly bounded on [0,1] by
sor Oy /6%, the vanishing quantity o ((inH(ﬁyyﬂ) _ pi\’H(ﬁ))z) can be bounded uniformly in 7, x,y and
sos ¢ (but not uniformly in §). Since H is a smooth function,

e ~ 1 y+e; Yy
| ) = ) | = gz | H (U5 = Hapw ()

N2
soo is of order N3, the contributions of the second line above are therefore at most of order N~2 and vanish
si0 in the limit N — oo. This yields

2
(3.30) D Los () =" &5 (0T @) DD Ly myse.—op (P2 @) — pNH (@) + on (D),

z€T, z€T3, y€T?, i=1

s11 where oy (1) is less than a vanishing sequence (cy)yen depending on & and H only.
Since for any z € T2, H, (v + z) = H,_.(v), the definition of pY-¥ yields

e, ~ 1 y+e; Yy
e o0 (5 @5) = 02 @) =33 = ) (Fap (P5%) = Hap (%))

:%ny (Hx—efv/N (%) ~ Han (%D

1 y+e; y+e;
— 2 lutes (Ha:/N <N1> —Hypen <N>> .

Summing the quantity above over y, one obtains exactly p2" + pN:% — 2pN-H This is the discrete
Laplacian in the variable = of pY-¥ and a discrete integration by parts allows us to rewrite the first term
on the right-hand side of equation (3.30) as

> 22: (¢3 (pﬁi) — % (PiV’H)) (pi-viri - in’H) .

z€T?, i=1
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s12  We now write

(5 (n272) = 05 (21)) o (p“e?);gb P (P2 = o) o (22— o),

813 in which Piv-sf, — pN-H g of order 1/N because H is a smooth function, to finally obtain that

+ 95
A

(3.31) S Lo (BN == 3 Z % (p”e’)

zeT?, €T3, i=1

s14 where once again, the oy can be bounded by a vanishing sequence (¢y)ny depending only on §, which
s1s completes the proof of Lemma 3.15 O

si6 Proof of Lemma 3.16. — This proof follows the exact same steps as for the previous one. We first obtain
817 by definition of L™ and developing the discrete gradient of ¢ that

2
1 1 Y ~ . ~
(332) & > L5 (0) =on (W) + 5 Do D (ma)es (o2 (@) (e T @) — (@),
z€T%, z,y€eTs, i=1
s1s  where j is defined according to equation (2.15) as

3@ = Xi(00)m0(1 = ne,) = Ai(Be, e, (1= mo),

and oy (1) is less than a vanishing sequence depending only on ¢ and H. Once again, similar steps as in
the previous case allow us to rewrite

(ryg ) (oA ey — oo i) )

1 Yy +e; Yy
=773 POy (1= nyser) + Xi(Oye )y ves (1= my)] (Hz/N ( N ) ~ Hoyn (N))
1 y+e; Y
:ﬁ)\’b(ey)ny(l - ny+€i) (Hz/N ( N ) o HI/N (N))
+ ﬁ)\i(ay“’ei)ny“’ei(l —1y) (H:E/N ( N > — Hoyn (N))

1 Yy +e; Y+ e;
=mki(9y)ny(1 - 77y+ei) <Hz/N (N) - H$+E'L/N ( N >>

M Oyee e (0= m) (Home () = Hopn (L))

Summing once again by parts in z, we obtain that the second term in the right-hand side of equation
(3.32) is

2
v 30 e (@) (o ) — o @)

z,ye']l'Z 1=1
- X 2 [k (@) ok ()
zeTy, i=1
Z |:)\z(0y)ny(1 — ny-l—ei,)Hm-i-ei/N <y<]i>vel) + Ai(9y+e1)77y+e1:(1 - ny)Hz/N (i]):l
yeT?,
(3.33) =51 + Sa,

s10  where

S1 = N3 Z Z [¢6 (pu—el ) ¢5( @ ))} Z |:)\i(0y)ny(1_ny""ei)Hw-&-ei/N <y;rvez)]

z€T?, i=1 yeT?,




820

821

822

823

824

825

826

827

828

829

830

831

832

833

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 29

and

Sy = N3 Z Z [% (pere ) o5 (02" (0 ))] Z |:A7;(9y+ei)’r}y+ei(1 —1y)Hyyn (%ﬂ :

z€T?3, =1 yeT%
These two terms are treated in the exact same fashion, we therefore only treat in full detail the case of
S1, Se will follow straightforwardly. First, we develop the difference ¢ (pwrel( )) of (pYH (7)) to the
first order,

N,H s _ N,H , N,H R
¢Z§ (p:t+e7;> - ¢’:s (pi\f H) = ¢y (px—&-el) (pm—i-ei - p]zv H) +o (pz—i-e,; - pjxv H) .

Once again, H being a smooth function, px+e — pN-H is of order 1/N, therefore the o <p$+e — pN.H

A
also a oy (1/N), and the corresponding contribution in S; vanishes in the limit N — co. Recall that ¢
is a positive function, we now apply in S; the elementary inequality ab < a?/2 + b?/2 to

N,H N,H N,H
a = ¢ (pw-y—eL) (pm+61 - Py’ )

b= %\/ﬁ’?ﬁs’ (PiVJrI:) Z [Ai(9y+ei>ny+ei(1 —ny)Hyyn (%)} .

yeT%,

and

This yields

¢ (px+e ) 2
i N,H N,H
‘51|SON(1)+ ZQ 92 (pw-l-eb_pa: )
€Ty
i=1,
//( N.H
S

pw+€i) Y+ e;
+ 2N6 Z Ai0y)1hy (1 = Nytei) Hoge, /v ( N )
yeTs,

The function H being non-negative, for any y, we can write
Y+ e yte
)‘i(‘gy)ny(l - 77y+6i)Hr+ei/N ( N ) <A1 - 77y+ei)Hx+ei/N ( N ) .

Furthermore, since we assumed that fTQ H =1, and since H is smooth, we get that

7 2 How(y/N) = 1+ ox (1),

2
yETN

which yields

Y+

yeT%

This, combined with the previous bound, yields that

g(pN_;_H) s A2 ( ' )
sl <o)+ Y0 | TR (it ) EEE e

2
z€TA
i=1,2

A similar bound can be achieved for Sy, this time developing the difference ¢j (px +€1) A ( ) in

pN-H instead of pere ,
(. N,H 241 ( N,H
5(/)3:’ ) N,H N> Aqﬁé(px’ ) N,H\2
| S2| < on(1) + §T2 [2 (Pz+e7—f’m ) t—oyz =)
€
=1

Combining these two bounds with identities (3.32) and (3.33), we obtain that
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L% ()

z€T%,
n( NH 1 ( N,H
[ (px+el) + (b(; (pz7 ) N.H 2 )\2¢g pNVH
< Z 9 (pz—;-e;, - in’H) + #(1 - in’H)Q + ON(l)a
$ET§
i=1,2

where the on (1) can be bounded by a vanishing sequence (¢y)n depending only on H and §. One easily
obtains that for any non-negative § and any p € [0,1+ §/2],

(1= )05 (p) < 205(p),
thus concluding the proof of Lemma 3.16. O

We are now ready to apply Gronwall’s Lemma and complete the proof of Proposition 3.14. For that
purpose, let us define

1
A, ,
o(t) = Eul\? N2 Z on (PiVH(t))
zeT?,
according to the previous Lemmas 3.15, 3.16 and to equation (3.27), there exists a sequence ky = ¢y +¢n
depending only on § and H, verifying

kn — 0,
N—o0

and such that
0, ®(t) < AN2®(t) + ky.
Since ¢; is bounded from below by 1/1 + §, ®(t) also is, and therefore
0P (t) < (4N + kn(1+6))®(2).

