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On the attainable set for a scalar nonconvex conservation law

Boris P. ANDREIANOV * CARLOTTA DONADELLO T ANDREA MARSON *

Abstract

We consider a Cauchy problem for a scalar conservation law in one space dimension with a
compactly supported initial datum,

B+ Oy f(u) =0

~ue(@) if oz € a,b], (*)
u(0,2) = {0 if z¢]Ja,bl.

Here a,b € R are given, and the flux function f is assumed to be non convex, in particular
to have a single inflection point. We regard the function u. as a control. The main results
of the paper states sufficient conditions for a function v to be attained at time T by a
trajectory of ().

Mathematical Subject Classification: 35Q93, 35L65
Key Words: scalar conservation laws, nonconvex flux, control

1 Introduction

Aim of this paper is to initiate the description of the set 2y of profiles v in BV (R) which can
be attained at a fixed time ¢t = T by the entropy admissible solution of

Oyu+ O, f (u) =0, (1.1a)
~ Jue(x) if ze€la,b],
u(0,x) = {0 e (], (1.1b)

where a < b are given, and u, € L*(a, b) is regarded as a control. We assume the flux function
f to fulfill the set of conditions
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(F) a. fis of class C?,
b. £(0) = F(0) = f'(0) =0 uf'(u) <0 Vu#o,

c. f has superlinear growth at +oc.

A family of classical examples is given by f(u) = —|u|™u, m > 2. We stress that the condi-
tions in (F)b. are not necessary to achieve the results in this paper but allow for a lighter
presentation. In Section 4 we apply our results to the classical sedimentation model proposed
by Kynch in [17] and we consider the flux function f(u) = —u(1 — u)? which does not satisfy
(F)b..

In the existing literature we can distinguish essentially three approaches toward the study
of exact controllability and characterization of the set of attainable profiles for the equation
(1.1a).

The pioneering paper by Ancona and the third author, [3], focuses on the exact control-
lability for the initial boundary value problem for (1.1a) in the case of strictly convex flux.
The authors use the theory of generalized characteristics introduced by Dafermos in [10], and
describe for any given time T" > 0, the set of states which are attainable in time T starting
from the initial condition ug = 0 by a control on the boundary data alone. Under similar hy-
pothesis, Adimurthi, Ghoshal and Gowda [!, 2] exploit the explicit representation of solutions
given by the Lax-Oleinik formula to construct an explicit backward solver and give a coincise
characterization of the set of attainable profiles for the initial value problem and the boundary
value problem in the half-space and in a strip with two boundaries. Using again the method
of generalized characteristics, Corghi and the third author characterize in [3] the attainable set
for a scalar balance law with strictly convex flux

u + f(u), = z(t,z), forte[0,T], andx €R, (1.2)

where the right hand side z acts as distributed control.

In the classical paper [15], Horsin obtains approximate controllability results for scalar
conservation laws by a different approach, which relies on the return method introduced by
Coron [9]. This technique is also an important ingredient in the result by Chapouly, [7],
concerning the attainability of C! profiles for classical solutions of the balance law (1.2) on
the strip [0,7] x [0,1]. In this paper the boundary data at x = 0 and x = 1 act as controls
together with the source term z (distributed control) which only depends on the time variable
t. A similar result, in the setting of entropy weak solution is due to Perrollaz, [19].

The return method has been applied in combination with the vanishing viscosity approach
by Léautaud, [18], to study the uniform controllability of scalar conservation laws. This last
paper is also the only one, to our knowledge, in which the flux function f is allowed to have a
finite number of inflection points. Starting from an initial condition ug in L*°([0, 1]) and using
the boundary data at © = 0 and x = 1 as controls, the author proves the attainability in time
T (depending on the L> norm of ug) of constant states.

Finally, let us mention that for the viscous Burgers equation, constant states reachable by
boundary controls has been studied using the Cole-Hopf transformation by Glass and Guerrero
[12], Guerrero and Imanuvilov [13].
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The results in the present paper are all obtained by an extensive application of the method
of generalized characteristics. This approach naturally leads to a very fine analysis of the struc-
ture of solutions which allows us to give a rather complete insight of the possible obstructions to
attainability. Moreover, we succeed in providing a complete explicit backward reconstruction
of the solution for a significant class of attainable profiles, which contains all basic situations.
However, even if it is certainly possible to use our results as building blocks toward the anal-
ysis of more complex cases, our work fails to provide an easy to check routine to distinguish
attainable states from non attainable ones.

1.1 Fine structure of solutions and obstacles to backward reconstruction

We recall the definition of entropy admissible solution to (1.1a)-(1.1b) (see [11]).

Definition 1.1. An entropy admissible solution to (1.1a)-(1.1b) in the time interval [0,T)
is a continuous function u : [0,T] — L. (R) which assumes the initial datum (1.1b), is a
distributional solution to (1.1a) in ]0,T[xR, and satisfies an entropy admissibility condition
(see [11]), i.e. for any entropy-entropy fluz pair (n,q), with u — n(u) convex, there holds

on(u) + dxq(u) <0, in )0, T[xR, (1.3)
in the sense of distribution.

Throughout our paper, without loss of generality, we assume that the solutions are normal-
ized to be left continuous.

In general, distributional solutions to (1.1a) are not smooth, regardless the possible regu-
larity of the initial condition. The demise of classical solutions coincides with the appearance
of jump discontinuities. The method of generalized characteristics has been introduced by
Dafermos in [10] to investigate the fine structure of the solutions to (1.1a).

Definition 1.2. Let u € C([0,T); L} (R)) be an entropy admissible solution of (1.1a).

loc

e A classical characteristic associated to u is a curve € : [tg,t1] — R? such that for some u
and for all t € [to,t1] there holds

£(t) = &(to) + f'(w)(t —to),  wu(t,&(t) =u

e A generalized characteristic associated to w is a Lipschitz continuous curve £ : [to,t1] —
R? which satisfies the differential inclusion

dg

(1) € 1 (1 (ult £, I (ult, £0))]

where I[a,b] denotes the closed interval of extrema a and b.

Any classical characteristic is a generalized characteristic.
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Through any point of jump discontinuity of u passes a funnel of backward generalized
characteristic. The core of the results in [10, Section 2], concerns the study of the special
properties of minimal and maximal backward generalized characteristics through a point. To
limit the length of our manuscript, we decided not to recall all of these results but rather to
give precise references at any time we apply them.

We recall that the method of generalized characteristics is fully developed only for the case
in which the flux function f admits at most one inflection point. A classical observation due
to Hoff [14] is that, whenever the flux function f admits more than one inflection point, the
interaction between two discontinuity in the solution u to (1.1a) can produce outgoing centered
rarefaction waves at positive times, and this would make the analysis far more intricate

Once a jump discontinuity has appeared in the solution it persists, and its location describes
a Lipschitz continuous curve z = ¢(t) in the (¢, z)-plane. From the definition of distributional
solution, one can check that the values of the left and right traces of the solution u on the sides
of ¢ must satisfy the Rankine-Hugoniot conditions

Fult,o(t)+)) = f(ult, (1)) = () [ult, o(t)+) —ult, (1)) - (1.4)

Additionally, if the solution u is entropy admissible, the following inequalities are satisfied
(Lax-Oleinik conditions)

Fult, o) = o) > f'(ult,p(t)+),  z=0(t). (1.5)

This imply that the curves of discontinuity are generalized characteristics.

If the flux function f in (1.1a) if strictly convex, then both the inequality in (1.5) are strict,
while a classical lemma due to Dafermos, [10, Lemma 2.2], specifies that under the assumptions
(F), only the second inequality above is strict. In this framework we can distinguish two kinds
of discontinuities propagating in the solution:

e genuine shocks (which we call shocks in the following), for which both inequalities in (1.5)
are strict;

e left contact discontinuities, for which there holds ¢ (t) = f'(u(t, ¢(t))).

As in the convex case, characteristics run into genuine shocks from both sides, while it may
happen that characteristics radiate from one of the sides of a contact discontinuity.

The presence of contact discontinuities is responsible for the two major obstacles toward
the formulation of a fast and easy to apply attainability test. First recall that in the convex
case, whenever the target profile v suffers from an admissible jump at x = Z joining the states
v, and vg, there exist infinitely many ways to reconstruct backwardly a solution to (1.1a) in
the triangular region delimited by the minimal and the maximal backward characteristics

ny () =2+ fl)t=T),  nf®) =2+ f(r)t-T),

respectively. This fact can be exploited to produce convenient backward reconstructions, see
for example [1], and it is related to the dissipative properties of admissible shocks.
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On the contrary, since left contact discontinuities must satisfy the Rankine-Hugoniot con-
dition together with ¢(¢) = f’(vr), it is clear that given the left state of a left contact discon-
tinuity, the corresponding right state is immediately determined from the fact that the chord
joining (vr, f(vr)) to (vr, f(vgr)) needs to have slope exactly equal to f'(vy). We call (vg)*
the unique possible right state connected to vy by a left contact discontinuity. This means
that there is no freedom in the backward reconstruction of the solution in an immediate right
neighbourhood of a contact discontinuity.

We are now ready to illustrate the first obstacle in our work.

e Assume that the target profile v suffers from a jump discontinuity at x = Z, joining the
states vz, and vg = (vr)¥, and that the candidate backward characteristics from the points
in a left neighbourhood of Z cross one another at positive times. If v is admissible, their
tangent envelope must be a convex Lipschtz curve ¢ — ¢(t) (see [10, Theorem 2.2]), and in
this case our backward reconstruction contains a left contact discontinuity traveling along
the curve ¢. This geometric requirement translates into the fact that the attainability
of v may depend on the values of v, f/'(v) and (as we show in Section 2) f”(v) on a
whole left neighbourhood of Z and not just on the values of v(z~) and v(z1). Of course,
the presence of several jumps in the target profile may ask for additional compatibility
conditions.

