N

N

The vacant set of two-dimensional critical random
interlacement is infinite

Francis Comets, Serguei Popov

» To cite this version:

Francis Comets, Serguei Popov. The vacant set of two-dimensional critical random interlacement is
infinite. 2016. hal-01336837

HAL Id: hal-01336837
https://hal.science/hal-01336837

Preprint submitted on 24 Jun 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01336837
https://hal.archives-ouvertes.fr

The vacant set of two-dimensional critical random
interlacement is infinite

Francis Comets! Serguei Popov?

June 17, 2016

!Université Paris Diderot — Paris 7, Mathématiques, case 7012, F-75205 Paris Cedex 13, France
e-mail: comets@math.univ-paris-diderot.fr

2Department of Statistics, Institute of Mathematics, Statistics and Scientific Computation, Uni-
versity of Campinas — UNICAMP, rua Sérgio Buarque de Holanda 651, 13083-859, Campinas
SP, Brazil

e-mail: popov@ime.unicamp.br

Abstract

For the model of two-dimensional random interlacements in the critical
regime (i.e., & = 1), we prove that the vacant set is a.s. infinite, thus solving
an open problem from [8]. Also, we prove that the entrance measure of sim-
ple random walk on annular domains has certain regularity properties; this
result is useful when dealing with soft local times for excursion processes.
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1 Introduction and results

The model of random interlacements, recently introduced by Sznitman [17], has
proved its usefulness for studying fine properties of traces left by simple random
walks on graphs. The “classical” random interlacements is a Poissonian soup of
(transient) simple random walks’ trajectories in Z9, d > 3; we refer to recent
books [5, 12]. Next, the model of two-dimensional random interlacements was
introduced in [8]. Observe that, in two dimensions, even a single trajectory of a
simple random walk is space-filling. Therefore, to define the process in a meaning-
ful way, one uses the SRW’s trajectories conditioned on never hitting the origin,



see the details below. We observe also that the use of conditioned trajectories to
build the interlacements goes back to Sznitman [19], see the definition of “tilted
random interlacements” there. Then, it is known (Theorem 2.6 of [8]) that, for
random walk on a large torus conditioned on not hitting the origin up to some time
proportional to the mean cover time, the law of the vacant set around the origin
is close to that of random interlacements at the corresponding level. This means
that, similarly to higher-dimensional case, two-dimensional random interlacements
have strong connections to random walks on discrete tori.

Now, let us recall the formal construction of (discrete) two-dimensional random
interlacements.

In the following, || - || denotes the Euclidean norm in R? or Z? and B(z,r) =
{y : ]z — y|| <} is the (closed) ball of radius r centered in x.

Let (Sp,n > 0) be two-dimensional simple random walk. Write P, for the law
of the walk started from x and E, for the corresponding expectation. Let

To(A) = inf{k > 0: S € A}, (1)
71(A) =inf{k >1:5; € A} (2)

be the entrance and the hitting time of the set A by simple random walk S (we
use the convention inf ) = +o00). Define the potential kernel a by

a(z) =Y (Po[Sk=0] — Py[S=0]). (3)

k=0

It can be shown that the above series indeed converges and we have a(0) = 0,
a(x) > 0 for x # 0, and

27+ In8 _
—— Ozl %) (4)
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a(z) = =In|jz| +
T

as x — 00, where v = 0.5772156... is the Euler-Mascheroni constant, cf. Theo-
rem 4.4.4 of [14]. Also, the function a is harmonic outside the origin, i.e.,

i Z a(y) = a(x) for all z # 0. (5)

Observe that (5) implies that a(Skar(0)) is a martingale.

The harmonic measure of a finite A C Z? is the entrance law “starting at

infinity”!,

hmy(z) = lim Py[S; ) = 2] (6)

lyll—o0

Lobserve that the harmonic measure can be defined in almost the same way in higher dimen-
sions, one only has to condition that A is eventually hit, cf. Proposition 6.5.4 of [14]
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For a finite set A containing the origin, we define its capacity by

cap(A Z a(z) hma(x (7)

T€EA

in particular, cap ({0}) = 0 since a(0) = 0. For a set not containing the origin, its
capacity is defined as the capacity of a translate of this set that does contain the
origin. Indeed, it can be shown that the capacity does not depend on the choice of
the translation. Some alternative definitions are available, cf. Section 6.6 of [14].
Next, we define another random walk (§n, n > 0) on Z*\ {0} in the following
way: the transition probability from z # 0 to y equal

4a(x)
that (5) implies that the random walk S is indeed well defined, and, clearly, it is an
irreducible Markov chain on Z?\ {0}. It can be easily checked that it is reversible
with the reversible measure a(-), and transient (for a quick proof of transience,
just verify that 1/ a(§ ) is a martingale outside the origin and its four neighbors,
and use e.g. Theorem 2.5.8 of [15]).

For a finite A C Z?, define the equilibrium measure with respect to the walk S
ea(z) = 1{z € AP, [S, ¢ A for all k > 1]a*(z),

and the harmonic measure (again, with respect to the walk S )

) =210 (1)

yeA

Also, note that (13) and (15) of [8] imply that e4(z) = a(x) hma(z) in the case
0 € A, that is, the harmonic measure for S is the usual harmonic measure biased
by a(-). Now, we use the general construction of random interlacements on a
transient weighted graph introduced in [20]. In the following few lines we briefly
summarize this construction. Let W be the space of all doubly infinite nearest-
neighbour transient trajectories in Z2,

w :{Q = (0k)kez : Ok ~ Ok41 for all k;
the set {m : 0,, = y} is finite for all y € Z°}.

We say that ¢ and ¢’ are equivalent if they coincide after a time shift, i.e., o ~ ¢
when there exists k such that g,.x = omn for all m. Then, let W* = W/ ~
be the space of trajectories modulo time shift, and define x* to be the canonical
projection from W to W*. For a finite A C Z?, let W, be the set of trajectories
in VW that intersect A, and we write W} for the image of W4 under x*. One
then constructs the random interlacements as Poisson point process on W* x R*



with the intensity measure v ® du, where v is described in the following way. It is
the unique sigma-finite measure on the cylindrical sigma-field of W* such that for
every finite A

Ly v =X 0Qa,

where the finite measure ()4 on W, is determined by the following equality:
Qa [(Qk)kzl €F, 00=1,(0-k)r>1 EG] = gA(‘T)I[Dx[g € F]Px[‘§ € G [T1(A)=00].
The existence and uniqueness of v was shown in Theorem 2.1 of [20].

Definition 1.1. For a configuration ), O(wiuy) Of the above Poisson process, the
process of two-dimensional random interlacements at level o (which will be referred
to as Rl(a)) is defined as the set of trajectories with label less than or equal to wa,

i.e.,
g Ous -

Auy<ma

As mentioned in [8], in the above definition it is convenient to pick the points
with the u-coordinate at most ma (instead of just «, as in the “classical” random
interlacements model), since the formulas become generally cleaner.

It can be shown (see Section 2.1 of [8], in particular, Proposition 2.2 there) that
the law of the vacant set V* (i.e., the set of all sites not touched by the trajectories)
of the two-dimensional random interlacements can be uniquely characterized by
the following equality:

P[A C V] = exp ( — macap(A4)), for all A C Z* such that 0 € A.  (8)

It is important to have in mind the following “constructive” description of the
trace of RI(«) on a finite set A C Z?. Namely,

e take a Poisson(ma cap(A)) number of particles;

e place these particles on the boundary of A independently, with distribution
€4 = ((cap A)~'eu(xz),z € A);

e let the particles perform independent S-random walks (since S is transient,
each walk only leaves a finite trace on A).

