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HAMILTONIAN STATIONARY LAGRANGIAN FIBRATIONS

EVELINE LEGENDRE AND YANN ROLLIN

ABSTRACT. Hamiltonian stationary Lagrangian submanifolds (HSLAG) are a
natural generalization of special Lagrangian manifolds (SLAG). The latter only
make sense on Calabi-Yau manifolds whereas the former are defined for any al-
most Kédhler manifold. Special Lagrangians, and, more specificaly, fibrations
by special Lagrangians play an important role in the context of the geometric
mirror symmetry conjecture. However, these objects are rather scarce in na-
ture. On the contrary, we show that HSLAG submanifolds, or fibrations, arise
quite often. Many examples of HSLAG fibrations are provided by toric K&h-
ler geometry. In this paper, we obtain a large class of examples by deforming
the toric metrics into non toric almost K&hler metrics, together with HSLAG
submanifolds.

1. INTRODUCTION

Let M be a closed smooth manifold endowed with a symplectic form w and an
almost complex structure J. If the bilinear form defined on each tangent space at
meM

gs(v,w) =w(v, Jw), VYv,weT,M
is a Riemannian metric, we say that J is a compatible almost complex structure on
the symplectic manifolds (M,w). Such a triplet (M,w, J) is then called an almost
Kdhler manifold. If in addition J is integrable, (M,w,J) is a Kdihler manifold.
The space of all compatible complex structures on a given symplectic manifold
will be denoted AC,,.

Let L be a closed manifold and ¢ : L. — M a Lagrangian embedding. In other
words, dim M = 2dim L and ¢*w = 0. Hamiltonian transformations u» € Ham,, of
(M,w) act on such Lagrangian maps by composition on the left

u-f=wuol.

Sometimes we shall use a different, yet equivalent, point of view where Ham,,
leaves £ : L — M fixed and acts instead on the space AC,, by

u-J=u"J.

Given an almost K&hler manifolds (M,w, J), a Lagrangian embedding is called
Hamiltonian stationary if it is a critical point of the volume functional under
Hamiltonian deformations. As a short hand, such an embedding will be called a
HSLAG embedding and its image a HSLAG submanifold of (M,w,J). These La-
grangians were introduced by Oh [9] and may be understood as a natural general-
ization of special Lagrangian manifolds (SLAG), defined in the case of a Calabi-Yau
manifolds.

The authors are partially supported by France ANR project EMARKS No ANR-14-CE25-
0010. The first author visited the second on a Labex CIMI grant. The authors wish to thank
Henri Anciaux for a valuable discussion.
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2 EVELINE LEGENDRE AND YANN ROLLIN

More concretely, for J € AC, and a Lagrangian embedding ¢ : L. — M, the
volume vol(¢, J) := vol(¢(L), gs) is the volume of L endowed with the pull-back
metric £*g;. By definition of the the action of Ham,,, we have

vol(u - £, J) = vol(4,u- J),

so that finding critical points of the volume functional under the action of Ham,,
on either AC,, or the space of Lagrangian embeddings are equivalent problems.

The group Diff (L) of diffeomorphisms of L also acts on the space of Lagrangian
embeddings on the right by

{-v="/{ov, where v € Diff(L).

However the volume is invariant under this action so that the problem of finding a
stationary Lagrangian embeddind is greatly underdetermined. Sometimes we may
think of Lagrangian submanifold rather than embeddings to avoid this infinite
dimensional degree of freedom in the equation.

1.1. The case of a single Lagrangian. We shall prove the following existence
theorem for rigid HSLAG embeddings upto small deformations of the compatible
almost complex structure:

Theorem A. Let (M,w, Jy) be a closed Kihler manifold and L a closed manifold.
Let G be the group of Hamiltonian isometries of (M,w,Jy) and £ : L — M be a
rigid HSLAG embedding.

There exists a G-invariant neighborhood W of Jy in AC,, and a map ¢ : W —
Ham,, such that ¥(Jy) = id, with the property that every G-orbit in W contains a
representative J, such that the Lagrangian embedding (J)-€: L — M is HSLAG
with respect to J.

Remarks 1.1.1. (1) As we shall see, the map % is in fact continuous once
suitable Holder topologies are introduced.

(2) The rigidity assumption of Theorem A means that infinitesimal deforma-
tion of the given HSLAG can only come from Hamiltonian isometries. This
property will be introduced precisely at Definition 2.2.1.

(3) If the group of Hamiltonian isometries G is trivial, the above theorem, in
particular the construction of the map 1, follows from the implicit function
theorem. If G is not trivial, the problem becomes obstructed and this is
more tricky. In this case the solution J in a given G-orbit comes from the
minimization of a finite dimensional problem in a G-orbit.

A large pool of examples is provided by toric Kahler manifolds which typically
have a non trivial group G. It turns out that Lagrangian tori of standard toric
Kahler manifolds are automatically rigid and stable HSLAG. More precisely, we
have the following result:

Theorem B. Let (M,w,Jy) be a closed toric Kdihler manifold endowed with the
Guillemin metric. Let u: M — P be the moment map with image the moment
polytope P. Then for any interior point p of P, the Lagrangian torus L, = 7 1(p)
is HSLAG, rigid and stable in (M,w, Jy).

A special case of this result concerns CP" endowed with its standard toric action
and the Fubini-Study metric, was proved by Ono in [!1]. Theorem A applies in
this context for each regular fiber. Notice that in the one dimensional case, CP!
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is the round sphere and complex dimension one HSLAG submanifolds are just
curves of constant curvature.

Remark 1.1.2. Few constructions of HSLAG submanifolds are known. By varia-
tionnal methods, Schoen and Wolfson provided an existence theorem for HSLAG
submanifolds with singularities, on 4-dimensional almost Ké&hler manifolds (cf.
[12, 13]). Joyce, Schoen and Lee constructed microscopic HSLAG tori in almost
Kéhler manifolds (cf. [6, 7]). More recently, Biquard and Rollin constructed
HSLAG representative of vanishing cycles in the smoothing of extremal Kahler
surfaces with Q-Gorenstein singularities in [2].

We point out that the above constructions all deal with small or possibly sin-
gular Lagrangian submanifolds, whereas the construction proposed in the current
paper addresses the case of large and smooth Lagrangian submanifolds.

1.2. Toric fibrations. SLAG fibrations are a conerstone of geometric mirror sym-
metry but seem to be rather scarce in nature. Our initial motivation for this work
was to exhibit various fibrations by HSLAG submanifolds and show that contrarily
to the SLAG case, they arise quite often.

A local Lagrangian toric fibration of a K#hler manifold (M,w, Jy) is a smooth
family of Lagrangian maps ¢, : L — M, with parameter t € B(0,7) C R", for
some r > 0, where n = dimc M and L = T" is a real n-dimensional torus, such
that the map B(0,r) x L — M defined by (¢, x) — ¢;(x) is a smooth embedding,.
If every torus ¢; : L — M is HSLAG, we say that the local fibration is HSLAG.

Example 1.2.1. Toric Kahler manifolds provide natural examples of local toric
HSLAG fibrations according to Theorem B. The fibration does not extend globally
since tori collapse at the boundary of the moment polytope.

Other interesting (singular) HSLAG toric fibrations also occur as part of the
SYZ mirror symmetry conjecture. In this case, tori are SLAG hence HSLAG.