The second difficulty we face is the following.

e Once we detect the presence of a left contact discontinuity ¢ in our backward reconstruc-
tion, we must trace back in a unique way the candidate backward characteristics from
(t,¢(t)), that we denote by §p(t)- It might happen that the curves £, cross one another
at positive times and have a convex tangent envelope ¢ — ¢o(t). In this case we continue
our backward reconstruction including a second left contact discontinuity in the solution.
Again, the values on the left and on the right of @9 are completely determined from the
values of v and we have no choice in our reconstruction. We know from the results in [10]
that, if v is an admissible target profile, this situation can occur a finite number of times
before we reach ¢t = 0. We call this structure a nesting of contact discontinuities.

Even in the most simple case, which is briefly described in Section 5, the reconstruction of
a solution in presence of a nesting structure is a delicate matter, which leads us to look for
solutions of a characteristic boundary value problem in which the boundary datum is not to
be taken in the usual hyperbolic sense [5], but should be imposed as the value of the trace of
the solution along the boundary curve, see Section 5.2.

1.2 Outline of the paper

Notations are introduced in the last part of this Introduction. Section 4 contains an example
related to a model of sedimentation. A direction of perspective research is outlined in Sub-
section 5.3. In the hope to palliate the technicality of the presentation, we give here a rather
detailed summary of the results in Sections 2, 3 and 5.
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Section 2: necessary conditions. Theorem 1 states necessary conditions toward attain-
ability which are reminiscent of the classical necessary conditions for the convex flux case.
Proposition 2.1 rules out the presence of centered rarefaction waves focusing at positive time.
Proposition 2.2 is the first evidence of the strong rigid structure of solutions next to a left
contact discontinuity. Basically, on the right of any left contact discontinuity curve t — ¢(t)
we can define a “triangular” region delimited by ¢, the maximal backward characteristic from
the point of jump of v, t — 17 (t), and the line ¢ = 0. In this region the solution can be
reconstructed in a unique way by following the backward characteristics steaming from the
right side of the discontinuity. If nesting occurs, it must take place outside this region. Starting
from this point we limit our attention to situations in which nesting does not occur, deferring
to Section 5 some examples and comments concerning nesting.

Given a continuous target profile v and a time 7" we define (candidate) backward characteristics
lines as in (1.14c). Proposition 2.3 gives a necessary condition for this family of lines to have
a convex tangent envelope. This implies a geometric requirement for the attainability of v
because the characteristics associated to any solution to (1.1a) can cross only in a centered
rarefaction wave at time ¢t = 0, or they can radiate from a left contact discontinuity, which is
a convex curve.

Proposition 2.4 puts together the results in Proposition 2.2 and Proposition 2.3 to formulate
a necessary condition for a contact discontinuity in v to be admissible. Observe that while the
admissibility of a shock discontinuity in the convex case is easily determined by the values of
v on the left and on the right sides of the jump, here we need to impose conditions on the first
and second derivatives of f'(v) on a whole neighbourhood of the point of jump.

Section 3: sufficient conditions. The main result in this section is Theorem 2, which
collects a set of sufficient conditions for the attainability of a profile v in time T provided that
the points at which v is discontinuous do not accumulate and that no nesting occurs. The first
part of Section 3 consists of the statement of the theorem and of some remarks illustrating the
meaning of the conditions. In the hypothesis of Theorem 2 it is possible to determine whether
the profile v is attainable by checking that each of its discontinuities is admissible. Therefore
in Section 3.1 we detail the study of three basic situations which will be used as building blocks
in the proof of Theorem 2. Lemmas 3.1, 3.2 and 3.3 explain how to construct a control which
allows to reach the profile v in three basic situations. The last part of Section 3 contains the
proof of Theorem 2.

Section 5: one example of nesting, a different point of view. Section 5.1 contains the
analysis of the simplest possible case of nesting. Some conditions for attainability are states, in
a very smooth framework. One explicit example illustrates our results. Section 5.2 is devoted
to present a slightly different approach to the problem of nesting.

1.3 Notation

First of all, if a solution to (1.l1a) suffers from jump discontinuity along a Lipschitz curve
x = ¢(t), we denote by ur(t) and ur(t), respectively, the left and right limits of u(t,-) at ¢(t)
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whenever they exist, i.e.

ur(t) = lim  wu(t,-), ugp(t) = lim w(t,-). (1.6)
z—p(t)— x—p(t)+

Let f be a flux function satisfying the set of conditions (F). Given v € R, v # 0, we let v* be
the solution to

f@h) = f@)+ fl) —v), o #u, (1.7)
so that
f'(v) = w (1.8)
holds for any v # 0. Symmetrically, we denote by v* the solution to
W) =)+ @) 0 =2"), v #u, (1.9)
so that
fi') = w (1.10)

holds for any v # 0. Observe that
o= () = (), (1.11)
v-vt <0, v’ <0, (1.12)

hold for any v # 0.
Throughout our paper we assume that the target profile v is a left continuous BV function
with compact support. We define

a=sup{z eR:v(y)=0Vy <z}, (1.13)

so that v(«) = 0. Moreover, if T is the fixed time at which v should be attained, we let
Me () = a4 (0(@) (7~ T) = 2+ [ (v(e—)) (r ~ 1), (1.14a)
ni (1) =z + f'(v(z+)) (r = T), (1.14b)

be respectively the (candidate) minimal and maximal backward characteristics lines from (7', x)
associated to a solution u of (1.1a) attaining the profile v at time T, i.e. w(T,x) = v(z). In
case v is continuous at z, minimal and maximal backward characteristics coincide in a left
neighbourhood |T' — §,T] of t = T', and therefore we can write

12(7) = &+ f'(v(z)) (7 = T), (1.14c)
where 7 €]T — 6, T.
The notations DT and D~ stand for the right and left upper Dini derivatives respectively

D7 g(z) = limsup M, D™ g(z) = limsup M
y—at y—z y—x— y—x
Given any two points a and b in R, we use the notation I(a,b) to indicate the open interval
of extrema a and b. This means that I(a,b) =|a,b[ if a < b and I(a,b) =|b,a[ if a > b.

Analogously, I[a,b] denotes the closed interval of extrema a and b.
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2 Necessary conditions for attainability

Throughout this section we assume that v is the value, at time ¢t = T, of an entropy solution
to (1.1a) defined on [0,7]. We analyze the necessary properties of v due to this fact, using
the backward characteristics as the main tool. The conditions in the following theorem are
the exact counterpart of the necessary conditions for attainability stated in [3] for the convex
flux case. They differ from all other conditions stated in this work because they depend on the
value (or the limit value) of the target profile at single points.

Theorem 1. Assume that v is a measurable, left continuous, bounded attainable profile, with
finite total variation, so that there exists u. € L*(a,b) such that the weak entropy solution
u=u(t,z) to (1.1a)-(1.1b) fulfills u(T,-) = v. Let o be defined as (1.13). Then the following
properties hold.

1. Let zgp € R be given and assume that v(xo+) # 0. Then the candidate mazimal backward
characteristic from the point (T, xq), t — 0y (t), satisfies

77;[0(0) =x0— f'(v(zo+)) T <b. (2.1)

2. Assume that v(a+) # 0. Then the candidate mazimal backward characteristic from the
point (T, ), t — nt(t), satisfies

7 (0) = a— ['(v(at) T > a. (2.2)

3. Assume that v(a+) = 0. Then there exists a sequence {Tp}nen such that x, | a and
for any n € N, the candidate mazimal backward characteristic from the point (T, x,),
t—nt (t), satisfies

nt (0) =an — f(@n+)T > a. (2.3)

4. Assume that at © = T the function v suffers from a jump discontinuity with left and right
states vr, = v(Z) and vp = v(T+), respectively. Then the following conditions on vy, and
vR hold.

(a) f'(vr) > f'(vR);

(b) if v, - vr <0, then let vﬁL be as in (1.7) with v = vr. Then we have

vr & I(vg,vh). (2.4)
Proof. 1. Assume that (2.1) fails, and let y = ¢ (¢) be the maximal generalized backward
characteristic from (T, z¢) Since y = (;f () is a convex polygonal [10, Theorem 2.1], we

have

CHt) > o+ f'(v(zo+))(t = T) = n (1),

with 7 (-) be defined at (1.14c) (candidate backward characteristic). Since u(0,z) =0
for any z > b, in particular we have u(0,z) = 0 for all z > (; (0), so that u(t,z) = 0 for
any « > (f (t) and any ¢ < T. Hence v(zo+) = 0, contrary to the assumption.
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2. Assume by contradiction that (2.2) fails, and, to fix the ideas, assume v(a+) > 0. Let
x1 > « be such that v(z) > 0 for any a < x < 1. Then, there exists ¢ > 0 such that in

the region
{(r2): T—0<7<T, x<a+ f((v(x))(r - T)}

there holds u(7,xz) > 0. Hence u is a solution to a conservation law with convex flux.
Since arguing as before we get u(7,z) = 0 for any z < a+ f'(v(a+)) (7 — T), it turns out
that u(T,-) can not suffer from a jump discontinuity at z = a.

3. Again, we argue by contradiction, and assume that there exist & > « such that
z— f(v(z+)) T <a Va<z<ZT.
Let 1,(+) be defined as at (1.14c). Two cases may occur.
(a) All of the lines 7,(-), @ < z < z, focus at (0,a), i.e.
z— f'l(v(z+) T=a Va<z<z.
In this case the solution u would contain a centered rarefaction wave with 0 left

state, leading to a contradiction.