Gronwall’s Lemma therefore yields that for any non-negative t,

>\’ ]. )\7 1 2
B (s 3 05 (0) | <EM (35 30 0 (o2 0) | et
zeT?, zE€T3,
where this time the right-hand side depends on the trajectory only through its initial state 7(0).
Fix a small ' > 0. ¢ being a non-decreasing function bounded from below by 1/1 + d, one can write
for any p € [0,1+6/2]

1 1 1-4¢ 1
>7]]_ _ 57 ]]_ _ 5 = ]]_ v S um—
95(0) 255 o1y + Losi-0d 75 = T g o) L0 T 155

We apply this decomposition to the left-hand side of the inequality above, to obtain that

1
B E
(334) ]EHN F ]].{in,H(t)>176,}
zeT?,
(1+6)(6+6") |as [ 1 N,H ANk (146))t 1
<~ " |EY — ¢5(pm’ (0)) N Fhn(+o))t _ _ —

Coming back to the definition (3.26) of p-#, for any smooth non-negative function H with integral equal
to 1, taking the limsup N — oo, we thus obtain from equation (3.34)

1
. B
(3:35) lmsupELY | <5 D Ly vy s

N—o00
z€T%

. 14+6)(6+¢ 1 2 1
< timsup ECED g |05 0 (2 1(0) | P - 15

N—oo
z€T?%,
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Fix a small € > 0, and let us denote for any u,v € T?
1 1

H*(v) = @ﬂ[fsﬁs]z(v) and H(v) = wﬂ[fe,w%?(v - u).
Recalling that p.n(t) is the empirical density in a box of size e N around the origin at time ¢, we can
then write
(2eN)* N ue N,H®
= t)= —————=p." =p,’ 1).
TpEN() (2€N+1)2p'p Py +ON( )
At this point, we want to apply equation (3.35) to H = H¢, which is an indicator function, and thus
need to be smoothed out. For that purpose, consider a sequence (H;);en of functions such that
— VI € N, Vu € T?, Hf(u) > 0 and sup Hf = sup H® = 1/(2¢)? .
T2 T2

— VieN, Hf € CY(T?) and [, Hf (u)du = 1.
— Hi(u) # H*(u) = ¢ — 1/l <|Jul| <e+1/L.
The existence of such a sequence of functions is quite clear and is left to the reader. In particular, the

last condition imposes that
16¢e

I 12/ L (uyz e (uydu < -7
’]1'2
which is the area of the crown on which the two functions may differ. The sequence H} converges for any
fixed  towards H® in L'(T?). Furthermore, notice that for any = € T%;, since both the Hf’s and H* are
bounded by 1/(2¢)2,

N,Hf N,H®
Pz - Py

1 Yy Yy
Smg%WwGVEMM\
yeln

16¢ 8
< (M5 4 ox D) (1l + 1710) = 5 + on(1),
where the last line represents the proportion of sites of the discrete torus in the crown around w = z/N
on which fo/N and H;/N can be different. The last observation yields that for any z € T%;, we can

write
[ pen() = X0 | < 5+ on(),
where the o (1) can be chosen independent of 7 and x. Fix € > 0 and consider Ny and [y such that for
any N > Ny and any [ > [,
’ Tepen(t) — p2 1 (1) ‘ <

For any such pair I, N, we therefore also have

6/
5.
T pen(>1-67/2) < ]l{ N

1> .
o >0 |

For any [, by our assumptions, equation (3.35) holds for H = H} for any positive ¢ and ¢’. For any
[ > ly, we can therefore write

1
. A,
(3.36) hmsup]EuA’? WE L, pon () >1—5/2}

N—oc0

z€T?%,

: (1+5)(5+5/) B 1 N,H} 4AN%t 1
< A S ’ — z, l [
- hjﬂn_s,ouop 1—¢ x| e > (p (0)) € 1+6

z€T%,

Recall that under Piﬁ, the initial configuration 7)(0) is distributed according to a product measure fitting
the initial profile ¢ defined before (2.7). By law of large number, and since ¢; is smooth on [0,1 4 §/2],
we therefore obtain for any v € T?

timsup BN (5 (5] (0))) = 65 (¢ Hf (v),

N —o0
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where | Nv| = (| Nvi], [Nvz2|) € T% and ” * 7 denotes the convolution operator on T?. By dominated
convergence theorem, we thus obtain

B | 52 X 0 (oF70) | 52 [Las e mio) .
€T3,
Since ¢ and satisfies (2.7), it is bounded away from 1 uniformly on T2, ¢ x Hf is also bounded away
from 1 uniformly in &, and therefore
s (¢+ Hj(v)) < C7,
where C* = C* (E) is a constant which does not depend on I, €, v or 4. Letting now § go to 0, we obtain
from (3.36) and the limit above that for any € > 0 and any time ¢,

1 o 2
. A, %
hmsupE#I\é m E ]]'{TzPaN(t)>1*6'/2} S 1—5 (64)\ tC _ 1)’
N—o0 >
z€T%,
which concludes the proof of Proposition 3.14 since we assumed §’ < 1/2. O

With the estimate stated in Proposition 3.14, we are ready to prove Proposition 3.12.

Proof of Proposition 3.12. — First notice that in order to prove (3.20), it is sufficient to prove it both

for Fy, . and F , instead of £, where
Fpo= Z ny = | Bp(z) | and F;/;,a; = Z ny = | Bp(x) | —1
yEB, () yEBp(x)

We focus on the first case, the second is derived in the exact same fashion.

Unlike in [35], the angle blind process’s macroscopic density does not evolve according to the heat
equation because of the weak drift. However, thanks to the bound (3.15) on the entropy of the measure
N w.r.t. the reference measure p?, and on the Dirichlet form of the density f{¥, local equilibrium holds for
the angle-blind process. As a consequence, the replacement Lemma 4.1 holds for functions independent
of the angles (cf. for example [27], p77). One therefore obtains that to prove

T
1
(3.37) lim lim E)7 /0 2 > 1p,,(s)ds | =0,

p—o0 N—o0
zeT%,

one can replace 1, () by its expectation under the product measure with parameter 7, pc ~ (), namely

EszsN(s)(]]'Fp,z) = [wpen(s)]”
where p’ = (2p + 1)? is the number of sites in B,.
To prove equation (3.37), it is therefore sufficient to prove that Vt € [0, T1,

1 /
(3.38) lim limsuplimsupEi}e el Z [rapen (O | = 0.

p'=00  £50 N-—soo €T3,
To prove the latter, since pey(t) is at most 1, one only has to write, as outlined in equation (3.24),

A, ]- / ’ A, 1
Exd | 5 2 epen @1 | <=0 +EW | 55 D Limponiis1-) |

zeT?, zeT%,
which holds for any positive 9.

For any fixed § > 0, the first term on the right-hand side vanishes as p — co, whereas the second does
not depend on p and we can therefore let § — 0 after N — oo, then ¢ — 0, then p’ — oo. Since the
right-hand side of equation (3.25) vanishes as §' = 2§ goes to 0, the left-hand side also does, and (3.38)
holds for any ¢ thanks to Proposition 3.14. This proves equation (3.37), and the equivalent proposition
with F;zlz,m instead of F}, , is proved in the exact same fashion, thus concluding the proof of Proposition
3.12. O
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4. Law of large number for the exclusion process with angles

4.1. Replacement Lemma. — Qur goal in this section is to close the microscopic equations and
to replace in the definition of the martingale M™N introduced in (2.12) any cylinder (in the sense of
Definition 2.1) function g(1) by its spatial average E;_ (g9), where p.n is the empirical angular density
over a small macroscopic box of size eN. We use this Section to introduce new useful notations. The
proof of the main result of this section, the Replacement Lemma /.1, follows closely the usual strategy
(c.f- Lemma 1.10 p.77 of [27]), however it requires several technical adaptations due to the nature of our
canonical and grand-canonical measure. In particular, we will need the topological setup and the various
results obtained in Section 3.

Consider a cylinder function g € C, and [ a positive integer. Recall from (2.19) that (g)} is the average
of the translations of g over a box of side 2/ 4+ 1 centered at the origin. Recall from equation (2.20) and
Definition 3.1 that the empirical angular density ﬁl over the box B of side 2] +1 is the measure on [0, 27|

pl | B Z 7’9569

J:EBl
Define
(4.1) Vi@) = (9o —En(9)  and W) = g() — Ez(9),
and for any smooth function G € C(T?), let
(4.2) xXtN@a,n) = N2 Z (z/N)T, W'
z€T%,

We first state that under the measure of active exclusion process, one can replace the average of g
over a small macroscopic box by its expectation w.r.t. the grand-canonical measure with grand-canonical
parameter p.p.

