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How cracks are hot and cool: a burning issue for paper†

Renaud Toussaint,∗a,b Olivier Lengliné,a,b Stéphane Santucci,c,b Tom
Vincent-Dospital,a Muriel Naert-Guillot,a and Knut Jørgen Måløyd,b

Abstract

Material failure is accompanied by important heat exchange, with extremely high temperature
– thousands of degrees – reached at crack tips. Such temperature may subsequently alter the
mechanical properties of stressed solids, and finally facilitate their rupture. Thermal runaway
weakening processes could indeed explain stick-slip motions and even be responsible for deep
earthquakes. Therefore, to better understand catastrophic rupture events, it appears crucial
to establish an accurate energy budget of fracture propagation from a clear measure of the
various energy dissipation sources. In this work, combining analytical calculations and numerical
simulations, we directly relate the temperature field around a moving crack tip to the part α of
mechanical energy converted into heat. Monitoring the slow crack growth in paper sheets with
an infrared camera, we measure a significant fraction α = 12% ± 4%. Besides, we show that
(self-generated) heat accumulation could weaken our samples with microfibers combustion, and
lead to a fast crack/dynamic failure/ regime.
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Computing the change in energy in a linear elastic solid due to the creation of a fracture
surface, Griffith proposed in his pioneering work [1] a criterion for the progress of fracture in
brittle solids. Irwin [2] completed this description taking into account the presence of a plastic
process zone around the crack tip, where energy is dissipated in processes which are not pure
surface energy. No thermal effects were considered in these theories. Later on, it was recognized
that local temperature elevation could play a role in fracture propagation, and Rice and Levy [3]
were the first to derive the temperature field around a crack tip. Assuming that all work done
was converted into Joule heating – the other extreme case compared to the previous assumptions,
they derived a criterion for crack propagation in glass and PMMA based on the local temperature
rise. Experimentally, fast rupture in PMMA was shown to lead indeed to high temperatures
around the crack tip [4]. Recently, the spectral characteristics of photonic emissions observed
during fast rupture in glass allowed to determine a local temperature elevation of several 1000◦C
around the emitting crack tip [5]. Similar temperature rises were observed during shear fracture
in PMMA [6–8].

Moreover, temperature has also been shown to determine the slow dynamics of rupture,
controlling the lifetime of various materials submitted to a constant load (creep tests) or to
rising load via an Arrhenius law [9–14]. Since then, thermodynamics has slowly emerged as
a framework to describe slow fracturing processes. In the case of brittle materials, several
statistical models have been proposed to predict the lifetime [15–18], the average dynamics [11],
as well as the burst size distribution of a slowly growing crack [19]. In these models [12,13], the
thermal noise inside the material induces stress fluctuations locally at the crack tip, triggering
micro-cracks nucleation as soon as the stress exceeds the local rupture threshold of the material.

Therefore, the self-heating associated with crack propagation is expected to play a crucial role
in material failure. Indeed, it has been estimated that in elastomers [20] and polymers [8] such
increase of temperature could modify the fracture energy (leading to its non-monotonic behavior
with crack growth velocity) and finally cause a “Stick-Slip” rupture instability. The temperature
rise has also been shown to significantly decrease the yield stress in steel [21], metallic glass [22]
or quasicrystals [23], where it is associated to the formation of dimples at the fracture surface
[23, 24]. In Earth sciences, based on the observation of pseudotachylite (melted crushed rock
by friction during faults dynamics), a recent theoretical approach proposed that self-localizing
thermal runaway processes [25] could be responsible for deep earthquakes [26]. The reactions
triggered by heating also play a major role on rock mechanics deformation during Earthquake
faulting [27,28], or in general during metamorphism and the localization of deformation [29].

Other features of fracture seem rather related to non thermal, but rather quenched disor-
der, i.e. heterogeneities of the material properties. The distribution of disorder influences the
localization pattern and mode and is responsible for the intermittency and avalanches [30–35].
In general, this intermittency is responsible for crackling noise [36] associated to fracture in
disordered materials, as e.g., in paper during crumpling [37] or fracturing [38].

To understand the physical mechanisms of material failure and the possible instabilities due
to the feedback of the temperature on the fracture propagation, it appears crucial to be able to
establish an accurate energy budget of crack growth, from a clear identification and measure of
the various dissipation sources.

