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Observability properties of the homogeneous wave equation
on a closed manifold

Emmanuel Humbert* Yannick Privat! Emmanuel Trélat?

July 6, 2016

Abstract

We consider the wave equation on a compact Riemannian manifold (€, g) without
boundary (i.e., a closed manifold). We observe the restriction of the solutions to a
measurable subset w of © during a time interval [0, 7] with T > 0. A well known result
by Rauch and Taylor, and by Bardos, Lebeau and Rauch asserts that, if w is open in 2
and if the pair (w,T) satisfies the Geometric Control Condition, then an observability
inequality holds comparing the total energy of solutions to the energy localized in
w x (0,T). The observability constant Cr(w) is then defined as the infimum over the
set of all solutions of the wave equation of the ratio of localized energy of solutions
over their total energy.

In this paper, we provide sharp estimates of the observability constant allowing to
derive general geometric conditions guaranteeing that the wave equation is observable
on w.

Using the same approach, we also investigate the asymptotics of the observability
constant as the observability time 7" tends to +o0c. Under topological assumptions on
w, we show that the ratio Cr(w)/T converges to the minimum of two quantities: the
first one is of a spectral nature and involves the Laplacian eigenfunctions; the second
one is of a geometric nature and involves the average time spent in w by Riemannian
geodesics propagating over €.

Keywords: wave equation, observability inequality.
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1 Introduction and main results

1.1 Framework

Let (€2, g) be a compact connected Riemannian manifold of dimension n without boundary.
The canonical Riemannian volume on (2 is denoted by v,, inducing the canonical measure
dvg. Measurable sets' are considered with respect to the measure dvg.

Consider the wave equation in €2,

8tty — Agy =0 in (O,T) X Q, (1)

where A, stands for the usual Laplace-Beltrami operator on (2 for the metric g. We define
the closed subspace L3(2) of L*(Q) by L3(Q) = {y € L*(Q) | [,y(z)dvy =0}, and we
endow it with the topology inherited from the norm | - |[z2. Let us introduce the Sobolev
space

HYQ) = {y € Li(Q) | —Lgy € LEQ)},

where Agy is taken in the sense of distributions, as well as (H')'(2), the dual space of
H1(Q) with respect to the pivot space LZ(2). It is understood that H'(f) is endowed
with the || - || 1 norm given by [Ju||%, = [[ul|2; + ||Vu||?,, whereas the dual space (H')' is
endowed with the usual topology on dual spaces.

For every set of initial data (y(0,-), 9y(0,)) € L3(Q) x (H')'(Q), there exists a unique
solution y € C°(0,T; L*(Q)) N CH(0,T; (H) (Q)) of (1).

Let w be an arbitrary measurable subset of €2 of positive measure, and let 7" > 0. The
notation y,, stands for the characteristic function of w, in other words the function equal

If M is the usual Euclidean space R" then dvy = dx is the usual Lebesgue measure.



to 1 on w and 0 elsewhere. The equation (1) is said to be observable on w in time T if
there exists a positive constant C' such that

T
CI s any < [ [ wtt.2) P dvy(a)an,

for all (y°,y') € L3(Q) x (H')'(2) such that (y(0,-), dy(0,-)) = (y°, y'). It is well known
that if w is an open set, this observability property holds if the pair (w,T) satisfies the
Geometric Control Condition in € (see the results by Rauch and Taylor in [21] and the ones
by Bardos, Lebeau and Rauch in [1]), according to which every ray of geometric optics
that propagates in € intersects w within time 7". This classical result will be slightly
generalized in this paper (see Section 3).

Definition 1 (Observability constant Cr(w)). Let w be a Lebesgue measurable subset of
Q. The observability constant in time T associated to (1) is defined by

Or(w) = inf {J7(y°,y") | (4°,9") € L§(Q) x (H)' () \ {(0,0)}}, (2)

where

T
JE (40, yt) = Jo Jo, Lyt )P dvg dt-
H(yo’yl)”ZL2><(H1),

(3)

This paper is devoted to the investigation of the observability constant and is organized
as follows. In Section 1.2, we state the main results of the paper. In a nutshell, under
topological assumptions on the observation domain w, we show that the limit of the
quantity Cp(w)/T as T — +oo exists, is finite and we prove that it is the minimum of
two quantities: the first one is of a spectral nature and involves the eigenfunctions of
—Ay; the second one is of a geometric nature and involves the geodesics of 2. In a second
time, we present a low/high frequencies splitting result (Theorem 1). Section 2 is devoted
to give a proof of these results. The low/high frequencies splitting result allows us to
obtain a characterization of observability (Corollary 1) which shows how the observability
property can be characterized only by highfrequency modes. In turn, this provides a new
and simpler proof of the results by Rauch and Taylor [21] and by Bardos, Lebeau and
Rauch [1]. The main interest of our approach (which is actually a generalization of the
preceeding results to a slightly wider class of subsets w) is to clarify how observability
is related to the so-called Geometric Control Conditions (GCC). This is the purpose of
Section 3. In Section 4, we show that, under a spectral gap condition, the estimates on
the limit of the quantity Cr(w)/T as T — +oco can be refined.

1.2 Main results

Let us define several quantities and introduce some notations. Let (¢;);en+ be an arbi-
trary Hilbert basis of L3(Q) consisting of eigenfunctions of —A,, associated with the real
eigenvalues ()\?)jeN* such that 0 < A\ < A <--- < A\j = 400. Given T" > 0 and N € N,
we define

C’I>“N(w) = lnf{']’%u(yovyl) | <ylv¢J>(H’)’,HZ =0, Vi = 0,1, \V/j =1,... 7N} (4)

3



with the convention that H® = L2.
This allows to define a notion of “highfrequency” observability constant over initial
conditions (y°,y!) involving only frequencies of index greater than N.

Definition 2 (Highfrequency observability constant). Let T' > 0 and w be a measurable
subset of 0. The highfrequency observability constant o (w) is defined by

aT( 1 >N

w):Nl—lEi-looT T (w)

Note that this limit exists since the mapping N 3 N — CZ N(w) is nondecreasing.

Definition 3 (Spectral quantity gi(w)). Let w be a Lebesgue measurable subset of Q0. The
spectral quantity gi(w) is defined by

where the infimum runs over the set £ of all nonconstant eigenfunctions ¢ of —A\,.

Main results: new characterization of the observability constant Cr(w).

Theorem 1 (Finite-time observability). Let w be a Lebesgue measurable subset of Q and

let T'> 0. There holds o .
T;w) < min <§gl(w)7aT(W)> :

Moreover, if
Cr(w)
T
then the infimum in the definition of Ot is reached, i.e., there exists (y°,y') € Lg(Q) X
(HY)' () \ {(0,0)} such that

< al(w),

Cr(w w
B !

It is interesting to note that Theorem 1 provides an explicit characterization of the
positiveness of Cr(w).

Corollary 1. Let w be a Lebesque measurable subset of Q and let T > 0. We have
Cr(w) > 0 if and only if o™ (w) > 0.

Corollary 1 clarifies the conditions needed to obtain the observability condition on
any measurable set: it reduces to showing that a’(w) > 0. Together with the explicit
computation of o (w) provided in Theorem 3 below, we get sufficient condition ensuring
the positiveness of Cr(w) that slightly extend the GCC obtained in [1, 21] for w open.

Remark 1. Note that in [1], the authors also treat manifolds having a boundary. Corollary
1 still holds true in this context but extending our results to such geometries would require
a deeper study of o’ (w) on manifolds with boundary, which will be the devoted to a future
work.



As a consequence of our proof techniques, which are based on a concentration-compactness

argument, we get the following large-time asymptotics of the observability constant Cp(w).

Theorem 2 (Large-time observability). Let w be a Lebesque measurable subset of Q0. The
limgt

o) _ : T
)=l o
exists, and we have
. CT(W) s 1 00
Jim CE) i <2gl<w>, o <w>) . (5)

Moreover, if g1(w) < a®(w), then g1(w) is reached.

Characterization of the quantities o’ (w) and o™ (w).

Definition 4 (Geometric quantity go(w)). Let w be a Lebesgue measurable subset of €.
Let v be a Riemannian geodesic, traveling at speed one in Q2. For T > 0, we introduce the
quantity m.(7y) as the average time spent by v in w:

1 T
mi) =7 [ xa(r(o) .
0
The geometric quantity g,(w) is defined by
o . T . T o w
gpw)= lim go(w)  with g5 (w)=infm7(y), (6)

where the infimum in the definition of g1 is taken over the set T' of all geodesics of ).

Note that the mapping Gy, : T+ inf,er m§.(7) enjoys the following properties: G,
is nonnegative, bounded above by 1 and is a subadditive function. Therefore, the limit in
the definition of go(w) is well defined.

In [8], notable properties of the geometric quantity go(w) have been established in the
case where ) is a square, and A, the Dirichlet-Laplacian operator on €. In particular, an
efficient algorithm allowing to compute explicitly go(w) when w is a finite union of squares
has been given.

Theorem 3 (Computation of a’(w)). Let w be a Lebesgue measurable subset of Q and
let T'> 0. We have

95 (@).