In particular, note that (8) is a direct consequence of this description.
Some other basic properties of two-dimensional random interlacements are con-
tained in Theorems 2.3 and 2.5 of [8]. In particular, the following facts are known:



1. The conditional translation invariance: for all « > 0, z € Z? \ {0}, A C Z?,
and any lattice isometry M exchanging 0 and x, we have

P[AC V| e V] =P[MACV*|zeV. 9)

2. The probability that a given site is vacant is

Plz € V] = exp ( - m@) = ellzl|~ (1 + O(l|z] ) (10)

(also, note that (4) yields an explicit expression for the constant ¢ in (10)).

3. Clearly, (10) implies that

const X 727, for a < 2,
E(|Va N B(T)D ~ qconst X Inr,  for a =2, (11)
const, for a > 2.

4. For A such that 0 € A it holds that

lim P[A C V* |z € V] =exp < — %cap(A)). (12)
T—r00

Informally speaking, if we condition that a very distant site is vacant, this
decreases the level of the interlacements around the origin by factor 4. A
brief heuristic explanation of this fact is given after (35)—(36) of [8].

5. The relation (11) means that there is a phase transition for the expected size
of the vacant set at & = 2. However, the phase transition for the size itself
happens at &« = 1. Namely, for a > 1 it holds that V¢ is finite a.s., and for
a € (0,1) we have |[V*| = oo a.s.

Now, the main contribution of this paper is the following result: the vacant set
is a.s. infinite in the critical case a = 1:

Theorem 1.2. It holds that |[V'| = 0o a.s.

The above result may seem somewhat surprising, for the following reason. As
shown in [8], the case & = 1 corresponds to the leading term in the expression for
the cover time of the two-dimensional torus. It is known (cf. [3, 11]), however, that
the cover time has a negative second-order correction, which could be an evidence
in favor of finiteness of V! (informally, the “real” all-covering regime should be
“just below” a = 1). On the other hand, it turns out that local fluctuations
of excursion counts overcome that negative correction, thus leading to the above
result.



For A C Z4, denote by 0A = {x € A : there exists y ¢ A such that x ~ y} its
internal boundary. Next, for simple random walk and a finite set A C Z%, let H,
be the corresponding Poisson kernel: for x € A, y € 0A,

Ha(z,y) = Pu[Sry04) = v

(that is, Ha(z,-) is the exit measure from A starting at x). We need the follow-
ing result, which states that, if normalized by the harmonic measure, the entrance
measure to a large discrete ball is “sufficiently regular”. This fact will be an impor-
tant tool for estimating large deviation probabilities for soft local times without
using union bounds with respect to sites of A (surely, the reader understands
that sometimes union bounds are just too rough). Also, we formulate it in all
dimensions d > 2 for future reference?.

Proposition 1.3. Let ¢ > 1 and € € (0,1) be constants such that ¢(1—¢) > 1+ 2¢,
and abbreviate A, = (B(cn) \ B(n)) U0dB(n). Then, there exist positive constants
B,C (depending on c,e, and the dimension) such that for any x € B(c(1 —e)n) \
B((1+2¢)n) and any y, z € 0B(n) it holds that

Hy,(v,y)  Ha,(z,2) <O<||y—z||>6 (13)

hmg ) (y) a hmgg)(2) 1 — n

for all large enough n.

We conjecture that the above should be true with § = 1, since one can di-
rectly check that it is indeed the case for the Brownian motion (observe that the
harmonic measure on the sphere is simply uniform in the continuous case and see
in Chapter 10 of [2] the formulas for the Poisson kernel of the Brownian motion);
however, it is unclear to us how to prove that. In any case, (13) is enough for our
needs.

2 The toolbox

For reader’s convenience, we collect here some facts needed for the proof of our
main results. These facts are either directly available in the literature, or can
be rapidly deduced from known results. Unless otherwise stated, we work in Z<,
d>2.

We need first to recall some basic definitions related to simple random walks in
higher dimensions. For d > 3 let G(z,y) =E,; > -, 1{Skx = y} denote the Green’s

2this fact is also needed at least in the paper [4]



function (i.e., the mean number of visits to y starting from x), and abbreviate
G(y) := G(0,y). For a finite set A C Z¢ and z,y € A\ DA define

T1(0A)—1
Galz,y) =B, Y 1{S =y}
k=0

to be the mean number of visits to y starting from = before hitting A (since A
is finite, this definition makes sense for all dimensions). For x € A denote the
escape probability from A by Esa(x) = P,[r1(A) = oo]. The capacity of a finite set
A C Z% is defined by

cap(A) = Z Esa(z).

As for the capacity of a d-dimensional ball, observe that Proposition 6.5.2 of [14]
implies (recall that d > 3)

(d - Q)Wd/Q d—2

B(n)) = 3. 14
cap(B(n)) = T+ O ) (14)
We also define the harmonic measure on A by hmu(-) = isp"‘(fq))

2.1 Basic estimates for the random walk on the annulus

Here, we formulate several basic facts about simple random walks on annuli.

Lemma 2.1. (i) For allz € Z* and R > r > 0 such that x € B(R) \ B(r) we

have
B, [n(9B(R)) < (B()] = “IA T HOUT) )

as r, R — oo.

(i) For all x € Z¢, d > 3, and R > r > 0 such that x € B(R) \ B(r) we have

P,[r1(0B(R)) < m(B(r))] = (16)

as r, R — oo.

Proof. Essentially, this comes out of an application of the Optional Stopping The-
orem to the martingales a(Syar(0)) (in two dimensions) or G(Syuar)) (in higher
dimensions). See Lemma 3.1 of [8] for the part (i). As for the part (2), apply the
same kind of argument and use the expression for the Green’s function e.g. from
Theorem 4.3.1 of [14]. O



Lemma 2.2. Let ¢ > 1 be fired. Then for all large enough n we have for all
v € (B(en) \ B(n)) UoB(n)
| —n+1

=L < 0B () < nB(w)] < 011

(17)

with ¢ 2 depending on c.

Proof. This follows from Lemma 2.1 together with the observation that (15)—(16)
start working when ||z|| — n become larger than a constant (and, if x is too close
to B(n), we just pay a constant price to force the walk out). See also Lemma 8.5
of [16] (for d > 3) and Lemma 6.3.4 together with Proposition 6.4.1 of [14] (for
d=2). O

Lemma 2.3. Fizx ¢ > 1 and 6 > 0 such that 1 + 6 < ¢ — 0, and abbreviate
A, = (B(en)\B(n))UdB(n). Then, there exist positive constants cs,cy (depending
only on ¢, &, and the dimension) such that for all uy 5 € Z¢ with (14+0)n < |Juys|| <
(c — 0)n and ||uy — us|| > on it holds that csn™9=2) < G4, (uy,up) < cyn= @72,

Proof. Indeed, we first notice that Proposition 4.6.2 of [14] (together with the
estimates on the Green’s function and the potential kernel, Theorems 4.3.1 of [14]
and (4)) imply that G4, (v, us) < n~=2 for all d > 2, where 6'n — 1 < ||[v —uy|| <
d'n, and ¢ < ¢ is a small enough constant. Then, use the fact that from any wu; as
above, the simple random walk comes from u; to B(usg, d'n) without touching 0A,,
with uniformly positive probability. O]

Lemma 2.4. Let c,d, A, be as in Lemma 2.3, and assume that (1 + 6)n < ||z|| <
(c—=d)n, uw € OB(n). Then, for some positive constants cs, cs (depending only on c,
d, and the dimension) we have

Ce
nd—1-

< Hy,(r,u) <

1s)
Observe that, since P,[m(B(n)) < 71(9B(cn))] is bounded away from 0 and 1,

the above result also holds for the harmonic measure hmg,)(-) (notice that the

harmonic measure is a linear combination of conditional entrance measures).