Remark 1.2.2. The reader may wonder why we restric to Lagrangian fibrations
with toric fibers as above: let (M,w) be a 2n-dimensional manifold endowed with
a submersion 7w : M — B", where B™ is an open ball in R”, such that the fibers
are Lagrangian compact submanifolds of M. An elementary argument shows that
in such a situation, the fibers must be n-dimensional manifolds diffeomorphic to
the real torus T™. Indeed, let z1,--- ,x, be the standard coordinate functions on
R™ understood as functions on M. These functions induce Hamiltonian vector
fields Yi,---,Y, on M. Since the fibers are Lagrangian, the vector fields Y; must
be tangent to the fibers of 7. The fact that the functions z; are invariant along the
fibers and that Y} leave the symplectic form invariant imply that the Lie brackets
[Y;,Y;] vanish. We have n globally defined linearly independent vector fields Y;
along each Lagrangian fibers. As they are compact, any connected component of
the fibers must be diffeomorphic the real torus.

Definition 1.2.3. Given a HSLAG embedding ¢ : L. — M into a K&hler manifold
(M, Jy,w), where L and M are closed, let Gy be the subgroup of Hamiltonian
isometries G preserving the image of £ : L — M. In other words v € Gy if and
only if u o ¢(L) = £(L). We denote by G¢ the identity component of G/.

Let ¢, : L — M be a local Lagrangian toric fibration such that £y = £. Such
fibration is said to be G7-invariant if the action of Gj preserves the image of each
embedding ¢; : L — M.
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Notice that with the above definition, Gj acts trivially on the parameter space
t € B(0,r).
Our next result is an existence theorem for local HSLAG toric fibrations:

Theorem C. Let (M,w,Jy) be a closed Kdihler manifold and ¢, : L — M a
G, -invariant local toric HSLAG fibration for t € B(0,7) C R™ such that £y is
rigid.

Then for oll sufficiently small positive perturbation of J, there exists a Hamil-

tonian transformation v of M and 6 € (0,r) such that 0, = v ol defines a local
HSLAG fibration in (M,w,J) fort € B(0,9).

The definition of positive perturbations of Jy shall be given at §6.2. Although
we need this technical assumption for the proof of Theorem C, we conjecture that
every generic almost complex structure is positive. By definition, the set of positive
almost complex structures is open, once an appropriate topology is introduced on
AC,. In Theorem D and Theorem 6.2.3, we manage to prove that if ¢y : M — L
is rigid and stable, then the space of positive almost complex structure form a
non-empty open set of AC with Jy in its closure. To avoid technical aspects of the
statement, we state the result as follows:

Theorem D. Let (M,w,Jy) be a Kihler manifold and £ : L — M be a rigid and
stable HSLAG, where M and L are closed.

Then, the open set of positive deformations is not empty and has Joy in its
closure. More precisely, there exists a smooth path of almost complex structures
Js € AC,, defined for s € [0,€) with e > 0, such that Jo = Jo and Jy is positive for
all s > 0.

In particular, Theorem D shows that the statement in Theorem C, with the
additional assumption of stability of £y, is not empty. This applies to the case of
toric HSLAG fibrations coming from toric Ké&hler manifolds given by Theorem B.

Remark 1.2.4. Considering G{-invariant HSLAG toric fibration is not really
restrictive. Indeed, we shall prove in Theorem 6.3.2 that given a rigid HSLAG
embedding ¢ : L — M into a Kdhler manifold (M, w, Jy), where L is a real torus,
it is always possible to find a G-invariant HSLAG local fibration ¢; : L — M such
that £g = £, under some mild assumptions. In particular, these assumptions apply
in the context of toric Kihler manifolds (cf. Proposition 6.3.1), which constitute
our main class of examples and applications.

Remark 1.2.5. The Hamiltonian transformation v provided by Theorem C may
not be close to the identity as it comes from an auxiliary finite dimensional min-
imization problem in the spirit of Theorem A. Some evidence of this fact are
illustrated with a particular example (cf. Example 6.1.1).

Theorem C applies to the case of CP" with its Fubini-Study metric. The result
only deals with positive pertubation of the metric, but we expect it to hold under
softer genericity assumptions.

More generally, we would expect that the standard singular HSLAG fibration
by Lagrangian tori of CP" can be globally deformed for a generic choice of Kéhler
metric close to the Fubini-Study metric on CP".

We gather our results in the case of toric manifolds in the following corollary:
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Corollary E. Let (M,w, Jy) be a closed toric Kihler manifolds endowed with the
Guillemin metric and p : M — P the corresponding moment map. Let ty be a
point in the interior of the moment polytope P. Then

(1) for every compatible almost complexr structure J sufficiently close to Jy,
there exists a Hamiltonian transformation v of (M,w) such that v(u~= (to))
is a HSLAG submanifold of (M,w,J).

(2) The space of positive deformations J of the almost complex structure of
(M, w, Jo) with respect to u~'(to) is a non empty open set with Jy in its
closure. Is J is positive and sufficiently close to Jy, there exists a Hamil-
tonian transformation v with the property that each submanifold v(p=t(t))
is HSLAG in (M,w,J) fort sufficiently close to ty in P.

2. Basic THEORY OF HSLAG

In the rest of this paper, M and L are always a closed (i.e. compact without
boundary) manifolds, unless specified otherwise. In addition dim M = 2dim L, w
is a given symplectic form on M and ¢ : L — M is a Lagrangian embedding, that
is an embedding such that ¢*w = 0.

2.1. The Euler-Lagrange equation of HSLAG. HSLAG manifolds are de-
fined by a variational problem. The corresponding Euler-Lagrange equation is
easily recovered as we shall explain now. Let H be the mean curvature vector
field along ¢ : L — M defined using the metric g;. The Maslov form is the 1-form
ag € T(A'L) defined by
ag =0'w(H,-).

Let f; € Ham,, be a family of Hamiltonian transformations such that fy = id|as.
Then

d
V= —
dtft t=0

is a Hamiltonian vector field on (M,w). Let v : M — R be a Hamiltonian function
for V' (i.e. such that dv = tyw). The family f; induces a Hamiltonian deformation
of the map ¢ : L — M defined by ¢; = f; o £. The resctriction of the vector field V'
along ¢ : L — M is precisely the infinitesimal variation of the family ¢; at ¢ = 0.
The usual first variation formula of the volume gives

= —/(H, V)vol9r
L

= —/(aH,on>v019L
L

= —/(aH,E*dwvolgL
L

= —/(d*aH,K*onlgL
L

d
EVOI(KH gJ)

t=0

where g, = (*g;.
A critical point is obviously given by the equation

d*OéH = 0,

where d* is the operator defined on the space of differential forms on L, using the
metric gr..



6 EVELINE LEGENDRE AND YANN ROLLIN

The second variation of the volume is obtained by differentiating the ¢-dependent
quantity d*ay along the deformation ¢;. It turns out that the second variation is
of the form

O
where O is an elliptic operator of order 4 acting functions on L. More precisely,
we have the following formula (cf. [6]), which holds for any Lagrangian embedding
(not necessarily stationary) in a Kéhler manifold

Ou = A2u + d*aRiCl(JVu) — Qd*aB(JH,Vu) — J.H . J.H - U. (21)

Here A is the Riemannian Laplacian on (L,gr), B is the second fundamental
form of £ : L — M and Ric' is defined by Ric(x,y) = (Ric*(z),y) for =,y normal
vectors to L. If the almost complex structure is not integrable, the formula is
more complicated, but the leading term A? remains unchanged.