Lemma 4.1 (Replacement Lemma). — For every § > 0, we have with the notation (4.1)
lim sup lim sup P / ™ | VN@®) | dt > 5| =0.
6~>0p N~>oop N2 Z ¢ |

zeT?,

The proof is postponed to Subsection 4.2, and requires the control of the full clusters stated in Propo-
sition 3.12. For now, we can deduce from this lemma the following result, which will allow us to replace
in (2.18) the currents by their spatial averages.

Corollary 4.2. — For every § > 0, and any continuous function
G : [0,T]xT? — R
(t,u) = Ge(u) '
we get with the notation (4.2)
> 5] —o.

e—0 N—o0

lim sup lim sup P/ ; o H/ XNN(Gy, 7(t))dt

Proof of Corollary 4.2. — Recall that ¢ — 0 after N — oo, which means that the smoothness of G allows
us to replace in the limit G(x/N) by its spatial average on a box of size e, which is denoted by
1
GN(/N) = ———— G(y/N).
yEBgN(x)

More precisely, we can write, using notation (2.19) for the local averaging, and since g is a cylinder, hence
bounded, function,

T
1
limsup/ N2 E Gi(x/N)1zg dt—hmsuphmsup/ N2 E GN(2/N)1,g dt
0

z€T%, N—oo JO zeT?,
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T
. ) 1 c
(4.3) = lim sup lim sup /O ~z > Gily/N)(g);" dt,

—0 N
€ —00 yET?\,

where the average (g)5" is defined in equation (2.19).
As a consequence, 7,¢ can be replaced by its average (g}ZN . Note that

VEN(@) = W @) + ()" — g,

and that the replacement Lemma 4.1 implies in particular that for any bounded function G € C([0, T]xT?)

T
1
lim sup lim sup P / 3 2 Gula/Nym VN @t | > 5| =o0.
0

e=»0 Nooo M

zeT?,
Therefore, thanks to equality (4.3), Corollary 4.2 follows directly from Lemma 4.1. O
4.2. Proof of the replacement Lemma. — In order to prove the replacement Lemma 4.1, we will

need the two lemmas below. The first one states that the average of any cylinder function (g(7))} over

a large microscopic box (a box of size [ which tends to infinity after N) can be replaced by its expected
value w.r.t. the grand-canonical measure whose parameter is the empirical density Ej, (g).

The second states that the empirical angular density does not vary much between a large microscopic
box and a small macroscopic box. We state these two results, namely the one and two-blocks estimates,
in a quite general setup, because they are necessary in several steps of the proof of the hydrodynamic
limit.

Lemma 4.3 (one-block estimate). — Consider a €]0,1[ and a density f w.r.t the translation invari-
ant measure (¥, (cf. Definition 3.4) satisfying

i) There exists a constant Ko such that for any N
H(f) < KoN?*  and  D(f) < K.

i)

. . « 1
(4.4) lim lim EJ fm Z 1gc =0.

p—oo N—o0 P
z€T?%,

Then, for any cylinder function g,

1
lim sup lim sup E, fﬁ Z TmVl =0,

o0 N—oo $ET?\,

where V' was defined in (4.1).
Lemma 4.4 (two-block estimate). — For any a €]0,1] and any density f satisfying conditions 1)

and ii) of Lemma 4.3,

. . . 1 ~ ~
lim sup limsup limsup sup E N2 Z | TotyPt — Twpen |IIf ] =0,

l— 00 e—0 N—oco y€EBen ﬂcET?\,
where T,py is the local empirical angular density in the box of size k centered in z introduced in (2.20).

The proofs of these two lemmas will be presented resp. in Section 4.3 and 4.4. For now, let us show
that they are sufficient to prove the replacement Lemma 4.1.

Proof of Lemma /.1. — Lemma 4.1 follows from applying the two previous lemmas to the density

-~ 1 (7
Fr=g [ £
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where fN = du /du,, defined in Section 3.2, is the density of the active exclus10n process at time ¢t

started from 1, and prove that Lemma 4.1 follows. Proposition (3.9) proved that fT satisfies condition
=N . s .

i) of Lemma 4.3. Furthermore, f, also satisfies condition ii)

lim lim E} fT N2 Z lge, | =

p—00 N —oc0
z€T?%,

thanks to Proposition 3.12, thus the one-block and two-blocks estimates apply to f = fﬁ
Now let us recall that we want to prove for any § > 0

hmsuphmsupIP’/\B / e Z T ’V‘SN )‘ dt >8] =0,

e—0 N—o0 6'11‘2

where

V@) = (g@)5" — Ep.n(9)-
Thanks to the Markov inequality, it is sufficient to prove that

T
1
limsuplimsupE;\L}g /0 Nz Z T ’VEN(ﬁ(t)) ‘ dt| =0.

e—0 N—o0 IET?\,

. ... SN . . .
We can now express the expectation above thanks to the mean density f,. Since T is fixed, to obtain
the replacement Lemma it is enough to show that

(4.5) lim sup limsup E, T N2 Z T VeN | —0.

s
e—0 N—oc0 xeTz

For any function ¢(-) on the torus T%, recall that we denoted in (2.19) by (¢(-)), the average of the
function ¢ over a box centered in x of size I, and that 7,p; is the empirical angular density in a box of
size [ centered in y defined in (2.20). Let us add and subtract

eN 1

_ _ E
0 (25N+1)2Z 2z+1 2. 70~ Eeply)

rEBN ly—z |<I

{{9Nb —En(9) )

inside | VN (7)) | . We can then write thanks to the triangular inequality
| VN@) | < (@ + 2 + 257 (@),

where

1 1
Zl,EN: g —
1 (2eN +1)2 2. |9 2+ 1)2 2. ) |

TEB:N |y—a[<l

is the difference between g and its local average,

1
Zl,sN — E. ~
2 (2€N+1)2 Z szl(g) 2l+1 Z Ty9 | >
2E€Ben ly—z |<I
is the difference between the local average of g and its expectation under the product measure with
parameter the local empirical angular density p;, and

= o L | Ben@) —Eaa) |
r€EB.N
is the difference between the expectations of g under the empirical microscopic and macroscopic empirical
angular density p; and p.y.
Let us consider the first term, N2 T$Zi’EN. All the terms in Z{’EN corresponding to the 2’s in
B.n—; vanish, since they appear exactly once in both parts of the sum. The number of remaining terms
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can be crudely bounded by 4eNl, and each term takes the form 7.g/(2e N + 1)2. Hence, we have the
upper bound
« | =N 1 l,eN Kl « | =N 1
E; fTWZszls SEWEQ fTﬁZTqu‘

zeT%, zE€T3,
Since g is a bounded function, this expression can be bounded from above by

}(ngHaD * =N

ET]Ea (ft ) = C(l,e,9)on(1),
which proves that

limsuplimsupE, | — Z TmZi’ENfiv = 0.
e—0 N—o00 N?
z€T%
Now since 1
> (2eN +1)2 . Tg= ) T
zeT?, yEBen () z€T?,

the two following terms can respectively be rewritten as

« | 7N 1 l,eN « | 7N 1
(4.6) Eq me Z ToZy" = E;, me Z Ta ’Eﬁz(g) - <9>f) )
xET% IGT%
and
* =N 1 l * =N 1
(4.7) E. fTﬁ Z Taszg’EN =E, me Z | Er.5(9) — Ep.n (9) |
wET% IET%

The quantity (4.6) vanishes in the limit N — oo then I — oo thanks to the one-block estimate stated in
Lemma 4.3.

Finally, according to Definition 3.2, (4.7) also vanishes thanks to the two-block estimate of Lemma 4.4
and the Lipschitz-continuity of the application

Uy o (ML) — R
a — Eaz(g)’
which was proved in Proposition C.2. The Replacement Lemma 4.1 thus follows from the one and
two-blocks estimates. O

In the next two Sections 4.3 and 4.4, we prove the one-block and two-block estimates. The strategy
for these proofs follows closely these presented in [27], albeit it requires some adjustments due to the
measure-valued nature of the parameter of the product measure pg and the necessity to control the full
clusters.