Proof. This can be proved essentially in the same way as in Lemma 6.3.7 of [14].
Namely, denote B = A, \ B((1 + ¢)n) and use Lemma 6.3.6 of [14] together with
Lemmas 2.2 and 2.3 to write (with ¢; = ¢3(1 + €), as in Lemma 2.2)

Ha,(z,u)= > Ga,(22)Pu[Sy08(142m) = 2]
z€0B((14¢)n)
<em” DN R[S es(rem) = 7]
z€0B((14¢)n)

8



d_2) X 2
)
n

< c4n_(

obtaining the upper bound in (18). The lower bound is obtained in the same way
(using the lower bound on G4, from Lemma 2.3). O

Lemma 2.5. Let k > 1 and x € 9B(n). Then, as n — oo (and uniformly in k)

hmB(n)(x) ford=2
(14 ) + O 1) ’

P.[r(0B(k +n)) < 11(B(n))] = cap(B(n)) s (2) (19)
Bln , ford>3.

L= (148 o)

Proof. Consider first the case d > 3. It is enough to prove it for the case k < n?/2,
since for k > n?/2 the second term in the denominator is already O(n~!). Now,
Proposition 6.4.2 of [14] implies that, for any € 0B(n) and m > n

d—2

Esgn(z) = cap(B(n)) hingg () = Bo[r(9B(m)) < 7(B(n))] (1 - 0(==) ).

md

P, [r1(9B(n)) < 71(B(n))] = cap(B(n)) hmguy(z) (1 + O(n~@"2)). (20)

On the other hand, with v being the entrance measure to 0B(n + k) starting
from z and conditioned on the event {71(9B(n + k)) < 7(B(n))}, we write using
Lemma 2.1 (ii)

P,[71(0B(n?)) < 11(B(n))]
= Py[r1(0B(n + k)) < 71(B(n))|P,[r1(9B(n?)) < m1(B(n))]

=P, [ (0B(n+k)) < 71(B(n))] (1 - (1 + g)_(d_m * O(n71)>

and this, together with (20), implies (19) in higher dimensions.

Now, we deal with the case d = 2. Assume first that k¥ < n?/2. Let y be
such that n® < ||y|| < n® + 1; also, denote A’ = (B(rn°) \ B(n)) U 9B(n). For
any z € OB(n?) we can write using Proposition 4.6.2 (b) together Lemma 2.1 (i)
(starting from z, the walk reaches B(n) before B(n®) with probability 2(1+0(n™)))

3 2 1 2 2
GA/<Z,y) = (1 —i—O(n*l)) (Z X ;lnn?’—l— Z_l X ;lnn‘r’ — ;lnng)

= (140 ™) (21)



Next, Lemma 6.3.6 of [14] implies that

Hy(y.x)= > Gual(zy)P:s[Snopm2) = 2, 71(0B(n?) < 71(B(n))]

2€0B(n?)

=P, [n(0B(n*) <n(B(n)] Y. Galzun(z). (22)

2€0B(n?)

where 1 is the entrance measure to 9B(n?) starting from z, conditioned on the
event {71(0B(n?)) < 71(B(n))}.

Then, by (31) of [8] (observe that Lemma 2.1 (i) implies that, starting from y,
the walk reaches B(n) before B(n®) with probability (1 + O(n™'))) we have

1
Hy(y,x) = 5 hmg,y (1+O0(n™)). (23)
So, from (21), (22), and (23) we obtain that

P, [11(0B(n%) < 11 (B(n))] = th”)(I)(l +0(n™). (24)

21lnn
s

Let v be the entrance measure to 0B(n + k) starting from z, conditioned on the
event {71(9B(n +k)) < 71(B(n))}. Using (24), we write
P,[71(0B(n + k)) < 71 (B(n))|P, [ (0B(n?)) < 71 (B(n))]
= P,[r1(9B(n*)) < 11(B(n))]
hmg ) () -1
2lnn (1+0(™)
Since, by Lemma 2.1 (i) we have

P,y (0B(n?)) < n(B(n))] — U 2) £O0TD

Inn

this proves (19) in the case d = 2 and k < n?/2.
The case k > n?/2 is easier: just repeat (21)—(24) with k on the place of n? (so
that n® becomes k%2 and n® becomes k°/2). This concludes the proof of Lemma 2.5.
O

Let us now come back to the specific case of d = 2. We need some facts
regarding the conditional walk S.

Lemma 2.6. Assume that v ¢ B(y,r) and ||y|| > 2r > 1. We have

(a(y) + O(llyll"'r)) (ay) + a(z) — alz —y) + O 1))
a(z)(2a(y) — a(r) + O(r=" + [ly[~'r))

P, [71(B(y,r)) < oo] =
(25)

10



Proof. This is Lemma 3.7 (i) of [8]. O

Lemma 2.7. Assume that ||y|| > 2r > 1. We have

(a(y) + Oyl ~'r)) (aly) + OC™1))
2a(y) —a(r) + O(r=" +[lyll='r)

cap ({0} U B(y,r)) = (26)

Proof. This is Lemma 3.9 (i) of [8]. O

Then, we show that the walks S and S are almost indistinguishable on a “dis-
tant” (from the origin) set. For A C Z?, let Ff) be the set of all finite nearest-
neighbour trajectories that start at x € A\ {0} and end when entering 0A for the

first time. For V' C Fff) write S € V' if there exists k such that (Sp,...,S) € V
(and the same for the conditional walk S).

Lemma 2.8. Assume that V C Ff) and suppose that 0 ¢ A, and denote s =
dist(0, A), r = diam(A). Then, for x € A,

P,[S e V] =P[5 ¢ V](1+0( ! )) (27)

slns

Proof. This is Lemma 3.3 (ii) of [8]. O

2.2 Excursions and soft local times

In this section we will develop some tools for dealing with excursions of two-
dimensional random interlacements and random walks on tori; in particular, one
of our goals is to construct a coupling between the set of RI’s excursions and the
set of excursions of the simple random walk X on the torus Z2 = Z?/nZ?.

First, if A C A’ are (finite) subsets of Z? or Z2, then the excursions between A
and QA are pieces of nearest-neighbour trajectories that begin on dA and end
on 0A’ see Figure 1, which is, hopefully, self-explanatory. We refer to Section 3.4
of [8] for formal definitions. Here and in the sequel we denote by (Z® i > 1) the
(complete) excursions of the walk X between OA and 0A’, and by (Z®,i > 1) the
RI's excursions between 0A and JA’ (dependence on n, A, A’ is not indicated in
these notations when there is no risk of confusion).

Now, assume that we want to construct the excursions of RI(a), say, be-
tween OB(yo,n) and OB(yg,cn) for some ¢ > 0 and yo € Z*. Also, (let us identify
the torus Zil with the square of size n; centered in the origin of Z?) we want to con-
struct the excursions of the simple random walk on the torus Z2 between 9B(yo, 1)
and 9B(yo,cn), where n; > n + 1. It turns out that one may build both sets of
excursions simultaneously on the same probability space, in such a way that, typi-
cally, most of the excursions are present in both sets (obviously, after a translation

11
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Figure 1: Excursions (pictured as bold pieces of trajectories) for simple random
walk on the torus (on the left), and random interlacements (on the right). Note
the walk “jumping” from right side of the square to the left one, and from the
bottom one to the top one (the torus is pictured as a square). For random inter-
lacements, two trajectories, o2, intersect the set A; the first trajectory produces
two excursions, and the second only one.

12



by o). This is done using the soft local times method; we refer to Section 4 of [16]
for the general theory (see also Figure 1 of [16] which gives some quick insight on
what is going on), and also to Section 2 of [7]. Here, we describe the soft local
times approach in a less formal way. Assume, for definiteness, that we want to
construct the simple random walk’s excursions on Z2 , between 9A and 9A’, and
suppose that the starting point xy of the walk X does not belong to A.

We first describe our approach for the case of the torus. For z ¢ A and y € 0A
let us denote p(z,y) = P,[X;, (a) = y]. For an excursion Z let «(Z) be the first point
of this excursion, and ¢(Z) be the last one; by definition, ¢(Z) € 0A and ¢(Z) €
OA'. Clearly, for the random walk on the torus, the sequence ((.(ZW), ¢(Z9))),j >
1) is a Markov chain with transition probabilities

Py = (29 )Py [Xr 041y = 2.