N =

1
592 (©) <a'(@) <ol (w) <o’ (@) <

Remark 2. Assume that w is Jordan mesurable?. Then it follows from the definition of
OZ™ that

VNeN, O7Nw)=c2Vw). (7)

2A bounded set E is said Jordan measurable if and only if the Lebesgue measure (or similarly the
Jordan measure) of JF is 0.



As a consequence, Theorem 3 can be improved in that case by noting that g7 @) < o (w).
This remark may have some importance: let v be the support of a closed geodesic of €2

and set w = Q\ 7. By (7),
o () = 7 (w) = 1 and g§ (&) = g (w) = 0.

Hence, the estimate given by Theorem 3 is far from being sharp while the estimate (7) is
sharp.

Let us now emphasize an important case where the constant o (w) is known explicitly.
For that purpose, let us make the following assumption on the subset w.

(H) (Regularity assumption on w) Assume that
g (Q\ (@\w)) =1

Many measurable sets w satisfy Assumption (H). Geometrically speaking, it means that
w has no grazing ray. We say that a geodesic 7 is grazing w whenever v(t) € dw over a
set of times of positive measure.

We end this section by recasting all previous results in the case where (H) is assumed.

Corollary 2. Given any T > 0 and any measurable set w satisfying (H), we have
20" (w) = g3 (&) = g3 @) = g3 (w).

As a consequence of Corollary 1 and Corollary 2, one has the following simple characteri-
zation of observability.

Corollary 3. Let T > 0 and let w C Q be a Lebesgue measurable subset of 2.
(i) If g3 (&) > 0 then Cr(w) > 0.
(i) Assume that w satisfies the assumption (H). Then we have the equivalence

g3 (w) >0« Cp(w) > 0.

The first item above is precisely the main result of [1, 21]. Nevertheless, as already said
the authors of [1] also deal with the difficult case of manifolds having a boundary, which
is not the case in this article. Recovering the boundary case by the method we present
here would require a deeper study of the quantity aT(w), what we do not perform here.

If w is an open set, they proved that the pair (w,7T’) has the observability property
(i.e. Cr(w) > 0) as soon as the Geometric Control Condition is satisfied. Recall that the
so-called Geometric Control Condition (GCC) reads as follows: the pair (w,T) satisfies
(GCC) if every geodesic of 2, travelling with speed 1 and issued at t = 0 enters the open set
w before the time T'. As one can easily check, when w is open, this condition is equivalent
to the fact that g2 (w) > 0.



Note also that as expected, the positiveness of g;(w) is not enough to guarantee that the
equation (1) is observable on w. To illustrate this claim, assume that € is the torus T2,
in which we choose w as being the union of four triangles, each of them being at an edge
of the square, whose side length is 1/2. By construction, there are two “trapped rays”
of cartesian equations x = 1/2 and y = 1/2, that just touch w without crossing it over a
positive duration. It follows that g (w) = g2(w) = O7(w) = 0 for every T > 0. Moreover,
simple computations show that g;(w) > 0.

From Theorem 2 and Corollary 2, one gets the following asymptotic result.
Corollary 4. Let w be a Lebesgue measurable subset of Q satisfying Condition (H). Then

Jim S i (01 (),02(2)).

Remark 3 (Comparison with a result by Lebeau.). In [12, Theorem 2|, the author con-
siders the damped wave equation

Ony(t, ) — Agy(t, z) + 2a(z)0y(t,x) =0 in (0,7) x Q2 (8)

on a compact Riemannian manifold 2 with a C* boundary, where the function a(-) is a
smooth nonnegative function on the closure of 2. Let us define ¢ +— E(yo7y1)(t), the energy
function associated to (8) given by

By (t) = /Q (Vy(t,2) + By (t,2))?) do,,

where y denotes the unique solution of (8) with initial data (y(0,-),9;»(0,-)) = (y°,y') €
HE(Q) x L*(Q).
It is well known (see, e.g., [6]) that there exist two positive constants 7 and C' such
that the inequality
E(y()’yl)(t) < C€_2TtE(yO7y1)(0), (9)

holds for every initial data (y°,y') € H}(Q) x L%(Q2) provided that the pair (w,T) satisfy
the Geometric Control Condition (GCC).
It is proved that the smallest decay rate 7(a) such that (9) is satisfied is given by

7(a) = min (—p(Aq), g2(a)) ,

where 1(A,) denotes the spectral abscissa of the damped wave operator

0 Id
Ao = <Ag —2a(-)Id> ,

and go(a) is the geometric quantity defined by (6), replacing x,, by a.

Remark 4 (Probabilistic interpretation of the spectral quantity g;(w)). Let us provide
another interpretation of the quantity g;(w).

It also corresponds to an averaged version of the observability constant Cp(w) defined
by (2), over random initial data. More precisely, let (87 ;)jen+ and (85 ;)jen+ be two
sequences of Bernoulli random variables on a probability space (X, .A,P) such that



o form =1,2, B, . = B}, ,, whenever A\j = A,

e all random variables S}, ; and ), ,, with (m,m') € {1,2}%, j and k such that
Aj # A, are independent,

e there holds P(87, = +1) =P(8y;, = +1) = % and E(ﬁl'fjﬁz”’k) =0, for every j and k
in N* and every v € &

Here, the notation E stands for the expectation over the space X with respect to the
probability measure P.
Then, g1(w) is the largest constant C' for which the inequality

T
CH(yO,yl)H%zX(Hl)/ < E (/0 /QXw($)|yy(7f,33)|2 d'Ug dt> s
holds for all (y°,y') € L3(Q) x (H')'(Q2), where y” is defined by

+00
g (tw) = 3 (B jase™ + By e ) 0y(a),

J=1

where the coefficients a; and b; are defined by (11) for every j € N*.
In other words, y* denotes the solution of the wave equation (1) with the random initial
data yg(-) and y7(-) determined by their Fourier coefficients a = 8} ;a; and b} = 55 ;b;.
In this context, the quantity g1 (w) is called randomized observability constant and we
refer to [17, Section 2.3 and [19, Section 2.1] for further explanations on its use in inverse
problems. Moreover, a deterministic interpretation of this quantity is provided in [20].

Remark 5 (Extension of Corollary 4 to manifolds with boundary.). One could expect
that a similar asymptotic to the one stated in Corollary 4 holds for the Laplace-Beltrami
operator on a manifold € such that 9Q # ), with homogeneous Dirichlet boundary con-
ditions.

For instance, in the one-dimensional case @ = (0,7) with Dirichlet boundary condi-
tions, it is showed using Fourier analysis tools in [18, Lemma 1] that for every measurable
set w, one has

C 1
Jim CH [ os@r do, =) with 65(0) =z sinia),
where Cr(w) denotes the usual observability constant of the Dirichlet-Laplacian operator
on (0,7). In higher dimension, the problem is more difficult because we are unable to
compute explicitly a’ (w) due to the fact that the Egorov theorem, used in the proof of
Theorem 3, does not apply.

In Section 4, we focus on the manifolds for which the consecutive eigenvalues are
uniformly bounded away from 0. Such an assumption, valid for example for the sphere,
has already been used and one can show that it actually implies that the geodesic flow
is periodic (see [5]). Under this assumption, we are able to compute explicitly the limit



of Cp(w)/T as T — +oo for any measurable set (without any additional assumption).
Namely, we show that this value is exactly gi(w). As an immediate application, we are
able to prove that any geodesic of €2 is the support of a quantum measure, thus giving
another proof of a result of Macia [14]. Actually, a slight modification of this method
allows to extend this result to a more general setting: this is let for a forthcoming paper.

2 Proofs of Theorems 1, 2, 3 and of Corollary 2

2.1 Preliminary results

In what follows, we use the framework and notations introduced at the beginning of Section
1.2. Given any initial data (y°,y') € L3(Q) x (H')'(Q2), the solution y of (1) such that
(y(07 ’)7 8ty(07 )) - (yoa yl) can be expanded as

—+00

y(t,z) = Z (ajei)‘ft + bje_i’\jt) oj(x), (10)

J=1

where the sequences (a;);en+ and (b;)jen+ belong to ¢2(C) and are determined from the
initial data (y",y') by

o= ([r@s@an - [ oo a,).
b= ([ P+ [ @0

for every j € N*. Moreover,

+o0
1@y 2y = 2D (a5 +16512).
j=1

It follows in particular from (2) that

2
—+00

. e i iy
Cr(w) = inf » 5/0 /w Z(aje At g bje ’\Jt) dj(x)| dugdt.

2 (laj 2+ |b12) ot

Let N € N*. In accordance with this expression, let us set

2

1 T N ' '
C<N(w) = inf _/ / a6t 4 poemiNt 6:(x)| du, dt.
! Z;'Vzl(‘aj‘z‘f‘lbﬂz):l 2 0 w ; < J 7 ) j g

Note also that the quantity C7 N(w) defined by (4) is as well given by

2

T +00
C7N (W) = e inf - %/0 / Z <ajei)‘jt+bje_i)‘jt> dj(x)| dvgdt.