(b) If some of the lines n,(:), a < x < z, do not focus at (0,a), we may assume that
z— f'(v(z+)) T <a Va<a <z

holds. But then, arguing as above, we can deduce that v(y) = 0 in a right neigh-
bourhood of z = a, contrary to definition (1.13).

4. The proof of such properties of admissible jump discontinuities for a weak entropy solution
to (1.1a) is classical (e.g., see [11, Chapter 8]).
O

As we limit our attention to the case in which the flux function f in (1.1a) has exactly
one inflection point we know that no rarefaction wave can be produced at positive time by
the interaction of two or more wave-fronts. Therefore, any candidate target profile v whose
candidate backward characteristics focus at a single point of RT™ x R is not attainable. This
fact motivate the following Proposition.

Proposition 2.1. Assume that v is an attainable profile, continuous in an interval I, with
D, f'(v(z)) =c>0' for anyx € I. Then ¢ <1/T.

Proof. If D, f'(v(x)) = ¢ for all x € I then the lines 7,, defined as in (1.14c) for = € I, take
the form
Ne(7) =z +clx+a)(r—1T),

where a is a constant, and intersect at 7 =T — 1/¢, y = —a. Since in any solution to (1.1a) no
new rarefaction are created at positive times, 7 < 0 must hold. ]

"Here D, f'(v(z)) denotes the derivative of the function x — f’(v(z)).
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Now let u be a bounded weak entropy solution to (1.1a) suffering from a discontinuity
along a time-like curve = = ¢(t), for ¢t € [to, 1], with right state state ur(t) (see (1.6)). The
(candidate) maximal backward characteristic curve from the point (¢, ¢(t)) is given by the
equation

&(1) = o(t) + f'(ur(t)) (T - 1). (2.5)
We stress that all through the paper, for the reader convenience, backward characteristics
originated at time 7" are denoted by the greek letter 1, while backward characteristics originated
at earlier times, steaming from a curve of discontinuity in the solution u, are denoted by the
greek letter £. It is possible, of course, that some of the candidate backward characteristics
&, t € [to, t1], cross each other. This is at the origin of the nesting phenomenon evoked in the
Introduction. However, the next Proposition shows that the lines & do not intersect in the
region between ¢ and & .

Proposition 2.2. Assume that u is a bounded measurable weak entropy solution to (1.1a)
suffering from a left contact discontinuity x = @(t), t € [to,t1], with right state ug(t). Let
& () be as at (2.5), and assume that & (1) < &, (1) for any T €]0,t] and t € [to,t1]. Then the
function

t > &(0) = o(t) — f'(ur(t))t

18 INCreasing.

Proof. If t — &(0) is not increasing, then lines (2.5) cross each other in the time interval ]0,T].
Hence, the solution u has a (left contact) discontinuity x = v (¢) such that

p(1) <P(1) <&u(7),

Since the discontinuity at = = 1(t) can not be canceled [10, Theorem 2.3], and since it cannot
intersect the line x = &, (1) due to the structure of minimal and maximal backward character-
istics [10, Theorems 2.1 and 2.2], it turns out that x = 1(¢) interacts with p(t) at a time ¢ < ¢;.
This can not occur, otherwise ¢(t) would not be a left contact discontinuity for ¢ > ¢. O

Lemma 2.4 from [10] states that any left contact discontinuity associated to a BV solution
u of (1.1a) propagates along a strictly convex curve. This fact translates into a geometric
condition on the lines 7,: If v is admissible and the candidate backward characteristic lines 7,
do not reach ¢ = 0 without crossing each other, then their tangent envelope must necessarily be
a strictly convex curve. The following Proposition puts forward conditions on v which ensure
that this desirable geometry is realized.

Proposition 2.3. Let I C R be an interval, and v € C°(I) be bounded. Assume that the
function T > xz — f'(v(x)) is differentiable with D, f'(v(z)) > 0 and DT (D, f'(v(x))) > 0 for
all x € I. Then, the tangent envelope of the lines t — n,(t) defined at (1.14c) for x € I is a
strictly conver C* curve x = (7), defined in a suitable interval [to,t1] C] — 0o, T]. Moreover,
if Dy f'(v(x)) > 1/T for all = € I then the interval [to,t1] is contained in [0,T].

Proof. Observe that, if ¢ exists, then for any 7 € [to,t1] there exists z(7) € I such that

p(r) = (1) + f'(v(@())(r =T)  and  ¢(7) = f'(v(z())).
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Moreover, since we want ¢ to be strictly convex, the function 7 — z(7) has to be strictly
increasing, and has a strictly increasing inverse, say I > x — t(z). Let us compute t(x) in
order to express ¢ in terms of the x-variable. For any z1, o € I the time at which the lines
Nz, and 7, intersect is given by

Tro9 — X1
fr(v(x2)) = f'(v(x1))

where we have used that D, f'(v(z)) > 0 for all z € I. Tt follows that

t(xl,xg) = T —

<T,

1

t(wl) = mli_r)r} t(ml, 1‘2) =T — m . (2.6)
Hence )
p(t(@) =z + f'(v(2)) () - T) =2 /(@) (2.7)

 Duf'(v(x))
By construction, being DV(D,. f/(v(z))) > 0 for all z € I, t(x) turns out to be strictly increasing.
Moreover, as 7 — x(7) is the inverse of x — t(x) equation (2.6) implies that for a.e. ¢

¢'(r) = 2'(7) + Do f' (v(2(7))) 2 (T)(r = T) + f' (v(x(7)))
=a/(7) [1 + Dxf/(?)(.%'(T) )(T — T)] + f/(v(x(T))) = f'(v(x(T))) .

Now one can easily conclude that the map ¢ at (2.7) fulfills the desired properties. U

Remark 2.1. Observe that, having in mind an admissible profile v, Proposition 2.3 and equa-
tion (2.6) imply that, if v suffers from a left contact discontinuity at x = & then

1
D, f'(v(z)) = W) =T — 400 asx — T .
This behaviour is forecast by the general theory on non-convex conservation law, see [10,
Theorem 3.1].

Assume that an attainable profile v suffers form a jump discontinuity at point x = &
between the states v(z) and v(21) = (v(z))*, and satisfies the hypothesis of Proposition 2.3 in
a left neighbourhood I of Z. In this framework we can define a curve 7 — ¢(7) and conclude
that any solution u of (1.1a) attaining the profile v at time T needs to suffer from a left
contact discontinuity along the curve ¢. It is easy and extremely important to notice that
the values of u on the two sides of ¢ are completely determined as u(7, (7)) = v(x(7)) and
u(t, o(7)%) = (v(x(7)))*, the latter being defined as at (1.7) with v = v(z(7)). Using the inverse
function z + ¢(x) introduced in the proof of Proposition 2.3 and writing v*(z) for (v(x))!, we
can adapt the expression (2.5) to describe the candidate maximal backward characteristic from
(r,2(1)) = (t(x),(t(x))) in terms of the profile v only, see figure 1,

Ei) (1) = @(t(2)) + [ (vH(2)) (1 — t(2)) - (2.8)

For future reference, we notice here that equations (2.6) and (2.7) imply
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(
N f'(v8(2)) = f'(v(2))

—f ’U’:i X .
Dy T

T

The proof of the following proposition is omitted, since it follows easily from Propositions 2.2
and 2.3.

Proposition 2.4. Assume that v is a measurable, left continuous, bounded attainable profile,
with finite total variation. Assume that v suffers from a left contact discontinuity at x = T with
right state vg. Assume that there exists an open interval I C| — 0o, Z] such that

1. supl = z;
2. veCoI);

3. the function I 3 x — f'(v(z)) is differentiable and D, f'(v(z)), DT (D, f'(v(z))) > 0 for
any x € 1.

Moreover, let 7 (-) be defined as at (1.14b) with & = &, &y, (-) be defined as at (2.8), and let
& =sup {z € I : &)(0) < 0z (0)}

(2.10)
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(see figure 1). Then, the function x v &;)(0) is increasing in I1\|%, Z|.

Remark 2.2. In the framework of Proposition 2.4, some properties of the attainable profile v
in the interval = €)%, z] will be discussed in Section 5. We point out that Proposition 2.4 states
that, if a second left contact appears at the left of z = ¢(¢), then it is necessary located at the
left of x = ni (t).

3 Sufficient conditions for attainability

We start by formulating the main result of this paper, which provides a partial description of
the set Up. The meaning of the most technical hypotheses is explained in the three Remarks
following the statement.

Theorem 2. Let v € BV(R) be a left continuous function with a nowhere dense set of points of
gump discontinuities. Let [, Bo] be the support of v and let a be defined as at (1.13). Assume
that the following conditions hold.

1. v fulfills conditions 1-4 of Theorem 1.

2. We consider the partition of [, Bo| into mazimal subintervals in which v is continuous.
For any of these mazimal subintervals, say I, the following conditions are fullfilled. Define

J={z€el:D,f'(v(z))>1/T}. (3.1)
Assume that either J is an empty set, or that the following conditions hold

(a) J is a subinterval of I and sup J = sup I = T is a point of jump of v. We let vy, and
vr be the left and right states of v at T, respectively.

(b) vr, =v(x) is different from zero.