4.3. Proof of Lemma 4.3 : The one-block estimate. — The usual strategy to prove the one block
estimate is to project the estimated quantity on sets with fixed number of particles, on which the density
of f should be constant thanks to the bound on the Dirichlet form.

To prove the one-block estimate, thanks to the translation invariance of p,, it is sufficient to control
the limit as IV goes to oo, then [ — oo of

1 _
w2 S mV| =EL V),

2
z€T%;

Eo | f

where f = N—2 ZT?V 7. f is the average over the periodic domain of the translations of the density f.
Furthermore, define s, a fixed integer such that g is measurable w.r.t. (7);)zen,,. We introduce for I
larger than s,

V= (g(@)y > — Ep(g) = V' +o1(0),
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where the o;(l) vanishes uniformly in 7 as [ — oo. Proving the one block estimate for V! instead of V! is
therefore sufficient, and Vi depends on the configuration only through the sites in B;.

We first eliminate the configurations in which the box B; is almost full. Notice that the average V! is
bounded because g is a cylinder function. We can therefore write

EL (V') SELOV'LEf) + C(9EL (Le; ),

where E) is the event on which at least two sites are empty in B, defined after equation (3.19), and Ef
is its complementary event. The second term in the right-hand side vanishes by definition of f, because
f verifies (4.4), and it is therefore sufficient to prove that

lim sup lim sup EX (V' g, f) = 0.

=00 N—=oo

Furthermore, the convexity of the Dirichlet form and the entropy yield that condition ) of the one-block
estimate is also satisfied by f. Since ]7l]lEl depends on 7 only through the 7,’s in the cube B; we can
replace the density f in the formula above by its conditional expectation f,, defined, for any configuration
7’ on B, by

Fi@) = EL(f | 1o = T, @ € BY).
For any function f depending only on sites in B; let E7 ; be the expectation with respect to the product
measure p) over B;. With the previous notations, and in order to prove the one-block estimate, it is

sufficient to prove that

lim sup lim sup E7, , (1711];,?1) <0.

l—o0 N—o00

In order to proceed, we need to estimate the Dirichlet form and the entropy of f, thanks to that of f,
and prove the following Lemma

Lemma 4.5. — We have the following bounds

(4.8) Dy (f)) <C()N~? and  H(f) <C().

Proof of Lemma J.5. —
Estimate on the Dirichlet form of f;, - we denote by £, , the symmetric part of the exclusion
generator corresponding to the transfer of a particle between x and y

Loy f@) = (e —my) (fF(177) = F(0),

and by D®Y the part of the Dirichlet form of the exclusion process corresponding to L, 4

wa(f) = _EZ (\/}‘Cw,y\/?) :
With this notation, we have
D(f)= > D),
lz—y|=1
where D is the Dirichlet form introduced in equation (3.6). We denote in a similar fashion the Dirichlet
form restricted to the box of size [ for any function h depending only on the sites in B; by

DP¥(h) = —E%, (\/Eﬁr,y\/ﬁ) .

Since the conditioning f +— f; is an expectation, and since the Dirichlet elements D;¥ are convex, the
inequality

Dp¥(f1) < DPY(f)

follows from Jensen’s inequality. We deduce from the previous inequality, by summing over all edges
(x,9) € By, thanks to the translation invariance of f, that

Dy Y D=y 0o = 2 ),

(z,y)€B, Jj=1
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where D; is the Dirichlet form of the process restricted to the particle transfers with both the start and

end site in B;. Up to this point, we have proved that for any function f such that D(f) < D(f) < Ko,
we have as wanted

(4.9) Dy(f;) < C1(l)N 2.
Estimate on the entropy of f, - recall that we defined the entropy H(f) = EX(flog f) and that
we already established H(f) < KoNZ%. Let us partition T%, in q := |N/(2l + 1)]? square boxes B! :=

Bi(x1),...,B? := Bi(z,), and B?"!, which contains all the site that weren’t part of any of the boxes.

We can thus write
q+1

T = | | B".
i=1
We denote by 7' the configuration restricted to B* and by fi the complementary configuration to 7°. In
other words, for any i € [1,¢+ 1], we split any configuration on the torus 7 into 7 and &'. We define for
any i € [1,q] the densities on the 7'’s

i) = Ex (PG, i)
Let us denote by ¢ the product density w.r.t. u with the same marginals as f, defined by
=l g =2, —q+1
o) = FL @@ FT @),

elementary entropy computations yield that
g+1

H(F) = Ho (/) + 3 H (7).

where H,(f) = H(ful, | pus). Since by construction f is translation invariant, for any i = 1,...,q, we
can write H (7;) =H (?;) =H (?l), therefore in particular, the previous bound also yields, thanks to
the non-negativity of the entropy, that

H(f) > qH (f,) -

Since q is of order N2/I?, this rewrites

(4.10) H(f)) <

and proves equation (4.8). O

Thanks to Lemma (4.5) we now reduced the proof of Lemma 4.3 to

(4.11) lim sup lim sup sup il (WIE; f) =0.
loo  N—oo Dy(f)<Ci(1)N~2
H(f)<Ca(l)

Since the set of measures with density w.r.t. p* such that H(f) < Cs(l) is weakly compact, to prove the
one block estimate of Lemma 4.3, it is sufficient to show that
limsup sup Ef, (]N)l]lEl f) .

l—o00 Dl(f):()
H(£)<C2(1)

Before using the equivalence of ensembles, we need to project the limit above over all sets with fixed
number of particles Ef? defined in equation (3.3). Recall from Definition 3.6 the projection of the grand-
canonical measures on the sets with fixed number of particles. For any density f w.r.t. u), such that
Dy(f) = 0, thanks to Section 3.3 and the presence of the indicator function, f is constant on Elf( for any
K € K,. We therefore denote, for any such f, by f(IA() the value of f on the set Elf(. Shortening ff(eKl
for the sum <o 11)2 Jp,es - Jo, s We can write thanks to the indicator functions 1p,, for any f
satisfying D;(f) =0,

(112) w(Pear) = [ 1R g (P (=F),
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2k

l}l

BP <5‘~_‘13

FIGURE 2. Construction of the B’

where K was defined in (3.2).
Since [z, f(K K)du, (ZK) =land E, (fil) <suwpzcg E 2 (ﬁl), we obtain

lim sup lim sup sup ol (ljl]lEl f) < limsup sup E, (17) .
=00 N—oo D(f)<C2(I)N~2 l—oo  ReK,
H(f)<C2(1)

To conclude the proof of equation (4.11) and the one-block estimate, it is therefore sufficient to prove
that the right-hand side above vanishes.

For any K€ Ky, recall that arp € M1 (8) is the grand-canonical parameter

K
~ 1
(Xj? = Eiii;‘ijﬁ'gég 59k S Jb11(8).

Since the expectation [, » conditions the process to having K particles with angles ©x in B;, by

definition of V;, letting I' = [ — s, we can write

1)l
g (V)] <R 2l’+1 2 ™9~ Ear(9)

€ l’
Let k be an integer that will go to infinity after [, and let us divide B; according to Figure 2 into g boxes

B',...,BY, each of size (2k 4 1)?, with ¢ = L;}cilljz let k' = k — s,, B'* denotes the box of size (2k’ + 1)

centered inside B, and Let B'® = By —UZ_, B, the number of sites in B is bounded for some constant
EO‘K 9) | B | Z Tl

C :=C(g) by CKl.
With these notations, the triangular inequality yields
zEB' )
Eag(g) 2]6/ +1 Z Txg

E Ea_(g9) — 1 Z <‘B/1‘i]E
LK T @y €B =9 =18, - ;"
xT G 1=
(2K + 1)2 (
= IE =
/ 2 IL,K
(20" +1) Z .

oft)

)

o~
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Since the distribution of the quantity inside the expectation does not depend on i, the quantity above
can be rewritten

(2K +1)2 k
’ 2 ~ILK ar / T 7]
Carrnziuk | | Baglo) - Qk ZTQ O3
S——— H?G]?k/
—1

Because g is a cylinder function, and since k goes to oo after [, the quantity inside absolute values is a
local function for any fixed k. Letting [ go to oo, the equivalence of ensembles stated in Proposition C.1
allows us to replace the expectation above, uniformly in K, by

1
Ea.. Ea. — g
Oz ocK(g) (2/€/+1)2 eB Tz9
x k!

Finally, since Uien{ap, K € ]INQ} C M;(S), where M;(9) is the set of angle density profiles introduced
in Definition 3.1,

~ 1
limsup sup E ~V) < sup Ea| |Ealg) — = Txd ,
oo Rek, LR aEM (S) (2K +1)? IEZBM

whose right-hand side vanishes as £ — oo by the law of large numbers, thus concluding the proof of the

one-block estimate.