Tov1 (g2 + by )2 j=N+1

9



An obvious but crucial observation is that
Cr(w) < min (C;N(w), c;N(w)) , (12)
for every N € N*.

Remark 6. According to the these considerations and to (10), the quantity ¢; (w) can be
rewritten in terms of the eigenfunctions ¢; as

g1(w) = inf > (aj@erﬁ) / Dbk dvg, (13)

120 laj|2+1b512= L NEUs (k) eToo (A
where Uy is the set of all distinct eigenvalues Ay and Io(A) = {j € N* | \; = A}

Let us roughly explain the main lines of the proof of Theorem 2. An important
ingredient of the proof is the knowledge of the asymptotic behavior of C;N (w) as N and
T tend to +o0o. More precisely, we will use the following result whose proof is postponed
to Section 2.4 for the sake of clarity.

Proposition 1. Let N € N*. For every measurable subset w of 0, there holds

Totoo T 2 ¢e£N fQ ]qﬁ ) \ dvg’

where Ey denotes the space of all eigenfunctions of A4 associated to eigenvalues X\ such
that A < AN .

Using this result, we show that any minimizing sequence of initial conditions for the
observability constant Cr(w) defined by (2) converges either to some element of the energy
space of initial conditions, namely L3(Q) x (H!())" or must concentrate on high frequen-
cies and, thanks to Theorem 3, must be supported in the neighborhood of a geodesic
minimizing the geometric quantity ga(w). In both cases, we compute the asymptotics of
the observability constant as T — +o0.

2.2 Proof of Theorem 2

Let us first show that the quantities a*°(w) and limp_, 4 C7(xo0)/T are well defined, in
other words that the limit exists. For that purpose, we use the following result.

Lemma 1. Let t,e > 0. There exists Ty > 0 such that for all T > Ty, N € N,

S ®) - C7N(w)
t A

+e.

The proof of this Lemma is postponed to Section 2.3. Let

0" = hmint S wnd 0 = e 72

10



Define ¢ = 4(C* — C~) and assume that ¢ > 0. Let ¢ > 0 such that <) > ¢+ — ¢,

t
Applying Lemma 1 with NV = 0 yields the existence of T > 0 such that

C’t(w)
t

Cr(w)
T

< + e

for all t > Ty. Fix now T' > Tj satisfying CTT(“’) < C7 + e. Combining these inequalities,

we obtain

t T
The definition of € leads to a contradiction which proves that ¢ = 0 and hence C* = C~.
Now, letting N tend to +oo in Lemma 1, we obtain that for all ¢, > 0, there exists Ty > 0
such that

+e<C™ + 2e.

ol (w) <ol (w) +¢
for all ¢ > Ty. The same argument as for lim Cp/T then shows that a®(w) exists.

We now prove (5). To avoid technicalities, we will denote similarly a sequence and any
of its subsequences throughout this proof.

Let us introduce (Tk)ken, a sequence of positive numbers tending to +oo and (Y)ren
be a minimizing sequence of the functional J7, /T}, defined by (3) over L3(Q) x (HY' () \

{(0,0)}. Writing Y = (y?,y}) for all k € N, we assume without loss of generality that

”quiz (Q)x(HY) = 1 by using an homogeneity argument. Up to a subsequence, one can
write .
Cr, (w) 1
lim k = lim — t,2)|? dv,dt
k—4o00 Tk k—4o00 Tk 0 ‘yk( )’ g

where y;, is the solution of (1) with initial data (yx(0,-), dyx(0,-)) = Yk.
With respect to the considerations of Section 2.1, the function gy can be expanded as

—+00

y(t, @) = 3 (abe 4 e Nt) 6, (@),

Jj=1

where the coefficients aé‘? and bg? are determined from the initial data (y9,y}.) by (11) and
satisfy

400
Z ‘CL‘I;‘Q + ‘b_I;IZ = HYk”%z(Q)X(Hl)’ = 1
j=1

Since the sequence (Y})gen is bounded in the Hilbert space L3(2) x (H')'(Q2), it converges
up to a subsequence weakly in LZ(2) x (H!)'(Q2) to some Yo, € L3(Q2) x (H')'(Q) satisfying
moreover

2 .. )
Voo llZ2(0ary < lminf (Ve 72 ) sy = 1,

by semicontinuity of the L?(Q) x (H')-norm in € for the weak topology. Let (a®,b>) €
(£%(C))? be the sequences of coefficients determined from the initial data Y, by (11).

11



Let us define y as the solution of the wave equation (1) with initial conditions
(Yoo (0, ), OYoo(0, ) = Yoo, as well as the function g defined by

?jk =Yk — Yoo-
Note that, by using the linearity of the wave equation (1), the function g is a solution of
(1) with initial data (y(0, ), 0:yx(0,-)) = Yk, where
Yo = (0, 0k) = Y — Yoo = (U — Yoor Y — Yo

for every k € N.
We now state two lemmas that are essential ingredients for the rest of the proof. They
will be proved in Section 2.3.

Lemma 2. We have
1= Yoo + Yk”zLQ(Q)X(Hl)’ = HYOO”2L2(Q)><(H1)’ + H?k|’2L2(Q)><(H1)’ +o(1) as k — +o0.

(15)
and

T/ lye(t, z)|* dvg dt = ?/ Yoo (t, )| duy dt (16)
k Jo w v Jo "
1 [Tk
+T/ U (t, )" dvg dt +o(1)  as k — +oo.
k Jo w

Lemma 3. Let w be a Lebesgue measurable subset of Q2. There holds

1' k — o0 .
m = a™(w)

Assuming that liminfy_, o ||}~/k\|L2(Q)X(H1), > 0, there holds

J2 (Y,
lim inf 7T’“( 2

> ™ .
k—+o0 Th Za (w)

According to Lemma 2, one has

CTk(w) 1 T, 2
= — t dv, dt
T, Tk, /o w (8, @) dvg

1o M st ) 2 dug dt + [ Gkt ) [ dug dt + o(1)

Tk Yoo ”L2(Q w(HLY T HYk”Lz(Q w(HLY T o(1)

As a consequence of (17), we have the following alternative: if lim infj_, o0 || Vi 22w (m1y =
0, then we have

w
O, (w) = lim 7Tk(YOO) > !
k—too T}, k—4oo T} 2



according to Lemma 3, leading to the estimate (5).
At the opposite, if liminfy oo [ Yill22(0)x (1) > 0, then there holds?

w Yoo w }7
lim &AC)) > min< lim M, lim inf M .
k—+oo T}, k—+o0 Ty k—+o0 Ty

Using now the two estimates of Lemma 3 yields

. Cr, (w) . (1 0
el A S h .
. lim P min { o g1 (w), ™ (w)

It remains to prove the opposite inequality. Combining (12) with the estimate (14) in
Proposition 1 and making then N tend to +oc yields

C csN 1
lim T(w) < lim  lim Ti(w) =
To400 T No4ooT—4oo T 2

Now, from (12) and letting N and then 7" tend to 400, one has

— C>N —
lim = lim Cr(®) < lim lim M =
T—+oo T T—+oo T T—+oco N—+o0 T

As a consequence of both previous inequalities, we infer that

im T < min <191(w)7a°°(w))> -

T—4o00 T 2

To sum-up, we have proved that (5) holds for every Lebesgue measurable subset w of Q.

2.3 Proof of Lemmas 1, 2 and 3

Proof of Lemma 1. Let t > 0, ¢ > 0. Choose Ty > 0 such that Tio < e LetT > 1T
and N € N. Define m = |[T/t], where |-] denotes the integer part. Introduce also the

functional -
Tf f ly(t, z)|? dvg dt

1Y) =
11,1 HYHL2><(H1

where 0 < 77 < Ty < 400, Y € L3(Q2) x (HY()) and y is the solution of the wave
equation (1) associated to Y. We write for any Y € L3(Q) x (H*(Q))" involving only
frequencies of index higher than N,

“(Y “ (Y “ (Y 1 1
T T mit ml T

30ne has
a+b < a b
N e WA

for every positive real numbers a, b, A, B. Indeed, one has a +b = £ A + %B > (A + B)min (%, %) .

13



Since J¥,(Y) < mt and T'— mt < t, one gets

1 1
w
Y - — K
mt()mT T‘\

Therefore, we obtain

m—l w
BY) ) Xt Jaeen®)

T - mt - mit o
J® Y J¥ Y
> min at,(a—i—l)t( ) —e> aot,(ao—i-l)t( ) —e,
ac{0,m—1} t t

for some ag € {0,m — 1}. Let us notice that one can write

J:ot,(ao—i-l)t(y) P

t t

where Y is the initial condition associated to the solution ¢’ : (x,s) — y(s + agt,x) of
(1). In other words, Y’ = S,,;Y’, where {S; };cr is the unitary wave group associated with
(1). As easily checked, Y’ also involves only frequencies of index higher that N. As a
consequence, we obtain

B YY) G W)

T Tt 2T T F
for all Y € L3(Q) x (H'(Q2))" involving only frequencies of index higher than N. Since YV’
is arbitrary, this proves Lemma 1. [l

Proof of Lemma 2. Since (Yj)pen converges weakly to Yoo in L2(Q) x (H'(Q))’, the se-
quence (Y})ren converges weakly in L*(€) x (H'(Q))' to 0 as k — +oo. Therefore, one
has (Yoo, Yi)r2()x(aty = ©o(1) as k — 400, which yields directly (15) by expanding

||Yoo + YkH%Q(Q)X(Hl)/-
Let us now prove (16). One computes

1 Tk ) Tk ) 1 Tk
?k/o ly(t, z)|° dvg dt = —/ Yoo (t, )| dvgdt+T / |7k (, )| dvg dt

Tk
+— Re<//yootxykt:n)dvgdt>

To prove (16), it suffices to prove that I, = o(1) as k — +o00, where

[T —
Iy = — /yoo(t,a:)ﬂk(t,x) dvg dt.
Ty Jo Jo

Fix k € N* and define

& o Ryt aient 4 bljem N
c;° Ry >t ajo-oew‘jt + b;oje_th

14



for every j € N, so that Ij rewrites

72 (D)6 (@) be () dv, .