Now, consider a marked Poisson point process on 0A x R, with rate 1. The
(independent) marks are the simple random walk trajectories started from the first
coordinate of the Poisson points (i.e., started at the corresponding site of 9A) and
run until hitting 0A’. Then (see Figure 2; observe that A and A’ need not be
necessarily connected, as shown on the picture)

e let & be the a.s. unique positive number such that there is only one point of
the Poisson process on the graph of £;p(xg, ) and nothing below;

e the mark of the chosen point is the first excursion (call it Z™)) that we
obtain;

e then, let & be the a.s. unique positive number such that the graph of
E10(x0,+) + Ex0(0(ZM),-) contains only one point of the Poisson process,
and there is nothing between this graph and the previous one;

e the mark Z® of this point is our second excursion;
e and so on.

It is possible to show that the sequence of excursions obtained in this way indeed
has the same law as the simple random walk’s excursions (in particular, conditional
on £(Z®* V), the starting point of kth excursion is indeed distributed according to
©(0(Z*=D),.)); moreover, the &’s are i.i.d. random variables with Exponential(1)
distribution.

So, let us denote by &1,&9,&3,... a sequence of i.i.d. random variables with
Exponential distribution with parameter 1. According to the above informal de-
scription, the soft local time of kth excursion is a random vector indexed by y € 0 A,

13
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: /e
0 = | | ap@) | "
Y1 = I(Z(l)) 8A1 8142

E lz®
""" e S :
v = {20)

E1(20,7) + E2p(U(ZM), ) + Exp(£(Z2?), )

Figure 2: Construction of the first three excursions between dA and dA’ on the
torus Z2 using the soft local times (here, A = A; U Ay and A’ = A} U A)
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defined as follows:
k
Li(y) = &e(xo,y) + > &e(t(Z297Y), ). (28)
=2

For the random interlacements, the soft local times are defined analogously.
Recall that hm, defines the (normalized) harmonic measure on A with respect to
the S-walk. For x ¢ A and y € 0A let

~

Blx,y) = Pu[Se 4 = 4, 7i(A) < 0] + Pu[Fi (4) = oo] hma(y). (29)

Analogously, for the random interlacements, the sequence ((L(2 W), (Z9))), j > 1)
is also a Markov chain, with transition probabilities

~

Py = o(2, y/)Py’ [5?1(3,4/) = z'].

The process of picking the excursions for the random interlacements is quite anal-
ogous: if the last excursion was Z, we use the probability distribution @(¢(7),-)
to choose the starting point of the next excursion. Clearly, the last term in (29)
is needed for ® to have total mass 1; informally, if the S-walk from z does not
ever hit A, we just take the “next” trajectory of the random interlacements that
does hit A, and extract the excursion from it (see also (4.10) of [6]). Again, let
él, ég, ég, ... be a sequence of i.i.d. random variables with Exponential distribution
with parameter 1. Then, define the soft local time of random interlacement of kth
excursion as

~

Li(y) = &8 (w0, y) + Y &@(UZ), ). (30)

Define the following two measures on 0 A, one for the random walk on the torus,
and the other for random interlacements:

i} () = B,[n (04) < ()] ( 3 Bfn(04) <n(4) . G
2€0A

)y (4) = B[ (04) < 2] ( X BROA) <7(4) . (32)
2€0A

Similarly to Lemma 6.1 of [6] one can obtain the following important facts: the
measure

¥(y, 2) = hm} (y)P,[X:, 0 = 2]

is invariant for the Markov chain (.(Z)),¢(Z")), and the measure

~ A

U(y, z) = hmy (y)Py[S5 91 = 2]

15



i

is invariant for the Markov chain (o(Z9)), £(Z1))). Notice also that hm’ and hm,
are the marginals of the stationary measures for the entrance points (i.e., the first
coordinate of the Markov chains). In particular, this implies that, almost surely,

L /
lim () =hm?4 (y) and lim

k—o0 k—o0

7 .
ey) _ hmﬁ (1),

for any y € 0A.
The next result is needed to have a control on the large and moderate deviation
probabilities for soft local times.

Lemma 2.9. Let v > 71 > 1 be some fized constants, and abbreviate n; = ~on.
For the random walk on the torus Z2 , abbreviate A = B(n) and A" = B(yin).
For the random interlacements, abbreviate B = B(yo,n) and B' = B(yo, 1n),
where yo € Z* is such that |lyol| > 2vin. Then there exist positive constants

¢, c1, o such that for all k > 1 and all 6 € (0,(Ink)™!) we have

/ k+ 0k
]P>|: sup ’Lk(y) _ khmA (y)’ > C\/_—+:| < 616_02€2k, (33)
yEDA nm
~ —~ B’ k + 0k 2
IP’[ sup |Ly(y) — kI, (y)] > C\/_—Jr} < ek, (34)

yeoB n
for all large enough n.

Proof. We prove only (33), the proof of (34) is completely analogous. Due to
Lemma 2.4, it is enough to show that for some ¢, ¢, ¢,

Li(y) hmfxl (y) ' —c, 02k
P| su —k > VEk+0k| < ek, 35
[yeaa hm(y) hm(y) | — - (35)

Again, Lemma 2.4 implies that there exists A > 0 such that for all z € 0A’
and y € 0A we have ¢(x,y) > 2\ hmﬁi(y). Consider a sequence of random
variables 71,12, 7s3, . .., independent of everything, and such that P[n; = 1] =1 —
Pln; = 0] = A for all j. For j > 1 define p; =m iff ;4 +---+n, =jand 5, =1
(that is, p; is the position of jth “1” in the n-sequence). The idea is that we
force the Markov chain to have renewals at times when n. = 1, and then try to
approximate the soft local time by a sum of independent random variables. More
precisely, assume that ¢(ZU~Y) = 2. Then, we choose the starting point +(Z)) of
the jth excursion in the following way

1 Al .
. (Qp(wa)_AhmAi)a 1f77‘:0>
TVADESR S ’
hm’y!, if ;= 1.
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Denote Wy(-) = L,,—1(+), and

W;(-) = ijﬂfl(') - ij71(')

for j > 1. By construction, it holds that (W}, j > 1) is a sequence of i.i.d. random

vectors. Also, it is straightforward to obtain that EW;(y) = A™* hmﬁ (y) for all
y € 0A and all j > 1.

Now, we are going to show that, to prove (35), it is enough to prove that for
large enough m

]P’[Sup 2= Wily) *mhmﬁl(y)
yeoal hma(y) hm 4 (y)

‘ > '/m + Gm] < e (36)

Indeed, abbreviate

Li(y) hm? (y)
R, = su —k ‘,
g yea]i hmu(y) hmy (y)

and

k ’
Ry, = sup L Wily) oy by (1) (
yeaa ! hma(y) hm 4 (y)

Let us first show that (36) implies

IP[ max R > 4c'/m +59m} < o¢ll=340%m

1€[m,2m)

(37)

For this, define the random variable
N = min{i € [m,2m] : R; > 4¢"\/m + 50m}

(by definition, min@) := 400), so the left-hand side of (37) is equal to P[N €
[m,2m]]. We also assume without loss of generality that the right-hand side of (36)
does not exceed % for given m and all # > 0 (it is enough to assume that ¢’ is

sufficiently large). Now, (36) implies (note that v/3 < 4 — v/2)
c/1/€—3c’2/92m > P[ég > /_+ 39m}
>ZIP’ P[Ryp—j < ¢'V/2m + 20m)]

>IP’[N € [m,2m]] x min ]P[Rgm i< d"\/3 j+63Bm—j)]

jE[m,2m)]

17



> ~P[N € [m,2m]]