4.4. Proof of Lemma 4.4 : The two-block estimate. — This Sections follows the usual strategy
for the two-block estimate, with small adaptations to the topological setup on the space of parameters
My (8) introduced in Definition 3.2.

Our goal is to show that for any density f satisfying conditions ¢) and 4¢) in Lemma 4.3,
. . . 1 ~ ~
limsup limsup limsup sup E} N2 Z | Totypr — Twpen ||| f | = 0.
l— o0 e—0 N—oo yEBeN 2CT?
N

The previous expectation can be bounded from above by triangle inequality by

Z (TawtyPl — Tetzpi) |||f | +o(l/eN).

zEB:N

1 1
EX | — —_—
“\ ¥ 2 @r oy
zeT?,
In this way, we reduce the proof to comparing average densities in two boxes of size [ distant of less than

2eN. Let us extract in the sum inside the integral the terms in z’s such that |y — 2’ | < 2, the number
of such terms is at most (41 + 1)2, and this quantity is bounded from above by

1

B | 32 > (2:N 112 Y (Turyhi = Trpi) |||F | +oll/eN).
z€T3, 2€BeN
|y—z|>21

This separation was performed in order to obtain independent empirical measures 7,1,0; and 7,40
Regarding the expectation above, notice that we now only require to bound each term in the sum in z.
In order to prove the two-block estimate, it is thus sufficient to show that

. . . 1 —~ —~
limsuplimsuplimsup sup Ej | — Z || TotyPr — Tepi ||l | = 0.
l—o0 e=>0 N—oo 2i<|y|<2eN N 2eT2
N
As in the proof of the one-block estimate, the expectation above can be rewritten
E% (Il o =2 lllf)

where f = N2 er.ﬂ% Tof is the average of the density f. We can also introduce the cutoff functions
1g, in the expectation above, thanks to f satisfying (4.4) and ||| 7yp; — pi1 ||| being a bounded quantity.
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13l7 7?1?

FIGURE 3

Let B, be the set B; U, B, the quantity under the expectation above is measurable with respect to
the sites in B, ;. Before going further, let us denote, for any configuration 7 € £y, 71 the configuration
restricted to B; and 72 the configuration restricted to y+B; = 7,B;. We also denote by 7 the configuration
(M1,72) on By ;. Let us finally write 4, ; for the projection of the product measure p}, on B, ;, and E,;
the expectation with respect to the latter.

With these notations, the expectation above can be replaced by

E% (Il o = oo ll11E fya) s
where for any density f, f,; is its conditional expectation with respect to the sigma-field generated by
(ﬁx)xeBy,la

fya() =E5 (f [ 7B, = 1),
which is well-defined because the two boxes B; and 7,B; are disjoint, thanks to the condition |y | > 2I.

As in the proof of the one-block estimate, we now need to estimate the Dirichlet form of f, ; in terms

of that of f, on which we have some control. For that purpose, let us introduce with the notations of the
previous Section

Diy(h) = —Eyi(hLoyh) — > Byu(hLezh)— > Eyu(hLa:h)

x,zEB; x,z€y+B;
|z—2|=1 |z—2|=1
P 0 1 2
(4.13) = Dy, + Dy, + Dy,

the Dirichlet form corresponding to particle transfers inside the two boxes, and allowing a particle to
transfer from the center of one box to the center of the other, according to Figure 3. The work of the
previous section allows us to write that

_Ey,l(?y,lﬁx,z?y,l) < D™*(f),
which implies, if D (f) < Cy that

— — (20 + 1)2
by translation invariance of ji5z and f. We now only need to estimate the third term Dﬁy. Let us consider
a path zg = 0,1, ...,z = y of minimal length, such that |z; — ;41| = 1forany i€ {0,...,k—1}.

For any such path, we have k < 4eN, since |y | < 2eN, and we can write

D9,(7F) < ~E:(FLoyh) = 5B [ 1m0 —my | (FG@) ~ F@)Y)

where 7%¥ here is the state where the sites in 0 and y are inverted regardless of the occupation of either
site. Since 1y — 7, vanishes whenever both sites 0 and y are occupied or both are empty, we can for
example assume that 79 = 1 and 1, = 0. For any configuration 7Y =1, we let for any i € {1,...,k}

~i (ﬁ¢_1)$171,m

77:
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Thanks to the elementary inequality
2

and by definition of the sequence (7%);=o...x (which yields in particular 7° = 7 and 7* = %), the previous

equation yields

k—1
B, [ao(1 — ) (FG) — FO)?) < b 3B [ro(t —m) (FG™) ~ T
- ) o
B [ (o) [F@) ) - @] |

Since pf is invariant through any change of variable ij — 7, and since we can easily derive the same kind
of inequalities with 7, (1 — 7o) instead of 79(1 — 7,), we obtain that

(4.15) DYY(F) < kZD”“H’””’ =k2N72D(f) < 162D (f)

thanks to the translation invariance of f. Finally, equations (4.13), (4.14) and (4.15) yield

(21 + 1)2
N2

(4.16) Dlyy(?y,l) < 200 + 16008

which vanishes as N — oo then € — 0. A bound on the entropy analogous to (4.8) is straightforward to
obtain. Finally, to prove the two-block estimate, as in the proof of the one-block estimate, we can get
back to proving that

(4.17) limsuplimsuplimsup  sup sup Ey: (||| 7yp1 — pi ||1g, f) = 0.
l— 00 e—0 N—oo 2i<|y|<2eN Dy, (£)<2C0 (2L+21)2 116Coe2
’ - N

2
Any density satisfying the bound D, (f) < QCO% + 16Cye? is ultimately constant on any set with
fixed number of particles and angles in the set B, ; with at least two empty sites. More precisely, denote

1
~ AN - 5
ozy,é(ﬁ) 2(2l+ 1)2 GBEU B N200,
x 1UTy Dy

the empirical canonical state of the configuration in B; U7, B;, and denote by f() the conditional expec-
tation of f w.r.t. the canonical state of the configuration in B; U 7, B;, defined for any K on B; U 1,5,
by

(K) =E, (f|ay.n) =az)-

We can now write for any |y| > 21

By ([l myor = p1 IHllElf)S/ Eg . (I 780 = 2 ) F(K )dK+EyZ<1El
1

Y,

f=F@e@|)

< swp B (lmdi = ol +Eya (Ve | £ = F@e@) | )

I(EH(yLJ
where we shortened y; = (2 + 1)e;, K, ; denotes the set of canonical parameters on B; U 7,B;, and
Eg . () = ES( [ aye(n) = ag). By compactness of the set of densities w.r.t. u? on By UT,B, the

supremum over all densities satisfying D; ,(f) < 200 QZH + 16Cpe? of the second term above vanishes
uniformly in |y| > 2] as N — oo and then ¢ — 0, Whereas the first term does not depend on y. To prove
(4.17), it is therefore sufficient to prove that

limsup sup Eg ([l 700 — 20 [l]) =

l—o0 KEKyL .

which follows from the equivalence of ensembles.
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5. Preliminaries to the non-gradient method

The main focus of Sections 5 and 6 is the symmetric part of the displacement process, whose contri-
bution to the hydrodynamic limit requires the non-gradient method. Before engaging in the proof of the
non-gradient estimates, however, we regroup several results which will be needed throughout the proof.