We introduce the Kernel of this operator

K, = ker O.

Remark 2.1.1. If / : L — M is a minimal submanifold (i.e. H = 0), the operator
O is simpler. In particular, we have

(Ou,u) = / |Au|* — Ric(JVu, JVu)vol9
L

and it follows that K = R for any Kéahler manifold of non positive Ricci curvature.
These conditions are fullfield in the case of

e special Lagrangians in Calabi-Yau manifolds,

e standard Lagrangian tori in the flat torus C2/T.

Generally, Ky, is not reduced to R and O need not be selfadjoint. However, we
have the following lemma:

Lemma 2.1.2. Given a Kdhler manifold (M,w,J) and a Lagrangian embedding
{:L— M, the operator O on L can be written

Ov=Dv—-JH -JH - v

where D 1is selfajoint.
In particular, if £ : L — M is HSLAG, the vector field JH is divergence free on
L and O s selfadjoint.

Proof. Using L? inner product on L with g7 the induced metric, we see that

(A%v,w) = (v, A’w). Using the fact that ajv, = dw on L, we find

(" aRicL (7v0)> W) = (ORict (J0)r AIV0) = /LRiC(JVUa JVw)vol?*

Since the Ricci tensor is symmetric, we deduce that
<d*aRicL(JW) ;w) = (v, d*O‘Ricl(JVw)>
Similarly, we compute
(A" aprHve) W) = (QBITH,Vv), XIVw) = (AB(IH,Vv), I VV).
The tensor S(u,v,w) = (JB(u,v),w) is symmetric. We deduce that
(d*aprave),w) = (v, d" apHVwW))-

This proves the first statement of the lemma.
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Integration by part gives
(-JH -JH -v,w) = (JH -v,JH - w) +/vaH-volgL.

If the embedding is HSLAG, then d*ap = 0. But this equation is equivalent to
the fact that div(JH) = 0 and in turns JH - vol9 = div(JH)vol* = 0. It follows
that the operator v — —JH - JH - v is also selfadjoint. (]

2.2. Hamiltonian isometries, rigidity and stability. Suppose that (M,w, Jp)
is a Kéhler manifold and and ¢ : L — M is a HSLAG embedding. Let G be
the group of Hamiltonian isometries of the Kéahler manifold. Any one parameter
subgroup f; : M — M of G gives rise to a deformation ¢; := f; o £ of . However

g =495 = Cfig5 =95 =91
since f; is an isometry. In particular the quantity d* oy is independent of ¢, there-
fore O¢*v = 0, for a Hamiltonian function v : M — R given by the variation f;.
The space of Hamiltonian functions induced by 1-parameter families of Hamil-

tonian isometries of (M, w, Jy) is the space of Killing potentials denoted Kps. Our
observation shows that there is a canonical restriction map

f*:KM%/CL
v vol

where Ky, is the kernel of the operator O.

Definition 2.2.1. For a Kihler manifold (M, w, Jy), a Hamiltonian stationary
Lagrangian embedding ¢ : L — M is called rigid if the associated restriction map
Ky — Kp is surjective.

If in addition, the operator O is positive on a complement of the kernel Kr,, we
says that £ : L — M is stable.

According to Definition 2.2.1, a Hamiltonian Lagrangian embedding is rigid if,
and only if, infinitesimal Hamiltonian stationary deformations of the Lagrangian
can only come from of (globally defined) infinitesimal Hamiltonian isometry of the

Kéhler manifold (M, w, Jy).

Examples 2.2.2.

(1) If £ = R, the Lagrangian embedding ¢ : L — M must be rigid.

(2) In particular all examples given by Remark 2.1.1 (SLAG in Calabi-Yau
manifolds, Lagrangian tori in the flat torus, HSLAG with H = 0 in non-
positive Ricci-curvature Kéhler manifolds) are rigid.

(3) It is also known that the Clifford torus in CP" is rigid and stable [9, 10].

3. EXAMPLES OF LAGRANGIANS TORIC FIBRATIONS

Fibrations of Calabi-Yau manifolds by special Lagrangian (SLAG) tori play a
central role in mirror symmetry. Unfortunately, these fibrations seem to be scarce
in nature. Hamiltonian stationary Lagrangians (HSLAG) are a natural general-
ization of SLAG and they make sense on every (almost) Kdhler manifold. We then
turn to the question of existence of HSLAG fibrations for Kéhler manifolds.

A large pool of examples of such fibrations arise from toric Kéhler geometry.
A toric Kédhler manifold is endowed with a Hamiltonian isometric toric action.
Generic orbits of the torus action are Lagrangian tori. Since the metric is invariant
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under the torus action, it follows that the mean curvature of the orbits is also
invariant and, in turn, that the Maslov form oy must be parallel. In particular
d*ap = 0 and we have the following lemma:

Lemma 3.0.1. The fibration by Lagrangian tori of a toric Kdhler manifold has
the property that each smooth fiber (i.e. corresponding to an interior point of the
polytope) is Hamiltonian stationary with respect to the toric metric.

3.1. Kihler reductions. Let (M, o) be a symplectic manifold and G a connected
compact subgroup of Hamiltonnian diffeomorphisms. Assume that p: M — g* is
a G—equivariant momentum map and that 0 € g* is a regular value of u. Then
N = p~%0) is a G-invariant submanifold and G-orbits are coisotropic, so the
quotient 7 : M — M = p~'(0)/G inherits of a symplectic structure w defined as
W = W)y - rPhe symplectic orbifold obtained this way is called the symplectic
reduction of (M,o).

Whenever there is a G-invariant compatible Kéhler metric § on (M,&) then
the whole Kahler structure descends on M making the quotient map

7o N 0) — M

a Riemannian submersion. The resulting structure (M,w, g) is called the Kdhler
reduction of (M,&,§).

It would be interesting to see if the statonnary properties (being HSLAG, stable,
rigid..) of a G-invariant Lagrangian lying in p~1(0) C M are preserved under this
operation. We prove below it is the case for toric manifold.

Lemma 3.1.1. L is a G-inwvariant Lagrangian of (M,&) lying in p~(c) if and
only if 7(L) = L is a Lagrangian in (M,w). Suppose that § is a G-invariant
compatible Kdhler metric on (]\;I ,W) such that there exists a positive constant k
depending only on (M,&,§) and G such that vol(n=*(L)) = kwvol(L) for every
Lagrangian L in M. Then L is HSLAG whenever L is and is stable whenever L
is.
Proof. Put N = p~1(c). The first statement follows the fact that for every p € N,
the kernel of w,, in T, N (i.e those v € T, N such that wy(v,w) = 0 for all w € T,N))
coincides with the tangent space of the orbit of G.

Given a function f € C®(M), take any f € C°(M) which is a G-invariant
extension of the function 7*f € C*°(N )&, Let X be the Hamiltonian vector field
associated to f. Observe that X is tangent to N since for each a € g

<dlu’(X)’a> = _‘D(Xa,X) = df(Xa) = 0.

Hence, for any Lagrangian L C M and L = 7~ (L) the variation ¢;(L) induced
by tX, stays in N and ¢y(L) = 7' (¢¢(L)). Thus, vol(¢¢(L)) = svol(¢¢(L)). So
that L is HSLAG if L is.

