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Abstract

For an elliptic selfadjoint operator P = —[u**0,,0, + v"0, + w] acting on a fiber bundle over
a compact Riemannian manifold, where v, v*, w are N X N-matrices, we develop a method
to compute the heat-trace coefficients a, which allows to get them by a pure computational
machinery. It is exemplified in any even dimension by the value of a; written both in terms
of u" = g"wu,v* w or diffeomorphic and gauge invariants. We also address the question:
when is it possible to get explicit formulae for a,?
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1. Introduction

We consider a compact Riemannian manifold (M, g) without boundary and of dimension
d together with the nonminimal differential operator

P = —[u"(2)0,0, +v"(2)0, + w(z)]. (1.1)

which is a differential operator on a smooth vector bundle V over M of fiber CV where
ut”, v¥, w are N x N-matrices valued functions. This bundle is endowed with a hermitean
metric. We work in a local trivialization of V' over an open subset of M which is also a
chart on M with coordinates (z*). In this trivialization, the adjoint for the hermitean metric
corresponds to the adjoint of matrices and the trace on endomorphisms on V' becomes the
usual trace tr on matrices. Since we want P to be a selfadjoint and elliptic operator on
L*(M, V), we first assume that u*(z) §,&, is a positive definite matrix in My:

u () €,€, has only strictly positive eigenvalues for any £ # 0. (1.2)

We may assume without loss of generality that u** = u**. In particular u** is a positive
matrix for each p and each u*” is selfadjoint.
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The asymptotics of the heat-trace
Tre ™ ~ > a,(P) a2 (1.3)

exists by standard techniques (see [1, Section 1.8.1]), so we want to compute these coefficients
a,(P).

While the spectrum of P is a priori inaccessible, the computation of few coefficients of this
asymptotics is eventually possible. The related physical context is quite large: the operators
P appeared in gauge field theories, string theory or the so-called non-commutative gravity
theory (see for instance the references quoted in [2, 3, 4]). The knowledge of the coefficients
a, are important in physics. For instance, the one-loop renormalization in dimension four
requires a; and as.

When the principal symbol of P is scalar (u*” = ¢g"1y), there are essentially two main

roads towards the calculation of heat coefficients (with numerous variants): the first is ana-
lytical and based on elliptic pseudodifferential operators while the second is more concerned
by the geometry of the Riemannian manifold M itself with the search for invariants or confor-
mal covariance. Compared with the flourishing literature existing when the principal symbol
is scalar, there are only few works when it is not. One can quote for instance the case of
operators acting on differential forms [5, 6, 7, 8]. The first general results are in [9] or in
the context of spin geometry using the Dirac operators or Stein-Weiss operators [10] also
motivated by physics [2]. See also the approach in [11, 12, 13, 14, 15, 16, 17, 18, 19].
The present work has a natural algebraic flavor inherited from the framework of operators
on Hilbert space comprising its own standard analytical part, so is related with the first
road. In particular, it gives all ingredients to produce mechanically the heat coefficients. It
is also inspired by the geometry d la Connes where P = D? for a commutative spectral triple
(A, H,D), thus has a deep motivation for noncommutative geometry.

Let us now enter into few technical difficulties.

While the formula for ag(P) is easily obtained, the computation of a;(P) is much more
involved. To locate some difficulties, we first recall the parametrix approach, namely the use
of momentum space coordinates (x,&) € T M:

dy(, §) = u™ () §u8v
( xz, ) _Z’UM< )5#7
do(x) = —w(z).

Then we can try to use the generic formula (see [5])

ar(P) = gl b / d AN dE e tr [ban (2, €, M) (1.4)

where A belongs to a anticlockwise curve C around R* and (z, £) € T*(M). Here the functions
bs, are defined recursively by

bo(lL‘7£,)\) = (dg(l’,f) - >_17
br($a€> >‘) = Z (af )(aadk)

r=j+|al+2—k
Jj<r



The functions by,., even for r = 1, generate typically terms of the form
tI‘[Al()\>B1A2(>\)B2A3()\) i ]

where all matrices A;(\) = (da(z,£) — A)~™™ commute but do not commute a priori with B;,
so that the integral in A is quite difficult to evaluate in an efficient way. Of course, one can
use the spectral decomposition dy = Y-; \; m; (depending on = and &) to get,

Sl dhe™ i = A) T (g = A) (g = A) 7 | b, Bim, Bam - ++). - (15)

L AeC
11,82,13 ...

While the M-integral is easy via residue calculus, the difficulty is then to recombine the sum.
This approach is conceptually based on an approximation of the resolvent (P — \)~1.
Because of previous difficulties, we are going to follow another strategy, using a purely
functional approach for the kernel of e~* which is based on the Volterra series (see [20, p.
78],[4, Section 1.17.2]). This approach is not new and has been used for the same purpose in
9, 2, 3.
However our strategy is more algebraic and more in the spirit of rearrangement lemmas
worked out in [21, 22]. In particular we do not go through the spectral decomposition of u*”
crucially used in [9] (although in a slightly more general case than the one of Section 4). To
explain this strategy, we need first to fix a few notation points.
Let K(t,z,2') be the kernel of e~ where P is as in (1.1) and satisfies (1.2). Then

Trle P ] = /dx tr[K (¢, x, )],
K(t,x, .Z’) — ﬁ /dé e*izf (e*tP €lx£)
When f is a matrix-valued function on M, we get

—P(e™E f) (@) = (¢ [—u €8, + 2w €0, + v, + w()]f ) ()
= —(e™*[H + K + P)f)(x)

where we used

H(z,€) = u () £,6, (1.6)
K(z,8) = —i&u[v"(x) + 20" (x) 9, ].
Thus H is the principal symbol of P and it is non-scalar for non-trivial matrices u*”.

If 1(2) = 1 is the unit matrix valued function, we get e @ = iz e UHHE+P) 1 4o
that, after the change of variables £ — ¢'/2¢, the heat kernel can be rewritten as

K(t,,7) = g / dg e KR = L / de e~ H-VIK=tP (1.8)

A repetitive application of Duhamel formula (or Lagrange’s variation of constant formula)
gives the Volterra series (also known to physicists as Born series):

eAtB — oA + Z /1 ds, /Sl dsy - - - /Sk_1 dsy, e(l=s1)A B pls1=s2)A || o(sk-1=5K)A B osuA
= Jo 0 0



Since this series does not necessarily converge for unbounded operators, we use only its first
terms to generate the asymptotics (1.3) from (1.8). When A = —H and B = —/tK —tP, it
yields for the integrand of (1.8)

e—H—\/EK—tP]]_ _ <€_H . \/%/1 d31 6(81_1)H K6—51H
0
1 S1 1
t[/ dsl/ dsy 1~ DH [ o(sa=s)H pr o=soll / dsy els1—DH Pe_slH}
0 0 0

+ O(t2)>]1. (1.9)

After integration in &, the term in v/ is zero since K is linear in € while H is quadratic in &,
so that

tr K(t, z,z) ~ ﬁ[ao(a:) +tay(x) + O(t?)]

tlo t
with the local coeflicients

ap(z) = tr #/df e H@O, (1.10)
1 S1

aq = tr /df / dsl/ dsy 1~ DH [ o(s2=s)H Ke_SQH]

0
1
—tr ﬁ /d§ [/0 ds; 1D p =il (1.11)

where the function 1 has been absorbed in the last e=5i#,

The coefficients ag(P) and a;(P) are obtained after an integration in z. Since we will not

perform that integration which converges when manifold M is compact, we restrict to a,(x).
We now briefly explain how we can compute a,(P). Expanding K and P in a,(x), one

shows in Section 2 that all difficulties reduce to compute algebraic expressions like (modulo

the trace)

1 S1 Sk—1
ﬁ/dﬁ /0 dgl/o d32.../0 k dsy, elsi—D)H B, els2—s1)H By--- By o skH (1.12)

where the B; are N x N-matrices equal to u*”, v, w or their derivatives of order two at
most. Moreover, we see (1.12) as an My-valued operator acting on the variables (B, . .., B)
which precisely allows to focus on the integrations on £ and s; independently of these variables.
Then we first compute the integration in &, followed by the iterated integrations in s;. The
main result of this section is (2.18) which represents the most general operator used in the
computation of a,. We end up Section 2 by a summary of the method. We show that the
previously mentioned integrations are manageable in Section 3. Actually, we prove that we
can reduce the computations to few universal integrals and count the exact number of them
which are necessary to get a,(z) in arbitrary dimension. In Section 4, we reduce to the case
ut’ = g"'u where u is a positive matrix and explicitly compute the local coefficient a; in
Theorem 4.3 in terms of (u, v*, w). Looking after geometric invariants like for instance the
scalar curvature of M, we swap the variables (u, v*, w) with some others based on a given
connection A on V. This allows to study the diffeomorphic invariance and covariance under
the gauge group of the bundle V. The coefficient a; can then be simply written in any



even dimension in terms of a covariant derivative (combining A and Christoffel symbols). In
Section 5, we use our general results to address the following question: is it possible to get
explicit formulae for a, avoiding the spectral decomposition like (1.5)7 We show that the
answer is negative when d is odd. Finally, the case u*” = ¢g"u + X" is considered as an
extension of u*” = ¢g"1 + X which appeared in the literature.

2. Formal computation of a,(P)

This section is devoted to show that the computation of a,(x) as (1.11) reduces to the
one of the terms as in (1.12). Since a point x € M is fixed here, we forget to mention it, but
many of the structures below are implicitly defined as functions of x.

For k € N, let Ay be the k-simplex

Api={s=(s0,---5p) ERIT0< s < sy <+ < sy <5y <sp = 1},

Ay := @ by convention.
We use the algebra My of N x N-complex matrices.
Denote by My[¢, 0] the complex vector space of polynomials both in & = (§,) € R? and
0 = (0,) which are My-valued differential operators and polynomial in ; for instance,
P, K, H € Myl¢, 0] with P of order zero in £ and two in 0, K of order one in £ and 0, and
H of order two in ¢ and zero in 0.

For any k € N, define a map f,(€) : My[¢,8]®" — My[¢, 8], evidently related to (1.12),
by

(E)[B® - B i= ds et DHE) B els2=s)HE) B, ... B e~ s:H (&) 21
A
k

fo©la] :=ae ®, foraeC= M. (2.2)

Here, by convention, each 0, in B; € My[¢, 0] acts on all its right remaining terms. Remark
that the map & — fi.(§) is even.
We first rewrite (1.9) in these notations (omitting the {-dependence):

e HVIK=tPY = o= Z Y (VK +tP) @ - - - @ (VK + tP)] (2.3)
—t'2f1K]
+U(f2[K © K] = f1[P])
+832(f,]K ® P]+ f[P @ K] — f5]K ® K ® K])
+2(flP® P — lIK®K® P - fs[K© PR K| — f3s[P® K © K])
+ O(t?).

Since all powers of ¢ in (2n+1)/2 have odd powers of §,, ---§,, (with odd p), the {-integrals
in (1 12) will be zero since fj, is even in &, so only

ao() = tr Gy /dffo (2.4)
ai(w) = %T [ € (RIK © K] = 7lP), (25)
a(m)—tr /df (fo[PRP]— f3[K®@ K®P]— f3]K®@ PR K|— f3]P® K®K])



etc survive.