In general, from the total change in mechanical energy during propagation, a fracture can
create new surfaces and defects in a process zone (dislocations or irreversible internal energy
changes). It can also emit acoustic emissions that dissipate further away [38,50], it can radiate
light [5,50], and generate heat during friction and Joule effect [45]. The conversion of mechanical
energy into heat is sometimes assumed to be total in models [3], though it has been shown
experimentally that only a fraction of it is converted [21, 22]. In the materials probed in these
experiments in metals and metallic glasses, this conversion into Joule heating through plastic
work is still close to complete. We will show here that for fracture in paper, the conversion
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efficiency into heat is much more inefficient, and most of the energy goes into defect formation
and creation of new crack surfaces.

Here, we report experimental measurements of surface temperature obtained from an infrared
(IR) camera during slow tensile fracture in paper. We implement a simple physical model for the
heat flow, taking into account in plane diffusion, losses towards the surrounding air, and Joule
heating in a process zone around the crack tip. Performing a numerical integration, we notice
that a simplified quasi one dimensional model with lateral losses for heat propagation renders
for the thermal evolution observed experimentally. This allows to formulate an invariant, based
on integrals of the temperature profile perpendicularly to the crack propagation, that leads
to an estimate of the energy brought by Joule heating during the process. Comparing the
predicted shapes of the temperature fields to the measured ones, one can evaluate the fraction
of the mechanical energy converted into heating during the fracture process, found to be around
α ' 12 ± 4% in our experiments. We also show that this fraction α rises significantly during
fast propagation stages, increasing with velocity, from 12% ± 4% to about 40% as the crack
speed jumps from 1 mm/s to 18 mm/s – while no significant change of the energy release rate
is recorded.

Finally, we discuss the temperature reached at the hottest points, and show from the dimen-
sions of the fibers, that it can reach above 200◦C, compatible with a thermal decomposition of
a few paper fibers, reported to auto-ignite around Fahrenheit 451 (Bradbury, 1953 [39]). We
show that the heat accumulation allows a runoff of the fracture at a speed of a few centimeters
per second set by heat diffusion in the process zone, in accordance with the measured speeds.

1 Method

1.1 Experiments

We have monitored the slow growth of a single crack in paper sheets submitted to a pure tensile
loading. Actually, the fracture of such material has attracted a lot of attention in the statistical
physics [11–13,19,38,40,41] and material science [42–45] communities.

Samples of regular laser printing paper of dimensions LwxLl = 10x10 cm2 and thickness
h = 112 ± 20µm (measured by optical techniques) are fixed to an external frame consisting of
two cylindrical rods.

These samples are pre-cut on one side with an initial defect of length lp.c. between 1 and 2
cm, in order to have a better control of the rupture process (localized at the crack tip). The
width of the intact paper sample, after subtracting this precut length, is L′w = Lw − lp.c.. They
are submitted to elongation at a constant speed of 40µm/s, while the longitudinal elongation
is recorded, as well as the total force exerted across the paper. An infrared camera, initially
calibrated for temperature measurements, records the paper surface temperature, with 320x80
pixels of linear size 0.3 mm, at a rate of 150 frames per second. Simultaneously, a fast camera
(Photron SA4) records optical images of the same field at 250 frames per second, with a resolution
of 1024×1024 pixels of linear size 0.096 mm per pixel. The longest direction of the fibers is
roughly perpendicular to the elongation direction.

After a few mm of elastic loading, a crack starts to propagate slowly, the temperature
rising around the tip. A snapshot of the moving crack, with the IR image superimposed on the
corresponding optical image, is shown in Fig. 2. A video recorded with the IR camera is provided
as supplementary data. In Fig. 3, four instantaneous temperature maps are displayed: after a
peak in temperature, preceding the apparently open section of the crack, a trail of elevated
temperature is observed. The dynamics of the crack tip, identified as the hottest spot in the
image, is displaying a varying longitudinal velocity, up to a few cm/s, as illustrated in Fig. 3.
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IR camera
Paper sheet

10 cm

Optical camera

Figure 1. Scheme of the experimental setup, paper sample and control device: side view (top) and
front view (bottom). The paper sheet is precut (black line) over 1 to 2 cm.