Moreover, for any Lagrangian L C M, the G-invariant submanifold L=7"YL)
is Lagrangian in (M @) via the composition of inclusions 7 : L < N < M and

roX,) = (Cw(Xy, )
where df = —w(Xy,-). Hence, kO(f],) = O(7*(f|,))- O
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Corollary 3.1.2. Assume, in addition to the hypothesis of Lemma 3.1.1, that L
is rigid then, for any function f € C>(L) such that Of = 0, there exists a Killing
potential f € C°°(M) such that fi, =7"f.

3.2. Case of (CP",wpg) and Kihler toric manifolds. Oh observed that each
Lagrangian torus of C"*! of the form

Tropeirn = {2 € C"FH | |z] = 13} (3.1)

is a critical point of the volume under Hamiltonian deformations (HSLAG). He
proved also that it is rigid and stable by direct computations. One way to state
his result is the following

Proposition 3.2.1 (Oh, [10]). Let ¢; € Ham(C"*! wrg) be a path of Hamiltonian
diffeomorphisms with 7o = Id and X = (%@)tzo € ham(C" wrs). Let f be a
smooth Hamiltonian function for X. Then, L =T, . r, ts a HSLAG and
d2
Evol(qﬁt(L)) >0
Moreover, %vol(qﬁt(L)) =0 if and only if f|L lies in the span of
{sin 0;, cos 0;, sin(0; — 0;), cos(0; — 0;)}}' ;.

Remarks 3.2.2. The hypothesis of Oh’s result can be replaced by “given a func-
tion f € C*(L), or equivalently an exact 1-form ay = t*w(V,-) € Q'(L),...”.

By Delzant-Lerman—Tolman theory, see [3, 8], any compact toric symplec-
tic orbifold (M,w,T) is the symplectic reduction of (C% wyqy) with respect to
a subtorus G C T¢. Via this construction the manifold inherits of a Kihler metric
wg, called the Guillemin metric [5].

We recall the Delzant construction which is determined by the rational labelled
polytope (P, v, A) associated to (M,w,T). Denote the Lie algebra t = Lie 7" and
the momentum map x : M — P C t*. We use the convenient convention that
v=Av,...,vq} is a set of vectors in t so that if Fy,..., Fy are the codimension 1
faces (the facets) then vy is normal to Fj and inward to P. The lattice A defines
the torus as 7' = t/A. Being rational' means v C A. From the rational pair (P,v),
the torus G is determined by its Lie algebra g = ker q where q : R? — t is

d
q(x) = leu,
i=1

Hence, the compactness of P implies that q is surjective and that T = R%/G.

The defining affine functions of (P,v) are the ¢y,...,¢; € Aff(t*,R) such that
P = {x € t'|4;(z) > 0} and dy = v}. Denote the inclusion ¢ : g < R¢ and
to : C4 — (RY)* the (homogenous of degree 2) momentum map of the action
of T% on C? so that t*u, is a momentum map for the action of G on C?% One
side of the Delzant-Lerman—Tolman correspondence states that (M,w,T) is T—
equivariently symplectomorphic to the symplectic reduction of ((Cd,wstd) at the
level ¢ = v*(£1(0),...,£4(0)) € g*. In the following, we identify (M,w,T') with this
reduction.

1To recover the original convention introduced by Lerman and Tolman in the rational case,
take my € Z such that mLka is primitive in A so (P, m1,...mq, A) is a rational labelled polytope.
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Note that since f1(2) = £(|20/?, - . ., |zn|?) the defining equations of N = (¢*1,) "1 (c)
involve only the square radii 72 = |z;|? and, thus, N is foliated by tori (of various
dimension between dim G and d) of the form (3.1). Moreover, for each = € P the
interior of P, L, = p~'(x) C M is a Lagrangian torus such that 7—'(L,) = L,
is a d-dimensional torus of the form (3.1). Finally, observe that if f is a Killing
potential of (Cd,wstd) which is G-invariant on some d-dimensional torus of the
form (3.1) then f is G-invariant on any d-dimensional torus of the form (3.1).

Lemma 3.2.3. Let G be a subtorus of T and v : G — T¢ the inclusion. The
volume, with respect to the standard flat metric of C%, of the orbits of G is constant
on the regular level set of the momentum map 1*p, : C* — g*.

Proof. Let g be the standard metric on C%¢. We have
d
du
9= 3 5+ 2pdf?
=1 <M
where p; = %|zi|2 and 6; is the angle coordinates. Hence, for z € C? such that

G - z is of full dimension, the action identifies G - z with G and the metric induced
on the orbit is t*h where h = 2u;d6?. Clearly *h only depends on t*(po(2)). O

This last lemma implies that the present situation fulfill the hypothesis of
Lemma 3.1.1 which we combine with Corollary 3.1.2 and Proposition 3.2.1, to
get the following Proposition.

Proposition 3.2.4. Any L, C M Lagrangian torus obtained as level set of the
momentum map p: M — t* is HSLAG, stable and rigid for the Guillemin metric

wg.

Remark 3.2.5. Lemma 3.2.3 applies more generally to toric rigid metrics in the
sense of [1]. Therefore there is a bigger class of metric on which Proposition 3.2.4
extends.

The complex projective space with its Fubini-Study metric (CP",wpg) is a case
of that last Proposition. Indeed, one way to see CP" is as a Kéhler reduction of
C"+! with respect to the diagonal Hamiltonian action of S'. This coicides with the
Hodge fibration 7 : §?"*1 — CP™ and fits with the toric structure of (CP", wpg)
obtained by quotient of the isometric toric action of T"™! on (C"* wyy). We
denote this quotient 7= T"*!/S! t = Lie T and the momentum map u : CP" —
t*. For any L, C CP" Lagrangian torus obtained as level set of the moment map,
771(L;) is a torus of the form (3.1). It may be more convenient to take the (more
natural) momentum map

- % Ll ) eme
s 2= (izp - ereze) <
so that the 7;’s in (3.1) are just the |Z;|’s.
The S! invariant functions on 7, . in the kernel of O are {sin(6; — 6;), cos(6; —
ej)}?,jzo so Proposition 3.2.4 holds in this case and reads as follow.

Proposition 3.2.6 ([11]). Any L, C CP" Lagrangian torus obtained as level set
of the moment map p : CP" — t* is HSLAG, stable and rigid for the Fubini-Study
metric.



HAMILTONIAN STATIONARY LAGRANGIAN FIBRATIONS 11

4. DEFORMATION THEORY

In this section, we are assuming that ¢ : L — M is a Hamiltonian stationary
Lagrangian embedding, where (M, w, Jy) is a Kdhler manifold. For each almost
complex structure J € AC,, sufficiently close to Jy, we would like to find a Hamil-
tonian deformation ¢ : L — M of the Lagrangian embedding ¢ : L — M which is
Hamiltonian stationary with respect to (M,w,J). It turns out that this problem
can not be solved directly by the implicit function theorem since the equations are
generally overdetermined.

4.1. Diffeomorphisms of the source space. The group of diffeomorphisms
Diff (L) acts on Lagrangian embeddings ¢ : L — M by composition on the right.
Such an infinite dimensional group action gives a huge group of symmetries which
preserves the equation for HSLAG embeddings. This indeterminacy of the equa-
tions is easily removed by seeking Hamiltonian deformations of the image

L= (L)

as a Lagrangian submanifold of M instead. This boils down to consider the space
of Lagrangian embeddings upto reparametrizations.

4.2. Group of isometries. From now on, we are assuming that £: L — M is a
HSLAG embedding with respect to (M,w, Jy) and that it is rigid.