Our first (important) step is to erase the differential operator aspect of K and P as variables
of fr to obtain variables in the space My[¢] of My-valued polynomials in &: because a 9
contained in B; will apply on eCi+1=5)H B, ... Bie~sH by a direct use of Leibniz rule and
the fact that

de s = — /S ds, ets1=9)H (0H) e, (2.6)
0

we obtain the following

Lemma 2.1 When all B; are in My[¢, 0], the functions fi for k € N* satisfy

fe(B1®---@B0® - ® By = zk: [@[B1® - ®(0B)) ® -+ @ By

j=i+1

k
~ > fen(©B1® - ®B; @ (0H) ® Bjn @ -+ @ By (2.7)

PROOF By definition (omitting the {-dependence)

filBi® - ®BO®- - ® By

=/ dser=VHEp ol2=s)H B Bia(e(SHPSi)HBiH <o B e sr,
k
The derivation 0 acts on each factor in the parenthesis:
— On the argument B;, j > i+ 1, which gives the first term of (2.7).
— On a factor eG+175)H for 4 < j <k — 1, we use (2.6)
ae(SjJrlfs]')H _ /Sjis]#l ds’ es’+5j+1fs]~)H (8H) efs’H _ Kl ds e(sfsj)H (aH) e(Sj+1*8)H
0

Sj+1

with s = s’ + 541, so that in the integral, one obtains the term

1 S1 Sk— S5
_/0 dsl/o d82~--/0 bt ! dse(sl_l)HBle(82_51)HBQ'"

Sj+1

e Bje(s’sﬂ')H(ﬁH) e(é‘ﬂrs)HBj+1 - By e sk,

Since, as directly checked, [y dsy--- fy* " dsy, fs?ﬂ ds = [a,,,ds" with s} = s; for j <i—1,
sy =sand 8§ = s;_; for j >i+1, this term is —f,11[B1®- - @ B; ® (0H) ® Bj11 @ - ® By].

~ Finally, on the factor e=**# one has 9 e+ = — [** (=) (9H) e~*H which gives the
last term: —fp1[B1 ® -+ - @ By ® (0H)]. |

Thus (2.3) reduces to compute f;[By ® - - - ® By] where B; € Myl¢].
Our second step is now to take care of the £-dependence: by hypothesis, each B; in the
tensor product By ® - -+ ® By, has the form - B¥-# g, - - 'fwi with B#t# € My, so that

By ®---® By is a sum of terms like B ¢, - - £, where B € ME". As a consequence,
by linearity of fi in each variable, computation of a, requires only to evaluate terms like

o [ A6+ G FUO[BE] € My with B € M (25)



and we may assume that ¢ = 2p, p € N.

The next step in our strategy is now to rewrite the fj appearing in (2.8) in a way which
is independent of the variables B} a rewriting obtained in (2.11). Then the driving idea
is to show firstly that such f; can be computed and secondly that its repeated action on
all variables which pop up by linearity (repeat that K has two terms while P has three
terms augmented by the action of derivatives, see for instance (1.11)) is therefore a direct
computational machinery.

For such rewriting we need a few definitions justified on the way.

For k € N, define the (finite-dimensional) Hilbert spaces

k

Hi =My, Ho:=C,
endowed with the scalar product
<A1 ® oo ® Ak, Bl ® L ® Bk>?—[k = tr(A}‘Bl) cee tI‘(AZBk), <CLO, b0>7.[0 = aobg,

so each My is seen with its Hilbert—Schmidt norm and ||[4; ® - -+ ® AkH?Hk = H§:1 tr(A7A;).
We look at (2.8) as the action of the operator ﬁ Jdgg,, - &, fr(§) acting on the finite
dimensional Hilbert space Hj.

Denote by B(E, F') the set of bounded linear operators between the vector spaces E and F
and let B(E) := B(E,E). For k € N, let

Hy = Hpy1, so Ho = My,

m : Hy, — My , m(By® -+ ® By) := By--- By, (multiplication of matrices),
Kk Hy — Hy, K(B1® - ®@Bg) =1 By ® -+ ® By,

L M S B(He, My),  (Ag®@ @ A)[BL® -+ @ Byl = AgB1A; - - - By Ay

L: My — B(C, My), 1(Ap)[a] == aAo,

p: M = B(Hy), p(Ag @+ @ AR)[By® -+ ® By := ByAg @ - - - @ By, Ay

For A € My and k € N, define the operators

Ry(A) : Hy, — Hy fori=0,....k
R(A)[By® - ® B =By®- - QBA® -+ ® By,

Thus
p(Ag @ -+ ® Ap) = Ro(Ao) - - - Ri(Ag). (2.9)

As Ehown in Proposition A.1, ¢ is an isomorphism. The links between the three spaces
. -
M B(Hy) and B(Hy,, My) are summarized in the following commutative diagram where
(mo k)(C)B1® - @B =m(C[1l® B ®--® By):
B(Hy)

Mgk - (2.10)



For any matrix A € My and s € Ay, define

k(5,4) =(1-5)ARLR® - L 4+ (s1—52)1RARILI®---®1
+o (1 —s) 1R QAT + 1R 1R A,
co(s,A) = A

where the tensor products have k + 1 terms, so that cx(s, A) € M]?}Hl.
This allows a compact notation since now

fr(€) = ds 1[e™5 ck(s’“aﬁ)] € B(Hy, My), with fo(§) = L(e_‘f‘*g‘*“aﬂ), (2.11)

Ay

and these integrals converge because the integrand is continuous and the domain Ay is
compact.

Since we want to use operator algebra techniques, with the help of cx(s, A) € Mﬁfl, it
is useful to lift the computation of (2.11) to the (finite dimensional C*-algebra) B(Hy) as
viewed in diagram (2.10). Thus, we define

Cr(s, A) := pler(s, A)) € B(Hy),
and then, by (2.9)
CR(S, A) = (1 — Sl) R(](A) —+ (81 — 82) Rl(A) + -t (Sk,1 — Sk) kal(A) + Sg Rk(A)

Remark 2.2 All these distinctions between H;, and Hy, or ¢ (s, A) and Cy(s, A) seem inno-
cent so tedious. But we will see later on that the distinctions between the different spaces
in (2.10) play a conceptual role in the difficulty to compute the coefficients a,. Essen-

tially, the computations and results take place in 5 (”;Zk) and not necessarily in the subspace
M C B(Hy) (see (2.18) for instance). O

Given a diagonalizable matrix A = C'diag(A1,...,\,) C~1 € My, let C% := CEYC! for
i,j =1,...,n where the EY form the elementary basis of My defined by [EY]y := 04, 0;1.
We have the easily proved result:

Lemma 2.3 We have
iii) When A is diagonalizable, AC" = \; C% and CA = \; CY.
Thus, all operators R;(A) on Hy for any k € N have common eigenvectors
Ri(A) [Ciojo R ® Cikjk] — )\ji (oo R ® C’ikjk’
and same spectra as A.

In particular, there are strictly positive operators if A is a strictly positive matriz.

This means that Ci(s,A) > 0if A > 0 and s € Ay, and this justifies the previous lift.
Now, evaluating (2.11) amounts to compute the following operators in B(H}):

Ty p(z) == ﬁ /A dS/dffm S o~ 6ats Cr(su™’(z)) . ﬁk N 7/'[\1@, peEN, keEN. (212
k

Tool) = gha / de =65 @ e My~ p(My) C B(Hy), (2.13)



where T}, depends on z through u®® only. Their interest stems from the fact they are

independent of arguments By ® --- ® By, € H; on which they are applied, so are the corner
stones of this work. Using (2.10), the precise link between T}, and f,(§) is

00 k"0 Ty = G [ A€+ Gus, Fu(6). (2.14)
The fact that T}, is a bounded operator is justified by the following
Lemma 2.4 The above integrals (2.12) and (2.13) converge and Ty, € B(Hy).

PrROOF We may assume k € N* since for £ = 0, same arguments apply.
For any strictly positive matrix A with minimal eigenvalues Ay, (A) > 0, Lemma 2.3 shows
that, for any s € Ay,

Cils, A) = [(1 = s1)Amin(A) + (51— 52) M (A) + -+ + 5pAmin(A)] Ly, = A (A) L .

Hi
We claim that the map & € R? — A, (Ea&su®?) is continuous: the maps & € R — £,&zu?
and 0 < a € B(H;) — inf(spectrum(a)) = ||a~!|| are continuous (the set of invertible matrices
is a Lie group).

We use spherical coordinates £ € R? — (|¢],0) € Ry x S!, where ¢ = [£]7'¢ is in the
Euclidean sphere S%~! endowed with its volume form dS).

Then Apin(Eaésu?) = |§|2 Amin(0a05u®®) > 0 (remark that o,05u®? is a strictly positive
matrix). Thus ¢ = inf{\nin(0aosu®®) |0 € ST1} > 0 by compactness of the sphere. The
usual operator-norm of ”;Ti\k applied on the above integral T}, , satisfies

& — —r2cll~
HTk’p” = /Ak ds /aesdl ng(U) /0 dr Hrd o Opr """ Opgyp € i H

= A ds /esd—1 d€24(0) /0 dr I e — vol(Ag) Vol(Sg_1> W P m
k o2

For the &-integration of (2.12), we use again spherical coordinates, but now £ = r o with
r=(g"€&)% o =r~'¢ € ST (this sphere depends on = € M through g(z)) and define

ulo] == uo,0,

which is a positive definite matrix for any o € Sg’l. Thus we get

= - —T2 s,u|o
Thp = <271f>d/Ak s /sgl 2 () oy "'%p/o dr 4142 o= Cilsl]) (2.15)
d P
= Ty [ (@) 0 00, /A ds Cu(s, ufol) ),

Thus, we have to compute the s-integration [, ds Cy(s, u[o])™® for v € 3N*. We do that via
functional calculus, using Lemma 2.3 iii), by considering the following integrals

Ia,k(ro,rl, e ,Tk) = /A ds [(1 — 81)7’0 + (81 — 82>7”1 + 4 Ska]ia
k

= /A ds[ro+ si(r1 —ro) + -+ sp(ry — re—1)] ™ (2.16)
k
Ino(ro) :==15%, for a # 0, (2.17)



where 0 # r; € R, corresponds, in the functional calculus, to positive operator R;(u[o]).
Such integrals converge for any o € R and any k € N*, even if it is applied above only to
a=d/2+k—r¢€ %N . Nevertheless for technical reasons explained below, it is best to define
I, for an arbitrary o € R.

In short, the operator T}, is nothing else than the operator in B (’?—[\k)

Tip = ot /SH A (0) 0y, -+ Oy, Tajzp(Ro(ulo]), Ri(ulo]), .., Ri(ulo])).  (2.18)

g9

Remark that 7}, depends on z via u[o] and the metric g.