Let J and L denote two nonzero integer that will be chosen in an adequate way in the
sequel. We decompose [, as [, = I,i + 12 + I,g’, where

d= o [ S S sedwe@etn g
j=J+1 (=1

I} = /chjo () (x)pe () dvg dt
Jj=1/1=1

- / S RO ()l dog
Jj=14=L+1

Let us now estimate the terms I} o and I ,‘:’ Using the Cauchy-Schwarz inequality and the
fact that [ |f|dvy < [, |f]dvg for every f € L'(Q), there holds

T +oo +oo
#o< o [ ] s ed e @) oy
0 Jwlizjyr1e=1
+oo 2 2 12
< sup / Z ¢ (t) () dvy / Z x) dvg
te[0,Ty] w iz w
+o00 2 2 1/2
< sup / ()¢ () dv / x) dv
1e0.T4] o j;l J ( ) ]( ) g Q Z 9
. . 1/2 . 1/2
< sup [ Y ICOPY @@ <2 >0 (aPP+ Ry | .(18)
eI, \ j=y41 =1 j=J+1

by using that HEN/kHLzX(Hl)/ <1
Now, we claim that, since (\;);en is non-decreasing and tends to +o00 as j — 400, it
is possible to choose J and L such that J < L and for every j < J and ¢ > L + 1,

|/\j — )\g| >1
For such a choice of integers J and L, one has

3 = Tik/ /Z S o (T ()e(x) duy dt

j=14=L+1

1
- ﬁzzcjg/@ Jbe() dvg

j=1¢=L+1

15



with

Tk
Cj = / () (t) dt
0

2a0°°ak T, . T 2a°°bk T, . T
— J e L k Z()\'—)\e)—k _ J . k Z()\j-i-)\e)—k
Yy sin ((/\] )\g)—Z > e'\N 2 7)\ ey sin <()\J + /\g)—2 > e 2
2b°o~k T} . T, 2b°~°b€ T . T,
. 2k emitA) 5 T TR _ ko) o=ii—Ae) =5
/\ ey sin <(/\] + \o) 5 > e "\ 2 + Yy sin <()\J ) 5 > e "\ 2

It follows that
I} < S7,.(a%, @) 4 S5, (a>,0F) + ST, (b°,3") + S7, (b, %)

where for (u,v) € (¢2(C))?, one has

J oo _
_ 2 2uvg T, o Ty
Sipwv) = =D )\'i)\ sin { (A —Ae) 5 | e Ramh) /¢j($)¢£($)dvg ;
T i T g N~ M “
J  +oo —
2 2u;Tp . Te\ i
ST (u,v) = T /\‘j_/\ sin <()\j +)\5)7> i +A) / x) dvg| .
j=le=L1 9 T w

Now, using the Cauchy-Schwarz inequality and the fact that the integral of a nonnegative
function over w is lower than the integral of the same function over €2, one gets

1/2
@) < 3 la¥ JAD ST @-20%) L
JLNT T = / Q|5 )‘j_)\k T /2 ‘ J
J = a2 sin? ((/\j — )\4)%) 2
- Z'aj | Z_%;rl (A = A0)? (T/2)?
- 22 22.5=119"1 |aoo| 2J
ST Tk
by using that [|a¥||,z < 1 and [|a™|j < 1
Now, using similar reasonings as for estimating the other terms, one gets in the end
<3 (19

To conclude, let us fix € > 0. One first choose J large enough (and independent of k) so
that |I}| < /2 which is possible according to (18). According to the previous discussion,
we fix L > J so that inf{|\; — |, 7 < J, £ > L+ 1} > 1, which guarantees that the

16



estimate (19) holds true. Using now that the sequence (Y;)ren converges weakly to 0 in
L2(2) x (HY())', we claim that there exists Ky, such that

€
k> K= [+ < 5,
according to the expression of I,% and the estimate (19). The expected conclusion follows

by combining the two latter inequalities. O

Proof of Lemma 3. Let N € N* and let Y.V be the projection of Y, onto the first N
eigenspaces, namely

N N

vl = Z(ygm(bﬁm(ﬁj,Z(yéw(?ﬁ(ﬂl)/,ffl(ﬁj

j=1 j=1

I, V=) Jm (Yoo

and introduce A%C J =

. Using the notations (18), one has

Ty, Ty
1 Ty N 2 +00 2
M = o /O/W —;C;O(t)¢j(x) + ;c;?o(t)gbj(x) dv, dt
2
Tk
= ¢j €
Tk//(w e
N +00
—|—2Re<z > e b;(x)pe(x )>>dvgdt.
j=14=N+1

Using the Cauchy-Schwarz inequality and the fact that [ |f|dv, < [q|f|dv, for every
f € L'(), there holds

1 Tk +o0 2 Tk: +OO 2
=S soew)| | dyds / =(0)gy(a)| | dogt
Tk 0 w .
j=N+1 j=N+1
Z <2 Z (Ja5°? + [63°1%)
J=N+1 j=N+1
and similarly, introducing
N 1 T N  +oo
R =7 [ X X ¢ 0ams@oa v,
ko Jo 53 =Nt

17



one has

T N +oo
RY < / (1) [y () () v dt
j=1¢= N+1
400 1/2
< /Z|c DR @R, [ 30 eEOPoal v, |
{=N+1
1/2
1 T al 2 = 2
< T PR Gl DA ] dt
kJo\ 5= (=N+1
1/2
N +00
< 2D (a@OP + P > (a @) + b)) dt
Jj=1 (=N+1
+oo 1/2
< 2( > (\a?o(t)\zﬂb?o(t)\z)) dt.
(=N+1

Combining the two latter estimates, we infer that (A%c J)Nen+ converges to 0 asN —
~+00 independently of k.

As a consequence, by noting that |Jr, (Yao)/Tk| < |J1, (YSN)/Tk| + A%c J, to prove the
first statement of Lemma 3, it is enough to prove that

JE YY) 1

lim lim =50 (w),

N—+o00 k—+00 Ty

which is true according to Proposition 1.

Let us now prove the second statement of the lemma. It is based on an argument
which is similar to the one used in the proof of Lemma 1. Let 7" > 0 and my, = |1} /T,
where |-] denotes the integer part. Let us define t;, = T}, /my so that t; converges to T as
k — 4+00. As in the proof of Lemma 1, we use the functional

2 (@) dvg dt

It 1 (Y) =
T1,T> HYH%ZX(Hl)/

where 0 < Ty < Ty < 400, Y € L3(R2) x (HY()) and y is the solution of the wave
equation (1) associated to Y.

We write
W mr—1 7w v w
JTk (Yk) _ Z k Jatk (a41)tg (Yk) 2 min Jatk,(a-l-l)tk (Yk)
T mly ac{0,m;—1} tr
> J;)ktm(ak‘i‘l)tk (Yk) (20)
= tk )

18



for some ay, € {0, my — 1}. Let us notice that one can write

Taptitanrnn Vo) T2 (V)
123 tr

)

where ffk’ is the initial condition associated to the solution ¥ : (z,t) — y(t + axty,x) of
(1). In other words, }7,; = Saktk?k. Using that the wave group {S;}cr is unitary shows
that the coefficients Zik/ and gk/ defined from the initial data EN/’ by the formula (11) satisfy
\ak/] = \ak\ and \bk | = \bk] for every j € N*. Therefore, the sequence (Yk)keN converges
weakly to 0 in LQ(Q) (HI(Q)) N

For N € N*, let us introduce Y,;>N as the projection of f/k’ onto the subspace of
L3(Q) x (H'(2))" spanned by {(#;)j>n+1}, in other words

N N
~

VN =Y, = V7N, where V'SV = | Y (G.(0,1),65) 1205, > (0 (0,), 65) a1y b

7j=1 7j=1

Since the integer N is fixed, it follows that the sequence (fﬁfN Jken belongs to a finite
dimensional subspace of L*(€2) x (H'(€2))" and converges therefore to 0 weakly and thus
strongly in this space. Noting that the assumption liminfy o [|Yk[/z2(0)x a1y > 0 can

be equivalently rewritten liminfy Hffk’ lz2(@)x(aty > 0, the previous considerations
lead to write