The group G of Hamiltonian isometries of (M, w, Jy) has a corresponding space
of Hamiltonian potentials Ky € C°°(M). Their restriction to L is £*(Ky) C
C>°(L) and agrees with ICy, = ker Oy ;, by the rigidity assumption. An issue when
trying to apply directly the implicit function theorem is that the linearization of
the HSLAG equations given by the operator Oy j, is generally neither injective nor
surjective.

4.3. Lagrangian neighborhood theorem. A sufficiently small tubular neigh-
borhood V of £ = /(L) in M is symplectomorphic to a neighorhood U of the zero
section £y : L — T* L endowed with its canonical symplectic form. In addition £ is
identified to ¢y via the symplectomorphism. Small Lagrangian deformations of £
are given by graphs of sections a of T*L — L, where « is a sufficiently small closed
1-form on L. Furthermore, Hamiltonian deformations are given by exact 1-forms.
Thus, every smooth function f on L, defines a Lagrangian submanifold of T*L
which is the graph of df : L — T™*L and this graph is a Hamiltonian deformation
of the zero section ¢y : L — T*L. If f is sufficiently small (in C'-norm), using the
symplectomorphism between the tubular neighborhoods ¢ and V), each section df
defines a Lagrangian embedding £ : L — M which is a Hamiltonian deformation
of ¢ : L — M.

4.4. Vector bundles. The image of the map ¢* : Cpy — C*°(L) is K1, = ker Oy j,
by rigidity, but it may not be injective. After passing to a subspace K, C K,
we obtain an isomorphism

0 (])\4 — K L-

For any embedding ¢ : L — M sufficiently close to ¢ : L — M, the map
AN K9, — C*°(L) remains injective. Using this observation, we are going to
introduce vector bundles of finite rank over the space of functions.

However, the space of smooth functions C°°(L) is not suited to apply the im-
plicit function theorem. Instead, we shall work with Holder spaces C*"(L), where
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0 < n < 1 is the Holder parameter and k is the number of derivatives accounted
for. For any function f € C*"(L) sufficiently small, the map 0 Ky — C31(L)
remains injective. Its image is a finite dimensional vector space denoted

ﬁf C CB’n(L).

The spaces R are the fibers of a smooth vector bundle & over a neighborhood of
the origin in C*"(L).

Let H' be the orthogonal complement of K = Ry in C37(L), where the L?
inner product is induced by £ and Jy. For any f € C*"(L) sufficiently small, we
have a splitting of vector bundles

C3N(L) = Ry & H/,
and the projection on the first factor parallel to H’ is denoted

T C¥(L) — Ry
Similarly, we will need to consider the L?-orthogonal complement H of Kr in
C4"(L) which gives the splitting

CH1I(L) =KL & H. (4.1)

4.5. Implicit function theorem. We introduce the map
U CYI(L) x CY1(L) x ACH" — (L) (4.2)

defined as follows: let (f,k,.J) be an element of C*"(L) x C*"(L) x AC%". The
function f admits a decomposition f = fr,+h where fr € Ky, and h € H according
to the splitting (4.1). For f and k sufficiently small, we may use the Lagrangian
embedding ¢y : L — M. We define

U(f k,J)=dag +mhr(f)

where d* oy is computed with respect to the Lagrangian embedding ¢y : L — M
and the almost complex structure .J.
The differential of ¥ at (0,0, .Jy) is given by

oW . .
- - f=fo+00 5,0
af (0,0,Jo) 0

where we used the decomposition f = f; + h e Ki, & H. This operator is clearly
an isomorphism.
By the implicit function function theorem, we deduce the following proposition

Proposition 4.5.1. There are open neighborhoods U,V of 0 in C*"(L) and a G-
invariant open neigborhood W of the almost complex structure Jy in ACE,’" together
with a smooth map

o VXW-—=>U
such that
U(p(k,J), k,J) =0

for all (k,J) € V. x W. Furthermore ¢(k,J) is the only solution f € U of the
equation V(f, k,J) =0 where (k,J) € V x W.
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By definition, a solution of the equation ¥(f,k,J) = 0 provides a Lagrangian
embedding ¢}y : L — M satisfying the equation

d*ag € Rnik- (4.3)

Thus, our problem of finding a HSLAG embedding is solved up to a finite
dimensional obstruction. The solution of this type are called relatively HSLAG
embeddings.

Definition 4.5.2. A Lagrangian embedding ¢ : L. — M into an almost Kéhler
manifold (M,w, J) such that d*ay is the restriction of a Hamiltonian potential in
Kar is called a relatively HSLAG embedding.

More information on the regularity of (k,J) € V' x W provide more regularity
on f = ¢(k,J) by standard bootstrapping argument for elliptic equations. In
particular, we have the following lemma:

Lemma 4.5.3. If (k,J) € V. x W are smooth, then f = ¢(k,J) is smooth and so
is d*ay for the corresponding relatively HSLAG embedding.

It is worth pointing out that many cases are dealt with using the following
corollary:

Corollary 4.5.4. Let { : L — M be a rigid HSLAG embedding into (M,w, Jp)
with Ky, = R. Then for all compatible almost complex structure J sufficiently close
to Jo in C*M-norm, there exists a Hamiltonian deformations | : L — M of ¢ which
is a HSLAG embedding with respect to (M,w,J).

Proof. For J sufficiently close to Jy, we use the decomposition ¢(0,J) = fr + h
given by the splitting (4.1). By assumption f;, must be a constant. The embedding
ly, : L — M satisfies the equation d*ay = ¢, for some constant ¢ € R, with
respect to the almost Kihler structure (M, w,J). Since d*ay is L2-orthogonal to
constants, we deduce that ¢ = 0. O

4.6. Residual isometry group action and killing the obstruction. The next
step is to look for solutions of the equation ¥ = 0 such that the finite dimensional
obstruction (4.3) vanishes. The residual group action of G on W is the key to
achieve this goal. Indeed, we have a modified volume functional

vol: W — R
defined by
vol(J) = vol(L, £g). (4.4)
where ¢(0,J) = f = fr +h € K ® H is given by Proposition 4.5.1.
Notice that vol is a perturbation of the volume functional

vol: W — R

of £: L — M defined by vol(J) = vol(L, ¢*gy). Nevertheless, vol and vol need not
to agree generally.

Each G-orbit of almost complex structure in W, is compact, since G is. Thus
the modified volume functional vol restricted to a G-orbit admits critical points,
for instance a minimum. Let J be such a point in a given orbit. Then we have
the following result.
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Proposition 4.6.1. Let J be a smooth almost complex structure, which is a criti-
cal point of the modified volume functional vol given by (4.4), restricted to a G-orbit
of W. Then, the Lagrangian embedding £y, : L — M deduced from ¢(0,J) = fr+h
via Proposition 4.5.1 is HSLAG.