Remark 2.5 We pause for a while to make a connection with the previous work [9]. There,
the main hypothesis on the matrix u*”§,&, is that all its eigenvalues are positive multiples of
g* €&, for any € # 0. Under this hypothesis, we can decompose spectrally u[o] = >; \;m;[o]
where the eigenprojections m; depends on o but the associated eigenvalues \; do not. Then,
operator functional calculus gives

Lujaip(Ro(ulo)), ..., Ri(ulo])) = D Tappipi(Nigs -5 Niy) Ro(iglo]) - -+ Ri(mig[0]) (2.19)
and

Tip = St Y. Id/2+p,k(>\im---aAik)/Sd,lng(U) Opy *** Oy, Ro(i4 [0]) - - - R (i, [0])

115000k

where all m;,[0], .. ., m; [0] commute as operators in B(Hy,). However, we do not try to pursue
in that direction since it is not very explicit due to the difficult last integral on the sphere;
also we remind that we already gave up in the introduction the use of the eigenprojections
for the same reason. Instead, we give for instance a complete computation of a; in Section 4
directly in terms of matrices u*”, v*, w, avoiding this spectral splitting in the particular case
where u" = g"u for a positive matrix u. U

In conclusion, as claimed in the introduction, the above approach really reduces the
computation of all a,(x) for an arbitrary integer r to the control of operators T}, which
encode all difficulties since, once known, their actions on an arbitrary variable By ® - - - ® By,
with B; € M, are purely mechanical. For instance in any dimension of M, the calculus of
a1(z) needs only to know, T} ¢, To1, T52, Ty 3. More generally, we have the following

Lemma 2.6 For any dimension d of the manifold M and x € M, given r € N, the compu-
tation of a,(P) needs exactly to know each of the 3r + 1 operators Ty j—, where r < k < 4r
or equivalently to know Ly, Laja41041, -5 Laj243rar-

PROOF As seen in (2.3), using the linearity of fj in each argument, we may assume that in
fr[B1®---® By] each argument B; is equal to K or P, so generates t1/2 or t in the asymptotic
expansion. Let ng and np the number of K and P for such f, involved in a,.(P). Since a,.(P)
is the coefficient of ", we have %nK +np =1 and k > r. In particular, nx much be even.
When B, = K = —i,[v*(z) + 2u'(z) 0,], again by linearity, we may assume that the
argument in f(k,p) := fr(&)[B1(§) @ - - - ® Bk(§)] is a polynomial of order 2p since odd order
are cancelled out after the ¢-integration. In such f(k,p), the number of £ (in the argument)

is equal to ng, so that p = %nK, and the number of derivations 0 is nx + 2np.

10



We count now all f(k,p) involved in the computation of a,(P). We initiate the process with
(k,p) = (nk +np, %nK), so k —p = r and after the successive propagation of 9 as in Lemma
2.1, we end up with (K, p") where k¥’ —p’ = r: in (2.7), k — k + 1 while p — p + 1 since 0H
appears as a new argument. So (k',p') = (K, k' — r) and the maximum of ¥ is 2ng + 3np.
Here, np =0,...,r and ng =0,...,2r, so that the maximum is for &' = 4r.
All f(k,k —r) with » < k < 4r will be necessary to compute a,(P): Let k be such that
r < k < 3r. Then a term f(k,k — r) will be obtained by the use of Lemma 2.1 applied
on f.[u""19,,0,, ® - @ ud, 0,.] with an action of k — r derivatives on the e*# and the
reminder on the B;. The same argument, applied to fo[£,, u""1 0y, & -+ @ &y, w70, |,
also generates a term f(k,k — r) when 2r < k < 4r.
Finally, remark that we can swap the {-dependence of f(k,p) into definition (2.12) of T}, to
end up with integrals which are advantageously independent of arguments B;.

The case r = 0 is peculiar: since k& = 0 automatically, we have only to compute T in
(2.13) which gives ag(z) by (1.10).
The link between the 77s and the [ is given in (2.18).
The preceding reasoning is independent of the dimension d. [ |

Of course, in an explicit computation of a,.(z), each of these 3r + 1 operators T} ;—, can
be used several times since applied on different arguments B, ® - - - ® By,. The integral I/o1p
giving Ty, p in (2.18) will be explicitly computed in Section 3.

We now list the terms of a;(z). Using the shortcuts

v =t u” = Eut,
starting from (2.5) and applying Lemma 2.1, we get

— i[P] = = folu" © 8,0, H] + 2fs[u"” © 0,H © 0,H] — folo" © 0,H] + filw],  (2.20)
LK@ K| =—f0@0]+2f30 @ 0’ @ 0, H] — 2fo|u" ® 9,0] + 2f3[u" ® 0,H @ 1]
+ 2f3[u" @ v @ 0,H] + 4f3[u" @ 0,u” ® 0, H] + 4f3[u" @ u” ® 0,0, H]
—4fylu" ® 0,H ® v’ ® 0,H| — 4fy[u" ® v’ ® 0,H ® 0, H|
—4fy[u" @ u ® 0,H @ 0, H). (2.21)

This represents 14 terms to compute for getting a(x).

Summary of the method: We pause here to summarize the chosen method. To compute
a,(x), we first expand K and P in (2.3) in terms of matrix valued differential operators which
are arguments of My-valued operators fi (&), and then we remove all derivative operators
from the arguments using the generalized Leibniz rule (2.7). This generates a sum of terms
like (2.8). Then, the method splits along two independent computational axes: the first
one is to collect all the arguments By produced by (2.7); the second one is to compute
the operators obtained by integration of fi(£) with respect to &, which, thanks to (2.10)
and (2.14), requires to compute some operators T ,. The latter operators are written in
(2.18) using spherical coordinates for that &-integral, in terms of universal integrals I/, k
defining operators depending only on u*” and the metric g. In the generic situation, the
links between T}, L/24pk, and f; are given in (2.18) and (2.14), but another link between
fr and Ig/a4px will be given in (4.4) in a particular case where the integrals (2.18) can be
fully computed. The last step of the method is to collect the (matrix) traces of evaluations of
operators (second axe) on the arguments (first axe): a,(z) is just a sum of such contributions.
Moreover, Lemma 2.6 determines the number of integrals I4/o4,, to compute to get a,(z).
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3. Integral computations of I,
We begin with few interesting remarks on I, defined in (2.16) and (2.17):

Proposition 3.1 Properties of functions I, :
i) Recursive formula valid for 1 # o € R and k € N*:

Top(ro,...,mk) = ﬁ(rk—l — 1) Hac1p—1(Tos - s Th2, %) — Tac1g—1(Tos - - -, 7i1)]. (3.1)

(The abandoned case Iy, is computed in Proposition 3.3.)
it) Symmetry with respect to last two variables:

Lo k(ros s h1,7k) = Lok (roy - oo s Thy Tho1)-

iii) Continuities:

The functions I,y : (R% )5t — R* are continuous for all a € R.

For any (ro, ..., ms—1,7r5) € (RY)F, the map a € RY w I, (1o, ..., T%_1,7%) is continuous.
iv) Special values: for any o € R and k € N,

Ioi(ro, -+ 10) = %7’0_&- (3.2)
———
ket 1
PROOF i) In I x(ro,...,7%) = [y dsi [§" dsa -+ [55 7" dsg [ro+s1(ri—r0)+ - ~+sp(r—75-1)] 7,

the last integral is equal to

oy (et = 7) 7 (o + s1(m = 70) - sk (rren = Phe2) + s (re — 1)) 7O

—(ro+s1(r1 —ro) + -+ sp_1(rp—1 — Tk—Q))_(a_l)]

which gives the claimed relation. One checks directly from the definition (2.16) of I,41.1(70,71)
that (3.1) is satisfied for the given I, .

ii) Io1(ro,m1) = fol dsro+ s(ry —ro)] ™ = fol ds' [r1 +8'(ro — )7 = In1(r1,70) after the
change of variable s — s’ = 1 — s. The symmetry follows now using (3.1) by a recurrence
process.

iii) The map g(s,7) := [(1 — s1)ro + (81 — S2)r1 + -+ - + sgrx)~* > 0 is continuous at the
point 7 € (R*%)¥*! and uniformly bounded in a small ball B around 7 since then we have

g(s,7) < max(r;‘ﬁll,r'a‘ ) where 7min or maz = min or max{r; |7 € B} > 0. Thus, since the

max

integration domain Ay is compact, by Lebesgue’s dominated convergence theorem, we get
the continuity of 1, .

It remains to prove the continuity of a +— I, x(ro,...,7k—1,7%): If 7pipn = minr; > 0, then
(1—s1)ro+(s1—82)r1 4" -+ SkTk = Tmin, 50 that (1—s1)ro+(s1—82)ri+---+sprp) > <18
and choosing a = min(1/2, "), "mey < a=* < a1 for a € (By, 1), we can apply again
Lebesgue’s dominated convergence theorem.

(iv) Using the very definition (2.16),

I k(ro, ... ,10) = R dsry® = vol(Ag)ry® = %To_a. [ |
k

12



From Lemma 2.6 and (2.18), the computation of a,.(P), for » > 1 (since ag is known
already by (4.5)) in spatial dimension d > 1, requires all Ij/o44—rp for r < k < 4r. The
sequence Iq/o,, Lg/a41,4+1, - - - laja43rar belongs to the same recursive relation (3.1), except if
there is a s € N such that d/2 + s = 1, which can only happen with d = 2 and s = 0 (see
Case 1 below). The computation of this sequence requires then to compute I3/, as the root
of (3.1).

The function Iy/5, can itself be computed using (3.1) when this relation is relevant.
Case 1: d is even and d/2 < r, recursive sequence (3.1) fails at [ ,_4/211:

Liv—aipi1 = Lopajppo = - = lajor = Lajoprov1 = - = Lajaisrar - (3.3)

used to compute ar(z)

Case 2: d is even and r < d/2, relation (3.1) never fails and

Tajp—ro = Lajo—rs11 = Lajp—ry22 — -+ = Lyjoe = Lgjoy1op1 — - = Lyjoysrar . (3.4)

used to compute a,(z)

Case 3: d is odd, relation (3.1) never fails and

Tajo—ro = lajo—ri11 = Laja—ryo0 = -+ = Lajar = lajoy1,41 — - = Lajoyarar . (3.5)

used to compute ar(z)

In the latter case, the root is I, with o = d/2 —r half-integer, positive or negative and both
situation have to be considered separately.

The recursive relation (3.1), which for I, follows from the integration on the k-simplex
Ay, has a generic solution:

Proposition 3.2 Given ag € R, ky € N and a function F' : R} — R, let the function
Jootkoko o (R — RY be defined by

ko ko

Jao+k0,k0 <T07 s 7Tk) ‘= Cag+ko,ko Z { H (Ti - TJ')_I} F<TZ)
i=0 =0
J#i

i) Ascending chain: Then, all functions Jo, ik obtained by applying the recurrence for-
mula (3.1) for any k € N, k > ko have the same form:

Tagt ke (T0s - -y T) 1= Cagih f: [f[ (ri = r5) " | F () (3.6)
-
with
Cap+kk = (a0+]50_;.).lz;sik71) Cag+koko JOT k> Ko . (3.7)

it) Descending chain: when oy € R\{—N}, the functions Ju,iix defined by (3.6) for
k € N* starting with ko = 0, the root F(ro) = Ja,0(r0) and

(-1 (3.8)

Cag+k,k = ag(ag+1)(ao+k—1)

satisfy (3.1).