(c) Let vi(z) be (v(z))* as it is defined by the formula (1.7). We have

DY (D f'(v(x))) >0 Ve e, (3.2)
"(vi(x)) = f'(v(z
Dt |z + /' 1(7;])“(@(2)()( ) —f(W@)T| >0 Vael. (3.3)

(d) Let (v} 2)F be as vf in (1.7) with v = vL If vg € I(vr, (UL) ), there holds

2 0 [T - D;fivm)]

Then, v is an attainable profile, and hence there exists u. € L*°(a,b) such that the weak entropy
solution uw = u(t,z) to (1.1a)-(1.1b) satisfies u(T,-) = v.

(vh —or)[f'(v) — f'(v

/(i)
f(vr) — f(vr) — (vr —vr)f’

<T. (3.4)
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Remark 3.1. If J is empty all the candidate backward characteristics 7, for € I are classical
characteristics and reach ¢ = 0 without crossing each other. The backward reconstruction of
v in this case is known, as it only contains genuine shocks and rarefaction waves, see also
Proposition 2.1. When J is not empty the backward reconstruction of v contains a left contact
discontinuity.

Conditions 2a and 2b are actually necessary conditions. In particular, 2b is related to a
property stated by Dafermos in [10, Theorem 2.2]. Indeed, if vz, = 0, the minimal backward
characteristic from (¢,Z) is the straight line x = Z and no crossing of characteristics occurs.
This is in contradiction with the hypothesis that J is not empty.

Remark 3.2. Condition 2c¢ tells us that the family of candidate backward characteristics
generated from the points (T, x), for x € J, admits a convex tangent envelope 7 — (1) and
that the candidate maximal backward characteristics &(,) defined as at (2.8) do not cross at
positive times. Indeed, condition (3.3) means that the function z — &,)(0), see (2.9), is
increasing for all x € J. In other words this condition excludes the occurrence of nesting
phenomena. We postpone to Section 5 the analysis of some situations in which nesting takes
place.

Remark 3.3. In the setting of condition 2d, namely if vy € I(vy, (vﬁL)ﬁ), the discontinuity at
x = T in the target profile v is not a left contact but a shock. However, given the structure of
the candidate backward characteristics (J is non empty), we expect that in any solution u of
(1.1a) attaining v at time T" such a shock origins from an interaction at 7 < T involving a left
contact discontinuity. Therefore we stress that D, f'(v(Z)) is finite, as we are not in the same
setting as Remark 2.1, and being D, f/(v(Z)) > 1/T, condition (3.4) implies

(v, —or) [/"(or) = F'0R)]
fvr) = f(vr) — (v —wp) f'(vr) =

The precise form of inequality (3.4) comes from the construction in the proof of Lemma 3.3
below.

3.1 The building blocks of our construction

This section is devoted to the detailed analysis of three basic cases in which the existence of
a control function u. can be easily proved. These cases are used as building blocks in the
proof of Theorem 2. Indeed, under the assumptions of Theorem 2 the nesting effect can not be
observed, see Remark 3.2. Therefore, it is possible to split the support of v into subintervals I},
show the existence of controls u¥ which allow to attain the truncated functions U and finally

“glue” together the functions ulg to obtain a control u. such that the weak entropy solution
u = u(t,z) to (1.1a)-(1.1b) satisfies u(T,-) = v. This argument works because the domain of
dependence of u(T),-) on each interval Iy, in absence of nesting, is delimited by the maximal
backward generalized characteristics from t =T, x =inf [, and t =T, z = sup I.

For the reader’s convenience, we fix here the notation and the setting which will be used
all through this section. Roughly speaking, we isolate one of the intervals Ij.
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(V) Let v € BV(R) satisfy all the hypothesis of Theorem 2 together with the following stronger
assumptions. Let v be left continuous, compactly supported on Jag, fy| and suffering of
a single jump discontinuity at the point z = Z, connecting the values v(Z) = vy, and
vg. For definiteness we assume that vy, < 0 (the case vy, > 0 is symmetric) and that
v(z) = vg for all x in |z, By[>. We assume, as prescribed by condition 1 of Theorem 2,
that the jump (vr,vg) is admissible in the sense of condition 4 of Theorem 1. Using the
same notation as in Theorem 2 we set [ =]ag,Z[ and J ={z €I : D, f'(v(z)) > 1/T}.
If J is not empty, we define & = inf J, while sup J has to be Z according to condition 2a
of Theorem 2.

We recall that the (candidate) backward characteristic lines 77, n; and 7, have been introduced
at (1.14). Whenever J is non empty, condition (3.2) ensures that the tangent envelope of the
lines 7 +— 0, (7), for z € J, is a convex curve x = (1), defined for 7 € [tg,t;] with ¢; = ¢(Z)
(see (2.6)) given by

tr=sup{t < T :n,(t) =nz(t), z € J,z <&}

N ©— T o 1 (3.5)
) afiz {T fr(v(z)) — f’(vL)} ! Dy f'(v(z))
and g given b
' ’ to = max{0,t s.t. ¢'(t) = f'(v(2))}. (3.6)

The presentation articulates into three lemmas, focusing respectively on
Case 1: The profile v suffers from a shock discontinuity at * = Z and the candidate backward
characteristics 7, for « € I do not cross in the time interval ]0, 7).

Case 2: The set J is not empty, therefore the candidate backward characteristics 7, for z € J

cross in positive time. The state vy does not belong to the open interval with extrema vﬁL

and (vﬁL)ﬁ. This means that the profile v suffers either from a left contact discontinuity
at x = T, i.e. vg = (vL)ﬁ, or the discontinuity of v at Z can be solved backward as an
interaction occurring at time 7 = T and involving a left contact discontinuity.

Case 3: The set J is not empty but the state vg lies in between vy, and (vﬁL)ﬁ. Therefore, on the
one hand the jump of v at T can only be interpreted as a shock, on the other hand the
crossing of backward characteristics force the presence of a left contact discontinuity in
any entropy weak solution u such that u(7") = v. This construction is the most intricate.

We stress that in Cases 1, 2 and 3 we can explicitly construct a control function wu..

Lemma 3.1 (Case 1). Assume that v is as in (V) and that J is empty. Then one can explicitly

provide an initial condition uy € L™ (ng (0), P (O)) , and a weak entropy solution u (see (3.8)
below) to

ou+ 0y f(u) =0,

{t =S (%) 0<t<T, nfy(t) < < (1) (37)

uw(0,2) = uy (z),

2 Please notice that the constructions we perform are essentially the same under the (slightly) weaker hy-
pothesis that the set Jo>z = {z €]%, Bo[: Daf'(v(x)) > 1/T} is empty.
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such that u(T,x) = v(z) a.e. in ]ag, Pol.

Proof. In this case we can explicitly construct a backward solution u, hence a control uq, in
the following classical way. The shock wave joining the states vy, and vg propagates along the
line
s(t)=z+o(vp,vp)(T=T),
where Flvm) = F(vr)
VR) — v,
o(vp,vR) = ——— "
VR — VUJ,

is the Rankine-Hugoniot speed of the jump (vg,vg). Then

v(x) if i (1) <y=mn.(1) <z (1), 7 €)0,T]
u(r,y) =< v, it nz(r) <y <s(1), (3.8)
VR if s(r) <y <mg (1),

that is obtained just following up to t = 0 the backward characteristics. Please notice that in
this case the backward reconstruction is far from being unique. O

Now we turn our attention to the most interesting case J # §).

Lemma 3.2 (Case 2). Assume that v is as in (V), J is not empty and vr does not belong to

the open interval of extrema vﬁL and (vﬁL)ﬁ. Then one can explicitly provide an initial condition

up € L™ <77;[0 (0),n5, (O)) , and a weak entropy solution u (see (3.9)-(3.10c¢) below) to

O+ O f(u) =0,
{t F) 0<t<T, ni,(t) <z <mg(t),

u(0,2) = uz(x),

such that u(T,z) = v(x) a.e. in Jag, Pol.

Proof. As we assume that vy < 0, either 0 < vﬁL < vp or vp < (vtiL)ti < 0. Ifvp = vﬁL the

discontinuity of v at x = Z is a left contact discontinuity. If vgp = (vﬁL)ﬁ the discontinuity of v

at x = T can be solved backward as an interaction occurring at time 1" between the left contact
discontinuities from vy, to vﬁL and from vﬁL to (vﬁL)ﬁ. In all other cases the discontinuity of v at
x = Z can be solved backward as an interaction occurring at time 7" between the left contact
discontinuity from vy, to vﬁL and a shock joining vﬁL to vg, see figure 2.
Once we fixed the structure of a backward resolution of the discontinuity, the construction
of a control becomes routine. Indeed, assumption (3.3) ensures that nesting does not occur,
therefore the backward reconstruction of the solution can be done up to ¢t = 0 without the
appearance of unexpected waves.

In order to keep our presentation as light as possible, we limit the discussion to the case

VR ¢ {vﬁL, (vﬁL)ﬁ}, as the two other cases can be easily to inferred from this one.