Δ
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)
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Figure 2. Snapshot of the crack propagation, with a colored image of the IR camera superimposed
with the corresponding optical impage. The heated zone precedes an open crack. The black dots on
the paper are patterns that were printed for deformation measurement and image analysis purposes
.
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Fracture propagation direction
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Figure 3. Top: Successive configurations of the IR image of the crack propagation. (a) and (b)
correspond to a stable propagation of the crack tip around 1 mm/s, (c) and (d) to a final fast jump
around 10 to 20 mm/s. The characteristic width of the hot zone, along the Y direction, is a few
mm, and the characteristic length, along the X direction, is a few mm in (a,b), and a few cm in
(c,d). Movie in supplementary material. (e) Longitudinal position and speed of the crack tip (hottest
point) as function of time. (f) Tensile force versus extension of the sheet during the experiment.
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The force measurement during the intermittent slow crack growth allows to compute the total
work W done, integrating the force displacement curve, shown in Fig. 3. Dividing this work by
the cross section of the paper, S = L′w x h = 8 cm x 112 µm, the work per nominal surface area
is found to be W/S = G = 17 kJ m−2 ±5 kJ m−2 for the various experiments performed (it
displays a non negligible variability from one paper sample to another). Two characteristics of
the paper samples are independently measured during different calibration experiments, detailed
in the supplementary material: the in-plane heat diffusion coefficient, D ' 4.4 ·10−8 m2 s−1 and
the decay rate due to loss into the surrounding air of the out-of-plane thermal flux, formulated
as (T −Tair)/τ , with τ ' 5.2s, where T and Tair are respectively the temperature averaged over
the paper thickness, and the surrounding local air temperature.

1.2 Theory

During the fracturing process, the energy brought by the external device to the sample is trans-
formed into reversible elastic energy, and some irreversible energy losses. The difference be-
tween the work done dW and the stored elastic energy dE is proportional to the nominal new
fracture surface created dS, with a factor of proportionality called the energy release rate G:
dW − dE = GdS. The irreversible energy losses can be divided in:

1. Energy irreversibly stored into new surface and defects created in the process zone (such
as dislocations).

2. Energy radiated under mechanical waves emitted both in the solid and in the surrounding
atmosphere as sound waves dissipated far from the crack [38,41]. It is usually a very small frac-
tion of the mechanical energy, between 10−5 and 10−2 for fracture in glass [46–48] or earthquake
sources [49]. We can thus neglect this term in the energy budget.

3. Energy emitted in the form of electromagnetic waves, such as light emissions [50]. This
third form of energy losses, estimated to a fraction around 10−5 [50] can be also neglected in
the global energy budget.

4. Energy dissipated during friction of fibers sliding against each other. This small scale vi-
brational energy corresponds to Joule heating, and contributes to a rise in temperature dT , with
an internal energy density increase ρcdT, where c is the specific heat of paper (in J.K−1kg−1),
and ρ its mass density. This Joule heating energy density is also equal to αGdS, where α ∈ [0, 1]
is the fraction of the irreversible energy contributing to heating.

Heat due to the frictional process is created locally around the crack tip, in the process
zone. The form of this heat source is thus, per unit volume, dw = αGdSf(x, y, t), where (x, y)
denote the coordinates along the average fracture propagation direction and along the imposed
elongation, and t the time. f(x, y, t) is the support function of the process zone, of normalized
spatial integral (i.e. of units m−3). It is centered around the crack tip at (xp(t) = x0−vt, yp(t) =
y0), assumed for simplicity to be moving at constant speed v in the x direction, and of linear
extension l, corresponding to the radius of the process zone (considered circular for simplicity).
The open fracture surface during time dt is dS = hvdt, with h the paper thickness, and v the
crack tip velocity. Eventually, the heat diffuses according to Fourier law, both in-plane, and
out-of-plane with losses into the surrounding atmosphere. One can write the three dimensional
(3D) heat flux in the paper bulk as j = −λ∇T , where λ is the thermal conductivity. Along the
paper surfaces, assuming a linear process for the coupling to the atmosphere [51], one can write
the perpendicular heat flux to the atmosphere as j⊥ = −κ(T − Tair), where κ is a heat transfer
coefficient [52]. The 3D conservation equation of energy ρcdT = −∇ · jdt + dw, leads to the
following two dimensional form after integration across the thickness of the paper:

∂t∆T = D∇2∆T −∆T/τ + αGf(x, y, t)hv/(ρc) (1)
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where ∆T (x, y) = (T − Tair) is the temperature elevation through the paper at position (x, y)
(variations through the plane, along z, are negligible), ∇2 in the inplane Laplacian, D = λ/(ρc)
is the thermal diffusivity, and τ = ρch/(2κ) is the characteristic damping time due to lateral
thermal losses in the surrounding air. This is a diffusion equation, with a damping term, and a
source coming from Joule heating during the crack propagation.