13



PROOF i) It is sufficient to show that

X =L (rims —r0) Jacrm1(ro, - oo rema, ) — Jac1e-1(ro, - T

has precisely the form (3.6) for £ = kg + 1 and o = ag + ko + 1. We have

0—2 (-2 =2
X = gt =)™ | 3 (=) ™) =)™ B + [T =)™ Flr
=0 j=0 j=0
JFi
(=2 =2 -2
=3 (L= 7)) s = remt) ™ () = L — 1)~ Flrees) ] (3.9)
=0 j=0 j=0
JFi
We can combine the two sums on ¢ =0,...,/ — 2 as:
-2 (-2 -2 ¢
(TIGri=r) )i =r0) ™ = (i =re) N F (i) = (re=re-0) Y. (T] (ri=7) ") F(ra).
j=0 =0 =0 j=0
J#i J#i
Including (ry—; — 7¢)~%, the others terms in (3.9) correspond to [[T5=o (r; — 7;) 7] F(r;) for
JFi
i=¢—1andi=/ (up to a sign), so that
¢
X = _ Ca— 1/,7 1 Z (H —1) F(Tz)
=
which yields cagtkot1.k0+1 = —m Cag+ko ko a0d so the claim (3.7).
ii) It is the same argument with kg = 0 and the hypothesis oy ¢ —N guarantees the
existence of (3.8) and moreover ¢y, 0 = 1. u

Proposition 3.2 exhibits the general solution of Cases 2 and 3 in (3.4) and (3.5) (with
oo = d/2—r, for d even and o > 0, or for d odd), with, for both, F(ro) = Ig/2—r0(ro) = 1o,
so that

—1)k

_ (-1 71 —(d/2—r)
Lajo—rirn(ro, - 1) = (@/2—1)(d]2—r+1)-(d/2—r+k—1) Z {H }7”2' . (3.10)
jii

To control the reminder Case 1 of chain (3.3) where oy € —N (so for d even and ay =
d/2 —r < 0), we need to compute the functions I, for ag € {0,1,--- ,k —1}. This is
done below and shows surprisingly enough that the generic solution of Proposition 3.2 holds
true also for a different function F(rg). Actually, this is simple consequence of the fact that,
despite its presentation in (3.10), the RHS has no poles as function of r.

Corollary 3.3 Case 1: d even and d/2 <r (so ag=d/2—1 <0).
For any k € N*, and ¢ =r —d/2 € {0,1,--- |k — 1}

ko k
_yk—t—1 _
Li—oi(ro, ..., 1%) = % Z [H (ri — 1) 1}7"5 log ;. (3.11)

14



PROOF Let d/2 = m € N*. Then using the continuity of Proposition 3.1 with (3.10)

Do p(ros .oy 78) = T_lgnffblj%[m ke (T05 - - 5 Tntk)
ko k )
:T‘_l)l"_%l_"_z (m r m T+k 1 ;) |:‘]1:[) ]
i
— [ 1 (=nkt 1
- [TlggnIl+é (m—r)-(m—r+€—1) (m—r+0+1)--(m—r+k—1) ]
ko k
: R U R4 1 r—(m-+{)
r—l}nl?—&-f ; [E)(r’ ;) }Ti r=(m+0) i
JF#i
(—nk—-t 5 - —1],.¢
= k—-1)a > {H (ri = 75) }7} logr;
=0 j=0
i
where we used (A.1) for the second limit in last equality. |

The next propositions compute explicitly Case 3 and then Case 2, and the result is not
written as in (3.10) where denominators in r; — r; appear. This allows to deduce algorithmi-
cally (i.e. without any integration) the sequence Ig/oy, la/o41,41, - - - Laj2t3rar-

Proposition 3.4 Case 3: d is odd.
Ifd/2 —r =0+1/2 with { € N, the root and its follower are

[e+1/2,0(7“ ) = 7“04 1/2>

Iespa(ro,m) = 527 (Vo) Mo+ V)t Y Vit

0<1<2¢

while if d/2 —r = —0 — 1/2 with { € N, the root and its follower are

I_4_1/20(r0) = gt

I 2011
I p1/21(r0,m1) = 577 (V7o + /1)~ Py vty

0<i1<2¢

PrOOF Using (3.1) and (2.17), we get when ¢ > 0

]e+3/2,1(7“0,7’1) =7 11 2(7”0 - 7‘1)_1[]£+1/2,0(7”1) - 1£+1/2,0(7“0)]
+1/
_ — —4—1/2 —0—1/2
= rﬁrl(\/?‘o — /) 1(\/7"0 + /1) 1[7“1 / —To / ]

where the term in bracket is

701471/2 fe 1/2 (\/—\/—) [2£+1 T%gﬂ]
= (Vo) T o = Vi) YD Vit

0<l;<2¢

which gives the result. Similar proof for the other equality. [ |
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This proposition exhibits only the two first terms of the recurrence chain in Case 3: similar
formulae can be obtained at any level in which no (r; — r;)~* factors appear. Unfortunately,
they are far more involved.

Proposition 3.5 Case 2: d even and r < d/2.
Forke N andNosn=d/2—r+k>k+1,

Imk(To, Ce ,T’k)
— % Z 7ﬁél*(n*(k+1)) Tllth .. _T,Zk:llk—l Tk_lk (3.12)
0<lp<lp_1<
<<l <n—(k+1)
= % Z rél Tllz-i-(n—(k—i-l))—ll o Lk-l-l(n—(k-‘rl)) lk—1 rl(cn—(k-&-l))—lk. (3.13)
0<lp<lp—1 <

<l <n—(k+1)
In (3.13), all exponents in the sum are positive while they are negative in (3.12). In particular

(ro-=r)™™ Iy lo+(n—1)—l1 le+(n=1)=lk—1 (n—1)—I
Doyki(ro, -, 18) = tntk—1)(nt1)n Z To T T Tk :
0<lp<lp_1 <
<l <n—1

(3.14)

PROOF The first and second equalities follow directly from the third that we prove now.
Equality (3.14) is true for &k = 1 (the case k = 0 is just the convention (2.17)) since

1
Iya(ro,m) = /0 dsy (ro+ s1(r1 — 7o) " = ﬁ(ro - 7”1)_1[7"1_nJrl - 7"0_““]

_L —n—+1 l1n2ll
_nl ZT
11=0

Assuming (3.14) holds true for [ = 0,...,k — 1, formula (3.1) gives
Lok a(Tos - -5 k)
= g (e — Tk)_l[[n-i-k—l,k:—l(TOa o2, k) = Tngr—1k-1(70, - - - ,Tk—z,rk—l)]

The term in bracket is

(To---Tk,QTk)_n I l2+(n 1) l lk71+(n*1)*lk72 n—1—l;_1
T(ntk—2)m Z ToT1 T2 Tk
0<lg—1<lg—2<
<l <n—1
(T’0~~-T‘k_27’k_1)7n I l2+(n 1) =l lk71+(n_1)_lk72 n—1—lx_y
T tk—2)m Z ToT1 T2 Tk—1 :
0<lpy—1 <2<+
<<l <n—1
Thus
_ (ro-rp—2)™" I l2+(n 1)—ly lk 1+ (n—=1)—lg_s
In+k7k‘(r07"'7rk‘+1) = (n+k—1)-n Z ToT1 o Te_o
0<lp 1<l o<
<li<n—1
-1 n, n—1-lp_1 —n (n—=1)—lx_1
(k-1 — Tk) [Tk Ty T 1Tk :
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Since the last line is equal to

—1—1p_4 g le—1—lk o —n (n—1)+lk—lk_1 (n—l)—lk
(re—17%) Yo T = (rg-17%) Y T Tk
0<lp<lg-1 0<lp<lp—1

we have proved (3.14). ]

The interest of (3.14) is the fact that in (2.18) we have the following: for By®---® By, € ﬁk,

Lotk (RO(U[O]), e Rk(u[a])>[BO ® - ® By
= e Y Boulo]' @ Biulo]t e
0<ly<lppq <+
<l <n—1

- ® By_yul[o])* 171 @ Byufo] Tt (3.15)

or viewed as an operator in B(Hy, My) (see diagram (2.10)):

m o " o Ly i(Ro(ulo]), ..., Ri(ulo]))[Bi @+ ® Byl

u[a]ll’”Bl u[a]lQ’ll’lBQ By u[a]lk’lk*“lBk u[a]’l’f’l.

1
T (nt+k=1)-(n+1)n Z
0<lp<lp—1<--
~<l1<n—1

While, if one wants to use directly (3.10) on By ® - - - ® By, we face the difficulty to evaluate

Another defect of (3.10) shared by (3.11) is that it suggests an improper behavior of inte-
grals 1,41 g+ When two variables r; are equal. But the continuity proved in Proposition 3.1
shows that this is just an artifact.

4. An example for u"*” = g"’u

Here, we explicitly compute a;(x) assuming P satisfies (1.1) and (4.1).
Given a strictly positive matrix u(xz) € My where x € (M, g), we satisfy Hypothesis 1.2 with

ut (x) = g" () u(z). (4.1)
This implies that
H(2,8) = [€lg(p) ul) where [¢]gq) = 9" (v) 46y

Of course the fact that u[o] = w is then independent of o, simplifies considerably (2.18) since
the integral in £ can be performed. Thus we assume (4.1) from now on and (2.18) becomes

Tip = 94 G(9r -1uzy laj2ipk (Ro(w), Ra(u), .., Ri(u)) € B(Hy) (4.2)

with (see [23, Section 1.1])

= el lg
gd : (27lr)d /Rd d¢ e Flaw) = 2d7r70‘lq/27

— —_qoB
SO m / dE &y« G €75

| . _ (2p)
—  2Zpy ( Z Gupytipea) gup(zp—nup(zp)) — 22 p! G(papz...p2p) (4'3)
p€S2p
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where |g| := det(g,,), Sp is the symmetric group of permutations on 2p elements and the
parenthesis in the index of g is the complete symmetrization over all indices.
Recall from Lemma 2.3 that if v has a spectral decomposition

N-1

u= > 1k,

=0

each R;(u) has the same spectrum as w.
Using the shortcuts

Tajoipi = Laj24pi (RO(U)7 ey Rk(“)) ;

the formula (2.8) becomes simply

@ / A€ &y, -+ Epunyy [e(E)[ B ] = ga (m 0 £ 0 Lypa 1) [G(9) yony By "]
= ga(mo Iyopi)[1 @ G(9)py.. oy Bl ). (4.4)

In particular, it is possible to compute the dimension-free contractions G(g)u,.. s, Bl ™

before evaluating the result in the I/, s
For ag(z), we get

ao(z) = tr Gra /df Delge) = ga() tru(z)~Y2). (4.5)
In the sequel, we use frequently the following
Lemma 4.1 For any ni,no,ng € N, A;, Ay € My, o € RT, and k = ny +ny +ns+2, define
X(A1,A) =trmo L4 [lRu® - @ue®Au® - QuRA QuR - @ ul).

ni no n3

we have

X(Ay, Ag) = Y rg ™™t I g(ro, -+ 10,71, -+ 71,70, - <+, 7o) tr (Ep Ay By Ap) (4.6)

0,71

ni+1 na+1 n3+1

where E; is the eigenprojection associated to eigenvalues r; of u.
In particular,

if [Ai,u) =0, X(Ay, Ay) = L tr(uf 27241 Ay). (4.7)
PROOF The number X (A;, Ay) is equal to
Z [Oc,k(TOa Ce ,Tk) tr (E()UElU te En1 Al En1+1uE1u e En1+n2+1 A2

ni+1 na+1

Enytngrat - wBpy 4ngingt2 )

n3+1
= Z Ia,k(rm s >Tk) tr (En1+n2+2u' Uy fnggmg 2 EouE - - - EmAl

T

En ubiu--- En1+n2+1A2)

o ni+ns, .n ni1+nas n
- E ,,,.01 5T12 a,k’(r()v"' y o, T1yo 0,71, T, 0 7T0) tr(u ! 3E0A1U 2E1A2)
T

n1+1 no+1 n3+1
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yielding (4.6).
The particular case follows from tr(EyA; E1As) = 01 tr(EpA; As) and

Ioi(ro, -+ 10) = %7’0_&- (4.8)
————

E+1 |
We also quote for further references the elementary

Corollary 4.2 For any symmetric tensor S® = S% any A,, Ay € My and any function
g (7“0,7'1) € (Rj_)2 — R,

Zg(roff’l)sab tr<7TmAa7Tr1Ab) = Z %[9(7’0, 7”1) + 9(7"177’0)] 5% tr(WmAaWnAb)- (4-9)

T T
We now divide the computation of a;(z) into several steps.