Call s the line along which the shock joining vﬁL to vp propagates in the backward solution

s(7) = &+ o(vh,vR)(r = T),
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where a(vﬁL,vR) is the Rankine-Hugoniot speed of the jump (vﬁL,vR). We fix the values of ¢

and ¢; as in (3.6) and(3.5). A backward solution to (1.1a) with datum u(7', z) = v(x) takes the
form

v(x) if (T, =m(7)) €,
@)t i (1Y =& (1) € Qe
wmy) vﬁL it (1,y) € Qs, (39)
VR if y 6]5(7—)7 775_0 [7 T 6]07 T['
where the regions §2;, for i = 1, 2, 3, are defined as follows.
0 ={(ry) ]tl,T[X]nio (7),mz ()]} U{(7,y) €lto, ta]x]na, (1), (7)1} (3.10a)
U {(1,y) €0, to[x]ng, (1), na(7)]}
={(m,y) ]toﬂfl[ Jo(r) ", & (1)} U{(7,) €]0, to] x]na (1), &, (T)]} (3.10D)
Q3 —{( y) €ltr, T[x]nz (1), s()]} U{(7,y) €]0,t1]x]&, (7),5(7)]} - (3.10¢)
Then wuo can be constructed just following backwardly the backward characteristics up to t = 0.
O
T - y=n;z(7)
=T

Yy = 5(7') =T+ U(?)E,’UR)(T - T)

R AN /

Y= gtl (T)

e T e ERRREEED

y= gt(:r) (T>
Figure 2: The function u at (3.9)

Lemma 3.3 (Case 3). Assume that v is as in (V), J is not empty and vy € I(vg, (v%)ﬁ) Then

there exists an initial condition uz € L™ (77;'0 (0),7750 (0)) , such that the weak entropy solution

u to

0<tST, 0oy (t) <z < (t), (3.11)

{@u +0pf(u) =0
u(0,2) = us(z),
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satisfies u(T, z) = v(x) a.e. in |ag, Bol.

Remark 3.4. Regarding Lemma 3.3, we provide at the end of the proof an explicit formulation
of the initial datum wus and of the solution u to (3.11) attaining v at time 7.

Proof. Our first step in this proof is to find a wave pattern which is compatible with the
information we have on the profile v. Here the jump of v at Z can only be interpreted as a
shock, and, since J # (), we can argue the presence of a left contact discontinuity ¢ in any
entropy weak solution u such that w(7") = v. It is well known, see [10, Theorem 2.3], that once
a left contact discontinuity appears in a weak entropy solution of (1.1a), it can not disappear
but can interact with other waves. Therefore we conclude that the shock jump in v at x = Z
corresponds to a shock wave s; in u originated from the interaction between ¢ and another
discontinuity sg. The idea, roughly speaking, is the following. First, we use the values of v for
x < Z to perform a partial backward reconstruction of the left contact discontinuity ¢ and, in
particular, find the time ¢; at which the candidate minimal backward characteristic from (7', Z)
is tangent to ¢, see equation (3.5). Second, we trace the maximal backward characteristic
&, from (t1,p(t1)) and we call zo the point &, (0). We also trace the maximal backward
characteristic 15 from (T,Z) and we call (t*,z*) the intersection between &, and n;

n(t") =ni (t) ==~ (3.12)

The condition t* < 0 turns out to be necessary for the attainability of v (see below).

Finally, we construct a one parameter family of initial conditions (wg)ye[t*,o] such that
1. the function ~ +— wg is continuous;

2. all corresponding forward solutions w. to (1.1a) have the desired wave pattern (incoming
¢ and 8¢, interaction, outgoing s3);

3. there exists a value v* € [t*, 0] such that the solution w.~ associated to wg* attains exactly
the profile v at time T'.

The rigorous presentation of the proof divides into several steps.

Step 1: Partial backward reconstruction. We consider the case (v%)ti < wgp <wvg <0.

With exactly the same notation as in the proof of Lemma 3.2 we use the method of character-
istics to reconstruct the solution backward in the regions ; and €3, see (3.10a), (3.10c). We
call

z1 =0z () =2+ f(vr)(ti = T), (3.13)

z9 = &, (0) = 21 — f/(v5)ty . (3.14)
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Step 2: The Riemann problem with data (v%, vgr). In this step we introduce some no-
i

tations and describe the self similar solution to a Riemann problem with data (v} ,vr) centered
at (t =tz =naq)

u + f(u)y =0 fort > t, and z € R,

! ifz<a 3.15
- {th e<e o0
UR ifx > a.
Observe that our assumptions on f and the choice vy, < 0 imply 0 < UE < vﬁL. Therefore,

i

the solution to the problem (3.15) consists of a centered rarefaction wave with left state v
and right state v'}z, followed by a left contact discontinuity joining v% to vg, T — 5o(7). More
precisely, we have

so(m) = a+ f'(vp)(r — )

_ b T>1, 3.16
—a+ f(UR) fb(UR) (7_ _ t) - ( )
VR — VUp
f

We call © = t(7,y) the rarefaction fan outcoming from (t,a) with left and right state v; and

UE, respectively. It is described as the unique solution to

Fery) =L2==2 w(ry) >0,

and v’ < t(1,y) < vﬁL.

Observe that in order to lighten the notation, the dependence of v and sy on t, a is somehow
hidden, nevertheless it is absolutely essential to keep it in mind throughout the proof.

Step 3: A one parameter family of initial conditions. Let v € [t*,0] be fixed and set
t=1, a=¢&,(y). We define the initial condition w? as follows

5
v(z) if y=n.(0) €ng,(0),m:(0)],
w0 () — (@) if Y =& (0) €]nz(0), 2]
2(9) t(0,y) if  y €]xa,50(0)] (3:17)
VR if  y > s0(0).

Observe that the value of wg(y) for y < x4y is fixed by following the backward characteristics
from the assigned profile v for all v € [t*,0]. As a consequence, the solution of the Cauchy
problem (1.1a)-(3.17), w., coincides with the backward reconstruction in regions §2; and 3.

For y > x9, wg
states (vﬁL,vR) centered at (7v,&;,(7)). The solution w, can be constructed by the method of
characteristics until at time 7 = ¢; the rarefaction fan v reaches the contact discontinuity ¢

(which we obtained by backward reconstruction).

coincides with the self similar solution of the Riemann problem between the
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Step 4: Forward construction of w, for 7 > t;. For 7 > ¢; the contact discontinuity ¢
interacts with the rarefaction fan t. The result of this interaction is a contact discontinuity with
left state ©(7,s1(7)) and right state t(7,s1(7)), traveling along the curve 7 — s, (7), defined as
the unique solution of the Cauchy problem

{5’1 = f'(¥(7,51))

T Z tl . (318)
si1(t1) =1,

Observe that, thanks to (1.10), we have

f(¥(1,51(7) = f(e(r,51(7))) .

(7,51(7)) — v(7,51(7))

5i(7) =

Geometrical considerations show that the curve s; approaches sy until v attains the value v%.

Call t3 the time at which the interaction takes place, i.e. §1(t3) = so(t3). Let

23 = 51(t3) = so(ts) = &, () + f'(VR)ts (3.19)
and observe that, by construction,

n; (1) < s1(7) <so(1) Vi <71 <t3.

For future reference, we call €24 the region in the t-x plane delimited by &, so and 51

Q={(r,y) eR? : 7 €]y, 1], &, (1) <y < sp(7) } U
U {(T,y) eR?: 71 €lt1,ts], 51(1) <y < 50(7')} . (3.20)
The interaction between sy and s1, taking place at (t3,z3), generates a single outgoing shock
discontinuity traveling along the curve 7 — s3(7). We use again the method of characteristics

to precise the definition of s3. For any (7,y) such that 7 € [t1,¢3], nz (7) <y <s1(7) or 7 > t3
and 15 (1) <y < x5+ f/(V%)(T — t3), let s = s(7,y) € [t1,t3] be such that

y = s1(s) +81(s)(T — 5),
and define
q(Ta y) = tb (S(T’ y),ﬁl (S(T’ y))) :

In such a way q = q(7,y) is a Lipschitz continuous solution to (1.1a) within its domain of
definition. Then, we let 7 — s3(7) be the solution to the Cauchy problem

f(ur) — f(a(7,53(7)))

vr —q(7,83(7)) (3.21)
s3(l3) = 23,

55(7) =

so that y = s3(7) is a shock curve joining the left state q(7,s3(7)) to the right state vg.
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The solution to (3.21) is defined starting from 7 = ¢3 and until the point (7,s3(7)) reaches
the line 7z . This happens in finite time since the slope of n; is larger that s5(7) for all 7 > ¢3.
We call ¢ the time at which the crossing takes place. This allows for the following definition

Qs = {(T,y) cER?: 7 €lti,ts], nz (1) <y < 51(7')} U
U{(r,y) eR? : T €lts,t], m; (1) <y <s3(r)} . (3.22)

The solution of the Cauchy problem (1.1a), (3.17), w,, is the piecewise Lipschitz continuous
function defined as follows for 7 €]0, ], see figure 3 for the case v = 0,

AT

H-\}ﬂ

t1 -

Figure 3: The case (vﬁL)ﬁ <wp<wvr <0

U(CC) if (Tay = "7:1:(7—)) €,
@)t i (Y =& (1) €D,
o (rg) = t(7,y) if  (1,y) €Uy 5.23)
TP ey i () e 9 '
vf if y€lso(r),mg, (1) and 7 < 13
or y €ls3(1),ng, (1) and 7 €]t3,1].

The Lemma is proved if we can show that there exists a value of v for which ¢ is exactly equal
to T. Observe that, as the hypotheses of the Lemma exclude the occurrence of nesting, we
are not allowed to consider initial conditions suffering from a jump discontinuity at a point
y €]nz(0), z2[. Therefore, when we consider v = 0 we obtain the solution of (1.1a) with the
desired wave pattern (incoming ¢ and sg, interaction, outgoing s3) in which the curves s3 and
1z earlier than for any larger value of ~.
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Remark 3.5. We remark that a necessary condition toward the attainability of the profile v
is t* <0, ie.

o <nf(0) =2 — f'(vg)T. (3.24)

Indeed, assume (3.24) does not hold (see figure 4). Since f’(v%) > f'(vg), we get
w3 > 7+ f'(vr)(ts = T). (3.25)

Notice that s5(7) > f/(vg) for any 7 due to the admissibility conditions for shock discontinuities,
and that vg is the right state of s3. Due to (3.25) we have s3(7") > z. Hence, s3 and n; do not
interact in the time interval [t3, T], contrary to the fact that ¢ <T. A similar argument shows
that if v = t* then for sure t > T.