As a direct consequence, we obtain a proof of one of our main results:

Proof of Theorem A. We have a map W — U given by J — ¢(0,J). For each J
the decomposition ¢(0,J) = fr, + h € K1, & H provides a Lagrangian embedding
Ly, which is a Hamiltonian deformation of ¢. An easy exercice of symplectic
geometry shows that one can define a smooth map ¢ on W such that ¢(J) is a
Hamiltonian transformation of (M,w) with the property that ¢ (J) o ¢ = ¢}, and
¥(Jp) = id as in Theorem A. We give an outline of the argument to keep this
paper self-contained. The function h is a priori defined on L. However a tubular
neighborhood of £ = ¢(L) is identified with a neighborhood V of the 0-section
of the contangent bundle T*L — L. The function h can be understood as a
function on V by pull back. We fix a suitable smooth compactly supported cut-off
function ¢ on V equal to 1 in a neighborhood of £. Then ¢h makes sense as a
globally defined function on M. The corresponding Hamiltonian vector field X
is well defined on (M,w). By integrating upto time 1, the flow of the vector field
defines Hamiltonian transformation 1 (.J) of (M,w), with regularity a C*". If J is
sufficiently close to Jy, the function A is very close to 0 in C®"-norm. In particular
we have ¢ (J) o £ = £y, by construction.

By assumption J is smooth here, hence by Lemma 4.5.3 so is h. Thus ¢(J) is
also a smooth Hamiltonian transformation so that we can avoid the complication of
introducing a group of Hamiltonian transformations with suitable Holder topology.

For the second part of the theorem, given J € W, it suffices to find u € G such
that w - J is a critical point of the functional vol (such u exists by compactness of
G). Then wu - J satisfies the claim of Theorem A thanks to Proposition 4.6.1. [

The rest of this section is devoted to the proof of the proposition.

Proof of Proposition 4.6.1. Let f = ¢(0,J). Notice that by Lemma 4.5.3, the
function f is smooth and so is h. The smooth embedding, ¢ : L — M, satisfies
the equation d*apy = 1 for some ¢ € Ky, which is also smooth. By definition,
1) = v o £y, for some function v € s, by rigidity.

Let uy € G be a 1-parameter subgroup of G such that uy = id and dué—gw)h:o =
Xy(x). In other words, the tangent vector to the l-parameter subgroup is the
Hamiltonian vector field X, associated to v.

We consider the orbit J; = uyJ under the 1-parameter subgroup action. Since
J is a critical point of the modified volume functional on its G-orbit, we have

dt o VOl(Jt) =0.
Looking more closely at the modified volume functional, this means that the vol-
ume is critical for the 1-parameter family of Lagrangian embeddings fﬁt L—>M

with respect to the almost complex structures jt, where ¢(0, jt) = ft = fLﬂg + ﬁt €

Kr & H. By Lemma 4.5.3, the functions ft, h: and fLﬂg are all smooth. Further-
more, they depend smoothly on t.
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Changing the point of view, this means that the volume of the Lagrangian
embeddings by == uy o Kﬁt : L — M is critical with respect to the fixed almost
complex structure .J.

Since the volume of a Lagrangian embedding depends only on the volume of
its image, we may work upto the action Diff(L). Hence, we may assume after
composing f; on the right by a suitable family of diffeomorphism that they are
given by ¢;, ., L — M, where k; is a smooth family of functions on L such that
Gt |io = .

The solution of the relative HSLAG equations are invariant under the action of
Diff (L), therefore we have a one parameter family of solutions of the equation

\I](fta kta J) = 0’

with critical volume at ¢t = 0.
Differentiating at ¢ = 0 gives the identity

ov . ov .
oo f==Fplgon b (4.5)
where )
¢ aft . 8]{7,5
/ ot an ot |,—o ¥
t=0 =
The computation of the operator g—i’ is similar to g—%’ and we find
owv

-].CZLfJ-iC—}—Dgh,J];J.
(£,0,J)

where Ly, - k= %ﬂh+kt(f)‘t:0. We choose g9 > 0 sufficiently small, to be fixed
afterward. According to Lemma 4.6.3, upto passing to sufficiently small open sets
U and W, we have the estimates

1L, - kllz2 < eollk 2
and since k = ¢ € &), by Lemma 4.6.4
18,7kl L2 < eollkll 2

We deduce that the L2-norm of the LHS of (4.5) is bounded by 2eo]|¢]| 2.
Applying Lemma 4.6.2, we obtain the estimate

I1fllL2 < 2Ceo|9]| 2.

In particular we have an estimate

1Rl 2 < 2CeollW| 2

ok

If we choose g¢ = %, we have

Il < 3l
By the first variation formula, we have
vol = (o, dh + dip) = (d* g, b+ ) = (b, h+ ) = |[]|2 + (1, h).
By Cauchy-Schwartz inequality, it follows that

: .1
vol = [[v* — [ lIall = 5 llv]*.
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This is a contradiction unless 1) = 0. U

Here are the technicals lemmata used in the proof of Proposition 4.5.1. These
results are standard and some proofs may be omited.

The operator %—‘}”0,07 Jo 1s an isomorphism. The first eigenvalue of small pertur-
bations of this operator remain uniformly bounded away from 0 in the sense of
the following lemma:

Lemma 4.6.2. For all neighborhood U and W of Proposition 4.5.1 chosen suf-
ficiently small, there exists a constant C' > 0 such that all (f,J) € U x W and
F e Co%(L)

g
ol

|Fll2 <C
O |(10.1)

L2
Lemma 4.6.3. For all € > 0 there are sufficiently small open sets U and W in
Proposition J.5.1 such that for all (f,J) € U x W and all function F € K,

[Lg 1 E L2 < el Fllze

Proof. The proof is easily done by contradiction. If the lemma is not true, there
exists € > 0 and a family (f;, J;) € U x W converging toward (0, Jo) and Fj € Ry,
such that ||Fj||L, = 1 while || Ly, s, Fjl[2 > €.

Using the fact that K is a finite rank bundle over U x W with a smoothly
varying L%-inner product, we may assume, after passing to a subsequence, that F. i
converge to F' € Ky = Ry, with the property that ||F| ;2 =1 and Lo j,F' # 0. But
this is impossible since 75, (0) is identically 0, so that Lg_j, = 0. O

Lemma 4.6.4. For all € > 0 there are sufficiently small open sets U and W, as
in Proposition 4.5.1, such that for all function F € Ky, we have

10, JF|| < el Fl2-
5. THE VOLUME FUNCTIONAL

This section gathers some results and observations on the volume functional that
will be needed to show that the space of positive perturbations, introduced at §6.2
in not empty, under mild assumption, in particular for the proof of Theorem D
and Theorem 6.2.3.

5.1. Main technical result. We start with a Ké&hler manifold (M, w, Jy). Let G
be its group of Hamiltonian isometries. We consider a rigid HSLAG embedding
£: L — M asin Theorem A.

Let Gy be the subgroup of isometries of G preserving the image of £ : L — M.
In other words u € Gy if and only if uo /(L) = ¢(L). We denote by G the identity
component of Gy.

We consider the subspace of compactible almost complex structures which differ
from Jy by a diffeomorphism of M. The connected component of Jy in this space
is denoted 7, C AC,,,.

The standard volume functional here refers to the map

voly : G/G7 — R
defined by vols([u]) = vol(L, £*gy.s).

The variational formulas for the volume functional are much easier to carry
out assuming the base complex structure is integrable but the result is likely to



HAMILTONIAN STATIONARY LAGRANGIAN FIBRATIONS 17

hold for almost K&hler metrics. Of course, it holds for any almost Kéhler metric
(J,w) in a sufficiently small neighborhood of the Kéhler metric (Jy,w). Then main
technical result of this section is the following theorem:

Theorem 5.1.1. There exists a smooth 1-parameter family of complex structures
Js € W defined for s > 0 such that

(1) Jo is our given complex structure

(2) £: L — M is HSLAG with respect to Js for all s > 0

(3) voly, : G/GY = R admits a non-degenerate local minimum at v = id for
all s > 0.