4.1. Collecting all the arguments

As a first step, we begin to collect all terms Bj,'"** of (4.4) due to the different variables
appearing in (2.20) and (2.21), including their signs.

Variable in fi: w.

Variables in f, without the common factor §,, §,, and summation over ju, js:

—u" ®0,00H — —g"(0,0,9"*")u®@u— 29" (0,9"*") u® d,u — g" g u ® 0,0,u
—* ® a“]—_] N _(aﬂgm/@) vt @ u — gt ot ® aﬂu
— VR0 — —vM Qv

—2ut ® 0,0 —  —2¢"u® 0,0,

Variables in f3 without the commun factor II}_,¢,. and summation over the ju;:

20" @ 0,H®0,H — +2¢"(0,9"*")(0,g"" ) u®@u®u
+2g"(0,9"*#2) g"*H u @ u ® O, u
_|_29MVgM1M2 (8,,g“3“4) U aﬂu ® u
+2gH ghH2 ghstia 4, @ O,u @ O,u

200U ®0,H — +2¢"2(0,g"3H) V" @ u @ u + 22 gHst v @ u ® O, u
20t ®0,H®v — +2¢"1 (0,9 u @ u ® v 4 2gHH gHk3 4 @ O, u ® Vi
2ut ® v ® 0,H —  +2¢"1(0,9"3 M) u @ v @ u + 2gM gHH u ® v ® O,u
dut @ o, u” @ O,H — +4¢"1(0,9"") (09" ) u @ u @ u

+4guu1 (6#9”“2)9“3“4 URUR a,,u
+4guﬂlgvu2 (aygusm) U auu R u
_|_4guﬂlg%u2gu3#4 U auu ® ayu
4t @ 1’ ® 8M8VH — _|_4guulgvuz (8uayg”3“4) URQUR U
+4gHh gvH2 (0,g"3 ) u ® u ® Oy u
_|_4guu1g1/u2 (aygmm) UR U 8uu
FA4gHt grre gt gy @ u @ aﬂayu
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Variables in f, without the commun factor IT¢_, ¢, and summation over the f;:

A ®9,H @ W ©0,H — —4g"(9,9")g" (0,9"") u ® u®u®u
—4gh (aﬂguzus)nglg%% URUR U Iu
—dght ghats g (9,940 ) u ® Du @ u® u
— A gt ghat3 gVita glsis 4y ) auu ®u® dyu

—4ut @ U’ @ 0,H ®0,H — —4g"1g"2(0,9"")(0pg"™" ) u @ u @ u @ u
—ggham g (8#9“3“4)9“5“6 URURUR J,u
—4ghH g2 ghispa (&/gusms) UQuU® @Lu Rdu
—4gHr grrz gk gRSHG 41 @)y @ @Lu ® dyu

—4u' QU ®0,H @ ,H — —4gh g (d,g"#4)(d,g" " ) u@u®@u®u
—dghm g (9, g ) ghsie 1 @ u @ u @ D, u
—dgha gvi gisina (9, ghsis ) 4 @ u ® S,u © u
—4ght ghrz ghsia gRsHG 4 @ 1y @ o,u® auu-

A second and tedious step is now to do in (4.4) the metric contractions G(g) ;.. s, By~
for previous terms where the G(g)y, ..., are given by:
G(Dpipz = 5 Gpaia (4.10)
G(9) papapspa = % (Gpir iz Guspa + Guaps Gapea + Gy Guopss) » (4.11)
G(9) i popspapsis = % [+ Gpap2GuspaJuspe + Jurpe usps Jpaps + Jpap2Jpspe Gpans
+ pips Jpopa Gusps & s Gpzpis Guape + u s Juzne Juaps
+ G paGpops Juspe + GupaGuops Juspe + G pa Juops Jusps
G ps Guzps Jpaps + G ps Guopa Juspe + Gy ps Juops Juspa
G s Gops Jpaps + G ps Gpopa Juaps + 9M1H69#2M59M3M4] : (4.12)

Keeping the same order already obtained in the first step, we get after the contactions:
Contribution of f; variable: w (no contraction since p = 0).
Contribution of f, variables:

— 20" G0 (0,0,9" ) u @ u — g" G0 (0,9"7) u @ Dy — 29" u @ 0,0,u
2 2

— %gpg(aug"”) v Ru— gv“ ® O,u — %gm, @V —u® 0,0
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Contribution of f3 variables:

159" 90905(0u9°)(0,9°%) + 9" 910905 (09”097 | u © u @ u

+ %g“”gm(&,gp") u®u® du+ %g“”gpo(&,gp") u® 0,u®u+ Wg’“’ u® d,u® Oyu
+ %gpg(ﬁugp”) P @u®u+ g,,(0,6") " @u®u+ d% R u®d,u

+ %gpg(aug”") u®@u® v+ g,,(0,9")u@u® vt + d%Q u® Oyu @ vt

+ %gpa(ﬁugp”) U@ " @ u+ g(0,9")u@ V" @ u+ d%z u® v ® 0,u

{gpg(aug“”)(&,gpa) + 29p0(8ug”p)(ayg””)}u Quu+(d+2)(0,9")u®u®d,u

(6" 90 (00,6"7) + 2(0,9")]u @ Opu @ u + (d + 2)g"" u @ O,u @ dyu

(6" 90 (0,0,977) + 2(0,0,0" )] u @ u @ u+ (6" 9po (019”7 ) + 2(0pg"")] u @ u & Oyu

+ 19" 950 (0,9"7) + 2(0,¢") ] u @ u ® Dpu + (d + 2)g"" u @ u ® 0,0,u.

+
_|_
+

which, once collected, gives

19" 90 (0u0,9") + 20000 9™ ) + o0 (Dug™ ) (D05"7) + 200 (Dug"*) (Drg")
19" 900905(0u9") (09°7) + 6" 90905(0,9"*) (009" u @ u @ u

+ (d+6) [%g“"gpa(ayg”) + (ayg“”)} u®u® d,u

+ [ 459" 9,0 (D7) + 2(009"™) | 1 ® Duu @

2" 4 @ By @ Dy + (d + 2)g" u @ u @ DuD,u

+ [%gpo(augpg) + guu(apgpy)} ("RuutuRrr@utu®uvt)

+%(U’L@u(@@u—i—u@%u@v“—|—u®1}“®auu)

+

Contribution of f; variables: We use the following symmetry: in previous three terms of
fa, one goes from the first to the second right terms by the change (ps, 13, ft4) — (13, fta, f12)
and from the second to the third terms via (u,v) — (v, 1) and (p1, p2) — (pa, p1). So after
the contraction of the first term and using that symmetry (which explains the factors 3 and
2), we get

3[ - %gwgpogaﬁ<augpa>(avgaﬁ) - gwgpagaﬁ(augpa)(auggﬂ) - 29p0<8“g/w)(aygpa)
~ 2050 (0,9") (009" ) — 2gpa(<9ug””)(3ug“")} URUUR U
— (d+4)[(0,9™) + 58" 950 (0u9")|(Bu @ u® u® O,
+2u®U®&,u®u+u®&,u®u®u)

— 2(d+4)(d+2)g" (2u®u®8ﬂu®8yu+u®8uu®u®8,,u).

It worth to mention that all results of this section 4.1 are valid in arbitrary dimension d of
the manifold.

4.2. Application of operators 1y/o p
We can now compute in (4.4) the application of I/21,x on each previous G(g) ;.. s, Bl .

We restrict to even dimension d = 2m since we will prove in Section 5.2 that it is impossible

21



to get explicit formulae when d is odd (explicit in the sense that we do want to avoid ending
with formulae like (1.5)).

Lemma 2.6 tells us that we have only to apply the four operators given by (3.10) for
k=1,2,34:

k k
[erkfl,k(TO? s 77'k) = (m_l)(r,;)...(m_i'_k_Q) Z [H (7"1' - rj>71}ri7(m71)7 when m 7é 17

=0 j=0
Jj#i
(=1)k+t i - -1 -1
Dig(roy ..o ymh) = NN Z {H (ri — 1) ]ri logr;, whenm=1
i=0  j=0
2
= Tlnnﬁn1 Iik—1x(r0,-..,7%) (see Proposition 3.1).

They are applied on the above f; variables which have the form A; ® --- ® A; where
each A; is equal to u,v* w or their (at most second order) derivatives. Thus we can apply
Lemma 4.1 since, at most, only two A; (relabeled indistinctly By, By) are different from wu.
This method generates only four cases modulo B; <+ Bs:

Case 0: only one variable, namely w.
Case 1: By = By = u.
Case 2: (By = 0yu, By = u), (B1 = 0,0,u, By = u), (By = v, By = u), (By = 0,v", By = u).
Case 3: (By = v#, By ="), (By = v, By = 0,u), (By = 0,u, By = 0,u).
We use the shortcut

Jmgh—1x[A @ - @A) =trmo L1k [1® A ® A ® - ® Ai)).

We first give two examples of such computations of J. The first one corresponds to Case 0
and is given by the variable w in f;. Its contribution to a; is:

Imalw] =tr(mo I, 1 (Ro(u), Ri(u))[l ® w]) = Z Lya(ro,m) tr(EowkE)

0,71

= Z L (ro, o) tr(Eow) = tr(u"w)

To

since I, 1(ro,70) = 1o ™ by (3.2).
Our second example comes from Case 3 and is given by the variable —% G V' @Y in fo: we
have

Imt12[0F @ 7] = tr(m o L4 2(Ro(u), Ry(u), Re(u))[1 ® v @ v"])
— Z Im+172<7"0, T, 7"2) tI‘(E()’UuEﬂ)VEQ) = Z Im+172(7"07 1, 7“0) tr(Eov“Elv”).