2 Results: evaluation of the energy fraction spent in Joule heat-
ing

2.1 Theory: numerical observations and analytical approximations

We solve equation 1 using an Alternate Direction Implicit algorithm [53]. The results are
checked on some examples by comparison to the explicit direct numerical integration of the Green
function of diffusion with analytically calculated loss term (see supplementary information):

∆T (x, y, t) =

∫ t

0
ds

∫ ∫
dξdη

αGhvf(ξ, η, s)

ρc · 4πD(t− s)

exp

[
−(x− ξ)2 + (y − η)2

4D(t− s)
− t− s

τ

]
(2)

After a short transient stage, the simulated temperature field is stationary (in the reference
frame of the moving process zone), and a typical simulation result is displayed in Fig.4. This
transient stage vanishes as soon as

√
Dt exceeds a couple of times the source dimensions, i.e. for

t > 2l2/D, which corresponds to microseconds up to a fraction of second depending on the size l
in the simulations. The temperature field at scales above 0.4 mm is not affected by the process
zone size l, if l <100 µm (See e.g. supplementary material comparing different simulations).
This size only affects the temperature in the vicinity of the tip, at smaller scales.

A characteristic dimension corresponds to the skin depth of in plane thermal diffusion before
the temperature reaches a characteristic background level due to lateral temperature losses, i.e.
to out of plane diffusion with a characteristic time τ . This is given by lhot⊥ =

√
4Dτ ' 0.9

mm in the case of paper. This corresponds indeed to the observed extent normal to the crack
propagation of significantly heated region around the crack tip, visible on Fig. 3. Another
size, along the crack propagation, can be computed: lhot‖ = vτ ' 5 mm to 5 cm, for cracks
propagating around 1 mm/s to 1 cm/s. This is order of the extent observed in Fig. 3 (a,b) in
the slow propagation regime, or (c,d) in the fast one. These sizes, sometimes referred to as those
of a plastic deformation zone in IR observations of cracked paper [42], correspond in fact to the
significantly heated region, but is not particularly associated to plastic deformations: it exceeds
by far the process zone size l, where the significant heat source f is distributed.

Apart from the temperature in the tip vicinity, for process zones of size l = 100µm or below,
the size of the process zone does not affect the far temperature field, at the measurement scale
of the IR camera (pixels of 0.4 mm).

One notices that the temperature gradient behind the crack tip (in the “crack tail”) is almost
perpendicular to the crack propagation. The temperature profiles along the y-direction are also
found to be Gaussian up to a few % in this tail (see supplementary material). We observe that
∂xxT � ∂yyT for zones behind the tip, x > xp where xp is the abscissa of the crack tip, centre
of the process zone, moving towards low x direction in the convention chosen. Consequently,
Eq. (1) can be simplified there as:

∂t∆T = D∂yy∆T −∆T/τ + αGf(x, y, t)hv/(ρc) (3)
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Figure 4. Simulated temperature around a crack propagating at 1 cm/s, with αG = 2kJ/m2, in
accordance with the parameters inferred from the experiments. The size of the process zone here is
below the resolution size, and has not impact on the figure - i.e. it corresponds to a source function
f corresponding to a spatial Dirac function, with a size l → 0. The explicit numerical integration
was used here.

Since the dimensions of the process zone are not felt at the mm scale and above, the
geometrical source term can be simplified, conserving its weight and location, as f(x, y, t) =
δ(x − xp(t))δ(y)/h, where xp(t) = x0 − vt and δ is a Dirac distribution. Hence, Eq. 3 is a
one dimensional diffusion equation, independent of x, apart implicitly to set the time tp(x) =
(x0 − x)/v when the crack tip passes at x = xp(tp). The crack deposits an energy αG per unit
area at the moment when it passes. The rest of the time, no source term is present. The solution
without the loss term of this one dimensional diffusion equation would conserve the energy along
a y-profile. The loss term modifies this, introducing an exponential decay of the energy deposited,
but this can be corrected for, so that the energy αG deposited by the crack in Joule heating,
that diffuses along any y-profile and can be determined by spatial integration. Technically,
the constant multiplication method amounts to introduce the variable: ∆T ′ = ∆Te(t−tp)/τ and
consider its time derivative (see supplementary information). This quantity satisfies

∂t∆T
′ = D∂yy∆T

′ + [αGhv/(ρc)][δ(t− tp(x))/v]δ(y)/h, (4)

with initial conditions ∆T ′(x, y, t < tp) = 0. Its solution is obtained from the Green function
of one dimension diffusion G0(y, t

′), as ∆T ′(x, y, t) = αG/(ρc)G0(y, t − tp). The temperature
elevation can thus be approximated, noting Θ the Heaviside function, as

∆T =
αG

ρc
√

4πD(t− tp)
e
− y2

4D(t−tp(x))
− t−tp(x)

τ Θ(t− tp(x)), (5)

Integrating this along a y-profile behind the crack tip (i.e. at any fixed x so that t > tp(x), and
correcting for the exponential decay of temperature to the surrounding, one obtains an invariant
corresponding to the Joule energy deposited by the process:

I(x, t)e(t−tp(x))/τ =
αG

ρc
, (6)

where

∫ ∞
−∞

dy∆T (x, y, t) = I(x, t) (7)

2.2 Evaluation of the Joule heating term in the experiments

In the experiments, the crack speed fluctuates, and the crack tip motion is not perfectly straight.
However, the analytical solution, at a position (x, y) and time t in Eq. (5), does not depend on
the speed, but only on the time elapsed since the crack tip crossed, t− tp(x), and y represents
y − yp(x), the distance along the y-direction to the point where the crack tip crossed, yp(x)
(which was assumed zero in the analytical solution for simplicity). To avoid fluctuations and
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Figure 5. Space time diagram of the experimentally observed temperature increase behind the
tip, as function of the y-coordinate, with respect to the position of the tip when it passed along this
profile, and the time elapsed since the tip crossed the profile.

obtain better statistics, we transform the instantaneous spatial map of temperature into a space
time map of temperature increase, i.e. for each x, for all t > tp(x) and all y, we represent ∆T
as function of (y − yp(x), t− tp(x)).

This change of reference frame allows to account for the process intermittency. After aver-
aging these space time maps over all x, we obtain the map displayed in Fig. 5.

Cutting at constant t− tp (vertical lines in Fig. 5) leads to the temperature profiles shown
in Fig. 6, top. These correspond well to Gaussian profiles of growing width and decaying
prefactor, as predicted by Eq. (5). The integral I of these excess temperature profiles over y, on
each available positive t− tp, leads to the measures shown on the top Fig. 6 in semilogarithmic
scale. The straight line is predicted by Eq. (7), i.e. I = (αG)/(ρc)e−(t−tp(x))/τ , with a slope
1/τ corresponding to the expected τ = 5.2s from the calibrations. The prefactor of this law, at
t− tp = 0, allows to measure the deposited energy in the form of Joule heating: it corresponds,
in this experiment, to αG/ρc = I1 = 2.5 · 10−3 K · m, for the slow moving part (dark line), and
to αG/ρc = I2 = 8.7 · 10−3K ·m for the fast stage (cf Fig. 6, bottom, inset and top points).

From the characteristics of paper, c ' 1000J· kg−1· K−1, and ρ ' 800kg·m−3, and thus its
volumic heat capacity is ρc ∼ 8 ·105J· m−3·K−1, one can express αG = I1ρc = 2000J/m2 during
most of the experiment. With the determined value, G = 17kJ·m−2, this allows to estimate
the ratio sought for, α = I1ρc/G = 0.12. Over 7 experiments where temperature, force and
displacement were monitored, this Joule heating efficiency was found to be α = 0.12 ± 0.04.
During fast crack growth events, the energy deposited in Joule heating jumps to αG = I2ρc =
6900J/m2, and thus to a ratio α ' 0.4. The occurence of this fast stage is a common feature
of the experiments performed, as is this increase of αG. This fast stage does not systematically
happen at the end of the experiment, in some of them the velocity drops down again to the
previous low values before the paper is entirely cracked. Such an example is analyzed in details
in Supplementary material, Fig. 13.

3 Discussion and considerations on the crack tip temperature

As shown above, the whole energy released during the fracture does not contribute to Joule
heating, but some significant fraction of it does. A priori, a weakening mechanism due to the
feedback from temperature is therefore possible. However, in general fracture problems, caution
is needed regarding the exact amount of energy available as a heating source. For example, for
evaluations of heating in plastic material, models [3] consider that the whole energy is available
as a Joule effect, i.e. α = 1. This result can be modified in the case of materials presenting
a much smaller heating efficiency, i.e. α � 1. In the case of the paper studied here, a large
fraction (88 %) of the mechanical energy goes to non heating damage (creation of defects and
isolated dislocations in the process zone) and fracture energy (surface energy). Indeed, creating
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Figure 6. Experiments: Top: Profile of temperature along the y-axis (continuous lines), and
Gaussian fits (dashed ones). Bottom: Integral of the temperature elevation along profiles as function
of the time elapsed since the crack passed. The dotted line has a constant slope corresponding to the
theoretical prediction of exponential decay. The regression to t=0 gives the total amount of Joule
energy brought by the fracture process in a given profile. The long dark curve and points refer to the
stable propagation stage, with I(t = 0) = I1 = exp(−6) = 0.0025K ·m, the points above (and the
zoom in the inset) to the final second of the experiment, configurations (c) and (d) in Fig.3, where
the velocity jumped above 1 cm/s – with a corresponding I(t = 0) = I1 = exp(−4.75) = 0.0087K ·m.
The gray lines correspond to two subsets of the experiment in slow propagation periods with a tip
velocity around 1 mm/s, and are representative of the variations in this slow stage across experiments.

new surface, defects or dislocations is not generating heating (and a temperature change) per se,
but consumes energy by changing the potential energy in the internal energy – a contribution
corresponding to the strain energy for the dislocations, or to the surface energy of the new
surface created for the fracture surface. A contrario, the phonons (disordered vibrations) that
are emitted during this creation, associated to a change in internal energy, notably via some
extra kinetic energy at small scale in the vibrational degrees of freedom, i.e. to the deviation of
velocity from the mesoscopic average of velocity, correspond to the heating.