5.1. Comparison with an equilibrium measure. — In this section, we prove a result that will
be used several times throughout the proof, and which allows to control the exponential moments of a
functional X by a variational formula involving the equilibrium measure p’,. This control is analogous
to the so called sector condition for asymmetric processes, which ensures that the mixing due to the
symmetric part of the generator is sufficient to balance out the shocks provoked by the antisymmetric
part.

Remark 5.1. — [Non-stationarity of u* for the weakly asymmetric process] It has already been pointed
out that £ is self-adjoint w.r.t any product measure pz, which is not in general the case of L£%#=0.
However, £6#=0 is self-adjoint w.r.t. p’ due to the uniformity in 6 of that measure. Asymmetric
generators are usually "almost" anti-self-adjoint, in the sense that one could expect £L"*" = —£"*, This
identity is for example true for the TASFE P, for which the asymmetry is constant and does not depend
on each particle.

It is not true in our case however, due to the exclusion rule and the dependency of the asymmetry
in the angle of the particle. To clarify this statement, see the adjoint operator as a time-reversal, and
consider a configuration with two columns of particles wanting to cross each other. This configuration
would be stuck under £"*, however, under the time-reversed dynamics £"*", it starts to move. This
illustrates that in our model, the asymmetric generator £™* is not anti-self-adjoint.

Let us denote accordingly to the previous notation (2.15) and recalling the definition of the A.s (2.1),
fori=1,2

37 = Xi(00)mo(1 = 1e,) = i (Be, )1e, (1 = 10)-
Elementary computations yield accordingly that the adjoint in L?(u%) of LY is in fact given by
(5.1) LY = L™ 42 3" N g
z€T?, i=1,2
This identity will be necessary to prove the following result, which compares the measure of the process
with drift to the measure p}.

Lemma 5.2. — Recall the topology on X introduced in Proposition 3.10, and fix a bounded measurable
function
X = Xy x[0,17] — R
For any v > 0, we have
2T \?

T
1 exp (w? / X, (ﬁ(t))dt> .

YN?
where the supremum in the right-hand side is taken on the densities w.r.t. p,.

1 /T . 1
log Eﬁ’f < + g/ dt sup {Ea (prXe () — 2D(<P)} ;
0 ¢

Proof of Lemma 5.2. — Let us denote by P{\’X the modified semi-group
t
PN = exp [ / L0 4 szXsds} .
0

where Lﬁ,zo is the alignment-free generator introduced in (3.16) and let us denote in this section by
< .,. >, the inner product in L?(u%). For any i = 1, 2, and any H, and T > 0, the Feynman-Kac
formula yields

T
(5.2) K [exp (wvz/ Xt(ﬁ(t))dtﬂ = <1,Pp1 >, << Py, PrY1 512
0
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by definition of Pf"X,

d - —0
(5.3) - < PM1, PM L > =< P (L0 4+ L5704 29 N2 X)) PR >y,

where M* stands for the adjoint in L2(u}) of M. By definition of L]BVZO, we have
L7% = N2L* + NLW 4 £6F=0x,

We now work to control the weakly asymmetric contribution in the right-hand side of equation (5.3),
which does not vanish in our case, as a consequence of Remark 5.1. For that purpose, consider a function
€ L2(p), identity (5.1) yields

<@ (LM H LM >=2 > Y E [QDQszf\i] :
wET?, i=1,2
Recall the definition of V, f given in equation (3.4). A change of variable 7 — 7***¢ on the second part
of 7, jf‘ yields that for any x
Ef(97705) = —Ea(Ni(00) Vazre 7)) = —Ef [Nil62) (0(0777) + ) Vawte, o] 5
therefore applying the elementary inequality ab < a?/2 + b?/2, to
Ai(0o)

a = \/j§?‘7$,£-kei99 and b= 4*44;7j§;7 (99(;7r,x—%ei) + 99),

we obtain (since X;(0) is either Acos(f) or Asin(f) and is less than )
<O (L4 LN >as 5 Y Y B [(Veased)] + X 3 [0 + 07,
zeT%, i=1,2 z€T%, i=1,2
Since (p(7%*+e) + )2 is less than 22 (%% +¢) + 2¢? | we finally obtain that,
<o, N(L™ + L) >, < —N°E% [pLy] + 4X*N°EZ [¢*] .
In particular, applying this identity to ¢ = P;"**1, we deduce from equation (5.3) that

d j—
% < Pt>\7X17Pt)\7X1 >, < < Pt>\7X17 [2’7N2Xt + N2£ + 2£G,B—O +4)\2N2] Pt>\7X1 >

< (v (1) +4X2N?) < PMX1, P >, 42 < P £9P70PM R >

where v, (t) is the largest eigenvalue of the self-adjoint operator N 2L 4+ 2yN?X,. It is not hard to see
that the second term above is non-positive. Indeed, for any function ¢ on Xy, by definition of £&5=0
(cf. equation (2.5))

<L 20 = T B () |5 [ a0 - o))

2
zeT?,

—% > E <m [;ﬂ/sw(n“’g)cw— w(ﬁ)F) <0.

z€T%,

To establish the last identity, we only used that under p,, the angles are chosen uniformly, and therefore
EZ (ne(02)) = Ef (1,:)(1/27) [ 0(0")d’. We thus obtain that

d
- < P PMYT >0 < (1 (1) + 402N?) < PMR1L, PR >,

and Gronwall’s inequality therefore yields that
T
< P71, Pp1 > < exp <4T)\2N2 +/ z/v(t)dt> :
0

This, combined with (5.2), allows us to write

1 2,0 o [F
(5.4) logE}y |exp | YN / X, dt
e [ 0

2 T
T[T,
Y 0 2YN?
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The variational formula for the largest eigenvalue of the self-adjoint operator N2(L + 2vX;) yields that

* X 1
() =N sup L (UL + X)) = 2N sup (1B (Xeg) — 3D(6) .
¥, B (¥?)=1 @
where the second supremum is taken over all densities ¢ w.r.t. p%, which together with (5.4) concludes
the proof of Lemma 5.2. To prove the last identity, one only has to note that the supremum must be
achieved by functions v of constant sign, so that we can let ¢ = /1.
O

5.2. Relative compactness of the sequence of measures. — We prove in this section that the
sequence (QN)nen, defined in equation (B.4), is relatively compact for the weak topology. It follows from
two properties stated in Proposition 5.3 below. The first one ensures that the fized-time marginals are
controlled, whereas the second ensures that the time-fluctuations of the process’s measure are not too wide.

Given a function H : T? x $ — R, we already introduced in the outline of Section 2.4 the notation

<m H >= H(u,0)r(du,db).
T2 xS
The following result yields sufficient conditions for the weak relative compactness of the sequence (Q) y.
Recall from equation (2.10) the definition of the set of trajectories MI0T],

Proposition 5.3 (Characterization of the relative compactness on P(MI[07]))
Let PN be a sequence of probability measures on the set of trajectories M%) defined in (2.10), such
that

(1) There exists some Ag > 0 such that for any A > Ao,

limsupPY | sup <7, 1> >A| =0
N—oo s€[0,T

(2) For any H € C*1(T? x §), e > 0,

lim lim sup PV sup | <7y, H>—-<m,H>| > | =0.
6—0 N — 00 \t—t/|§5
o<’ t<T

Then, the sequence (PN )nen is relatively compact for the weak topology.

Since this proposition is, with minor adjustments, found in [3] (cf. Theorem 13.2, page 139), we do
not give its proof, and refer the reader to the latter. For now, our focus is the case of the active exclusion
process, for which both of these conditions are realized. The strategy of the proof follows closely that
of Theorem 6.1, page 180 of [27], but requires two adjustments. First, our system is driven out of
equilibrium by the drift, and we therefore need to use the Lemma 5.2 stated in the previous section to
carry out the proof. The second adaptation comes from the presence of the angles, and since most of the
proof is given for a test function H(u,0) = G(u)w(f), we need to extend it in the general case where H
cannot be decomposed in this fashion.