N | —

for all large enough m.
Next, let us denote o, = min{j > 1: p; > k}. By (31) and Lemma 2.5 we may

A/
assume that 2 < M4 ®@ < 9 a4 due to Lemma 2.4, 2 < & for some & > 0.
2 hm 4 (y) hm 4 (y)

So, we can write

po'k
Ry < Ry + 2\ o — k[ +2 ) & (38)
i=k+1
Now, observe that oy — 1 is a Binomial(k, \) random variable, and p,, — k is
Geometric(\). Therefore, the last two terms in the right-hand side of (38) are
easily dealt with; that is, we may write for large enough ¢ > 0

P2AN " ox — k| > eV + 0k] < cye 40, (39)
Poy
P[e S 4> ek} < ook, (40)
i=k+1

Then, using (37) together with (39)—(40), we obtain (recall (35))
P[Rk > (4" ()2 + o) VE+ (22 + 2)014
< P[ max  R; > 4¢"(2)V2Vk + 50 - gAk] + Ploy, & [2Xk, 30K]]
i€[2 Nk, 3 AK]
Poy,
+ P20 — k| 2 eV + 0] +B[E Y & > 0k]

i=k+1

< 26/1/672/\6’2’92k 4+ Ak 4 0467419% + 67C5)\9k7

and this shows that it is indeed enough for us to prove (36).

Now, the advantage of (36) is that we are dealing with i.i.d. random vectors
there, so it is convenient to use some machinery from the theory of empirical
processes. First, the idea is to use (1.2) of [21] to prove that

Eék S C7\/E (41)

for some ¢; > 0 (note that the above estimate is uniform with respect to the size of

0A). To use the language of empirical processes, we are dealing here with random
elements of the form Wj = }K—; which are positive vectors indexed by sites of 0A.
Let also Y be a generic positive vector indexed by sites of JA. For y € 0A let &,
be the evaluation functional at y: &,(Y) := Y (y). Denote by F = {&,,y € 0A}

the class of functions we are interested in; then, we need to find an upper bound on

18



the expectation of sup ;e | Z?Zl f(fV[Z) — Ef(ﬁ%ﬂ Using the terminology of [21],

let || fll2 := \/Ef2(W), where W has the same law as the Wj’s above. Consider
the envelope function F' defined by

F(Y) = sup &/(Y) = sup Y(y).
yedA yedA

Due to Lemma 2.4, we have
[ F]]2 < cs. (42)

To be able to apply (1.2) of [21], one has to estimate the bracketing entropy integral

1
HF N ) = [ /1 NP F - s (43)

In the above expression, Njj(6, F, || - ||2) is the so-called bracketing number: the
minimal number of brackets [f,g] = {h : f < h < g} needed to cover F of
size ||g — f||2 smaller than J.

Let us define “arc intervals” on A by I(y,r) ={z € 0A: ||y — z|| < r}, where
y € 0A,r > 0. Observe that I(y,r) = {y} in case r < 1. Define

frrY) = inf Y(z), ¢""(Y)= sup Y(2);

2€l(yr) z€l(y,r)

in order to cover F, we are going to use brackets of the form [f¥", g¥"]. Notice
that if z € I(y,r) then £, € [f¥", g¥"], so a covering of F by the above brackets
corresponds to a covering of 0A by “intervals” I(-,-). Let us estimate the size of
the bracket [f¥", g¥"]; it is here that Proposition 1.3 comes into play. We have

lg*" = f*"]l2 = \/Elsupzef(yﬂ’) W(2) — infeern W(2)|
< cor’[l6 + -+l
< 209)\’17'5; (44)

in the above calculation, p is a Geometric random variable with success probabil-
ity A, {’s are i.i.d. Exponential(1) random variables also independent of p, and we
use an elementary fact that & + -+ + &, is then also Exponential with mean A~'.

Then, recall (42), and observe that, for any 6 > 0 it is possible to cover F with
|0A| = O(ny) brackets of size smaller than § (just cover each site separately with
brackets [f~1/2, g*1/?] of zero size). That is, for any s > 0 it holds that

Ny(sl| Fll2, F - ll2) < erona. (45)
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Next, if s > ¢yin;”, then we are able to use intervals of size r = O(ns*/?) to
cover 0A, so we have

Ny(s|F |2 F, || - [l2) = O(na /1) < c1a5™ P, (46)

So (recall (43)) the bracketing entropy integral can be bounded above by

1

Cllnfﬁ 1+ ln(clgnl) + / 5 \/1 + ID(C12S_1/B) ds S C13.

c1imng

The formula (1.2) of [21] tells us that ER), < (L, F, || - |2)||F|l2VE, so we have
shown (41).
Next step is to use Theorem 4 of [1] to prove that (with ¢t = 0k)

P[ék > QEEk + t] < 6146_615t2/k + 0166_Cl7t/1nk; (47)
this is enough for us since, due to the assumption 6 < (Ink)~! it holds that

— 2 _ _ 2
cra€ cist /k _|_ c16€ c17t/1nk S C18€ c190 k.

To apply that theorem, we only need to estimate the 1),-Orlicz norm of £,(W), see

Definition 1 of [1]. But (recall the notations just below (44)) it holds that &,(W)
is stochastically bounded above by constxExponential(\) random variable, so the
,-Orlicz norm is uniformly bounded above®. The factor Ink in the last term in
the right-hand side of (47) comes from the Pisier’s inequality, cf. (13) of [1].
Finally, combining (41) and (47), we obtain (36), and, as observed before, this
is enough to conclude the proof of Lemma 2.9. O]

Next, we need a fact that one may call the consistency of soft local times. As-
sume that we need to construct excursions of some process (i.e., random walk,
random interlacements, or just independent excursions) between dA and 0A';
let (Zk(y), y € 0A) be the soft local time of kth excursion (of random interlace-
ments, for definiteness). On the other hand, we may be interested in simultane-
ously constructing the excursions also between 0A; and 0A), where A’'N A} =0
and A; C A, Let (z’,;(y), y € 0A) be the soft local time at the moment when kth
excursion between 0A and 0A’ was chosen in this latter construction. We need
the following simple fact:

Lemma 2.10. It holds that
(Li(y),y € 0A) = (Li(y),y € 0A)
forall k> 1.

3a straightforward calculation shows that the v;-Orlicz norm of an Exponential random vari-
able equals its expectation
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Proof. First, due to the memoryless property of the Poisson process, it is clearly
enough to prove that El o E“{ This, by its turn, can be easily obtained from the
fact that ZM 2 ZW+* where ZM) and ZW* are the first excursions between 9A
and 0A’ chosen in both constructions. m

Also, we need to be able to control the number of excursions N; up to time ¢
on the torus Z2 between 9B(vyin) and 9B(van), 71 < 72 < 1/2.

Lemma 2.11. For all large enough n, all t > n? and all § > 0 we have

0252t

n2 )’ (48)

t Tt
—— < N < (14+6)=—————
2n? In(y2/7) ! ( ) 2n2In(y2/m)

where ¢y 5 are positive constants depending on 7y 2.