JE (V) = JE (V7N +o(l)  ask — +oc. (21)

Since each term 57];>N only involves eigenfunctions of index larger than N, one has

O w) T
ik ik ’
and according to the estimates (20) and (21), we infer that
T V) TR () 20

liminf ——— = lim inf — lim inf lim inf Z%" % 7 > o
k—+oo T} k—+oo Tk k—+o0 N—+o0 tr

T(w)

leading to the desired conclusion by using in particular that such an estimate holds for
arbitrary times 7'. O
2.4 Proof of Proposition 1 (low frequencies)

To avoid technicalities, we first prove this result when the eigenvalues are simple. In other
words, we will prove that

<N W
lm 97 :1 /¢,( 2 du,, (22)

T—+oo T 21

19



for every N € N*. The required ingredients to generalize this result to (14) are provided
at the end of this section.
Consider two sequences a and b in £2(C). One has

2

1 T N N N 1 .
_T/o /wjz::l(ajekgt—kbje Agt) oj(z)| drdt = ﬁ;ajj/wébj(x)2dvg
1 L&
+ﬁzzajk/oJ¢J($)¢k($)dvg,
Jj=1lk=1
k#j

where «y, is defined by

Qg = )\jaia)]\fk sin <()\] — )‘k)§> GZ()\j_)\k)g - _aj_ k sin <()\] +)\k)§> el()\j+)\k)%

_ 2% sin ((/\ + A= > e~ i) 4 _2bib_ sin <()\j — /\k)z> e~ i) g
N — M >

whenever \; # A, and
sin(\; 1)

J

Ak = T(aja_k + b]E) — (CL]'EGD\]T + bja_ke_i)‘fT)

whenever \; = \. It follows that

i
lim -2 =|a;|? + [b;|?
T R I
for every j € N* and, using that the eigenvalues are simple,

4maX1<j7k<N(Aja k)
IAZ = A7l ’

k| <

whenever j # k. Then by expanding the sum it suffices to note that, when passing to the
limit in 7', all terms such that j # k are equal to 0 and there only remain the diagonal
terms.

Hence, we claim that

<N T
lim M = lim inf L /

PRV b —i)\jt> ) da dt
T— 400 T T—>+ooz§\f:1(‘aj|2+‘bj‘2):1 2T <CL]€ + ]6 ¢](Z’) X

-

<
Il
—

'MZ

<
Il
-

(ajei)‘jt + bje_i)‘jt> ¢j(x)| dxdt

= inf lim / /
SN (lag 2 Hbs[2)=1 T—+oo 2T

1

L (a2 + [b;] )/¢ (2)? du
25N (g 2+10;12)=1 ; ’ o !
1 )

=5 in w¢j(w) dvg

20



Indeed, since the sum is finite we can invert the minimum and the limit. The equality
(22) follows then easily.
Let us now establish (14). For general real eigenvalues sequence (\;), we claim that

2
<N
lim Cr ) = lim inf / / a;e™t 4 b e_l’\jt> ¢j(x)| dxdt
_, T

T—+o00 T T—+00 5N (Jaj|2+]b;]2)

= lim inf ( Z Z a]k/qﬁj Vo (x dvg>

T—+4o00 SN 2 2
22521 (ag > +16512) AeUN (4,k)EIN(N)2

DY o / 6(2)6x() vy,

(/\,u)EU2 JEIN(X
Mtp  keln(p )

where
i Yk aia@k + bk 3 (5 k) € In(M)?,
T—+oo T 0 if j € IN(N\), k€ In(u), with (\, ) € U and X # p.

The conclusion follows, by mimicking the previous reasoning and by inverting the limit
and the infimum.
2.5 Proof of Theorem 1

Notice first that every function y : (t,z) + ey (z), where A denotes any nonzero
eigenvalue of —A, and ¢ any associated eigenfunction, is a smooth solution of the wave
equation (1). As a consequence and according to (2), there holds

1
OJ) < §/U¢A($)2 dvga

% g1(w) by passing into the infimum over the set of all noncon-

and we infer that Cp(w) <
stant eigenfunctions of —A,.
The estimate

%CT(W) < oT(w)

follows from the the fact that Cr(w) < C7N(w) for every N € N*.

Let us now prove that the infimum in the definition of C'r is attained as soon as

Cr(w)
7 < oT(

The proof is a direct consequence of the one of Theorem 2. Nevertheless, for the sake of
readability, we provide here a short sketch recalling the main steps.

Let (Yx)ken be a minimizing sequence of the functional J% defined by (3) over L(£2) x
(HY(Q)\ {(0,0)} satisfying HYkH%Z(Q)x(Hl)’ = 1. Since the sequence (Yj)ken is bounded

w). (23)
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in the Hilbert space L2(Q) x (H')'(), it converges up to a subsequence weakly in LZ(£2) x
(HY)(Q) to some Yo € LE(2) x (H)(Q) satisfying moreover

Voo llZ2(0crry < Hminf Vel Fa ) e sy = 1,

by property of the weak convergence.

We will prove that

Cr(w)
T

which implies the expected conclusion when combined with (23).

Let us introduce yoo as the solution of the wave equation (1) with initial conditions
Yo, as well as the function ¥, defined by yr = yr — Yoo. Using the same arguments as in
the proof of Lemma 2 yields

= min (J§(Yao), OZT(W)) ,

1= Yoo + YellZo oy = 1YoolZ2(@yx ey + Vil Zz@yxany +0(1)  as k — +oo,

T T
[ [ meora,a = [ [ e o, i

T
+/ / k(8 2)[* dvg dt +o(1)  as k — +oo.
0 Jw

and

At this step, there are two possibilities: either liminfy_ o || V|| r2(@)x a1y = 0 and there
holds

T
Cr(w) = Jof., [y (t, )2 duvg dt

AL +o(1) as k — +oo,
oo L2(Q)><(H1)’

saying that the infimum is a minimum, or liminfy_, ||}~/k\|L2(Q)X(H1), > 0. In this case,
following exactly the same approach as in the second part of the proof of Lemma 3 (in

fact, the proof is even simpler since we do not have to deal with the dependence of the
observability time 7" with respect to the index k anymore) leads to

Cr(w)
T

> min (J£(Yoo), aT(Xw)) :

Moreover

Cr(w) . >N T
< p—
7 S yim O @) = at(w),

By minimality of C7(w), there holds Cr(w) < J7(Yao)-
Combining all these facts shows that

min (J% (Yoo ), aT(w)) <

This proves Theorem 1.



2.6 Proof of Theorem 3 (high frequencies)

For T > 0 and ~y a geodesic of {2, let us recall (see Definition 4) that mé(y) = + fOT Xw((t))dt
and that g1 (w) = inf,er m%(7), where the infimum is taken over the set I of all geodesics
of 2. Therefore, with the notations of Definition 4, there holds
= lim g7 (w).
g2(w) = lim g5 (w)
This section is devoted to providing an asymptotic estimate of the constant C’; N (w),
involving only highfrequency terms: the precise statement is given in Theorem 3. The

proof is divided into two steps. In the first step, we establish a first inequality by using
Gaussian beams. The converse inequality will then be proved by using the Egorov theorem.

For any h € CY(Q), we set

2
T N
CzN(h) = inf . % /0 /Q Z<ajeikjt+bje—iw> oj(x)h(x)| dv, dt.
_ ~

S0 (lag2+1b;[2)

For any geodesic v in 2, we define

T
mh) = 5 [ ha(o)

and
g () = int ()

where the infimum is taken over the set I' of all geodesics of (2.

ciNw) 1,

First step: limsup < 592 (w) for every N € N* and every measurable

N ——+o00 T
subset w.

Let t + () be a geodesic* for the Riemannian metric g. For every solution w of (1),
we denote by FE,, the energy of w defined by

Ey 1 [0,T] 3t = [|0iw(t, )l|72(q) + Vo (t, )72
and there holds E\,(t) = Ey,(0) for every t € [0,T].

Following [15, Corollary 11], there exists a function w; solution of (1) in C°(0,7; H'(Q2))N
CH0,T; L§(9)) satisfying Ey, () = 1 for every t € [0,T] and

1
3 e, 00054 0y + N0 T4l = O <W> @

)

4Recall that such a curve 7 is a ray for the operator O = 0y — A4, in other words a null bicharacteristic
of O whose hamiltonian is equal to 1/4 for every t (see, e.g., [22]).
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where B;(t) denotes the ball centered at ~(t) of radius j~1/%. Note that the results of [15]
are established in R? but their extension to a manifold is straightforward.

Moreover, an immediate adaptation of the approach in [15] yields that the function
w7 N defined by

+oo
wN =ein Y (wy, dr) 2 () ok
k=N+1
where ¢y is chosen in such a way that £ -~(-) = 1, inherits the property (24).
J

The functions wj> N are referred to as Gaussian beams. The next lemma provides an

essential argument to compare the observability constant with the geometric quantity go.

Lemma 4. Let us consider a function h in C°(Q) The sequence (51 j(h));jen where

fo ) [q ‘3tw>N(t z)|? dvg dt
or,j(h) = B -~(T) / / ’atw>N t,x)? dvg dt
J
satisfies
1 T
JEI}_]OO‘STJ(h) = 5/0 h(~(t)) dt.