T0,71,72 0,71

Thus, using Corollary 4.2 and (A.3), its contribution to a; is

— 2 G Imirp[v! @ vV = =2 N L 0(ro, 71, 70) + L1 2(r1, 10, 71)] tr( Egut Eyv”) (4.13)

0,71
m—1
_ 1 1 —0—1 , l—m v
= —50w D 5m 2 To 11" tr(Egv" Ev")
70,71 =0

m—1
= —ﬁ G Z tr(u_z_lv“uz_mv”).
(=0
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We now consider all contributions.
Case 1:
Thanks to (3.2)

Tk pu @ @ul = tr(u~™t)

k
and we get

— 59" 9p0(0u0,9"7) Tims12[u @ U]
+ [0 900(040,9") + 2(0u009") + G (g™ ) (D09”7) + 205 (09" ) (Drg"”)
19" 900905(0u9") (009°") + 9" Gp0 9 (0ug”) (Drg”®)| szt ® u @ ]
+3] = 10" 900905(9u9")(0,9°%) = 9" 90905(0u9") (009™) = 20,0 (09" ) (Drg”™)
= 2000 (0,8)(005"") = 2006 Sl @0 u 1l

= atr(u"")

where
a = 3(0,009") = 159" 900 (0u009"") + 159" Gpo9ap(0ug" ) (D0g™")
+ ﬂg Vgpogaﬁ(augpa)(augaﬂ) - legpa(augm/)(aygpa)
+ 15900 (0u9"")(009"") — 19p0(0,9"")(0g"7). (4.14)
Case 2:

(B1 = 0yu, By = u) generating terms in tr(u~"0,u) with coefficient
— 30" 900(009") + P 10" 9,0 (0,977) + (00g™)| + | Z5H 9" 900 (D09”7) + 2(0g™)|
— SCRED(0,6") + 56" 9o (09" )]
= =2 110" 00 (00g"7) — (D09™))]

(By = 0,0,u, By = u) generating terms in tr(u=""0,0,u) with coefficient

gLt (2m 4 D)k = g
(B1 = v*, By = u) generating terms in tr(u~"v*) with coefficient
- %%gpg(ﬁugpo) + % Egﬂa(augpo> + guvagm’)} = %guu(apgpy)-

(By = 8,v", By = u) generating a term in tr(u"d,v") with coefficient —5; = —

Case 3:
(By = v", By = 0,u) generating terms in tr[Egv* E;(0,u)] with coefficient

> ( — M yy1,2(70,71,70)

0,71

N[

+ 2m+2 (11 Imy2.3(T0, 71,71, 70) + 71 Limgo3(T1, 71,70, 71) + 70 Lo 3(7”0,7"0,7“1,7"0)])

:mez —2€ Klfm
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thanks to (A.4). So this contribution is
= Z —20) trfu” ot T (9,u)]

(By = 0,u, By = 0,u) generating terms in tr[Ey(9,u)E1(0,u)] with coefficient

2(m + 1)2g"rg Iny2,3(ro, 7o, 71, 70)
— 2(m +2)(m + 1)g" [2r3 I 13.4(r0, 70, 70, 71, 70) + 7071 Imy3.a (0, 70,71, 71, 70)]
= g" g3(ro,m1)
with the definition of g5 in (A.5). Thanks to (A.6), this contribution is
m—1
Lg™ > (m? —2m —30(m — 1 = 0)) trfu”"" (O u)u’ " (9,u)).
=0
4.8. Main results
The recollection of all contributions (4.4) for a;(z) from Cases 0-3 is now ready for the
first interesting result:

Theorem 4.3 Assume that P = —(u ¢"*0,0, + vY0, + w) is a selfadjoint elliptic operator
acting on L*(M, V') for a 2m-dimensional boundaryless Riemannian compact manifold (M, g)
and a vector bundle V' over M where u,v*, w are local maps on M with values in My, with
u positive and invertible. Then, its local ai(x) heat-coefficient in (1.3) for x € M is

a; :ggm<tr(u_mw) +atr(u™h) 4 s 2 [29 Y90 (0,9"7) — (6Vg“”)} tr(u"0,u)
=5 QW tr(u™"9.0,u) + %g,w(@pg V) tr(um") — g tr(umG,0")

- S gt o) 3 3 - 20) e 0,0
=0
¥ z (2 — Mmoo D ] gy~ (90}~ (0,0)]) (4.15)

where « s given in (4.14).

Since the operator P is not written in terms of objects which have simple (homogeneous)
transformations by change of coordinates and gauge transformation, this result does not make
apparent any explicit Riemannian or gauge invariant expressions. This is why we have not
used normal coordinates until now. Nevertheless, from Lemma A.5, one can deduce after a
long computation:

Lemma 4.4 Under a gauge transformation, a;(z) given by (4.15) is gauge invariant.

As shown in A.4, with the help of a gauge connection A, one can change the variables

(u, v*, w) to variables (u,p*,q) well adapted to changes of coordinates and gauge transfor-
mations (see (A.12) and (A.13)). For u* = g"u, (A.14) and (A.15) becomes

e [— %g#l’gpg(aygpa) + ayg/“/}u —+ glw(ayu) + g‘”’(uA,, 4 Al,u) —l—p“ (4.16)
w= [ = 36" 50(0,97) + 009" |ud, + g™ (Dyu) Ay + ¢" u(D,A)
+ g" A uA, + pr AL+ q. (4.17)
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Relations (4.16) and (4.17) can be injected into (4.15) to get an explicitly diffeomorphism and
gauge invariant expression. In order to present the result of this straightforward computation,

let us introduce the following notations.

Given the Christoffel symbols I, := 3¢ (04901 + 0y gop — s gy ), the Riemann curvature

tensor R, = 0,03, —d,I'g, + 1, 5, =T TG, and the Ricci tensor Ry, := Rf ,, the scalar

curvature R := g R, computed in terms of the derivatives of the inverse metric is

R = 9" 9,0(0,0,9") = (8.0,9") + 9ps (3,9 )(009"7) + 59p0(0,9"?) (D g"")
— 20" 90005(8,9"7)(0,9°°) — 29" G090 (0,9"*) (009", (4.18)

and one has
gWFZu = %gpaga6<8gga5> — 059", ng - _%gaﬁ<apga6)-
Let V,, be the (gauge) covariant derivative on V' (and its related bundles):
Vs := 0,5+ A,s for any section s of V.

From (A.13), u, p* and ¢ are sections of the endomorphism vector bundle End(V) = V*® V
(while v* and w are not), so that V,u = d,u + [A,,u] (and the same for p* and ¢). We now
define V,,, which combines V,, and the linear connection induced by the metric g:

o~ o~

vﬂu = 8,uu + [A,ua U] = V,uu7 v,upp = aupp + [All?pp] + FZupV = vﬂpp + FZypV
V. Vou =08,V u+ A, V,u - Fzy§pu =0, Vyu+[A,, Vyu] =19 V,u,

so that, if N gt /V\N/V\l, is the connection Laplacian

AV u = gV, Vyu — [%g“”gag(é?ug“ﬁ) — aug’”} V., u,
V' =V p' — %gaﬁ(augaﬁ)pu-

Any relation involving u, p*, ¢, g and 6# inherits the homogeneous transformations by changes
of coordinates and gauge transformations of these objects.
Let us state now the result of the computation of a;(z) in terms of (u, p*, q):

Theorem 4.5 Assume that P = —(|g|71/2VM|g|1/29“”uVV + p*V, + q) is a selfadjoint el-
liptic operator acting on L*(M,V') for a 2m-dimensional boundaryless Riemannian compact
manifold (M, g) and a vector bundle V over M where u, p*, q are sections of endomorphisms
on V' with u positive and invertible. Then, its local a;(x) heat-coefficient in (1.3) for x € M
is

a1 =gon (SR tefu "]+ trlu "] — L ey A ] — L trfu "V, ]

m—1
+ {2m21,2z7172n+3 B f(mQ—nt;—l)] g,uu tr[uié*l(vuu)u’f*m(vyu)]
=0
m—1 e m—1
+5= > (m—20—1) trfu " prut(Vu)] — = G tr[u’e’lp”uz’mp”]) (4.19)

=0

iy
~ o
e
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PROOF This can be checked by an expansion of the RHS of (4.19). A more subtle method
goes using normal coordinates in (4.15), (4.16), (4.17), knowing that a,(x) is a scalar and
(u, p*, q) are well adapted to change of coordinates. The coefficients in the sum of the second
line of this expression have been symmetrized ¢ <+ (m — ¢ — 1) using the trace property and
the change of variable ¢ — m — ¢ — 1. [ |

Corollary 4.6 The previous formula can be written in a more compact way as
a :ng(lR tr[ul_m] + trfu”"q] — " trjuT" AV Y] — %tr[u‘m/v\up“]

+4 Z g™ tr[u (20 — 1)V 0w — pJut™ (20 — 1)V, u + p,]]
+ 4 Z g tr[u(V,u Y u(V,ut ™)
m?—2m+3 Z 9" rlu (V)" (Vo)) (4.20)

where p, = gup”.

PRrOOF This relation can be obtained by expanding the second and third lines of (4.20) using
the combinatorial equality

H

m—1 m—
> g™ tr[u(9u " u(o, {m +l(m — {0 — 1)} Wt u (O u)u T (O,u)]
— =0

that is a tedious computation. [ |

The above formula (4.20) is not the unique way to write (4.19). Some variations are possible
using for instance the relations

g" tr[u(0,0,u™™)] = —m g"” trju"™(0,0,u)] + (m + 1) mz—: g trlu” (O, u)u ™ (9,u)),

=0

:LZ_: g" tr[u(9,u) (9,u"™)) = WZZ_ [mT’l +4(m —{ — 1)} g trlu” N0, u)u "™ (0,u)],
g" tr[0, (w0 u)] = g" trlu”"(0,0,u)] Z g trfu= 10 W)U mo,u)],

which make all appear the expression g" tr[u=*"1(d,u)u’"™(d,u)] in (4.19).

Corollary 4.7 When M has dimension 4, the last two terms of (4.20) compensate and the
formula simplifies as

@ :lﬁslﬂ; (lRtr[ Yt trfu2q] — Lo tr[u™?V, V,u] — L tr[u?V p"]
+ ZQW tr[u > (Vuu — pu)u_l(ﬁyu + pu)]). (4.21)
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Remark 4.8 For the computation of a,(z) with r > 2, directly in terms of variables
(u, p*, q), the strategy is to use normal coordinates from the very beginning, which sim-
plifies the computation of terms B}'**” of (4.4). Then an equivalent result to Theorem 4.3
would be obtained, but only valid in normal coordinates. Thus, by the change of variables
(4.16), (4.17), a final result as Theorem 4.5 could be calculated. d

Remark 4.9 In the present method, the factor %R is explicitly and straightforwardly com-
puted from the metric entering u*” = ¢g" u, as in [3] for instance. Many methods introduce
R using diffeomorphism invariance and compute the coefficient % using some “conformal
perturbation” of P (see [24, Section 3.3]). O

4.4. Case of scalar symbol: u(x) = f(z) 1y
Let us consider now the specific case u(z) = f(z) 1y, where f is a nowhere vanishing
positive function. Then (4.16) simplifies to

' = [=29" 950 (0,977) + 09" f Ly + ¢" (0, f) Ln + 2f " A, + D"

and we can always find A, such that p* = 0:
Ay = %(guuf‘lv” + [29p0(0,07) = 9 (3p9"") — fH(0u])] nN).

One can check, using (A.8), that A, satisfies the correct gauge transformations. This means
that P can be written as

P=—(lg""*V,|g/"?g" £V, +q)

where the only matrix-dependencies are in ¢ and A,,.
Since w is in the center, V,u = (9, f) 1y and (4.19) simplifies as

a = gsz*m[% fR+ tr[q] — mT“Ng“"(@L&Vf) + mT“Ng””FZV(apf)
4 mEmrl v g 1719, £)(9, f)]

in which A, does not appears. Now, if f is constant, we get the well-known result (see [24,
Section 3.3]):

a; = gsz_m(% R+ tr[q]).

5. About the method

5.1. FExistence

For the operator P given in (1.1), the method used here assumes only the existence of
asymptotics (1.3). This is the case when P is elliptic and selfadjoint.
Selfadjointness of P on L*(M,V) is not really a restriction since we remark that given an
arbitrary family of u” satisfying (1.2), skewadjoint matrices o* and a selfadjoint matrix @,
we get a formal selfadjoint elliptic operator P defined by (1.1) where

vt =0t + (0, 10g|g|1/2) ut” + o, ut,
w =@+ L[~8,5" + (9, log|g|"*) 7).

A crucial step in our method is to be able to compute the integral (2.18) for a general
ut”. The case u"” = g"u considered in Section 4 makes that integral manageable.
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5.2. On explicit formulae for u*” = g"'u

For u* = ¢g"u, the proposed method is a direct computational machinery. Since the
method can be computerized, this could help to get a, in Case 2 (d even and r < d/2).
Recall the steps: 1) to expand the arguments of the initial fi’s, 2) to contract with the
tensor G(g), 3) to apply to the corresponding operators I, x, 4) to collect all similar terms.
Further eventual steps: 5) to change variables to (u, p#, q), 6) to identify (usual) Riemannian
tensors and covariant derivatives (in terms of A, and Christoffel symbols).