The maximum crack tip temperature is not accessible due to the limited IR camera spatial
resolution. In the case of paper, two process zone sizes can be considered, associated to two
different processes [40]: First, breaking fibers and heating at this scale, which corresponds to
a size l ' 1µm to 10µm , the order of magnitude of the cross section of the fibers. Next,
disentangling fibers around the tip, which generates friction over a size around l ' 10 to 500µm,
the length of the fibers. These scales are the main candidates for the process zone size - athough it
is unclear which one of the two processes, breaking or disentangling fibers frictionally, dominates
the Joule heating source.

Another typical size can be introduced: On any point around the crack trajectory, the process
zone is present for a time T = l/v, during which the heat diffuses out of the process zone over
a characteristic skin depth

δ =
√

4DT =
√

4Dl/v.

For a typical velocity of 1 mm/s to 1 cm/s, this corresponds to sizes in the range of δ ' 4 to
13µm if l = 1µm, δ ' 12 to 40µm if l = 10µm, and to δ ' 40 to 130µm if l ' 100µm. These
orders of magnitude of δ are close to the process zone size l.

Different cases of temperature fields, simulated by solving the heat flux in the tip, are
illustrated on Fig. 7, and in the supplementary material, Figs. 3-11, for process zone sizes
ranging between 10 and 100µm, and for crack speeds between v = 0.0001 to 0.1 m/s.
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Figure 7. Simulated temperature elevation (in K) during the stationary stage for a crack at
v = 1cm/s with a circular process zone of size l = 10µm, limited by the dash dots. On the back
(left) of the process zone, an elevation around 200 ◦ K is reached over a ' 1µm size zone. Added to
a 20 ◦ C background temperature, this corresponds to the top most point at corresponding speed in
Fig. 8 - close to the autoignition temperature of paper.

The process generates a heating energy αGlh over a process zone, assumed as roughly cylin-
drical around the crack tip, of volumic size around r2h, during a time l/v. The positions along
the trajectory of the tip (the fracture line) is heated for the longest time, t = l/v.

One can consider three limiting cases:

Either the crack propagation is slow enough, so that heat diffuses efficiently out of the process
zone in all directions, i.e. δ � l, or√

4Dl/v � l, i.e. v < vc = 4D/l.

In this case, the corresponding energy spreads approximately as a Gaussian around the cen-
ter of the process zone (the tip), over a cylindrical zone of cross sectional area π(2δ)2. The
corresponding temperature rise corresponds then to

∆Ttip ' (αGlh/(4πδ2h))/(ρc) (8)

= αGv/(πρcD).

Another possibility is that the skin depth of diffusion exceeds the lateral distance between
the crack tip and the side of the zone l/2, but not the full length of the zone l. In this case,
the heat diffuses laterally over a length δ on two sides, but the diffusion does not allow the heat
to cross entirely the process zone in the direction of propagation of the crack. This amounts to
distribute the energy αGlh over a zone of approximate size δlh =

√
(4Dl/v)lh. This is the case

assumed for the propagation of crack in glass, in [3]. Such a case is shown in supplementary
material, Fig. 8, for v = 1 mm/s, l = 100µm. The corresponding temperature rise corresponds
then to

∆Ttip ' (αGlh/(δlh))/(ρc) (9)

= αG/(ρc
√

4Dl/v) = [αG/(ρc)]
√
v/4Dl.