The next step in this proof shows that if our original target profile satisfies the hypothe-
sis (3.4) of Theorem 2 then in wy—, s3(t) = 1z(t) at time t < T

AT
- y =s3(7)
T * N
t3—t--—-—--->- y =s1(7)
- wro(m.y) = v
z =1z (1)
/ y = s0(7)
i
y = (1)
Yy = ftl (7—)

T2

Figure 4: The Remark 3.5

Step 5: Under assumption (3.4), in wy—o there holds t < T. Now we use conservation
in the region 5, defined at (3.22), in order to determine t. We have

/ Opu + Op f (u) dedt =0,
Qs
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so that, by the divergence theorem

0= [ =attsal0)sh(0) + f (alt,a0) (3.264)
+/t3—q(t,51( sy () + f(a(t.s1(t))) dt (3.26b)
+ / a(t. 5 (0)(m3)'(8) — F(alt.nz (1)) dt (3.26¢)

Let us compute the three integrals in (3.26). Regarding (3.26a), since Rankine-Hugoniot con-
ditions hold along = = s3(t), we get

—q(t,s3(t))s5(t) + f(a(t,s3(t))) = —vrs5(t) + f(vr) Vg <t <%,
and hence
/t —q(t,s3(t))s5(t) + f(a(t,s3(t))) dt = —vp(s3(t) — x3) + f(vr)(f —t3) =

= —vr(Z — x3) + vpf (v)T — f(vr)ts + [f(vR) — vrf'(vL)]T.

Now we compute (3.26b). Since Rankine-Hugoniot conditions hold along s1, we get

—q(t,51(t)s1(t) + f(a(t,51(1)) = —v(t, s1(8)+)s1(t) + f(e(t,s1(0)+) Vit €]tr ts].

Using again conservation in the region €y, see (3.20) we get

/t "t 51 (0)8 (1) + F(a(t s (1)) dt = / " (s (6)4)5) (1) + f(e(t 51 (8)4) dt =

= [ —eltsoO)sh(0) + S (ctso() de+ [, (016 () — T (e, 0)4) e,
and being
| =wttsoltnshle) + £ (ltsso®)) dt = [ —vhsi(®) + o) de
il Y
= [~ Vhf (W) + F(vR)] (ts — )
/ Ce(t, €], ()€ (1) — F (€L (8)4) di = / kel (1) - f(oh) dt
Y Y
= [0 F' (k) — F)] (11— ),
and using Rankine-Hugoniot conditions along sy, we obtain
/t?’—q@,m( Vs (t) + f(a(t, 51(£))) d =
= [~ wrS (W) + For)] (ts — 7) + [V} F' () — F(ob)] (1 — ).
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Regarding (3.26¢), observe that q(t,n; (t)) = v, so that we obtain
t

/ a(t, 5 () (1) (t) — £ a(t, 05 () de = / on(ny (1) — flor) dt

t1 t1

= [vpf'(ve) = Fon)](F —t).

From (3.26), and observing that by construction of xy, &, () and z3

T3 — T = wf'(vﬁL) — ()T + f'(W)ts + [f'(vr) — f’(UﬁL)]tl g

we obtain

[f(vr) = flvr) = (vr —v) f'(vr) ]+
+ [f(on) = F@}) + vr(F (vr) = F/(v])) + v} F/(v]) — vif'(vr)]ta+
+ [orf'(W]) + vrf (W) — of F/(0)) + F(Wh) = f(ur)]y=0. (3.27)
Since
f(wr) = f(vr) — (vr —vr) f'(vr) # 0,
due to the fact that (vﬁL)ti <R < vr, and being

flor) — foh) = f/(or) (g, — 0%,

Wwe recover

(e[ ) = @)
"= Fn) — Fon) - o — o) )
wrf'(0]) + vrf (W) — v F(0]) + f@]) = f(vr)
f(vr) — f(vr) — (vr —vr) f'(vL)
#

Using the expression of ¢; at (3.5) and due to (3.4), we get £ < T if vy = 0. Asvg < 0 < v} < v
the assumption (F).b ensures that the coefficient in front of v is negative. Then it is possible
to find v = v* € [t*,0] in order to get ¢ = T. It follows that uz = wg with v = +* in (3.17),
and u = w, with v = +* in (3.23) are, respectively, the explicit formulation of an initial datum
us and a solution u to (3.11) attaining v at time 7. O

(3.28)

3.2 Proof of Theorem 2

Assume that v satisfies to all conditions in the statement of Theorem 2. We consider the
partition of [, fp] into maximal subintervals in which v is continuous, namely [ag, o] =
Un>11nl, I =]xn, xnt1]. Define J, = {z € I, : D,f'(v(z)) > 1/T}. Consider now the
function

(x;"z_) if ag <z <y,

(z) ifrel, (3.29)

v(x:;_H) if 11 <2z < Py,

v
v
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and observe that v, satisfies the hypothesis of one of the three Lemmas 3.1, 3.2 or 3.3. Therefore,
there exist a control u}* which we can use as initial condition in (1.1) to attain the profile v, at
time 7. Under the hypothesis of Theorem 2, in particular, in absence of nesting structure, we

are sure that the control function w; is constant outside the interval Y, = [n, +(0),n, + 1(0)[.
n n+
Therefore, the function
N
ue(y) = > ul(y)ly, (y), (3.30)
n=0
can be used as initial condition in (1.1) to attain the profile v at time 7. O

4 Application to Kynch’s sedimentation model

In this section we give an explicit example on the application of Lemma 3.3 to a real life
problem. We consider the classical model for sedimentation proposed by Kynch in [17], see
also [0] for an introduction to the model from an historical point of view and a short account
of the related literature.

The model describes the sedimentation of the solid part of a suspension in a cylindrical batch
of height L. The unknown function in the equation is the local solid fraction of the suspension,
u, which varies between 0 and a maximal value uyay. For technical reasons (presence of a
suitable mixing device) the only relevant space dimension in the problem is the height above the
bottom of the batch, x € [0, L]. The Ansatz used by Kynch is that the velocity of sedimentation,
V', at any level & depends on the value of the local solid fraction w, so that the flux function
is given by f(u) = V(u)u. If we write ¢ for the time variable, the model takes the form of a
scalar conservation law in one space dimension

Ou+ 0y (V(w)u) =0. (4.1)

Given the parametrization of the batch it is natural to impose that f is negative for u € [0, Upax]
and attains zero for u = 0 and u = umax. One can find many different constitutive equations
for V in the existing literature. In this example, to allow for explicit computations, we take
Umax = 1 and we consider V (u) = —(1—u)?, which leads to the flux function f(u) = —u(1—u)?,
so that (4.1) becomes

Ou — 9 (u(l —u)*) = 0. (4.2)

Such flux function suffers from an inflection point at v = 2/3, but it does not satisfy the
conditions we fixed in (F).b in order to simplify our presentation. Nevertheless all the results
in the previous sections apply to this case. In analogy with the notation introduced in (1.7)-
(1.9), for any v we have

v =21 —-v), ()F=22v-1), o =1- (4.3)

Since the volume fraction of solid w varies in the interval [0, 1], we need v € [1/2,3/4] in order
to have v# and (v*)* in the same interval [0, 1].
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Fix T = 2, and consider the final profile

1/2 if x<1/2,
AT —\/4+3J15— 28z . 59
Ug(x): 6ﬁ if 1/2<1’§m, (44)
224 — 13v/154 . 59
—_— lf xr > —.
84 112

We illustrate how the backward reconstruction exploited in the proof of Lemma 3.3, allows to
construct an initial datum wug such that the solution u = w(t,z) to (4.2) with u(0,-) = ug
fulfills u(2, ) = v.

The target profile suffers from a jump discontinuity at & = 59/112. In the following we call

56 — /154 224 —-13v154

v, =v(59/112) = vr = v(59/112+)

84 ’ 336
A straightforward computation, see (4.3), gives us
. 28+ /154 p; 14— V154
=T e T

i

so we can check that vg € [(v})¥,vr]. For future use we also compute

448+ 13V158
e 672
Observe that, being D, f'(v(x)) = (21/15 — 28z)~!, the interval .J at (3.1) is non empty, sup J =
z and infJ = & = 1/2, and t; = 1, see (3.5). The convex envelope of the lines 7, defined
at (1.14c) for x € J =|1/2,59/112] is
1 1

= —1>+ =t t<1=t¢

Moreover, being (vﬁL)ti < wgr < v, and

o | F TR /3 P [ S

flvr) = f(vr) = (vr —vr)f'(vr) 9 ’
the assumption (3.4) is satisfied. Hence, all hypotheses of Lemma 3.3 are fulfilled. Plugging
t =T =2 and t; = 1 in equation (3.28), we easily find the value v = 4* which allows us to

construct the initial condition

o [ f(wr) = f(vr) = (vr = vi)f'(vr) ] .
v (v]) + vrf(v) — vl f/(v]) + F(v]) — f(vr)

(vr —vp) [f'(vr) = F0D)] ] _
f(vr) — f(vr) — (vr —vr)f'(ve)

6823432 + 5667200+/154
391268487

2+

~ —0.197183. (4.5)
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From equations (3.13) and (3.14) we get

29 3
S To = —.
112 16
With the choice (4.5) of v = v* and using (3.16), we get

r1 =

1166007253 — 64768001/154

a=z + f(h)( —1) = 560305792 ~ 0.173415
4734091037 + 32282800+/154
b *
50(0) = a— fl(vp)Y* = 55011183168 ~ 0.205051 .