Is it possible to get explicit formulae for a, from the original ingredients (u,v*,w) of
P? An explicit formula should look like (4.15) or (4.19). This excludes the use of spectral
decomposition of u as in (1.5) which could not be recombined as

> trlhy(u)Bihay(w)Bs - - Brh (u)]

finite sum

where the h; are continuous functions and the B; are equal to u, v*, w or their derivatives.
The obstruction to get such formula could only come from the operators I, and not from
the arguments B;. Thus the matter is to understand the u-dependence of I, k.

Let us consider I, j, as a map u — I (u). An operator map u — A(u) € B(Hy) is called
u-factorizable (w.r.t. the tensor product) if it can be written as

Alw) = Y Rolhy(w) Ri(hay(w)) - Ri(hg(w))

finite sum

where the h(; are continuous functions on RY.

Lemma 5.1 Let u— A(u) = F(Ro(u),..., Rg(u)) the operator map defined by a continuous
function F : (Ri)k+1 — R%.. Then A is u-factorizable iff F' is decomposed as

F(To,...,’l“k) = Z h(o)(ro)h(l)(rl)h(k)(rk) (51)

finite sum

for continuous functions h.

PRrROOF Let \; be the eigenvalues of u and m; the associated eigenprojections. If F'is decom-
posed, then by functional calculus, one gets

A(U) = . Z F()‘ioa ey )‘Zk) R0<7Tio) cee Rk(ﬂ'%)

= Z Z h(o)()‘io)"'h(k)<)‘ik)R0(7Tio>"'Rk(ﬂ-ik)

10,---,0f finite sum

= Y Ro(ho(w)) - Ri(hu(w).

finite sum

If A is u-factorizable, then this computation can be seen in the other way around to show
that F' is decomposed. [ ]

The general solutions (3.10) and (3.11) for the operators I, ; are not manifestly u-factori-
zable because of the factors (r; —r;)~!. For Case 2, Proposition 3.5 shows that I, is indeed
a u-factorizable operator (see also (3.15)). N

The explicit expressions of the operators I, € B(H;) don’t give a definitive answer
about the final formula: for instance, when applied to an argument containing some u’s, the
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expression can simplify a lot (see for example Case 1 of Section 4.2). Moreover, the trace and
the multiplication introduce some degrees of freedom in the writing of the final expression.
This leads us to consider two operators A and A’ as equivalent when

tromokr* 0 A[B;®--- @ B] =tromok* o A[B; ® -+ ® By

for _any By ® -+ ® By, € Hy. The equivalence is reminiscent of the lift from B(Hy, My) to
B(Hy) (see Remark 2.2) combined with the trace.

Lemma 5.2 With

Ia,k(ro,---,?"k—l) = a,k(ro,---,rk—l,ro) (Z Tlilgola,k("ﬂm---ark—hrk))?

the operator fmk = favk(Ro(u), vy Ri—1(w) = Lyg(Ro(u), ..., Re—1(u), Ro(u)) € B(?tl\k) 18

equivalent with the original 1, .

ProoOF For any B; ® - -+ ® By € Hj, using previous notations, one has

tI‘(O 1m o /'i* O Ia,k[Bl ® e ® Bk]) = Z [a,k()\ioa Ce 7)\%) tr (ﬂ-ioBlﬂ'zj s Bkﬂ'%)

10500k

— Z ]a,k‘()\ioa e 7)\Zk) tr (ﬂ-ikﬂ-iOBlﬂ-il e Bk,‘)

10yl
= Z ]a,k()\i[w P 7)\zk) 6i07ik tr (7T7;0B17T7:1 oo Bk)
105enes ik
— Z [a,k(>\i07 RN )\ik—l) tr (ﬂ-iOBlﬂ-il e Bk)
10y eyifo—1
—tromok* o I,4[B1 ® - @ Byl =

The equivalence between fmk and I, ; seems to be the only generic one we can consider.
We have doubts on the fact that the operators I,; can be always equivalent to some
u-factorizable operators. For instance,

Proposition 5.3 The contribution to a; of (4.13) generates always a non-explicit formula
when the dimension d is odd, unless u and v* have commutation relations.

In fact,

2 2
a/2_,d/

1 )—d/2 "o

hd(ré/277°i/2) = %[[d/2+1,2(7"0,7’1,7"0) + Id/2+1,2(7“1,7"077’1)] = 3(7“1 To p—

and we prove below that the map hq(z,y) for (x,y) € (R*)? is explicit only when d is even:

Lemma 5.4 The function hy(x,y) = 3 gnire h1) (%) h(2)(y) with continuous functions h if
and only if d is even.

PROOF It is equivalent to show that function d (zy)? he(z,y) has or not such decomposition.
Assume that d = 2m. Then we have the decomposition

m—1

d (zy)! ha(w,y) = =" = - 2?22y
=0
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Assume now d = 2m + 1. Then,

m—1
2m+1_,2m+1 L
d(my>d hd($7y> = % = y2m Tﬁiy + Z x2m 1 2£y2€’
/=0

(for m = 0 there is no sum). This expression is not decomposable since the map (z +y)~! is

not decomposable:
Suppose we have such decomposition (x + y)™' = SN hig(z) hoy(y) for N € N*. Let
(2:,yi)1<i<y be N points in (R%)? and consider the N x N-matrix ¢; ; := (2; +y;)~". Then

det(c) = [~H1(xi + yj)}—l H N(l‘i — ;) (yi — )

This expression shows that we can choose a family (x;,y;)1<;<n such that det(c) # 0. With
such a family, define the two matrices a; ¢ := hy(z;) and b,y := hae(y;). Then

¢ij=(x;i +y;)~ Zhw ) hae(y;) Zazzbgé

so that, in matrix notation, ¢ = a - 'b, which implies that det(a) # 0 and det(b) # O.
From (z + y;)™" = S0, hae(a) bje, we deduce hyy(x) = ¥; b5, (z 4+ y;)~" and, similarly,
hao(y) = iagfl(xi +y)~L. This gives

(+y) ' =D a by (e +y) zi+y)
,5,¢
This expression must hold true on (R*)? and when z,y — 0%, the LHS goes to +o00 while

the RHS remains bounded. This is a contradiction. [ |

5.3. Explicit formulae of a, for scalar symbols (u(x) = f(z)1y)

When w is central, the operator defined by I, (70, ..., %) is equivalent to the operator
defined by

fmk(?"(]) = rhm Ia k(T'[), e ,Tk) = % Taa.
.7

Thus (4.4) reduces to

ﬁ / A€y - Euny [(O)[ B ] = gam[u™*" @ G(9) 1.y Bl "]
= 9aG () ur...p0p w9/ 2P B

so the tedious part of the computation of a, is to list all arguments B, ** and to contract

them with G(9),,...u,,- This can be done with the help of a computer in any dimension for
an arbitrary r. All formulae are obviously explicit. An eventual other step is to translate the
results in terms of diffeomorphic and gauge invariants.
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5.4. Application to quantum field theory

Second-order differential operators which are on-minimal have a great importance in
physics and have justified their related heat-trace coefficients computation (to quote but
a few see almost all references given here). For instance in the interesting work [18, 19], the
operators P given in (1.1) are investigated under the restriction

w = gL C X

where ( is a parameter @eseribing for ¢ = 0 the minimal theory), under the constraints for
the normalized symbol X (o) := X* 0,0, with |0]2 = g"’0,0, = 1 given by

X(0)? = X(0), for any o € Sy,

V, X" =0.

Here, V, is a covariant derivative involving gauge and Christoffel connections. In covariant
form, the operators are

P=—(g"V,V,+(X"V,V,+Y).

Despite the restrictions (5.2)-(5.3) meaning that the operator X is a projector and the tensor-
endomorphism w is parallel, this covers the case of operators describing a quantized spin-1
vector fields like

P, = —(0", V2 + (VI + Y1),

or a Yang—Mills fields like
P*, = —(6",D* - (D"D, + R*, — 2F",)

where D, :=V, + A, and A,, F,, are respectively the gauge and strength fields,
or a perturbative gravity (see [18] for details).
Remark first that

H(w,€) = u €&, = [€]2[1+ ¢ X (€/1€,)], so that
e H@E) — [=(+OIEl; _ o~lel5) X 4 o716 1.

Thus (1.10) becomes

a(z) = gy / de [(;(Hcmz _ e*lé\ﬁ] fr X 4 ﬁ / e VBt 1,
:[/aesldQ( o) tr X (o / dr 1=t (7 0FO — =) 4 gy N

= 55t [(1+ Q™ —1 [/U _, 49(0) X (o)) + g4 N.

One has g4 := 5=z J; dfe_K@W — 1 ond
9a -= (2m)d JRd — 9d d/2

/a o dQ(o) tr X (o) = tr(X*) /U do) 0,0, .

1
g ESQ
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Using (4.3), we can get

2 (2m)?
/cfESl dQ(U) Tpa " Ju2p - ng/%'i‘i; G<g)ﬂl...ll«2p7
g
so that we recover [18, (2.34)]:

ap(x) = gq [N +d " g tr(X’“’)((l + ()72 — 1)} :
Now, let us consider the more general case
u" = g"u+ ¢ XM (5.4)

where u is a strictly positive matrix u(z) € My as in Section 4, X*¥ as before and assume
[u(z), X" (z)] = 0 for any = € (M,g) and p,v. Previous situation was v = 1y, the unit
matrix in My. Once Lemma 2.1 has been applied, the difficulty to compute a.(r) is to
evaluate the operators T}, , defined by (2.15). Here we have u[o] = u+( X (o), where the two
terms commute. With the notation

we have
Ch(s,u[o]) = (1 = s1)Rolu+ ¢ X(0)] + (s1 — s2)Riu+ ¢ X (0)] +
-+ (Sk,1 — Sk)kal[U -+ CX\(O')] + SkRk[U -+ CX\(O')]
= Ci(s,u) + C[(1 = 51)Xo + (51— 52) X1 + -+ (551 — 5) Xp1 + 55 X

so that, using the fact that each X, isa projection with eigenvalues ¢; = 0, 1:
e~ Ck(sulo]) _ —r2Ci(su) Z e—Crl(1=s1)eot(s1—s2)er++(sh-1—sk)er—1+5k€k] 3
(e:)€{0,1}k+1
Xe()(l_X)l € | . Xek(l_X>1 €k
Notice that X (1 — X;)'~% = [(1 — &)g" + (26; — 1) Ri(X™)]0,0,.
With the definition

Iéf;)’c(ro,rl, ooy rg) = Io g (ro + Ceo, 71 + Cexy o ooy T + Cer),

the operators T}, of (2.18) become

T'(d/2+
Tk,p = é(éﬂ)dp) /Sd_1 ng(U) Opur " " Opop0ag0py " " Oy, 0, X
g

> 1S e (Ro(w), Ri(w), -, Ri(u)) %

(e)e{0, 13441
X [(1 = €)g™™ + (2e9 — 1) Ro(XP0)] -+ - [(1 — €) g + (26, — 1) Ry, (X )], (5.5)

The computations of these operators are attainable using the method given in Section 4, but
with some more complicated combinatorial expressions requiring a computer. We will still get
explicit formulae for a;(x) in any even dimension as in Theorem 4.5. The main combinatorial
computation is to make the contractions between G(g)u,...uspa080...ar8, from the first line of
(5.5) with the operators of the last line applied on variables B} .