Proposition 5.4 (Compactness of (Q)yen). — The sequence (QN)yen defined in equation (B.4)
of probabilities on the trajectories of the active exclusion process satisfies conditions (1) and (2) above,
and is therefore relatively compact.

Proof of Proposition 5.4. — The first condition does not require any work since the active exclusion
process only allows one particle per site and we can thus choose Ay = 1. Regarding the second condition,

recall that
t

5.5 <ol H>—-<aN H>= | Ly<aN,H>ds+ M — M,
t t S t

+



1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

46 C.ERIGNOUX

where M ¥ is a martingale with quadratic variation of order N~2. For more details, we refer the reader
to appendix A of [27]. First, Doob’s inequality yields uniformly in § the crude bound

(5.6) B, <Sup | M — M

t,t<§

< 2EM? ( sup | M | ) < C(H)N7!,
B No<t<T
where E)‘}g is the expectation w.r.t the measure ]P’zf,a introduced just after Definition 3.4 of the complete
process 771 started from the initial measure p'V.

Regarding the integral part of (5.5), we first assume like earlier that H takes the form

H(u,0) = G(u)w(0),

where G and w are both C? functions. When this is not the case, an application of the periodic Weierstrass
Theorem will yield the wanted result. Then, following the same justification as in Section 2.4 we can
write

/t In <N H > ds = % /t is 3 7, (Z (N2 + 1] ()0, N Gl(z/N) + mw(s)a(azﬂv)> ,

’ S
-ZET?V =1

where the instantaneous currents j,  and v were introduced in Definition 2.8.
The weakly asymmetric and Glauber contributions are easy to control, since both jump rates r and
~v“ can be bounded by a same constant K, and we can therefore write

t . t 1 2
/ (N£M+£G)<TF£V,H>CZSSK/ dsﬁ | G(z/N) | —I—Z | Ou; . NG(z/N) |
t v

zeT% i=1
2
N oseo K(t—t’)/ G|+ [0,Gw) | du,
T2 i=1
which vanishes as soon as | ¢ —t| <4 in the limit § — 0. Finally,

QN sup | <7y, H>—<m,H>|>¢
[t—t' <8
o<t t<T

t
§}P’2’N’6 sup / NL<aN H>ds| >¢/3
[t—t" <5 v
0<t' t<T
t
+P20 | sup / (NLY™ +£%) <all H >ds| >¢/3
[t—t"|<S t/
Lo<t',t<T

B H H

+P | osup | M — M
| t—t' <8
Lo<t',t<T

>e/3

The second line of the right-hand side vanishes in the limit N — oo then § — 0 thanks to the computation
above, whereas the third line also vanishes thanks to Markov’s inequality and equation (5.6). Finally,
the first term vanishes accordingly to Lemma 5.5 below and the Markov inequality, thus completing the
proof in the case where H(u,0) = G(u)w(6). The general case is derived just after the proof of Lemma
5.5.

Lemma 5.5. — For any function H(u,0) = G(u)w(0) € C*°(T? x $),

t
N*L<7) H>ds| | =0.

t

(5.7) lim lim sup B sup
§—0 N — 00 © ‘t/7t|S6
o<t t<T
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Proof of Lemma 5.5. — The proof of this Lemma follows, with minor adjustments to account for the
drift, the proof given in [27]. First, we get rid of the supremum and come back to the reference measure
with fixed parameter « €]0,1[ thanks to Lemma 5.2 of Section 5.1. Let us denote

t
(5.8) o(t) = / N2L < 7N H > ds.
0

We now compare the measure of the active exclusion process to that of the process started from equi-
librium (uV = u?), and with no alignment (3 = 0), according to Proposition 3.10 with A = RN?
and

X (ﬁ[O,T]> sup N2£ <N H>ds| = sup |g(t)—g(t)]|
—t|<s # |tt%‘S5
0<t A<T 0<t’,t<T

This yields that for some constant Ky > 0, the expectation in equation (5.7) is bounded from above for
any positive R by

1
Y el K0N2+log]E L exp RN? sup |g(t) —g(t") ]|
|t —t|<5

0<t' t<T

(5.9
We therefore reduce the proof of Lemma 5.5 to showing that

5.10 lim limsup ———— log EX exp [ R(O)N?  su t) —g(t =0,
(310) fim lmsup ooy log B exp | RON® sup_ [ g(t) = o(®)]
0<t' ,t<T

where R(5) goes to oo as d goes to 0.
Let p and 4 be two strictly increasing functions such that ¢(0) = p(0) = 0 and ¥ (+00) = 400, with

1 continuous, we denote
_ /
o[ (Y gy,
[0, 7] [0,T] p(|t' —t])

the Garsia-Rodemich-Rumsey inequality [23] yields that

0 41

5.11 —g(t 8 d

G-11) o) —ote) <8 [0t (7 )t
o<t t<T

Given any positive a, we choose p(u) = /u and 1 (u) = exp(u/a) — 1, hence =1 (u) = alog(1 + u). An
integration by parts yields for any 6 < e~2 that

[ (S fon(o D)2

s
I
= aVélog (1441672) +a/ 87\/ﬂdu
0

ud + 4lu
<a\flog(1—|—4l(5 +a/ —du
= aV/§ [log (6% + 41) — 2log  + 4]

<a\f[ Og61 g (6% +4I) —410g(5]

(5.12) < aV'é [~4logdlog (6% +4I) — 4log 4] ,
since by assumption —log(d) > 2. From equations (5.11) and (5.12) we deduce that
A,0 2 / 2,0 2 2
logE, exp | RN? sup |[g(t) —g(t')| | <logE,: exp (—32aRN Vélogd [1+ log (6% + 41 + 1)])

[t —t|<8
o<t t<T



1210

1211

1212

1213

1214

1215

1216

1217

1218

48 C.ERIGNOUX

holds for any a > 0. For § < 1, Let us choose a = —(32RN?v/§log§)~! > 0, we can write for the second
term of (5.9) the upper bound

1
logEX exp | RN? sup |g(t) —g(t)] | < 1+1log (14 6% +4E4 (I))] .
RN2 759 |t’—t\§5| )| RN2 [ ( ( ))}
0<t' t<T

By definition,
‘ft,N2£<7TN H>du‘

I= / exp dt'dt — T2.
[0,7]%[0,T] [t =]

Let us assume, purely for convenience, that 7' > 1/2, for § sufficiently small, we have 472 — 1 — §2 > 0,
and the quantity inside the limit in equation (5.10) can be estimated by

(5.13) logE L Oexp | RN? sup | g(t) —g(t') |

2
RN [+ —t|<6
o<t/ t<T

1 ‘f:,N2£<7T£V,H>ds‘
< —— |1+1og4E}N / exp
RN? * [ Jio11x0,11 ay/[t —t]

If T < 1/2, we simply carry out a constant term in the log above, which does not alter the proof.

Let us take a look at the two constants a and R. Noting the first bound on the entropy mentioned
earlier, in order to keep the first term of (5.9) in check, R = R(§) must simply grow to co. Furthermore, we
previously obtained that a = —(RN?232+/5log §)~!, we can choose a = N~2, thus R = (—1/32v/dlog §) !
which is non-negative, and goes to co as § — 0. Therefore, the second term above can be rewritten

dt'dt

1 2,0 ! /
—log/ 4E7. exp Joate; (8)0u; NG(z/N)ds | dt'dt
RN? o101 v |t — |1/2 Z e

i=

12

In order to estimate the expectation above, we can get rid of the absolute value, since el *| < e® 4 =7,
and since the function G is taken in a symmetric class of functions. Furthermore, Lemma 5.2, applied
with v = 1 yields that the second term in the right-hand side of (5.13) is less than

1 (t—1) r\2n2 /
5.14 —log/ exp[ AN*N* + vy (G, w)|| dtdt’,
(514 RN? [0,T]x[0,T] 2 | (G.)]
where vy (G,w) is the largest eigenvalue in L?(1%) of the self-adjoint operator
2N
2 -
N°L+ |t/—t‘1/2 § jz,m—i—eiauq‘,,NG(z/N)a
xET%
i=1,2

which can be rewritten as the variational formula

(5.15) v (Ghw) = sup W? > OuNG@/NE (Fisre) = N*D(f) ¢

z€T3,
z:1,2

[t —

where the supremum is taken on all densities f w.r.t. p,. In order to prove that the eigenvalue above is
of order N2, we now want to transform

| ‘1/2 XT: 8“1 NG Ql‘/N) Z(fj;),z—i-ei)'
z€T?