For the sake of clarity, the proof of Lemma 4 is postponed to Section 2.8.

To provide an estimate of C7:™¥(h), we define {D]->N = (%w] Then, the function w;N

a solution of (1) with (~>N( ), O ~>N( ) € L2(2) x (Hl) (©2) and we infer that

CEYO) 1y, LI oRdy @
T Tj—>+ooH(~,>N( ), 007N (0, D135 a1y
= lim 5T’] = /h
Jj—+o0 2T

To conclude, let us introduce the sequence (hy)ren+ defined by

dist(z,w . .
Iy s 1—% if dist(z,w) <1/k
0 else.

Notice that (hi)ren+ converges weakly-x to xz in L*(Q), is such that h; € C°(Q2) and
satisfies y, < A < 1 a.e. in Q for every k € N*. Hence, using Lemma 4, one gets

O T L)

T T 2T

and the right-hand side term converges to 5 fOT Xz(v(t)) dt as k — +oo.

Now, considering a geodesic v such that the quantity % fOT Xz (7(t)) dt is arbitrarily close
to g1 () leads to the desired result.
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1
Second step: ol (w) > §gg(w)

Without loss of generality, we can assume that w is an open set since o’ (w) = o (&)
for any w. We extend the definition of CZ% to all h € L=(Q,[0,1]) by setting

2

C2N(h) = e / / aj e 4 bje=N) ()| dvg dt,

+
T2 g 2+ ey f2) i N+1

As an infimum of continuous linear function for the weak-x topology of L>(£2,0,1]), the
mapping h +> C’£ N(h) is concave and upper semicontinuous for this topology.
Let h € C*(2). We are going to prove that, 7" being a fixed positive number, one has
CZN(h) _ 1
TT() > §ng(h) +0o(1) as N — +o0. (25)
In particular, letting N tend to oo, we will obtain that
N
N 1

af(h) == lim 592 (h).

N—r+o00 T 2
It is worth noticing that the o(1) in (25) does actually depend on h, which makes the
conclusion not obvious. We proceed in this way: since w is open, one can construct an
increasing sequence of functlons (hi) such 0 < hy, < 1, hg(z) = 0 if dist(z, Q\ w) < 1 and
hi(z) = 1if dist(z, Q2 \ w) > 2. Since k + hy, increases, we have ol (w) > o (hy) for any
k. To conclude, we apply the following lemma whose proof is postponed to Section 2.9.

Lemma 5. We have
gg(w) = klim gg(hk).
—+00

Hence, it is enough to establish (25) to get the expected conclusion.

Let us establish (25). Let h € C°°(Q), such that h > 0in 2. Denote by L% (€2), (H*(Q))y
the spaces of L? and (H')' functions of Q that are L?-orthogonal to Span{¢; }1<i<n-

For every N > 1, we consider initial data (yo n,y1,n) normalized in L3 (Q) x (H*(Q))y
for the wave equation (1) for some N > 1. Denoting by A the operator® defined by

= /—2A, the solution yy of (1) associated to (yo,n,y1,n) then satisfies
YN = eitAZ(),N + e_it)‘zl,N (26)

where zo y = %(yQN — Aty v) and 2 v = %(yQN +ix"ly1 v). We will first find a lower

bound of
}%,g}r%g_/ / z)|yn (¢, 7)|? dvg dt.

Introduce the operator Gp associated to this problem, defined by

(Grulv) / / v(t,z) dvg dt,

®Note that since N > 1, A can be considered as an invertible operator from L% () to (H'(Q))y.
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for u,v € L2([0,T] x Q).
The identity (26) shows that

(Grynlyn) = An + By +2Cn
where
Ay = (Gre™ 2 n|20,8) » By = (Gre™ 21 n|21,n) and Cy = Re(Gre™ 2o v|21,n)-

Let us study

T
AN:/ /e_’t)‘hemzo’]vzo’]v dx dt.
0 Q

Introduce the pseudodifferential operator a = Op(h) obtained by Weyl quantization.
Actually, since h is a function of €2, a is the multiplication by h. Applying the Egorov
theorem® shows the existence of a smooth family of operators Q; of order 0 with principal
symbol h(7v;¢(t)) such that

e—it)\heit)\ — Qt + St

where S; is d-smoothing for all d > 0. Moreover, since the principal symbol of @y is
h(7yze(t)), there exists a smooth family R; of 1-smoothing operators such that

Qt = Op(h(72(1))) + Ry
Notice moreover, that Ry = Q¢ — Op(h(yz,£(t))) + S¢. We obtain
Ay = AN + A% (27)

where

T T
A}V:/O /QOp(h(’yx,g(t)))zo,devgdt, A2 :/0 /Qtho,devgdt.

By definition of gJ (h), one has fOT h(vze(t))dt = Tgl (h). Hence, it follows from Garding’s
inequality that

T
Op ( /0 h(»yx,g<t>>dt) > a(Tg () = Tgl (h),
by noting that

T
Ay = [ op ( / h(v%at))dt) o N v,
Q 0

“Egorov Theorem ([4, 23]): Let P be an operator of order m with principal symbol p. There exists
a smooth family of operators Q¢ of order m with principal symbol q: such that

o for alld € N, e " Pe'* — Q, is d-smoothing;
o qi(z,€) = p(Va,e(t)) where yq¢ is the geodesic of Q starting at x € Q in the direction of § € T, (.
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As a consequence, there holds

Al
TN > g (h)l|z0.3 1725y (28)
Let us now prove that limy_, A?V = 0. Choose any subsequence of (A?V), still noted

A?V. Since Ry is l-smoothing and since t — R; is smooth, the operator fOT Ridt is also
1-smoothing. As a consequence, there exists a constant C' > 0 such that for all IV,

<C.
H(Q)

/OT tho,N(x)dt'

By the Sobolev embedding theorem, there exists a function v € L?(Q) such that a subse-
T . T . 2
quence of <f0 tho,N(x)dt> Mol (still denoted by <f0 tho,N(x)dt) N>1) tends to v in L=,

A% = /Q </0T tho7N(x)dt> 20 (x)dx

< /Q K /0 TthO,N(x)dQ —v(m)] o (@) + /Q o(2)70 N (@)da.

The first integral in the right hand side converges to 0 by convergence of ( fOT Rz, N(:E)dt) —

Hence,

v(z) to 0 in L?(Q)) while using Holder inequality, the second integral satisfies, using that
20,N € L?V(Q),

[ v@znt@is = [ pr(e)e)znn@de < oy @)lleonlaonlzon
where py is the L? projection of v onto L% (). Clearly,

Nl_i}}rloo P~ (V)| L2 (ar) = 0.

Hence, limy_ 400 A?V = 0. Since this holds for any subsequences of A%, this proves that
the sequence A% tends to 0 as N tends to +oc0. Together with (27) and (28), we obtain

An

T 2
Tz 9 (M)llzo,n 1720 - (29)
With the same argument, we also get that

By

T 2 9 (M)lz1x 11720 (30)

Now, observe that
CN = / R;ZQNZLthdx
Q
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where R} is the operator defined by R, = fOT e he™dt. By [2, Lemma A.1 p. 45], the
operator Rj is 1-smoothing, and the argument above, showing that limy_, 40 A?\, = 0,
proves that

lim Cy =0.
N—+400

Together with (29) and (30), we obtain that

hmlnf—/ / )yn|(t, z)*dadt > g3 (h) (”ZO,N”2L2(Q) + Hzl,NH%Z(Q)) :

N—oo

Observing that
2o 20y + o112y = 5 (o132 + 1A 1,003,

= = (o1 + Iy v lPey )

l\DI}—k[\’)l}—t

this ends the proof of Theorem 3.

2.7 Proof of Corollary 2

Using Theorem 3, it is clear that this is enough to prove that Assumption (1.2) implies
that ga(w) = g2(@). To see this fact, consider any geodesic v : [0,7] — M which is close
to minimise the infimum in the definition of g (&). Hence, there is some arbitrarily small
¢ such that

T T
=7 [ atoa -4 [ oo

T T
=7 [ et 7 [ xa@wb)d -1
> F @ +F O\ @\w) 12 ¢ @),

Since € > 0 is arbitrary, one gets ng(w) > gg (). Since the converse inequality is obvious,
the proof is complete.

2.8 Proof of Lemma 4

According to the Green formula, one has

or;(h) = /Qh(x) [w;N(t,x)Gtw;N(t x) / / Nt (t, ) 0wy N(t, x) dv,

_ / h(x)< >N (T, 2) 0wy (T, x) — j> (o,x)atwa(O,:n)) dug

/ / )Agw;N(t, x) dvy.
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Let us show that

;N(O,x)atwa(O,x» dvg =o0(1) as j — +oc.