When v = 1y in (5.4), the operators in the second line of (5.5) are just the multiplication
by the numbers I4/21, % (1 + Ceo, 1 + Ceq, ..., 1+ (ex). Thus one gets explicit formulae for all

coefficients a,(x) in any dimension.
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6. Conclusion

On the search of heat-trace coefficients for Laplace type operators P with non-scalar
symbol, we develop, using functional calculus, a method where we compute some operators
T}, acting on some (finite dimensional) Hilbert space and the arguments on which there are
applied. This splitting allows to get general formulae for these operators and so, after a pure
computational machinery will yield all coefficients a, since there is no obstructions other than
the length of calculations. The method is exemplified when the principal symbol of P has the
form ¢g"u where u is a positive invertible matrix. It gives a; in any even dimension which is
written both in terms of ingredients of P (analytic approach) or of diffeomorphic and gauge
invariants (geometric approach). As just said, the method is yet ready for a computation
of a, with » > 2 for calculators patient enough, as well for the case g"’'u + ¢ X" as in
Section 5.4. Finally, the method answers a natural question about explicit expressions for all
coefficients a,: we proved that u-factorizability is always violated when the dimension is odd
and it is preserved in even dimension d when d/2 —r > 0. We conjecture this always holds
true in all even dimension.

A. Appendix

A.1. Some algebraic results

Let A be a unital associative algebra over C, with unit 1.
Denote by (C*(A, A) = ®r>0C*(A, A),§) the Hochschild complex where C*(A, A) is the
space of linear maps w : A" — A and

k
(0w)[bp ® - -+ ® by] = bow([by ® -+ - @ by| + Z(—l)iw[bo ®- @b @b @ R by

i=0
+ (=) Wby @ - - - @ by_1]by

for any w € C*(A, A) and by ® -+ @ by, € A®"

Define the differential complex (T*A = @204, d) with
k .
d(a0®"'®ak):]l®a0®"'®ak+2(—1)za0®"'®ai—1®]l®ai+1®"'®akz
i=0

+ ()" ®---®@a @1

for any ap ® - -- @ a, € A", Both C*(A, A) and T*A are graded differential algebras, the
first one for the product

(Wb @+ @bpyp] = wb1 ®@ - @ b W' [br1 @ - -+ @ bpyr]
and the second one for
(0 ® - @a)a)@ - @ay) =a®- @ aahy @ Dafy € AT = T 4,

The following result was proved in [25]:
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Proposition A.1 The map ¢ : T*A — C*(A, A) defined by
L(CLU K& (Ik)[bl IR0 bk] = aoblalbg s bkak

is a morphism of graded differential algebras.
If A is central simple, then v is injective, and if A = My (algebra of N x N matrices)
then v is an isomorphism.

Recall that an associative algebra A is central simple if it is simple and its center is C. Central
simple algebras have the following properties, proved for instance in [26]:

Lemma A.2 If B is a central simple algebra and C' is a simple algebra, then B ® C is a
simple algebra. If moreover C' is central simple, then B ® C' is also central simple.

PROOF (OF PROPOSITION A.1) A pure combinatorial argument shows that ¢ is a morphism
of graded differential algebras for the structures given above.
Assume that A is central simple. The space A®""" is an associative algebra for the product
(ap®---®ag)- (a[®- - ®ay) = apay - - - ® agay,, which is central simple by Lemma A.2. gﬁt
®

Ji = Ker:n A® . Then, forany a = 3,40, ® - Qag; € Jy, any B =0y ®@--- @b, € A ,
and any ¢; ® --- @ ¢, € A®", one has

v B)er @+ @] =D agibociaribics - - - bp_1cpag by, = t(@)[boct @ -+ @ by_1cx)by = 0,

so that « - 8 € Ji. The same argument on the left shows that J, is a two-sided ideal of the
algebra A®""" | which is simple. Since ¢ is non zero (((1®---®1) # 0), one must have .J, = 0:
this proves that ¢ is injective.

The algebra A = My is central simple [26], so that ¢ is injective, and moreover the spaces
C*(A, A) and A%""" have the same dimensions: this shows that ¢ is an isomorphism. [

Remark A.3 In [25], the graded differential algebras C*(A, A) and T*A are equipped with
a natural Cartan operations of the Lie algebra A (where the bracket is the commutator) and
it is shown that ¢ intertwines these Cartan operations. U

A.2. Some combinatorial results

Lemma A.4 Given a family ag,...,a, of different complex numbers, we have
) Y a, I (an—aw) =0, foranyse{0,1,...,r—1}, (A.1)
n=0 m=0, m#n
”) H (Z - am)_l = Z (Z - an>_1 H (an - am)_17 Vz € C\{a07 s 7ar}' (A2)
m=0 n=0 m=0, m#n
PROOF 1) If a(s) := 3270 @}, [T=0. men(@n — am) " and
Bls)=als) I (a—a)=> (-1)"a, JI (a—a)
0<I<k<r n=0 0<I<k<r

k#n,l#n
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then it is sufficient to show that 5(s) = 0for s =0,...,r—1. Recall first that the determinant
of a Vandermonde p X p-matrix is

1 T |
by by - b
det | 01 b3 - by | = I1 (b —0)).
: Lo 1<j<i<p
wtopt oL b
Thus
1 1 1
Ao aq (0%
2 @ -
det ) ) _ = 5(s)
aytoai! art
ag aj a;

after an expansion of the determinant with respect to the last line. But this is zero since the

last line coincides with the line s + 1 of the matrix when s =0,...,r — 1.
ii) The irreducible fraction expansion of f(z) = (Z_ao)(z_clu) ey 8 X M yield-
ing (A.2). |

A.3. Few properties of functions Igjo
We collect here some special combination of function Ig/94k—y k-
Let g1 (To, 7"1) = Id/2+172(7'0, T1, 7’0). Then

, . i/ pd/2_ d/2
slg1(ro,m1) + g1(r1,m0)] = 5 (7’07’1) T

_ —(—1 5 m . o
meZr ri ™", ifd=2m. (A.3)
Let
. d
92(7”077“1) = §Id/2+1,2(T07 7“1,7”0)
d+2
+ =5 (71 Laj242,3(T0, 71,71, 70) + 71 Lajot2,3(r1, 71,70, 1) + 70 Laja42,3(T0s To, 71, 70)].-
Then
g2(T0 7"1) _ 1 (7"01”1)’d/2 (drg/erl—dr1rg/2—4r17"g/2+dr0rf/2—d7"11/2+1+4 d/2+1)
) 2d (ro—r1)?
m—1
=L S (m =20, if d=2m. (A.4)
=0
Let
. (d+2)?
93(7“0,7“1) = 2) To ]d/2+2,3(7“077“0,7”177“0)

+ (d+ 2)(d + 4)[=r0 > Laj2+3.4(70, 70, 70, 71, 70) — 37071 Laja43.4(r0, 70, 71,71, 70)].

(A5)
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Then,

5Lg3(ro, 1) + g3(r1, 70)]

(rorl)_d/2 {d2 (ro—r1)? (rg/erfﬂ) —2d(ro—r1) (rlrg/2+2rg/2+l+r0rf/2+2r(11/2+1) +24rgr1 (rg/Qfoﬁ)}

— 12d (ro—r1)3
m—1

— LS (m2—2m —30(m—1—0))rg it d = 2m. (A.6)
=0

A.4. Diffeomorphism invariance and gauge covariance of P

The operator P in (1.1) is given in terms of v, v* w, which are not well adapted to
study the changes of coordinates and gauge transformations.

Given a change of coordinates (c.c.) z == 2/, let J¥ := 9,2 and |J| := det(.J}), so that

c.c. —1a c.c. — —_10 v C.C. v _po c.c. —2
O = T 00y G = T T Ve g =S TETg, gl <= T g]
where |g| = det(g,,). Denote by 7 a gauge transformation, local in the trivialization of V' in
which P is written (i.e. 7 is a map from the open subset of M which trivializes V' to the gauge
group GLy(C)). A section s of V performs the transformations s < s (diffeomorphism-

invariant) and s LN (where “g.t.” stands for gauge transformation).
The proof of the following lemma is a straightforward computation:

Lemma A.5 The differential operator P is well defined on sections of V' if and only if u*”,
v* and w have the following transformations:

wn G Ju e ut L2 iy (A7)
v S8 P 4 (D, BT, ot s oty 2 (9,7, (A.8)
w £ 4, w LS yuy T+ (0,7 e (0,0,771). (A9)

As these relations show, neither v* nor w have simple transformations under changes of
coordinates or gauge transformations.

It is possible to parametrize P using structures adapted to changes of coordinates and
gauge transformations. Let us fix a (gauge) connection A, on V and denote by V, := 0,+ A,
its associated covariant derivative on sections of V. For any section s of V', one then has:

A, RN J_lea, A, LN VA#V_I + 7(8“7_1), Vs RN J_lzvas, Vs LN YV 8.

(A.10)

Lemma A.6 The differential operator
s Qs = —(]g|71/2VM]g]1/2u’“’VV +p'V,+q)s (A.11)
is well defined on sections of V if and only if u*”, p* and q have the following transformations:
ut == T, P == TP, q = q, (A.12)
u Loy e ¢ L5 vy (A.13)

It is equal to P when (the u* are the same in P and Q)

vt = 5(0, loglg|)u 4 dut” + ut A, + At + pt, (A.14)
w = 5(0, loglg))u" A, + (0uu) Ay + (9, A,) + Agut A, + PMA, + 4. (A.15)

36



PRrROOF Combining (A.10), (A.12) and (A.13), the operator s — —(p*V,+¢q)s is well behaved
under changes of coordinates and gauge transformations. Let X := [g| ™"/ V.| g"*umv, (a

matrix valued “Laplace-Beltrami operator”). Then, using (A.10) and (A.12), one gets
c.c. -1/2 -1« -1y (1/2 v, po 718
X =gl ValJ [ gl I Igu T, Vg
= [ llgl 2T 0ul | gl 2 T ur N o T AV
_ —1« —1 152 —1/2 —1« 1/2 o
= I[N (OalJ| )N + gl 7T TN (Oalgl ) UV
+ T (00 WOV o + T TE 07N o + Agu” Y,
= V7V, + gl @)oY,
+ [T T w7V + T (00 JE )V,
which is equal to X since [J|9,|J]"" = —|J|7'9,|J| = —0,log|J| = —J10(8,J%) (Jacobi’s
formula) and 0, J% = 0,0,2"™" = 0,0,a™ = 9,Jk. Similarly, using (A.10) and (A.13), one

obtains
g2V, LN vlg|"*u*V,s (it behaves like a section of V),

so that Xs 5% vXs. This proves that @Q = =X — (p*V,, + ¢) is well defined.
The expansion of X gives

X =gI"%0,lg|"*u (0, + Ay) + At (D, + A,)
= Lol Bulgl 0, + 191”2 (Bulg] ) A, + (0,01, + (D) A,
+ 0,0, + v (0,A,) + w A0, + A0, + At A,
= u"9,0, + 5(9, log|g|)u"" 9, + (9,u)d, + u' A,0, + A0,
+ (9, loglg)u A, + (8, u") Ay + u (9, A4,) + Ayut A,
which, combined with the contributions of —(p*V,, + ¢), gives (A.14) and (A.15). |

Contrary to the situation in [1, Section 1.2.1], one cannot take directly p = 0 in (A.11) since
we cannot always solve A, in (A.14) to write it in terms of u*, v*, w.
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