~r,r+e;

For any density f, and i = 1,2, since j% .. (7

B (F o) DuN G /N) = =SB [(FT) = )i nse,] Du G/ N)

) = —Txj¥, we can write
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<108 (e (VE@=) - V7))
N %(thG(x/N))QIEZ ((\/f(n”’”ei) + \/?)2) :

Since (j¥,.0,)? < ||wl2 1y, p,... =0, and since [v/F(777F¢) + \/ﬂ2 < 2f ("¢ + 2f, we obtain the
upper bound

N . (piw N w2 N°C 2
e Z O NG(x/N)EL, (i3 ame,) < WDU) + v —t]i2 110w, Gl

2
zeT%,

which holds for any positive C. We now set C = |t' — ¢|~'/?||w||>, /N so that the Dirichlet form
contributions in the variational formula (5.15) cancel out. We finally obtain that for some positive
constant C7 = C1(G,w), independent of N,

C1N?
G,w) <
VN( ?w>—‘t_t/|7

which yields that (5.14) vanishes in the limit N — oo and § — 0, since R = R(J) goes to oo as § goes to
0. Finally, we have proved thanks to equation (5.13) that

lim lim sup log E);;O exp |RN? sup |g(t) —g(t' =0,
s i sup s 108 By \tut|ga| (t) —g(t") |
0<t' t<T
which concludes the proof of Lemma (5.5). O

In order to complete the proof of Proposition 5.4, we still have to consider the case when H does not
take a product form G(u)w(#). In this case, since H is smooth it can be approximated by a trigonometric
polynomial in uj, ug and 0. Each term of the approximation is then of the form G(u)w(f), and the
previous result can therefore be applied. More precisely, consider a smooth function H, and for any
a > 0, there exists a finite family (pf;)o<i,jk<m. of coefficients such that

sup | H(u,0) — Z pruiuldt | < a.
u€T?, g
s i,5,k€[0,M]

Let us now fix an ¢ > 0, and let us take a = ¢/4. Then, considering the corresponding family P;;x(u,§) =
P ufusd we have that

‘<7T751Y,H>—<7T£V,H>’ < |\<w) —aN H - Z P> | + Z ‘<7riY—7riV,Pijk>’ .
4,J,k<Mqo 4,5, <Ma
Since we allow at most 1 particle per site, and since H — Zi,j,kgMu P, ;i is smaller than /4, the first
term of the right-hand side above is less than €/2. From this, we deduce that for the left-hand side to
be greater than ¢, one of the terms | < W{Y, P >—-< w{v, Py, > | must be larger than 5/2M2. This
yields that

QN sup | <mp,H>—<m,H>| >¢
|s—t] <6
o<t t<T

N 6
< g Q sup | <my, Pk > — <m, Pijp > 1 > 3
. |t/—t|<6 2Ma
1,5,k<Mq L=
0<t' t<T

Since « is fixed, we can now take the limit N — oo then § — 0, in which the right-hand side vanishes
since all functions are decorrelated in v and 0. The result thus holds for any smooth function H, thus
completing the proof of Proposition 5.4. O
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We now prove that in the limit, the empirical measure of our process admits at any fixed time a density
w.r.t. the Lebesgue measure on T2.

Lemma 5.6. — Any limit point Q* of the sequence QN is concentrated on measures m € MOT! with
time marginals absolutely continuous w.r.t the Lebesque measure on T2,

Q* (n, w(du,d) = p,(u,df)du, Vte[0,T]) = 1.

Proof of Lemma 5.6. — For any smooth function H € C(T?) configuration 7 in ¥y and any correspond-
ing empirical measure 77, we have
1
| <oV H>| = NQZ (x/N)ng S—QZ\Hx/N

zeT?%, z€T%,

The right-hand side above converges as N goes to oo towards [, | H(u)|du. Since for any fixed function
H, the application

= sup | <my, H > |
0<t<T

is continuous, any limit point Q* of (Q™)x is concentrated on trajectories m such that
sup | < m, H > | S/ | H(u) |du,
0<t<T T2

for any smooth function H on T?, and therefore is absolutely continuous w.r.t. the Lebesgue measure on
T2. O

5.3. Regularity of the density and energy estimate. — In this section we prove that the macro-
scopic particle density is reqular enough for the weak hydrodynamic limit (2.11) to be well defined, i.e.
that criterion 4ii) of Definition 2.5 is satisfied. The proof follows the same strategy as in [27], we give it
for exhaustivity.

Due to the non-constant diffusion coeflicients, the second derivative in equation (2.11) cannot be
applied to the test function, and we need, according to condition 4ii) of Definition 2.5, to prove that
the macroscopic profiles of our particle system are such that Vp is well-defined. We can now state the
following result.

Theorem 5.7. — Any limit point Q* of the measure sequence (QN)n is concentrated on trajectories
with py(u) € Hy = WY2([0,T] x T?) for any p > 1. In other words, Q*-a.s., there exists functions
O, pe(u) in L2([0,T] x T?) such that for any smooth function H € C%1([0,T] x T?)

(5.16) / / (), Hy () dudt — / / O, (0)dudlt
[0,7]x T2 [0,7] ><'J1'2

Furthermore, there exists a constant K = K (T, )\,B,C) such that for any limit point Q* of (QV), and for
any 1,

(5.17) Eg- <//{0 e [auipt(u)]Qdudt> <K.

In particular, any such limit point Q* is concentrated on measures satisfying condition iii) of Definition
2.5.

The proof is postponed to the end of this section. The usual argument to prove this result is Riesz
representation theorem, that yields that if

1/2
/ / pt(0) 0y, Hy(u)dudt < C / H?
[0,T]x T2 [0,T] x T2

for any H, there exists a function 9, p € L?([0,T] x T?) such that (5.16) holds. For that purpose, we need
the estimate given in Lemma 5.8 below. Fix a direction i € {1,2}, for any = € T%;, shorten z) = z + ke;,
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k € {0,...,eN}. Following the strategy of the energy estimate of [27], and recalling that 7,psn is the
empirical particle density in Bsy (x), we let

1
W ,i(e, 0, H,n) N2 Z (z/N) < [TeteNe, PSN — PSN) — (x/N)> -
z€T?,
Note that to emphasize that this quantity does not depend on the angles, we denote its third variable as

7 instead of 7.

Lemma 5.8. — Let {H',l € N} be a dense sequence in the separable algebra C*1(]0,T] x T?) endowed
with the norm ||1T1T||OO—|—X:?:1 0w, H|| - For any i = 1,2, there exists a positive constant K = K(T, A, 3,()
such that for any k > 1 and € > 0,

50 N—oo 1<I<k Jo

T
hmsuphmsupIE“N (max/ Wi .i(e, 6, Hé,n(t))dt) < Kp.

Proof of Lemma 5.8. — By the replacement Lemma 4.1, it is sufficient to show the result above without
the limit in ¢, and with WNﬂ(e, H, 77) instead of Wiy ;, where

Wavsleo o) = 7z 32 HGo/N) (2 v, =il = Hlz/N))

z€T%,
- 3 H(m/miag [N(n = )—H(SE/N)}
N2 zEeT?, eN k=0 o " '

Applying Proposition 3.10 to A = N? and

X (ﬁ[OvT] = max / WN’L € Ht, (t))dt,

1<i<k

the contribution of the Glauber dynamics and the initial measure can be compared to the case 5 = 0
started from p?,

(fi% [ Pt it >>dt>

KolT, 8,0) + — <1ogE 0

T
= .
exp (N 1Igla<xk/ WN,Z(gthan(t))dt>]> :

The max can be taken out of the log in the second term because