Or eventually, for a crack propagating fast enough, the heat does not diffuse significantly out
of the process zone during the crack motion. This is characterized by δ < l, i.e. v > vc = 4D/l.
For a process zone size around l ∼ 10µm, this corresponds to a criterion v > vc ' 18mm/s. In
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Figure 8. Maximum temperature as function of the crack speed, evaluated from the approximations
of Eqs. ((8,9,10)) (curves, for process zone sizes l = 1, 10 20, 50 and 100µm.). The symbols, that can
be compared to these proxys, are the maximum recorded temperature over all positions, in simulated
temperature fields at l = 10, 20, 50, 100µm, at different speeds. The dash-dotted horizontal line
represents an elevation of 200 ◦ K, corresponding to an oxidization temperature (paper auto-ignition
for macroscopic material) of 220 ◦ C for a room at 20 ◦ C. The temperature saturates above v = vc.
For l = 10µm, this is reached at a few cm/s.

this case, the whole energy αGlh stays in a zone of dimensions comparable to the process zone
size l2h while the crack passes, leading to a temperature rise of

∆Ttip ' αGlh/(l2h)/(ρc) = αG/(ρcl). (10)

With possible process zone sizes l = 1, 10 or 100µm, this corresponds to potential temperature
rises respectively of 1300 to 130◦C, or 13◦C. Such temperature rises, for energy sources in the
process zones at sizes close to fiber cross section, at 1 to 10 µm, could lead to a temperature
exceeding the autoignition of paper in this micrometric zone, around 220◦C, i.e. Fahrenheit
451 [39].

On Fig. 8, we show these estimates of the maximum temperature, corresponding to the
Eqs. (8,9,10), as function of the crack speed, for possible characteristic process zone sizes, l = 1,
10 20, 50 and 100µm. The autoignition temperature is also shown, supposing a laboratory tem-
perature at 20◦ C. The curves represent the estimates of the approximations from Eqs. (8,9,10)
above. The symbols represent the hottest temperature recorded in the stationary stage in nu-
merical simulations, shown in Fig. 7 and in Figs. 3-11 in the supplementary material. This
hottest temperature is located around the center of the process zone at low speed (see Fig. 9-10
in supplementary), or at large speed around the back of the process zone (in the part of the
process zone lagging behind with respect to the propagation direction). This is clearly seen in
Fig. 7, where the hottest point is on the left of the process zone, marked as a dash dotted curve
– and on Fig. 3 of the supplementary material. On Fig. 8, the agreement between the analytical
approximations Eqs. ((8,9,10)) of the maximum temperature and the simulation results seems
satisfactory.

The analysis of the experimental crack velocity typically shows arrests of the crack, followed
by fast crack propagation maintained up to the final rupture. This is seen on Fig. 3, around
t = 84s, where the crack jumps to a velocity around 18mm/s for close to 1s, and tears the rest of
the paper apart. We note that this velocity is of the same order as the critical velocity vc = 4D/l,
which corresponds to the velocity obtained by allowing diffusion of heat over a skin depth equal
to the process zone size. This observation allows to formulate the following hypothesis: when
the process zone is small enough and the speed large enough, the temperature reached on the
back of the process zone, behind the crack tip, can reach autoignition temperature. In this case,
some energy is produced by the oxidization reaction in this part of the process zone, in addition
to the one produced by Joule heating converting mechanical energy everywhere in the zone.
This additional energy of chemical origin can reach the head of the process zone after the heat
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is transported by diffusion through the process zone. This allows to increase the temperature of
the fibers ahead and weaken them, leading to the fracture propagation. The speed at which this
happens is set by the time of heat diffusion from the back to the head of the process zone, and
corresponds to the observed velocity vc = 4D/l during the fast stages. Indeed, at such speed,
for a process zone around l = 10µm, a part of the process zone reaches the temperature of paper
autoignition – see Fig.7.

It is thus possible that the temperature plays an active role (i.e. affects the velocity) during
this last propagation stage for the crack propagation, and is not simply a ”passive marker”
of the mechanical process via Joule heating. We also observe during this last stage, (Fig. 3
(c) and (d)), that the temperature observed is significantly larger, and the estimate of Joule
energy release rate αG is more than 3 times larger than its characteristic value during the
stable slow propagation - as can be seen on Fig. 6, bottom and inset: ln(I(t = 0)/I0) for this
stage (blue circles around time t = 0) lies around 1.2 above the corresponding value for the
rest of the propagation (dark full line), i.e. αG ∝ I(t = 0) increases by a factor e1.2 ∼ 3
during this stage. The mechanical energy release rate, G, is not changing significantly during
this stage (see supplementary material, section V and Fig. 14). This increase in Joule energy
release rate can be attributed potentially to a mechanism increasing significantly the share of
the mechanical energy release contributing to the Joule heating, α, from 12% to roughly 40 %.
We observe in different experiments that this increase happens at fast velocities, but anywhere
in the paper sample, not particularly close to the boundaries - see an example in supplementary
material where a fast propagation stage and simultaneous increase of heating efficiency happens
far from the boundaries (Figs. 13 and 14) – It should thus not be an effect due to the mechanical
interaction between the tip and the boundaries, but rather an effect related to the velocity of
propagation, that would change the ratio between the Joule heating and the damage creation
energy, for a fixed mechanical energy released.