/ h(x >N (T, x)@tw>N(T x) —
Since Ey,(-) = 1, the sequence (8twj>N(T, -))jen+ is bounded in L?(£2) and up to a subse-
quence, converges therefore to some function u} Weakly in L?(€2). Similarly, the sequence

(waN(T,-))jeN* is bounded in L?(Q2). Since fQ () dvg = 0, it follows from the

Poincaré-Wirtinger inequality that, up to a subsequence, (wj>N

some function u} weakly in H'(£2). According to Rellich-Kondratov theorem, the afore-
mentioned subsequence of (wj>N (T,-))jen+ converges also strongly to u} in L*(Q2). Com-

(T,-))jen+ converges to

bining this result with the fact that xo\p, ) converges strongly in L?(2) to the function
equal to 1 almost everywhere in ) leads to

[ talan, < tmin [ oy, o)l v,

1/2
< QY <ljlglinf/ xevs;@yw; N (T, )? dUg)

by using the Cauchy-Schwarz inequality and the fact that the mapping L?(Q) 3 u ~ |u| €
L?(€2) is convex and lower semicontinuous for the strong topology of L?(£2), and thus also
for the weak topology of L?(Q).

>N

Now, according to the energy estimate (24) on w;

Hence, the sequence ( [, h(m)w]?N(T,a:)(‘)tw]?N(T,x) dvg)jen+ converges to 0 as j — +oo.

, we infer that |u3| = 0 necessarily.

One shows in a similar way that the sequence ([, Xw(:n)w]?N(O, x)@tw>N(0 x) dvg) jen=
converges to 0 as j — +00. The expected result follows.
We also claim that

/ / >N (t x)Agw>N(t x) dvg —/ /h |ng>N(t z)|? dvg dt + o(1),

as j — +oo. Indeed, using the Green formula, one has

_/OT/Qh(;L«)w]?N(t,;p)Agw (t,x) dvg / /h |ng>N(t z)| dvg dt
/ / Vh(z) dug dt,

and using the same reasoning as previously, one shows that the sequence (w]> N )jeN+ con-
verges strongly to 0 in L?(0,7T; L(9)).
We have then proved that

or;(h / / |ng>N(t z)|? dvgdt +o(1) as j — +oo. (31)
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As a result,

fo Jo 1(@)|8pw N (8, 2)|? dvg dt

5T’j(h) - E >N(T)
1 fo fQ |8tw>N(t z)|? + V4 w Nt ,:17)|2)dvg dt +o(1)
- B>~ (T)
J
_ / / (107N (8, 2)[2 + VN (1, 2)[2) dvg dt + o(1),
B;(t)
by using (31).
Now, introduce
0 Ry >t h(x)(|8twj>N(t,x)|2 + ngfN(t,x)F) dvg.
B;(t)

According to (24), one has the following alternative: either ~(¢) ¢ supp(h) and then

(0j(t))jen+ converges to 0 as j — 400, or ¥(t) € supp(h) and (0;(t))jen+ converges to

h(v(t)) as j — +oo. In other words, (6;(t))jens converges to (d,, k) aq,co as j — +oo.
According to the Lebesgue dominated convergence theorem, the conclusion follows.

2.9 Proof of Lemma 5

Assume that w is open and that (hg)ren is a noncreasing sequence of functions such
0< by <1in Q, hy(x) = 0 if dist(z,Q \ w) < 7 and hi(z) = 1 if dist(z,Q \w) > . We
will prove that
g2 (w) = Tim g5 (). (32)
—+00

The fact that g (w) > limsup,_,, . ¢4 (k) is obvious since x, > hy for all k € N.
Consider a sequence of rays v : [0, 7] — € such that

T e
95 (h) > T/o hi(vi(t))dt +o(1) as k — +oc. (33)

The set of rays is compact since each rays is entirely determined by it position z € Q at
time 0 and its derivative at time 0 with lies on the unit cotangent bundle of 2. Hence
there exists v : [0,7] — € such that 75 — ~ uniformly on [0,7]. For any ¢ € [0,T], it
holds that

lliglig hic(7:(t)) = xw((2)).

Indeed, if v(t) € w, then since w is open, hi(Vk(t)) = 1 = xw(7(t)) as soon as k is large
enough. If v(t) ¢ w, the inequality is obvious since x,(y(t)) = 0. Together with (33),
Lebesgue dominated convergence theorem implies that

() > 4, [ mw(@)it+0(1) > 1 [ ulal@t+o() > gF(w) +o(1) as k- +ox,

which proves (32).

30



3 Characterization of the observability (proof of Corollary 1)

We first claim that O7(w) > 0 = aT(w) > 0. Indeed, one has Cr(w) < CZY(w) for any
N >0, and it follows from the definition of a’ that o’ (w) = 0 = Cr(w) = 0, whence the
claim.

Let us prove the converse. Assume by contradiction that

T(w) >0 and Cr(w) =0. (34)

For any s > 0, let us denote by FEs the set of solutions of (1) vanishing identically on
[0, s] X w. This space is sometimes called “space of invisible solutions”. Notice that Ej is
a vector space.

For every k € N, one introduces the following property.

(Hy) (with k € N*) for all € > 0, there exists a non trivial solution yy . € Ep_. involving
only frequencies of index greater than k, i.e. such that the pair of its initial conditions
(ygﬁ,yé’e) satisfies

Ayi,g(w)¢j(w)dvg =0, i=0,1, j=1,...,k

If £ = 0 this property writes: there exists a non trivial solution yo. € Fr_..

We will prove by induction that Property (Hj) holds true for every k € N. As a
consequence, if ¢ > 0 and N are fixed, Property (Hpy) yields the existence of a so-
lution yr. € Ep_. of (1) involving only frequencies of index higher than N. Using
(y1,(0,-),0y7,:(0,-)) as test functions in the functional J¥, one infers that 7V (w) = 0.
Letting N tend to oo yields that ar_.(w) = 0. Finally, noting that for all initial condi-
tions (y°,y'), one has

w 0 1y _ qwi, 0 1| <
|JT—€(y7y) JT(yvy )‘\T—E’

one infers that .

T—¢

and as a consequence, one has a’ (w) = 0 whence the contradiction.

It remains now to show Property (Hj) holds true for every & € N under the assumption
(34).

Let us first prove that (Hp) is true. According to Theorem 1, the infimum defining
Cr(w) is reached by some initial conditions (yo,y1) such that the associated solution y of
(1) satisfies y = 0 a.e. on [0,T] X w. In other words, the dimension of Ep is at least equal
to 1, and this holds also for Ep_. for any ¢ since Er C Ep_..

Assume now that (Hy) is true for some k € N and let us prove (Hg41). Let € > 0 and
let y € Ep_. /o with initial condition (yo,y1) satisfying

ar(w) < ar—.(w) +

/ y'(2)p;(w) dvy = 0, foralli=0,1, j=1,...,k.
Q
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The crucial point is that for all a € [0,e/2], the function 7,(y) : (t,2) — y(t + a,x)

belongs to ET_%_G C Er_.. We now show the existence a function z writing as a nonzero

linear combination of functions (74(y))sef0,e/2, With initial conditions (2°,z') satisfying

the orthogonality conditions
/ 2 (x)¢;(x) dvy = 0, i=0,1, j=1,...k+1.
Q

Let (y),yl) be the initial conditions associated to y,. We expand the solution 7,(y) as

+00
@)t = > (%’(a)eﬂjt + bj(a)e_“"t) 65 (-)-

Jj=k+1
where (a;(a))jen+ and (bj(a));jen+ belong to £2(R). In particular, one has
a;j(a) = e a;(0) and bj(a) = e~b;(0).

If apy1(0) = brp11(0) = 0, then y belongs to Ep_. and involves only frequencies of index
higher than k + 1 which shows that (Hj1) holds true. For this reason, we assume that
ap4+1(a) # 0 or byyi(a) # 0. Hence, there exists j such that A; > Apy1, and a;(0) # 0
or bj(0) # 0. Otherwise, the function y would be a nonzero multiple of an eigenfunction
belonging to the eigenspace associated to the eigenvalue \;, and would vanish on w. Because
of the hypoanalyticity of the Laplacian operator, this is impossible as soon as w has a
positive Lebesgue measure (see [3, 7, 13]), which is the case since o’ (w) > 0. Hence, let
us consider j > k such that \; > A, and a;(0) # 0 or b;(0) # 0. Since A\; > \i, one
can find 0 < a < @’ < /2 such that the vectors (1,e% e¢") and (1,e%% %) are
linearly independent. In other words, there exist real numbers cg, ¢4, ¢,s such that

o + o™+ e =0 (35)
and
o + Ca€N 4 cyetti® # 0. (36)

Set z = coy + Ccola + Coyar- Then, z is the desired solution: it belongs to Ep_. and
moreover z # 0 according to (36). Finally, z involves only frequencies of index higher than
k + 1 according to (35). This shows (Hy11).

4 Spectral gap assumption and consequences

In the case where the eigenvalues are well separated in a sense made precise below, another
argument than the one used in the proof of Theorem 2 leads to a more precise result.