> 1—crexp (—

P[u—a)

Proof. Note that there is a much more general result on the large deviations of the
excursion counts for the Brownian motion (the radii of the concentric disks need
not be of order n), see Proposition 8.10 of [3]. So, we give the proof of Lemma 2.11
in a rather sketchy way. First, let us rather work with the two-sided stationary
version of the walk X = (X}, j € Z) (so that X; is uniformly distributed on Z2 for
any j € Z). For x € 0B(v1n) define the set

Jo ={k € Z: X}, = z, there exists i < k such that X; € 9B(y2n)
and X,,, € B(72n) \ (B(yin) U 9B(yen)) for i < m < k},

and let J = UxeaB(%n) Jz. Now, Lemma 2.5 together with the reversibility argu-
ment used in Lemma 6.1 of [6] imply that

hmgy,5) (2)
%ln % +O(n=1)’

P[0 € J,] = P[Xy = 2]P,[r1(0B(72n)) < 71(B(min))] = n 2

so (since hmg(y, ) (+) sums to 1)

Pmeﬂ:@gmﬁ+om»f (49)

g

Let us write J = {0}, € Z}, where 09 > 0 and 0; < 041 for all j € Z. As noted
just after (31)—(32), the invariant entrance measure to B(y;n) for excursions is
8?2; Let E* be the expectation for the walk with X, ~ v and conditioned
on 0 € J (that is, for the cycle-stationary version of the walk). Then, in a standard
way one obtains from (49) that

B
V—hmB

2 2
Eio) = E (01 — 0p) = ——In 22 + O(n). (50)
T g
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Note also that in this setup (radii of disks of order n) it is easy to control the
tails of o — 0 since in each interval of length O(n?) there is at least one complete
excursion with uniformly positive probability (so there is no need to apply the
Khasminskii’s lemma*, as one usually does for proving results on large deviations
of excursion counts). To conclude the proof of Lemma 2.11, it is enough to apply
a renewal argument similar to the one used in the proof of Lemma 2.9 (and in
Section 8 of [3]). O

3 Proofs of the main results

Proof of Proposition 1.3. Fix some z,y, z as in the statement of the proposition.
We need the following fact:

Lemma 3.1. We have

T1(0AR)
1
Hy, (z,u) = E, E 1{S; =z} = 2 E Ga, (v, 2) (51)
j=1 VUL

vEAL\OAn

(that is, H 4, (x,u) equals the mean number of visits to x before hitting 0A,,, starting
from w) for all u € 9B(n).

Proof. This follows from a standard reversibility argument. Indeed, write (the
sums below are over all nearest-neighbor trajectories beginning in  and ending
in u that do not touch 0A,, before entering wu; o* stands for p reversed, |g| is the
number of edges in p, and k(o) is the number of times ¢ was in )

Hy, (z,u) = Z(2d)_|9|

e

- Z(Qd)fle*l

(Qd)—lg*\’

I
M <

=1 o:k(0)=j

<
Il

and observe that the jth term in the last line is equal to the probability that x is
visited at least j times (starting from u) before hitting 0A,,. This implies (51). O

Note that, by Lemma 2.4 we have also

C2
)
nd—1

C1

(52)

4see e.g. the argument between (8.9) and (8.10) of [3]
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and, as a consequence (since hmg,)(u) is a convex combination in 2’ € 9B((1 +
2e)n) of Hy, (2',u))

C1
) < hmgp)(u) <

(53)

for all w € 0B(n). Therefore, without restricting generality we may assume that
ly —z|| < (£/9)n, since if ||y — z|| is of order n, then (13) holds for large enough C'.
So, using Lemma 3.1, we can estimate the difference between the mean numbers
of visits to one fixed site in the interior of the annulus starting from two close sites
at the boundary, instead of dealing with hitting probabilities of two close sites
starting from that fixed site.
Then, to obtain (13), we proceed in the following way.

(i) Observe that, to go from a site u € dB(n) to x, the particle needs to go
first to OB((1 + €)n); we then prove that the probability of that is “almost”
proportional to hmg,)(u), see (54).

(ii) In (56) we introduce two conditioned (on hitting OB((1+4¢)n) before returning
to OB(n)) walks starting from y, z € 9B(n). The idea is that they will likely
couple before reaching 0B((1 + ¢)n).

(iii) More precisely, we prove that each time the distance between the original
point on dB(n) and the current position of the (conditioned) walk is dou-
bled, there is a uniformly positive chance that the coupling of the two walks
succeeds (see the argument just after (63)).

(iv) To prove the above claim, we define two sequences (Uy) and (V}) of subsets
of the annulus B((1 + €)n) \ B(n), as shown on Figure 3. Then, we prove
that the positions of the two walks on first hitting of V) can be coupled with
uniformly positive probability, regardless of their positions on first hitting
of Vi_1. For that, we need two technical steps:

(iv.a) If one of the two conditioned walks hits Vj_; at a site which is “too
close” to OB(n) (look at the point Z;_; on Figure 3), we need to assure
that the walker can go “well inside” the set Uy with at least constant
probability (see (59)).

(iv.b) If the (conditioned) walk is already “well inside” the set Uy, then one
can apply the Harnack inequality to prove that the exit probabilities
are comparable in the sense of (63).
(v) There are O(ln HynTz||> “steps” on the way to OB((1+ ¢)n), and the coupling
is successful on each step with uniformly positive probability. So, in the end
the coupling fails with probability polynomially small in —2— cf. (64).

ly—=Il
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(vi) Then, it only remains to gather the pieces together (the argument after (65)).
The last technical issue is to show that, even if the coupling does not suc-
ceed, the difference of expected hit counts cannot be too large; this follows
from (14) and Lemma 2.3.

We now pass to the detailed arguments. By Lemma 2.5 we have for any u € 0B(n)

MB(n) (u)

for d =2
1+e)+0 ;
P, [10(9B((1 + £)n)) < 71(9B(n))] = ( )+ 0
Cap( (n)) b (1) ford >3
1—(1+4¢)" - 2)_|_O( 1y ;
(54

so, one can already notice that the probabilities to escape to 9B((1+¢)n) normal-
ized by the harmonic measures are roughly the same for all sites of 9B(n). Define
the events

F; = {m(9B((1+¢)n)) < 7;(0B(n))} (55)
for j = 0,1. For v € B((1 + ¢)n) \ B(n) denote h(v) = P,[F]; clearly, h is a
harmonic function inside the annulus B((1 4 €)n) \ B(n), and the simple random

walk on the annulus conditioned on Fj is in fact a Markov chain (that is, the
Doob’s h-transform of the simple random walk) with transition probabilities

h(w)
ﬁv,w = 2dh(U) ’
0, otherwise.

vEB((1+em)\ (B UIB((1+m)w~v,

On the first step (starting at v € dB(n)), the transition probabilities of the con-
ditioned walk are described in the following way: the walk goes to v ¢ B(n) with

probability
-1
( Z h ) '
v'¢B(n):

UNU

Let ko = max{j : 3|y — z||2/ < en}, and let us define the sets

U = B(y, 3lly — 2[12°) \ (B(n) \ 9B(n)),

for k = 1,..., ko, see Figure 3. Also, define y; to be the closest integer point to

y+ 3|y — z||2kﬁ. Clearly, it holds that

C3EN

ko > CQIH .
ly = Il

(57)
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8B(n)

OB((1+¢)n) 0B(cn)

Figure 3: On the coupling of conditioned walks in the proof of Proposition 1.3.
Here, Y;_1 and Z;_; are positions of the walks started in y and z, and we want
to couple their exit points on V/. The y-walk is already in U}, but we need to
force the z-walk to advance to U} in the set U(Z,_4, ||y — 2||2¥71) (dark grey on
the picture), so that the Harnack inequality would be applicable.
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Denote by SM and S@ the condltloned random walks started from y and z. For

k=1,...,ky denote Y, = s (Vi) = S% (Vi) where 71 is the hitting time for

the §—Walks, defined as in (2). The goal is to couple (Y3,...,Yy,) and (73, ..., Zy,)
in such a way that with high probability there exists k; < kg such that Y; = Z;
for all j = ky,...,ko; we denote by T the corresponding coupling event. Clearly,
this generates a shift-coupling of S and S®; if we managed to shift-couple them
before they reach OB((1 4 €)n), then the number of visits to x will be the same.