Hence, from (3.17), we get that an initial datum by means of which we get v9 at time 7' = 2 is
given by
1/2 it <0,

20T+ V4431 — 4z
3V

uo() = 9 9 v +3z—3a

if 0<a<3/16,

sty if 3/16 <z < 50(0),
224 — 13+/154
T if x> 50(0).

5 More complex structures

This section consists of two parts. First, in Section 5.1 we present a simple case of nesting
in a very smooth framework. We state some conditions for attainability and we provide an
explicit example. This presentation is of course far from being exhaustive but it is sufficient to
illustrate the main features of the problem.

In section 5.2 we present some ideas toward the construction of a recursive procedure which
could be used to simplify the problem in more general situations. The recursive procedure
naturally leads to state an open problem in the general theory of scalar conservation laws.

5.1 Two nested contact discontinuities

Let v be an attainable profile suffering from a jump discontinuity at x = Z, connecting the

states vy, = v(z7), and vg = v(z1) = vﬁL. We assume that tracing back the candidate backward
characteristics n,, one finds that there exist x; and x2 such that

e for all x € JL =]z, 7] the lines 7,, graze from the left contact discontinuity 7+ ¢1(7);

e for all x € JE =]z, x5] the lines 7,, graze from the left contact discontinuity 7~ @o(7).

It is well known that once a left contact discontinuity appears in the solution it persists until
it interact with second left contact or with a shock. This means that the admissible profile v
must suffer from a second jump discontinuity, taking place at x = x5. The Proposition below,
whose proof is straightforward in the light of the analysis in the preceding Sections, formalizes
these necessary conditions.
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Proposition 5.1. In the hypothesis above there exists & € R, such that
e 2> and v(Z7) #v(TT);
o (v(Z7),v(ZT)) is an admissible jump in the sense of condition 4 of Theorem 1.

o The set J; ={z <x < Z:D,f'(v(z)) > 1/T}, analogous to the set J defined in (3.1),
is ezactly |z, %] and for all x € Jz there holds D (D, f'(v(z))) > 0.

Regarding the lines 7 — &;(,) (1) defined as in (2.8) as the candidate backward characteristics
from (t(x),¢1(t(z))), two configurations are possible. If they do not cross each other in positive
time, it means that the left contact discontinuities 1 and @9 are essentially disconnected one
from the other. Otherwise, we conclude that the lines &, graze from o and nesting occurs
(see figure 5). This second case is the one we are interested in. Without surprise, we have that

A

T T = 1z, (7)

T = pa(T)

x =& 4(7)

oY

Figure 5: Configuration with two consecutive contact discontinuities

in a configuration like the one at figure 5 not only the jump in Z must be admissible in the
sense of Theorem 1, but there is also a compatibility condition among the values of v in a left
and in a right neighbourhood of z.

Theorem 3. Let v be a piecewise C? attainable profile at time T, suffering from a jump at
x = T with left and right states vy, and vg = vﬁL, respectively. Assume that in a neighbourhood
of (T, ) the configuration described above and illustrated in figure 5 occurs. Then

ey e [Daf @)]* Daf ()
ml—mﬁ Dy f(v(z) = xl—mr D%xf’(v(x))[f’(vL) — f’(vR)} '

(5.1)
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Proof. Let s(Z) €]0,T[ be such that 0 (s(Z)) = 2(s5(z)). Due to (2.6) it turns out that

1
s@) =T- I oy (52)
Now we compute s(z) using the fact that there exists tg < s(&) such that for 7 €]tg, s(z)] the
curve © = po(7) is the convex envelope of the maximal characteristics grazing from z = ¢1(7).
Let I be a suitable left neighbourhood of Z such that x = ¢1(7) is the tangent envelope of the
backward characteristics grazing from (T, x), € I, so that (2.7) holds with ¢ = ;. Hence,
we can write the maximal backward characteristics from ¢ as

&) (T) = 1(t(2) + (0 (2))(7 — t(2)). (5:3)
Such a line intersect 1 at time

. p1(t(x) =7 — (f'(F(@)t(z) — f'(vr)T)
f'(vh(x)) = f'(vR) '

Letting x — T~ we get

S@) =T+ lm D3, '(U(ﬂﬁ))[(f;(vR)—f’(vL)]
v=2~ Dy f'(v(x))] " Do f'(v¥(x))

that together with (5.2) gives (5.1) O

In the spirit of Proposition 2.3 and having in mind the configuration at figure 5, one can
easily formulate conditions on the values of v on JL in order that the tangent envelope of the
the family of lines {5t(m)}eriL at (5.3), turns out to be a convex, Lipschitz continuous curve.
This is the object of the remaining part of this Section. Please notice that the analysis is only
meaningful in an extremely smooth setting.

We add here, for the reader’s convenience, the expression of the derivative of the function
T+ &y(2)(0) at (2.9). We write &, for &) to simplify the notation.

dt, D2, (v(z))
o (Do f(0()

From the basic hypothesis in Proposition 2.4 we deduce that the first term in the expression
above is positive, while the second is negative. This justify the following definitions

(0) = — Do /(¥ (2))(x) - (£ @) - P (i) (5.4)

e Let # be defined as in (2.10). J = [&,Z] contains JZ. We call z the first point of local
maximum of z +— &,(0) inJE¥

g:min{ﬂ:EJ: %(o)zo,fg(o) <0}. (5.5)

This point exists by Rolle’s theorem and the fact that the function x — £, (0) cannot take
values smaller that 1 (0) in the interval J = [#, 7] otherwise given y in the interior of .J
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the line &, would cross &z on the left of ni and this contradicts the necessary condition
for attainability stated in Proposition 2.2. This argument actually proves that z is the
only point of maximum of x +— £;(0) in the interval J. Assume by contradiction that
there exists a second local maximum at y, y > z. Then if, for example, &,(0) > £,(0) we
have that some of the lines &, originated at time t(z) < t(y), cross on the left of £, and
this is not admissible because of Proposition 2.2. If £, (0) < &,(0) the situation is similar.

e If some of the lines &, cross ni at positive time then the function z +— £,(0) has to be
decreasing in a left neighbourhood of Z. Then we call (Z,v) — #(Z,v) the function which
associates to a final profile v and one of its points of jumps Z the latest time at which
the backward characteristic lines &, may cross 13

- | D2,f'(0(z)
z,v) =T+ lim
) = e D P (@) Daf (H())

Proposition 5.2. Assume that T > t(Z,v), that all the hypothesis of Proposition 2./ are
verified and that

(FH@) - F@)).  (5.6)

d*¢, D3, f'(v*(2)) dé,
dxz? 0) - D, f'(vi(z)) dx
with z defined in (5.5) here above. Then the tangent envelope of the lines

&) = pr1(t(@)) + f/(0F (@)t = t(x)),  w€le,7), 0<t<t(a), (5.8)

is a strictly convex O curve x = py(s), defined in a suitable interval [sg,s1] C [0,T).

(0) <0, forzelz, 7], (5.7)

The proof is omitted, as it follows exactly the same lines as the proof of Proposition 2.4.

5.1.1 An example

Consider again the Kynch model for sedimentation (4.2), and let

3
1/2 if z<2
/ if z< 1
1
Lo )2 43 m—Ti if §<ac§§,
6 14 ' 14 4 112
vg() = (5.9)
14 + /10 + 3/169 — 196z . 93 _ 165
T 260
21 112 > "= 196"
2 o 165
2 gos 222
7 196

be a candidate final profile at time 7" = 3 for a solution to (4.2). In order to reconstruct an
initial datum for (4.2) from v3, we trace backwardly the lines {n:},c]3/4,165/106] (see figure 5,
where 7 = 93/112)

17 — /93 — 112 93
x4 - Tt-3) if B/4<e< —,
N (t) = + f'(vs3(2))(t — 3) =
13 — /160 — 1962 .93 165
x + (t—3) if —<ao<—.
19 112 196
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The tangent envelope of 7, for z €]3/4,93/11] can be easily computed by means of (2.6)-(2.7),
and it turns out to be the convex curve

(t) = Ly L, 0<t<3

ATt Ty =ree

Such a curve is a candidate left contact discontinuity in the (candidate) solution u = wu(t,x)
to (4.2) attaining vs at time 7' = 3. The left and right states of x = ¢4 (t), say u1(t) and uq (1),
respectively, must fulfil

and hence we obtain that

ul(t):%<4_ /141—3t>, uﬁ(t):§<2+ 141—43t>

hold. Now, trace backwardly the lines {517t}t6[073} (see figure 5),

E(r) = 1)+ S O)r — 1) =~ + 2 Lor,

that are the candidate backward maximal characteristics from (¢, p1(t)) in the candidate solu-
tion u = u(t,x) that we would like to reconstruct. It turns out that

4) = i 4
£1,3(7/4) Hg;)r/qlﬂnx(?/ )

where 7/4 = s(Z) in figure 5. Hence we can consider the tangent envelope of the family of lines
{ns : x €]93/112,165/196]} U {&14: t € [2,3]}.
With an easy computation we get the convex curve

2
)= (3+3) el

which is another candidate left contact discontinuity in the solution u (see figure 5 again). The
(candidate) forward left characteristics grazing from (¢, ¢o(t)) for ¢ € [0,7/4] are exactly the
(candidate) backward maximal characteristics from (¢, 1 (t)) for t € [2,3] (nesting configura-
tion). Now, observe that

