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Abstract

We prove that if p ≥ 5 is a prime, then

2p−1 − 1

p
≡ −1

2

(
p−1∑
k=1

2k

k

)
(modp2)
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1 Introduction

Let p be a prime odd number and for every integer a relatively prime to p , we define Fermat’s quotient in
basis a as:

qp(a) =
ap−1 − 1

p
.

The study of Fermat’s quotients and the congruances involving these quotients is related to the classical study
of the Fermat’s last theorem [3]. The following confruence is due to Glaisher [1]:

2p−1 − 1

p
≡ −1

2

(
p−1∑
k=1

2k

k

)
( (mod p)).

Using many computations, B. Ronk [4] et [5] has discovered that this congruence was verified modulo p2 for
primes less or equals to 1000. He conjectured that this congruence was verified modulo p2 for all primes p. In
this paper, we will confirm this conjecture. We will also improve (ameliorate) the congruence of Glaisher by
proving it

Theorem 1 For every prime number p ≥ 5, we have

2p−1 − 1

p
≡ −1

2

(
p−1∑
k=1

2k

k

)
(modp2).

2 Proof of the theorem

We’ll give a series of lemmas from which the proof of the result (theorem) will follow.
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Lemma 2 For every prime number p ≥ 5

p−1∑
k=1

Hk

k2k
≡ 0 (mod p).

Proof. This lemma was proved in [6]

Lemma 3 For every prime number p, p odd, we have

Hp−k ≡ Hk−1 (mod p).

Proof. This lemma was also proved in [6].

Lemma 4 For every prime number p ≥ 5

p−2∑
k=1

2kHk

k + 1
≡ 0 (mod p).

Proof.

p−2∑
k=1

2kHk

k + 1
=

p−1∑
k=2

2p−kHp−k

p− k + 1

≡
p−1∑
k=2

2p−1−(k−1)Hp−k

p− (k − 1)

≡ −
p−1∑
k=2

Hk−1

(k − 1)2k−1

≡ −
p−2∑
k=1

Hk

k2k

≡ −
p−1∑
k=1

Hk

k2k
+

Hp−1

(p− 1)2p−1

≡ 0 (mod p).

Lemma 5

xp − (x− 1)p − 1

p
≡ −

p−2∑
k=0

xk+1

k + 1
+ p

p−2∑
k=1

Hk
xk+1

k + 1
(modp2).

Proof. We have:

xp − (x− 1)p − 1

p
= −1

p

p−1∑
k=1

(
p

k

)
xk(−1)p−k

=

p−1∑
k=1

(−1)k
(
p− 1

k − 1

)
xk

k

= −
p−2∑
k=0

(−1)k
(
p− 1

k

)
xk+1

k + 1
.

Note that:

(−1)k
(
p− 1

k

)
=

(1 − p)(2 − p) . . . (k − p)

1.2. . . . k

= (1 − p

1
)(1 − p

2
) . . . (1 − p

k
)

≡ 1 − p

k∑
j=1

1

j
(modp2).
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Hence

xp − (x− 1)p − 1

p
≡ −

p−2∑
k=0

(1 − pHk)
xk+1

k + 1
(modp2).

≡ −
p−2∑
k=0

xk+1

k + 1
+ p

p−2∑
k=1

Hk
xk+1

k + 1
(modp2).

The proof followsimmediately. All we have to do is to replace x by 2. We’ll have:

2p − 2

p
≡ −

p−2∑
k=0

2k+1

k + 1
+ p

p−2∑
k=1

Hk
2k+1

k + 1
(modp2).

From which:

2p−1 − 1

p
≡ −1

2

p−2∑
k=0

2k+1

k + 1
+ p

p−2∑
k=1

Hk
2k

k + 1
(modp2).
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