For v € R? let £, = {rv,r > 0} be the ray in v’s direction. Now, for any v with
n<|v|| <(1+e¢)nand s € (0,en) define the (discrete) set

U(v,s) ={ueZ:n<|ul| <n+s,dist(u,l,) < s/2}.
Denote also by
IV (v,s) ={uecd¥(v,s):n+s—1<|ul| <n+s}

the “external part” of the boundary of W(v,s) (on Figure 3, it is the rightmost
side of the dark-grey “almost-square”). Observe that, by Lemma 2.2, we have

— 1 — 1
Gl =n+l oy < vll=n+1 (58)
n n
We need the following simple fact: if ||v|| — n < 2s,
P, [Srow(ws) € 0T U(v,5)] > e (59)

for some positive constant c¢;. To see that, it is enough to observe that the prob-
ability of the corresponding event for the simple random walk S is O(H”H_T”H)
(roughly speaking, the part transversal to ¢, behaves as a (d — 1)-dimensional sim-
ple random walk, so it does not go too far from ¢, with constant probability, and
the probability that the projection on ¢, “exits to the right” is clearly O(H”H_T"H)
by a gambler’s ruin-type argument; or one can use prove an analogous fact for the
Brownian motion and then use the KMT-coupling). Now (recall (56)) the weight
of an S-walk trajectory is its original weight divided by the value of A in its initial
site, and multiplied by the value of A in its end. But (recall (58)), the value of the
former is O(H”‘T"H) and the value of the latter is O(?). Gathering the pieces, we
obtain (59).

Note also the following: let A be a subset of (B((1+¢)n)\ B(n)) U0dB(n), and
for u € A,v € 0A denote by HA(u v) =P, [Sn(aA) = } the Poisson kernel with

respect to the conditioned walk S. T hen, it is elementary to obtain that H a(u,v)
is proportional to h(v)H4(u,v), that is

Ha(u,v) = h(v HAuv<Zh HAuv)>1. (60)
v'€0A
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Now, we are able to construct the coupling. Denote by V) = {v € V; : |[v|| >
n+ 3|ly — z||2¥71} to be the “outer” part of Vj, (depicted on Figure 3 as the arc
with double thickness), and denote by U, = {u € Uy, : dist(u, dUy) > ||y — 2]|2873}
the “inner region” of Uy. Using (58) and (60) together with the Harnack inequality
(see e.g. Theorem 6.3.9 of [14]), we obtain that, for some c¢g > 0

ﬁUk<u7U> > CSﬁUk(yle) (61)

for all w € U}, and v € V). The problem is that Z;_; (or Yj_;, or both) may be
“too close” to dB(n), and so we need to “force” it into U} in order to be able to
apply the Harnack inequality. First, from an elementary geometric argument one
obtains that, for any v € Vi1 \ U},

O W(v, |y - 2l|2*) € U (62)

Then, (59) and (62) together imply that indeed with uniformly positive probability
an S-walk started from v enters U,. before going out of Ug. Using (61), we then
obtain that B B

HUk (u7 U) > CQHUk (yku U) (63>

for all w € Vy_; and v € V). Also, it is clear that Zvev,; Hy, (yr, v) is uniformly
bounded below by a constant ¢;p > 0, so on each step (kK — 1) — k the cou-
pling works with probability at least cocig. Therefore, by (57), we can couple
(Y1,...,Yy,) and (Zy,...,Zy,) in such a way that Yy, = Zj, with probability at
least 1 — (1 — cocy0)™ =1 — cn(Hy"TZ”)_ﬁ.

Now, we are able to finish the proof of Proposition 1.3. Recall that we denoted
by T the coupling event of the two walks (that start from y and z); as we just
proved,

PIYC) < ey (L)ﬁ (64)
- M=~
Let 112 be the exit measures of the two walks on 9B((1 + €)n). For j = 1,2 we
have for any v € 0B((1 +¢)n)

vi(v) = P[Y]v.(v) + P[Y (v), (65)
where
_ ool _
vi(v) = P[SH op((1aeymy = v | 1],
_ ool _ C
vi(v) = P[S%jl(as((1+s)n) =v |17

(observe that if the two walks are coupled on hitting Vj,, then they are coupled on
hitting 9B((1 4 €)n), so v, is the same for the two walks). For v € 0B(n) define
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the random variables (recall Lemma 3.1)

T1(0AR

)
j=1

and recall the definition of the event F} from (55). We write, using (54)

HAn (x7 y) _ HAn (I7 Z)

g g
=FE Y — =
(hmB(n)(y) hmB(n)(z)>

— M V.. T c l/, T
_ <hm3(n)(y) (P[Y]G (v, ) + P[YYG(v), 7))

_ PA]
hmB(n)(z)
G(v,, 2)0(n™) + c1P[TYG (v, x), for d = 2,

(PX)G (v, ) + P[YEIG(14, 2)) )

G(v,, ) cap(B(n))O(n™") + c13P[Y% cap(B(n))G(v}, ), for d > 3.

Note that (14) and Lemma 2.3 imply that, for any probability measure p on OB((1+
e)n), it holds that G(u,z) (in two dimensions) and cap(B(n))G(u,z) (in higher
dimensions) are of constant order. Together with (64), this implies that

Ha,(v,y)  Ha,(z,2) . no\F
- - - < cun 4o <—) .
hmB(n)(y) hmB(n)(Z’) ly — 2|

Since y and z can be interchanged, this concludes the proof of Proposition 1.3. [

Proof of Theorem 1.2. Consider the sequence b, = exp (exp(Sk)), and let v, =
brer € R2. Fix some v € (1, 7r/2). Denote B, = B(vk,b,lc/Q) and B; =
B(vx, vb,lc/Q). Lemma 2.7 implies that

cap (B, U {0}) = 34 (1+0(b"%)) lub,. (66)

3
Let Ni be the number of excursions between 0By, and 0Bj, in RI(1). Lemma 2.6
implies that for any x € 0B, it holds that

P,[7(By) < 00] = 1 — (1+001, "), (67)
so the number of excursions of one particle has “approximately Geometric” distri-

bution with parameter 3211:111)1 (1+ O(b,;l/ %)). Observe that if X is a Geometric(p)
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random variable and Y is Exponential(In(1 — p)~!) random variable, then Y =<
X XY +1, where“=<” means stochastic domination. So, the number of excursions
of one particle dominates an Exponential 2y (1 4+ O(In~? br))) and is dominated

3Inby,
by Exponential(;lléll; (1+O0(In""bg))) plus 1.
Now, let us argue that
hl’}/ 2 2 law
—N——lb) tandard Normal. 68
\/Bln?’/Qbk( i Iy n“ by ) — standard Norma (68)

Indeed, for the (approximately) compound Poisson random variable N the previ-
ous discussion yields

q
o= =Y (g + I ), (69)

where ¢ and ¢’ are both Poisson with parameter 3(1 + O(b,;lﬂ))ln br (the dif-

ference is in the O(+)), and n’s are i.i.d. Exponential random variables with rate
21;” (1+O0(In""b;)). Since the Central Limit Theorem is clearly valid for 375, 7
(the expected number of terms in the sum goes to infinity, while the number of
summands remain the same), one obtains (68) after some easy calculations®.
Next, observe that e > % by our choice of v. Choose some 6 € (0, %) in such

a way that 0 + # > 1, and define gy > 0 to be such that

/—qe 1 Yy )
e z=20.
oo V2T

Define also the sequence of events

2 61n%2p
@k:{ng_mek_qgg}_ (70)
In~y In~y
Now, the goal is to prove that
1 n
- s
h}ggf - g 1{®;} > 6 a.s. (71)

7=1
Observe that (68) clearly implies that P[®;] — 6 as k — oo, but this fact alone
is not enough, since the above events are not independent. To obtain (71), it is
sufficient to prove that
lim P[(I)k | Dk—l] =40 a.s., (72)

k—o0

Indeed, if Yy = ZjQ:*l Z; is a compound Poisson random variable, where @) is Poisson with

mean A and Z’s are i.i.d. Exponentials with parameter 1, then a straightforward computation
2

shows that the moment generating function of (2X)~1/2(Yy —\) is equal to eXp(m), which

t2/2

converges to e as A — o0.
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where D; is the partition generated by the events ®4, ..., ®;. In order to prove (72),
we need to prove (by induction) that for some x > 0 we have

k< P[P | D] <1—k, forallk>1. (73)

Take a small enough « < 6, and let us try to do the induction step. Let D be
any event from Dj,_q; (73) implies that P[D] > k*~1. The following is a standard
argument in random interlacements; see e.g. the proof of Lemma 4.5 of [5] (or
Claim 8.1 of [12]). Abbreviate B = B, U ... U B;_y, and let

Lo = {trajectories of RI(1) that first intersect B and then Bk},
Lo = {trajectories that first intersect Bj, and then B },

Log = {trajectories that intersect Bj and do not intersect B }

Also, let 212 and Egl be independent copies of L5 and L. Then, let N, ,iij )
and N ,gij ) represent the numbers of excursions between 0B, and 0B, generated by
the trajectories from £;; and Zij correspondingly.