F(v3(165/196+)) — f(v3(165/196)) 11

/
= = = l(2).
v3(165/196+) — v3(165/196) 19~ 22
Hence, we can redefine po(+) as
1 1\?
<?t+§> it tel0,2],
202V m
t if t>2,
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and it turns out to be a (candidate) left contact discontinuity with left and right states

4+2,204-30) L,
21 = ’

el 0 if t>2
? 1 t_,
14-4y2(14-3) 0<i<o
Gi)=q, 2 S
- if t>2,
7

respectively. The lines {£1}e[0,2) do not intersect each other in the time interval [0,2[, and
the same happens for the family of lines

1 1\? s8t—21
<?t+§> (Tt if te02],
Ea4(7) = a(t) + f'(ub(t)) (T — 1) =
ﬁ + Et — ET if t>2
196 49 49 -7

that are the candidate backward maximal characteristics from (¢, ps(t), t € [0,3]. It follows
that we can reconstruct the initial datum wg which is driven to vz by means of (4.2) by using
the method of characteristics, and thus obtain

1/2 if <0,

2V7 + V4 +31—4dx
3V7
14 — 24/16 + 3v/23 — 28z
21
2/7 if x> 23/28.

if 0<a2<1/4,

if 1/4<a<23/28,

5.2 A recursive procedure

In this section we reformulate the problem of the backward reconstruction of a nesting of
contact discontinuities in terms of a recursive procedure. This different point of view leads to
a very natural necessary condition for attainability and makes clear the relation between the
description of attainable states and an open problem for general scalar conservation laws.
The main idea in the recursive procedure is the following. Let v be a candidate admissible
profile suffering from a jump discontinuity at £ = T between the states vy, and vg. Moreover,
assume that backward characteristic from a left neighbourhood J of Z do intersect, and that
their tangent envelope is a convex curve x = ¢1(7), defined in a left neighbourhood of ¢; < T,
with ¢; given by (3.5). Call u; g(t) the state at the right of ¢; at time ¢ and let &+ be the
candidates backward characteristics from (t,¢1(t)), defined as & in (2.5) with ¢ = ¢; and
upg(t) = uy r(t). This implies that using the parametrization (2.8) we have u g(t(z)) = v*(x).
We are interested in the case in which the lines & ; admit a convex tangent envelope
T +— @o(7), along which any possible backward reconstruction of v experiences a contact
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discontinuity. However, in this different approach we do not try to construct (o directly.
The idea is to construct on a left closed neighbourhood of ¢1(t1), Ji, a fictious profile wy at
t = t; in which the discontinuity at ¢ (¢1) does not appear, and then try to iterate the method.
We proceed in the following way (see figure 6).

A

Figure 6: The recursive procedure at Subsection 5.2

1. First step. We define

w1 (& 42 (t1)) = (),
so that

w1 (§1,(t1)) = u1,r(E) -
In such a way, considering w; as a part of a final profile at time ¢ = ¢, the candidate
maximal backward characteristics from (t1,z), = € Ji, do coincide with 4, i.e., if x =
&1,¢(t1), then

z+ flwi (@) (1 —t1) = &(r) V7.

2. Second step. By construction, the tangent envelope of the maximal backward character-
istics from (t1,z), x € J, is exactly & = po(7), and hence t2 can be expressed in terms

of wy as
1

a D:;fl(wl ('I))L)::lpl(tl)

At time to we are now able to construct a candidate final profile wo defined in a left
neighbourhood J5 of (ps(t2) using the same method exploited to construct wq, and hence

th =t

considering the lines

o(7) = @a(t) + f(uz,r(t))(T — 1),
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where ug p(t) is the state at the right of o choose so that, if ¢h(t) = f'(ug,r(t)), then
ug,r(t) = (ug,(t))*. Then ws is defined as

wa(€2¢(t2)) = ua,g(t).

3. Now it is clear how we can proceed. Once we reconstruct the convex curve x = ¢, (1),
that turns out to be a left contact discontinuity with left state wy, 1,(¢) and right state
wp, r(t) = (un 1(t))f, we can define the lines

Ent(T) = pn(t) + [ (un,r(t))(T — 1),
and then w,, as
wn(gn,t(tn)) = un,R(t) .

If the lines &, + do intersect in ]0,T7], then their tangent envelope is a convex curve z =
©n+1(T) starting at time

B 1
Dz f'(wn(2))|

tnt1 =1n
T=Pn (tn)

Since in a solution u to (1.1a) the maximal backward characteristic starting from a point (7', z)
with u(T,z+) # 0 is a polygonal line with a finite number of nodes [10, Theorem 2.1], see
Figure 7, we can hope to obtain a control u. in (1.1b) only if there exists N € N such that

N
ty <0 and gpl(tl) + Z (gDiJrl(tl'Jrl) — gpi(ti)) <b. (5.10)
=1

Using the expression for t;, such conditions can be rewritten as

+ T 5.11
:Bfl 2_7 Z D f wn ))|£B=lpn(tn) ~ ( )
and N
_ [ (v(z f/ wn (on(tn)— ))
+ —— b. 5.12
. Dy f' Z_: Dy f(wy(x ))‘m:%(tn) - ( )

Notice that the recursive procedure above does not allow for a complete treatment of the
problem. This is related to the fact that, even at the first iteration of the procedure, we are
not able to define the fictious profile wy on the right of ¢;(t1), see the proof Lemma 3.3 for an
example in this direction. More in general the recursive procedure appears to be related to the
a non-standard boundary value problem.

Let N the minimum positive integer such that (5.10) (or, similarly, (5.11)-(5.12)) holds.
Call = v(7) the polygonal line defined by (see figure 7, where N = 4)

Nz(T) it tp<7<T,
Y(7) = &t (7) if tpy1 <7 <tp, n<N-=-2,

SN—l,thl(T) if 0 S T S tN—l .
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Figure 7: An open problem

Let 8 = 7(0), so that condition (5.10) ensures that 5 < b. Observe that, once such a backward
construction is done, the values that a candidate solution u assume along v are fixed. Let
v(z—) if 6 <7<T,
Uy (t) =  Un,r(tn) if thp1 <7 <t,, n<N-2,
unv—1,r(tnv—1) if 0<7<tn_1.
We must find conditions on v, v and u, such that there exists a control function u. : [3,b] — R
such that the solution u = u(¢,x) to
0w+ Op f(u) =0
Ue(T if xe€lB,b
P (1 5.8
0 if x>0

li t = t
iy 6) =0

tel[0, 7], x>~(t), (5.13)

fulfills u(T, x) = v(x) for any = > Z. Observe that (5.13) is not a standard hyperbolic boundary
value problem, since we do not prescribe simply a Dirichlet datum along the characteristic
boundary x = 7(7), but we impose the value of the trace of the solution. It is straightforward
that some kind of compatibility conditions on v, v and u, must hold. Indeed, at each node
(tny(tn)) of the polygonal line a left contact discontinuity must arise, and hence v has to suffer
from jump discontinuities in the half line |z, +oo[. Moreover, in the limit case 8 = b, there
can only be only one final profile v defined on |z, +00| compatible with w.,, since in such a
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case the solution u to (5.13) turns out to be unique, and can be computed, e.g., by means of a
front-tracking algorithm (e.g., see [11, Section 14.1}).

5.3 A perspective research direction

The solvability of problem (5.13) in the general setting is a challenge well beyond the scope
of this paper. However, starting from the recursive procedure introduced above, it should be
possible to obtain a numerical algorithm testing attainability of profiles associated to simple
cases of nesting.

For any T > 0, we consider the set Ap of all profiles verifying the assumptions of Theo-
rem 2 for attainability at ¢ = T. Obviously, if 71 < T, then Ap, C Ap. Assume that v is
an attainable profile associated to a nested structure (see figure 6). We start the backward
reconstruction of the profile v, as described in Section 3 up to the fist time at which nesting
occurs, 71 €]0,T[ (t2 in figure 6). Of course, there holds v € Ap_;. Assume now that the
nesting structure detected at time 71 occurs on the right of a left contact discontinuity traveling
along the curve ¢t — ¢ (t) (see figure 6) and that (this is a crucial hypothesis)

(NH) no nesting occurs in the portion of plane {(¢,x) : t € [0,T], x < ¢1(t)}.

Then we can use the idea of the recursive procedure to construct a fictitious profile v1 at time
t = T. The profile v; is defined piecewisely as

L 01 (&40 (T)) = v¥(x), for @ < &14,(T);
2. vi(x) = v*(Z) for = €]&1,,(T), 7).
3. vi(x) = v(z) for all x > T;

In such a way, if we apply the procedure of the backward reconstruction of Section 3 starting
from the profile v1, we obtain a solution u which does not contain the left contact discontinuity
x = @1(t), and no nesting occurs at the left of x = ¢3(t). Such a solution wu is defined up
to 75 < 71, where a nesting configuration may well appear again. In any case, v; belongs to
Ap_.,. w We can iterate this procedure, and, if the analogous of the (NH) hypothesis holds at
each step, we obtain a decreasing sequence of times 73, and a sequence of profiles vi belonging
to .AT,Tk.

The explicit verification of the set of properties imposed by this construction (basically, one
should check the assumptions of Theorem 2 at each step, plus a condition similar to (NH))
seems extremely expensive in practice. Nonetheless, these assumptions illustrate well the nature
of the backward resolution of the non-convex conservation law (1.1a), where solutions should
be constructed by piecing together patches of backward and forward solutions, as in the proof
of Lemma 3.3. Numerical experiments with this version of the recursive procedure will be
considered elsewhere.
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