5.2. Some variational formulae. First, we have to carry out some variational
formulas. In order to do that we identify a neighborhood of L with a neighborhood
of the zero section in T*L and a set of coordinates z1,...,z, on L is completed
on T*L to give Darboux coordinates w = " | dz; Ady;. In these coordinates, dy;
vanishes on T'L, so the volume form dvy on L is

dvy = +/|grldxy A -+ Aday,

where g7, = g;jdz; ®dx; is the restriction of the metric g on L, |gr | the determinant
of (gij). The variation of ® along a path {id} x J; starting at J is then given by

d . 1. 1.
—  voly,(id) :/tr(nggL)va:/tr(ngg)va. (5.1)
dtt=0 L L

More generally, for a given u € G,
. d -1 .
4,0() () = 5, volaw) = [ o TG0

For J € 7, the tangent T); 7, is a subspace of endormorphism of T'M and has
a natural complex structure J given by

JA=Jo0A

for A € Ty J,,. Denoting the orbit of J by under Symp, by G.J = Symp,(w) - J,
one can prove, see [1], that

Ty T = {~LzJ | Z € symp(w) + Jham(w)} ~ T5G.J + IT5G.J. (5.2)

The last equality uses LjzJ = JLzJ which holds thanks to the integrability of
J. Note that the right hand side of (5.2) is not a direct sum in general.

Let J; be a path in 7, defined for small ¢ such that g; = w(Js-,-) be the
corresponding variation of Riemannian metrics, so that go = g.

For ¢ € C>*(M), let X4 € ham(w) be the corresponding Hamiltonian vector
field that is d¢p = —w(Xy,-). We denote by D the Levi-Civita connection and
d°¢ = —d¢p o J. Recall that for a 1-form a € Q'(M), the Levi-Civita is defined as
Da(X,Y) = X.a(Y) — a(DxY) and the Hessian of ¢ is Dd¢, a symmetric tensor
since D has no torsion. The J-invariant and anti-invariant parts of D« are

D (X,Y) = %(Da (X,Y) £ Da (JX, JY)).

Lemma 5.2.1. Let ¢ € C°(M),
a) if J = —Lx,J, then § = —2D~d°¢.
b) if J = —JLx,J, then § = 2D~ d¢.
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Proof. Since w does not vary along the path (w, g, J;) and that Lx,w =0, in the
case a), we have, using [/, Lemma 1.20.2], that

g=-w(J,) =w(Lx,J(),") = —2D"(X}) = —2D"d} (5.3)
since g(Xy,-) = d°¢. In case b), we have

g=—w(/J,) =w(JLx,J(),") = —9(Lx,J",")
= —(Lx,w) + Lx,9(J ") = Lx,9(J, ).
Since (g, J) is Kédhler, DJ = 0 and so, for Z,Y € I'(T' M), we have
9, 2) = Lx,9(JY,Z) = g(Dyy X4, 2) + g(JY, Dz Xy)
= (JY).9(Xy,2) = 9(X4,Dyy Z) + (Z).9(JY, Xy) — g(DzJY, X;)
— (JY)d0(Z) — EEG(Dy Z) + ZAG(TY) — dd(D(TY)
= (JIY)dH(IZ) + dd(Dyy JZ) + ZAd(Y) — dp(D7 (V)
= —Dd¢ (JY, JZ) + Dd¢ (Z,Y)
= —Dd¢ (JY, JZ) + Dd¢ (Y, Z) = 2D~ dé(Y, Z)

(5.4)

Consequently, taking a variation J = —Lx »J — JLx,J we have

dy®(J)(u) = —2 / . <g;(1L)(D’dc¢ - D’dz/z)) duy. (5.5)

Lemma 5.2.2. Let ¢ € C*°(M) and X,Y € T,M then
a) D-d¢p(X,Y) = —D~dp(JX,Y),
b) 2DTdp(X,Y) = dd°¢(X,JY),
c) 2(D7do(JX, X) + D do(X, X)) =dd¢p(X, JX).

Proof. For a), recall that d°¢ = —d¢ o J. We use that DJ = 0 as follow
2D d°p(X,Y) = Dd°¢p(X,Y) — Dd°¢(J X, JY)
=XdoY)—d¢(DxY)— (JX).d¢(JY)+ d°¢(DjxJY)
= —-X.do(JY)+dop(DxJY) — (JX).dp(Y) + dop(DyxY)
= —Ddp(X,JY) — Ddp(JX,Y) (5.6)
= Dd¢(J*X,JY) — Ddp(JX,Y)
=-2D"d¢(JX,Y)
For b), note that Dd¢ is the Hessian, thus symmetric, hence
2DTd°¢p(X,Y) = Ddp(X,Y) + Ddp(J X, JY) (5.7)
= X.dop(Y) —dop(DxY)+ (JY).dp(JX) — dp(D gy JX).
Using that D has no torsion, we see it coincides with
dd°¢p(X,JY) = X.d°¢(JY) — (JY).d°¢(X) — d°¢p(DxJY — Dy X)

— X.dp(Y) + (JY).db(JX) — dé(DxY) — dé(DyyJX). OO
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For ¢), using again that Dd¢ is symmetric we have
2(D7dop(JX, X))+ D do(X, X)) = Ddp(J X, X) + Ddop(X, JX)
+ Ddop(X,X) — Ddop(J X, JX)
=Ddp(X, X +JX)+ Ddop(JX, X — JX)

=2D%d¢(X, X — JX)
(5.9)

Now, using formula b) just above, we have 2DTd¢(X, X — JX) = dd°¢(X, J(X —
JX)) = dd°d(X, JX) + dd°d(X, X) = dd°d(X, JX). O

5.3. Particular variations. Let ¢ be a real smooth function on M. We consider
a family of almost complex structures Jg € 7, defined for s € R sufficiently close
to zero and such that

0

%JS = _EX¢JS+JSEX¢JS (5.10)
for all s sufficiently small, where X, is the Hamiltonian vector field deduced
from .

We have the following variation formula for the volume:

Proposition 5.3.1. Let ¢5 be a smooth family of real smooth functions on M for
small s € R and consider the corresponding of Js € J., satisfying (5.10). Then

%VOL}S (u) = /L (A% @) ouo ) vol((uol)gy,).

Proof. Using the first and last formulas of Lemma 5.2.2, we get that

d,2())w = -2 [ Oy = 2 / LMoy 1)

where AY¢ is the Laplacian of ¢ on M with respect to the Kahler metric g. Indeed,
taking {v;}* ; an orthonormal basis of T),L, the trace

(G ) dd D, T) = Y dd (v, Jvy)
=1

is the symplectic trace of dd®¢ which turns out to be the Laplacian of ¢ at p up to
a sign, see for e.g. [1, p.33]. Observe that to obtain (5.11) we didn’t use the fact
that G fixes J so the formula holds at any point of 7. O

The variation of Jg depends on first derivatives of ¢. If ¢ vanishes upto order 1
along the image of £ : L — M, the almost complex structures J, are independent of
s along ¢ as well. The metric g5 deduced from w and g; must also be independent
of s along ¢. Is ¢ vanishes to a higher order, say upto order 2 along /¢, the
mean curvature along ¢ will also be independent of s. Since the metric, the mean
curvature are independent of s we have the following lemma

Lemma 5.3.2. Let ¢ : M — R be a smooth function vanishing upto order 2
along the image of £ : L — M, and Js be a family of almost complex structures
defined from ¢ as above. Then £ : L — M is HSLAG with respect to Js for all s
sufficiently small.
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For s = 0, since u acts by isometry on gj, we deduce from Proposition 5.3.1

that 5
8_V01JS (u)|s=0 = / ((A%p) ouol) vol(gr).