By construction, we have Ny = N,Em) + Nk(;m) + N,gm); also, the random variable
Nk = N}gm) + f\?,g?” + N,Em) is independent of D and has the same law as Ny.
Observe also that, by our choice of by’s, we have In b, = In® b;_;. Define the event

Wy = { max{N{"?, NZV NP NEDY > 712,

Observe that, by Lemma 2.6 (i) and Lemma 2.7 (i), the cardinalities of £15 and Ly
have Poisson distribution with mean O(Inb,_;) = O(In"/? b;) (for the upper bound,
one can use that B C B(2b;_1)). So, the expected value of all N’s in the above
display is of order In*? by, x Inb, = In'%/?p, (recall that each trajectory gener-
ates O(Inby) excursions between 0By, and 0By). Using a suitable bound on the
tails of the compound Poisson random variable (see e.g. (56) of [8]), we obtain
P[Wy] < ¢1exp(—co In'/12 bi), so for any D € Dy_; (recall that Inb, = e3k),

P[Wy]

P[W;, | D] < PD]

<ci(1/K)  lexp (- Cg€3k/12>. (74)

This implies that (note that Ny = N, — N,im) — N,ﬁg” + N,in) + N,im))

2 61n*/? b
P[®y, | D] :P[Nk < b gy YOIy D]
n-y In~
2 61n%/2 b
gr»[W,E,ng l—lnzbk—qgu ‘ D] +P[W, | D]
n-y In~y

30



V61n*/? b,
]

-2
<PV b g +21nl7/12 bk} +P[Wy | D]
ny

—0 ask— o

since 17/12 < 3/2 and by (74) (together with an analogous lower bound, this also
takes care of the induction step in (73) as well). So, we have

limsup P[®y | Dy—1] < 0 a.s., (75)

k—o0

and, analogously, it can be shown that

111511 1an[CI>k | Dk;—l] 2 0 a.s., (76)
—00

We have just proved (72) and hence (71).

Now, let (Z(j)’k,j > 1) be the RI's excursions between By and By, k > 1,
constructed as in Section 2.2. Also, for k € [A1,A] (to be specified later)
let (Z(j)’k, j>1) 1/3e sequences of i.i.d. excursions, with starting points chosen

B
accordingly to hm BZ‘ We assume that all the above excursions are constructed si-
multaneously for all k € [A;, Ay]®. Next, let us define the sequence of independent
events

-, )
Ii = {there exists x € By such that x ¢ ZUk for all 7 < o In?b, — In't/? bk},

n-y
(77)
that is, Zy is the event that the set Bj is not completely covered by the first
% In% by, — In'/? by, interlacements’ excursions.
Let us fix 69 > 0 such that 6 + 73 > 1+ dp. Now, we use a comparison with a
random walk on a torus to prove the following result

Lemma 3.2. For all large enough k it holds that
S T
PZy] > 4—72 — Jp. (78)

Proof. Note that Theorem 1.2 of [11] implies that there exists (large enough) ¢ such
that the torus Z2, is not completely covered by time 2m?In*m — ém?InmInlnm
with probability converging to 1 as m — oo. Let £; be a small enough constant.
Abbreviate

4 A
ty = ;(7 +e1)°bp In® (7 + e1)br) — é(y 4+ €1)%b3 In ((v + 1)bx) Inln ((v + 1) bg);

Swe have chosen to work with finite range of k’s because constructing excursions with soft
local times on an infinite collection of disjoint sets requires some additional formal treatment
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2
(y+e1)

goes to 0 as k — oo. Let ZW, ..., ZW5) be the simple random walk’s excursions

on the torus Z%V ey, Detween OB(by) and OB(vby). Assume also that the torus is

mapped on Z? in such a way that its image is centered in y;. Denote

due to the above observation, the probability that Z p, 1S covered by time ¢

2
my, = —— In® b, — (Inln by )? In by,
In~

Then, we take § = O((Inby,)!(Inlnby)?) in Lemma 2.11, and obtain that

P[N;: > my] > 1 — ¢ exp(ca(Inlnbg)?). (79)

Next, let
m), = 2 be — In'/%py..
In~

Also, denote A = B(by), A" = B(vyby), A, A" C Z%'wra)bk‘ Observe that, due to
Lemma 3.2 o

’ B! - _

b (y) = bt (y) = b () (1 +O(b;, 7). (80)

We then couple the random walk’s excursions (ZV),j > 1) with the independent

excursions (Z@* j > 1) using the soft local times. Using Lemma 2.9 (with § =
O(In"°by,)) and (80), we obtain

P[Ly, (y) > hmpe (y) (2 In® b — ' by) for all y € OB

Invy
> 1 — cgexp(—cy In? by,). (81)

~ ~ ~ —~ B’
Let Lj(y) = (& + -+ + &) hmpg (y) be the soft local times for the independent

excursions (as before, £'s are i.i.d. Exponential(1) random variables). Using usual
large deviation bounds and (80), we obtain that

P[ngc(y) < hmg;; (y)(% In? by —In'%/? bk) for all y € 8Bk} > 1—c5exp(—cg In*/? b).
(82)
So, (81)—(82) imply that

P[{Z(j)’k,j <mp} C{ZY,j <N/} >1—crexp(—cs In** by,). (83)

Then, we use the translation invariance of the torus to obtain the following:
If P[Z2, is not completely covered] > ¢, and A C Z2, is such that |A| > gn?, then
P[A is not completely covered] > gc. So, since |B(bg)| = (W%—o(l)) \Z%Wm)bk\,
Lemma 3.2 now follows from (79) and (83). O
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Now, abbreviate (recall (70) and (71))

2 In®?2p
ml = —In*b, — q9M7
In~ In~y

and, being L™ the soft local time of the excursions of random interlacements
between 0B}, and 0B, define the events

M = {fg;%( < IL! i( ) for all y € OB, }. (84)
Note that on My, it holds that {Z0* j <ml} ¢ {ZW* j <ml}.
Then, we need to prove that

P[My] > 1 — o In? by exp(—cyo In?/? b). (85)

Indeed, first, analogously to (82) we obtain (note that 5 < 3 < 3)

P[Emgﬂ(y) > hmg;; (y)(lm In? b, —In*/3 bk) for all y € (‘9Bk} > 1—cq1 exp(—cio In?3 by).
(86)
Then, we use Lemma 2.9 with § = O(In~"/?b;,) to obtain that

P[Luy(y) < hmpt (y) (;2 n? b—In"/ b,) for all y € OB,] > 1—cy3 exp(—cia Inby),
(87)
and (86)—(87) imply (85).

Now, it remains to observe that on the event ®, NZ, N M, the set Bj, contains
at least one vacant site. By (71), (78), and (85), one can choose large enough
Ay < Ay such that, with probability arbitrarily close to 1, there is kg € [A1, Ag]
such that ®, NZy, N My, occurs. This concludes the proof of Theorem 1.2. [
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