Another possibility for this increase of heating ratio α, if indeed the temperature comes close
to the autoignition temperature, is that this increase of heating results from an overall increase of
energy released with an extra non mechanical energy source, related to the exothermic character
of the reaction (cellulose oxidization, C6H10O5 + 6O2 → 6CO2 + 5H2O). Paper combustion of
the process zone, indeed, brings potentially an enthalpy of hb ' 104 kJ/kg of cellulose [54],
i.e. an extra energy source of Gb = hbρl = 80kJ/m2, with l = 10µm, which is roughly 4 times
larger than the mechanical energy release rate G = 17kJ/m2. During the slow stage, the Joule
heating energy release rate is αG ∼ 2kJ/m2. Suppose for simplicity that this stays fixed in the
fast stage, and denote α0G this part coming solely from converting mechanical energy into heat.
Then, oxidizing effectively a ratio α′ = 5% of the mass of the fibers in the process zone could
thus be sufficient to provide the observed increase by a factor 3 to 4 of the total heat source,
to reach in total a heating of Gheating = αG = α0G+ α′Gb = 2kJ/m2 + 0.05× 80 = 6kJ/m2 –
which corresponds to the observed heating αG = 0.4× 17kJ/m2 = 6kJ/m2 observed during the
fast stage, in contrast with αG = 2kJ/m2 during the slow stage. In Fig 7, indeed, only a small
fraction of the area of the process zone reaches temperature rises around 180 ◦ C, around its
back. Oxidizing some fibers in this small region, roughly micrometric in size, corresponding to
oxidizing 5 % of the process zone, could provide the required extra energy. This process can be
triggered initially due to a smaller or harder fiber met by the fracture, with a resulting smaller
process zone or acceleration of the crack which lagged for a while behind the equilibrium position,
allowing the back of the zone to reach this oxidization temperature. Once this is triggered, the
extra heat generated by this reaction at the back of the process zone is transported by heat
diffusion. When it reaches the head of the process zone, it can fragilize the next intact fibers
lying in front of the crack. This process should happen at a speed set by a diffusive limiting
factor, i.e. by the time 4D/l2 required to transport the heat by diffusion through the whole size
l, i.e. at the speed vc = 4D/l ∼ 18mm/s, which is indeed of the order of the observed speed
during the fast crack propagation stages.
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In the proposed mechanism, it is required that the process zone reduces to the thickness of
the fibers size, rather than the length of the fibers, to reach the autoignition temperature locally,
and cause the subsequent fiber softening and dramatic crack acceleration at the speed selected
by diffusion. For this to happen, it is sufficient that a group of fibers gets sufficiently entangled
to form a knot, and mobilize a friction high enough to block the normal slip mechanism, which
is certainly rather fiber disantanglement (happening at sizes around the fibers length, 10 to
100 µm). In the presence of such knot acting as a pinning point, the velocity can presumably
after breaking the fibers composing the knot, jump to a speed of the order of cm/s due to the
overloading to break these fibers, and the successive reduction of the stress threshold. Thus, in
the proposed scenario, the presence of such pinning fiber configurations allows to fluctuate to
higher velocities and smaller process zone size, reaching values of (l, v) around (10µm, 1cm/s),
or (l, v) around (1µm, 3mm/s), and obtain local temperatures at the back of the process zone
large enough to trigger the oxidization of cellulose (see corresponding points and curves on Fig.
8). The later transition from slow to fast propagation regime, due to extra heat generated by
oxidization of cellulose, is the consequence of both the velocity fluctuations and reduction of
proces zone size at the meeting between the crack tip and a fiber knot/strong fiber.

In conclusion, we have studied the temperature of paper during crack propagation under
tensile failure driven at slow constant extensional speed. Using a simple theoretical description
of the inplane and out of plane diffusion, we have shown that this temperature measurements
allow to determine the amount of Joule heating. It was measured that 12±4% of the mechanical
energy release rate is converted into heating, the rest being spent in damage and surface energy
and radiation of mechanical waves. The temperature at the crack tip was determined, depending
on the process zone size and the crack speed. We have shown that, for process zones under 10
µm, when the crack velocity comes close to vc = 4D/l, temperature increases could locally
reach the autoignition temperature in the process zone. We have also observed that the crack
tip velocity can jump to a significantly larger speed, during which the Joule heating release
rate increases by more than 200%. We have shown that our temperature measurements are
compatible with the trigger of an additional non mechanical energy release, coming from the
oxidation of a fraction of the fibers in the process zone. The observed velocity in this regime is
also compatible with a mechanism where the heat diffusion plays an active role in transporting
heat and softening paper.
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