Theorem 4. Assume that the spectrum (A\j)jen< of Q satisfies the uniform gap property
(UG)  There exists v > 0 such that, if \j # A\, with j # k, then [\j— Az = 7.
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Then for every measurable subset w of 2, there holds

. C’T(w) - 1
TETOO T N 591 (w)

In other words, together with Theorems 2 and 3, one has

g1(w) < g2(@) (37)

for every measurable subset w of 2. Note that such an inequality obviously does not holds
true without specific assumptions on the sets w and 2. Indeed, it is enough to consider
as a counterexample that ) is a flat torus and that w is a rectangle strictly contained in
Q (see [17, 19] for various examples).

Remark 7 (Characterization of manifolds for which ¢ (w) < g2(w)). A natural issue is
to wonder whether one can characterize the manifolds (2, g) satisfying (37) for any mea-
surable subset w of Q. Such an issue will be answered (among others) in the forthcoming
paper [10]. More precisely, it will be stated that this property holds true if and only if £
is a manifold whose geodesic flow is periodic and such that each geodesic is the support of
a quantum limit. We will also establish further information on quantum limits and prop-
erties of the geodesic flow by using similar techniques to those developed in the present
paper.

Proof. According to Theorem 1, we have limp_, | CTjgw) < %gl (w). We will now show

that the converse inequality is still true as soon as (UG) is satisfied. Let us denote by U
the set of all distinct eigenvalues A;, and let us set Io(\) = {j € N* | A; = A}. One has

2

Cr(w) 1 T/ - iXjt Xt
= inf et £ bje ") dj(x)| dugdt
T S las =1 T Jo S ;< )o ’

- (Z > am [ @y
)?

oo, 12 2=
2521 1ai P P=1\ \et, (5 k)l (A

(A —Ak)
+— Z Z 4 ak )\ _;k /(b] ¢k d?)g,

()‘ €U, j€Iso(N)
N ke Too (1)

+> > b%/%‘(x)%(!ﬂ) dvg
) w

A€Uco (4,k) €10 (

i(Ae—Xy)

bb
+_ Z Z k )\ W /¢j ¢k )dvga

(A p)EUZ, j€Iso(N)
Nt k€loo (1)

i(Ap+A)T
+2Re< Z Z abk N /¢y )k ( )dv9>)

(Ap)eUZ, j€1s0(N)
k€loo(p)

(38)
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Let us fix (a;)jens, (bj)jen+ in £2(C) such that j:oi’ la;|? + |bj|*> = 1 and let

. Z()\ )T
a]ak
S % " /@ o) dv.

(Ap)EUR, G€I0(N)
MEp k€l (p)

One has

K / DD ajeT e, (x)age” M gy () v,

(AR)EU, j€Loo(N) A= Ak
At keloo(n)

¢;(x)ardk ()
ol X3 wemel,,

(A R)EUR jE€Loc(N)
AEp kEIoo(u)

According to [16] and since the sums run over distinct eigenvalues enjoying a uniform gap
property, there exists a constant C;, > 0 uniform with respect to the sequence (a;);en-

such that N
S1< 0> Il [ o@?an <c,
j=1 w
We thus infer that

i(\j—A)T

1 a;ar (e’ -1) C
T >y = N — /wébj(m)qﬁk(w)dvg <5

(A)eUR €I ()
At keloo(p)

e+

Py D [, || <

(%M)EUZ J€lo(X)
k€loo(p)

=IQ

for some C' > 0 independent of the sequences (a;);jen+, (bj)jen+ and the real number 7'
Finally, mimicking such a reasoning for each term of (38) yields that

CT(W) > inf Z Z (a]ak + b bk / gb] st d’Ug + O ( >

T S o PHb =1 3G G T (n
1
= g(w)+0 <T> .
The theorem is proved. g
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Remark 8 (Application of Theorem 4). Theorem 4 applies in particular in the following
cases:

e the one-dimensional torus T = R/(27). The operator Ay = 0,, is defined on the
subset of the functions of H?(T) having zero mean. Its eigenvalues are all double,

given by A\; = j for every j € N* and associated to the eigenfunctions ejl- = \/; sin(j-)

and e? = \/g cos(j-). In this case, the spectral gap is v = 1 and one gets

lim Cr(w) _ ! inf inf / (Vasin(jz) +v1— acoS(j:E))2 dx

T—4oo T T jEN* agl0,1]

Using straightforward computations, this last expression simplifies into

lim Cr(w) 1l _ su /sin(2 jz) dz 2+ /008(2 ) dz i
T—+o00 T a e 2 jeNE1 w J w /

e the unit sphere S™ of R"*1. The operator Ay is defined from the usual Laplacian
operator on the Euclidean space R"*! by the formula Ny = r2Agns1 — Opp — =0y
where r = ||2||gn+1 for every 2 € R Its eigenvalues are A\, = k(k +n — 1) where
k € N. Moreover, the multiplicity of A is k(k+n—1) and the space of eigenfunctions
is the space of homogeneous harmonic polynomials’ of degree k. As a result, one
gets

o Or(w) o [ le@) da
lim —~ = inf inf 2¥—"———
T=4oo T keN oMy [, |P(2)]? da

where Hj, denotes the space of homogeneous harmonic polynomials of degree k.

As a byproduct of Theorem 4, we recover a well known result on the existence of
quantum measures® supported by closed geodesics.

"An orthogonal basis of spherical harmonics is given by

n

1 i Dln—
Yi,,0,01,...0,) = _26 1101 H Pllj,j 16,
V2w

where the indices are integers satisfying |l1| < l2 < ... < [, and the eigenvalue is —I,(l, +n — 1). The
functions in the product are defined by

~ - ;— | —j _ Ji=2
ng(e)—\/zL“ LEALHT =2 5 25 0y p 073 (o5 0),

Jj=2

2 (L—=1) L1352

where, for two real numbers v and pu, the function P, * is the associated Legendre function of the first

kind defined by
N 1 1—z\*? 1—x
P M) = —— ([ —~ Fl- 1.1

v (@) F(1+u)<1+:c) ( vyt bl — >

where I' is the Euler’s Gamma function and F is the hypergeometric function (see e.g. [9]).

®Recall that a quantum limit for —A, is a weak-limit (in the space of Radon measures) of a sequence
of measures (¢, (x)? dr)gen+, where ¢, are nonzero eigenfunctions of —A, with positive eigenvalues \j,
such that \;, — 400 as k — 4o0.
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Corollary 5. Assume that the spectrum (\j)jen+ of Q satisfies the uniform gap property
(UG). Then, for any closed geodesic vy of 2, there exists a quantum measure supported
along 7.

This is exactly the main result of Macia [14] which extends a result of Jakobson and
Zelditch [11] on the sphere. As a consequence also noted in [14], under the additional
assumption that  is a Zoll manifold with maximally degenerate Laplacian, any invariant
measure for the geodesic flow on 772 is a quantum measure.

In the forthcoming paper [10], we prove that if the spectrum satisfies the uniform gap
property (UG), then any invariant measure is a quantum limit. In particular, this shows
that the assumption of a maximally degenerate Laplacian done in [14] is not necessary.

Proof. A direct adaptation of the proof of Theorem 4 allows to prove the following gener-
alization: under the assumption (UG), for every N € N* and every measurable subset w
of Q, there holds
N 2
lim 705 () = l inf —f“ [#(=)] dvg‘
T—+oo T 2 ¢;§6V Jo 16(2)]? dug

According to Theorem 3, there exists a subsequence (¢;, )ken+ of (¢;);jen+ whose associated
eigenvalues tends to +o0o and such that

iimsup [ [0 (2)de < 92@)
k—+oco Jw
i.e., for every measurable subset w of 2, there exists a quantum mesure pu satisfying
ww) < go(@). Let v C Q be a periodic geodesic and let ¢ > 0. We apply the last
inequality to w. = Q\ G. where G, = {z € Q, dist(x,v) > €}. Since g2(w.) = 0, there
exists a quantum measure p. such that p.(Jz) = 0. We obtain the expected conclusion
by noting that (w.)e>o shrinks to v as € \, 0 and that the family (u.)c~0 converges, up to
a subsequence, in the sense of measures to some quantum limit . O

5 Concluding remarks and perspectives

We provide here a list of open problems and issues that we will investigate next.

Manifolds with boundary. The introduction of the so-called highfrequency observ-
ability constant o’ (w) is of interest because it allows to characterize the positiveness of
Cr(w) in terms of the quantity o (w). The result stated in Corollary 1 is devoted to this
equivalence. It still holds true in the case of a manifold with boundary. Nevertheless, one
has to overcome technical difficulties to get a characterization of a’ (w), in other words an
equivalent statement to the ones of Theorem 3 and Corollary 3, in such a frame.
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Schrédinger equation. Little is known on internal observability of the Schrédinger
equation. For instance it is known that GCC implies internal observability, but this
sufficient condition is far from being sharp. Internal observability has also been established
for particular geometries. An issue is to apply the methods developed in this paper to
provide sufficient conditions for observability writing in terms of a new geometric quantity.

Shape optimization. A challenging problem is to maximize the functional y,, — Cr(w)
over the set Uy, = {x» € L>(9,{0,1}), |w| = L|Q|}, for some fixed L € (0,1). A first
issue is to investigate the existence of maximizers. We believe that the methods developed
in this article will allow to prove non-existence, as well as to capture the behavior of
maximizing sequences of domain, at least for particular choices of €.
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