8 L
Lemma 5.3.3. Let (N*, g) be a smooth compact Riemannian manifold of dimen-
sion k and p € N. Let r : N — R be the Riemannian distance to p in N. The
function r* is a smooth function in the neigborhood of p € N with the property
that

A(rt) = —4r%(k + 2) + o(r?),

where A is the Laplacian associated to the metric g.

Proof. Tt is well-known that 72 is smooth, so does r*. Taking normal coordinates
(r,0) centered at p we know the metric tend up to order 1 to the Euclidean metric
at p. Then |Vr|?> — 1 and Ar? — —2k when r — 0. It suffices to use the formula
Art = 2r2Ar? — 2g(Vr?,Vr?) = 2r2(Ar? — 4g(Vr, Vr)) to get the result. O

All the ingredients above can be used to give a proof of the main result of this
section.

Proof of Theorem 5.1.1. Returning to our setup, still identifying a neigborhood
of /(L) in M with a neigborhood V of the O-section in 7L and considering the
Kahler metric induced by g on V. Denote the natural projection T*L — L. We
consider the function ¢ : V — R defined by ¢(a) = mdg(ﬂ'(oz),oz)4 where
d? is the distance induced by g. Then, when restricted on a fiber T;L NV, ¢ is
the 4-th power of the distance function to p up to a constant factor and satisfies
the last lemma. If (rp,0),) are normal coordinates of TyL NV centered at p then

4
o(p,rp, bp) = %. The lemma above (see the proof to be convinced it works

as well) gives then

Adp = rp% + (9(7‘2).
Let u; € G be a one parameter subgroup of G such that uy = id. Since ¢ vanishes
upto order 3 along ¢ : L — M we have A%y = 0 upto order 1 along ¢, where gg
is the Riemannian metric deduced from Jy and w. Therefore

0
(%) 0w o)y = 0
on L. In particular

0
ot &VOIJS (ut) ’(s,t):O =0.

The second order t-derivative is given by

ool (g0 = 3 [ QUK X)vol(an)
— —voly, (u 0= = VO
a2 g5 O W)len=0 =75 | ; gL
where @ is the Hessian quadratic form of A%y and X is the Hamiltonian vector
field tangent to u; at ¢ = 0 along £. If A%y = 7“12) + (’)(rg), we deduce that @ is
definite positive in directions transverse to ¢. If u; is transverse to Gg, then X is
not everywhere tangent to £. Hence we have proved that

0% 0

@@VOUS (ut)|(s,=0 >0

unless u; is tangent to G at t = 0.
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We deduce that if u; is transverse to Gg att=20
voly, (ug) = ¢+ bst?* + o(t?)

where the constant b is strictly positive for s > 0. This completes the proof of
Theorem 5.1.1. 0

5.4. Other properties of the volume functional. Our variationnal formulas
can be used to show that the standard volume functional has Morse properties for
generic almost complex structures. Unfortunately we are interested in the modified
volume functional (4.4) in this paper, and this is why we relied on Theorem 5.1.1
instead. For the interested reader, we state the following result, which is in the
spirit of the proof of existence of Morse function in the finite dimensional setting,
although it is not used in the rest of the paper:

Proposition 5.4.1. Given a compact Kdhler manifold (M, w, Jy) and a compact
Lagrangian € : L < M. The map ® : J, — C’OO(G/GK), defined as

O(J) :=voly (5.12)
is a submersion in a neigborhood of Jy.

Proof. The map u +— wu(L) is injective on G/GZ so there exists a point p € L such
that there is a neighborhood V of id € G satisfying the condition:

Vu € V, u(p) € L if and only if u € Gy. (5.13)

The neighborhood V' depends on p but since it is an open condition on p we
can choose a neighborhood U of p in L such that condition (5.13) holds. Then the
orbit map 1(q,v) = 7v(¢) induces a smooth foliation of the image W := ¢(U x V),
in M. The leafs of W are u(L) "W =~ U for u € G/Gy. Actually, we have a
diffeomorphism

WS UXV, (5.14)

where V; C G/G, denotes the image of V' via the quotient map G — G/Gy.

We can easily pushforward any bump function ¢y from U to the whole W via
the action of G and any function f on V; defines a Gy—invariant function on V.
The pull-back 7*(¢yy x f) on W may be extended to M so that it integrates to
0. Taking the Green function of this extension to be the variation J as above, we
get that (5.11) becomes

ds®(J)(u) = f(u)

for all uw € V,. From which we conclude that d;® is surjective on C*°(V}). ]

6. DEFORMATION THEORY FOR LOCAL HSLAG TORIC FIBRATIONS

6.1. Obstacles to overcome. So far, we only considered the case of a single
HSLAG embedding ¢ : L — M. We would like to extend the theory to the case
of a local HSLAG toric fibration ¢; : L — M as defined in §1.2. There are several
issues for extending Theorem A to a Lagrangian fibration:

(1) The fibration becomes singular at the boundary of the polytope in the case
of the standard fibration by Lagrangian tori of a toric Kédhler manifold. In
the case of a SLAG fibration of a K3 surface, certain fibers have several
irreducible components. Such issues related involve complicated analytical
problems that we shall not tackle at this paper. This is why we restrict
our attention to local fibrations by smooth Lagrangian tori as in §1.2.
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(2) Proposition 4.6.1 involves the choice a local minimum of the volume func-
tional seen as a function on G. One cannot make a consistent choice a min-
imum for a family of tori, unless the volume has some special properties.
We shall prove that for a generic choice of metric the volume functional is
non degenerate, which allows to get around this issue.

Example 6.1.1. The fact that the Hamiltonian transformation v of Theorem C
is not necessarily small can be readily observed in an example.

We consider the unit 2-dimensional sphere in R? with a given axis going from the
north to the south pole and its standard complex structure obtained by rotating
each tangent plane by an angle 7/2.

Every embedded circle C' is automatically Lagrangian in such a low dimensional
case. Furthermore, the HSLAG property is equivalent to the fact that the circle
has constant curvature. There is a standard fibration £, : St — S2, for t € (—1,1)
of the sphere by circles of constant curvature, known as the parallels, obtained by
rotating the sphere about its axis

We pick an axis (D) going through the shere center, wich is distinct from the
given axis, and does not belong to the equator plane. We consider a deformation
of the sphere, with prescriped area, into an ellipsoid of revolution, with axis (D).
As shown by the picture below, there is an obvious fibration by circle of constant
curvature. However this fibration is far from the original fibration which suggests
that a jump must occur.

However, this only a heuristic argument since we do not have a proof that this
HSLAG fibration is the only one on an ellipsoid of revolution.

We now give a correct argument. The equator £y : S' — S? is a geodesic, hence
its Maslov form o vanishes. On the other hand, the sign of the integral | g1 o of
the Maslov form oy of ¢; changes when ¢ goes through 0.

We consider a variation J; of the standard complex structure Jy on the sphere
5?2, compatible with the symplectic form. The Maslov form of ¢; now depends
on s as well, and we denote it by a;,. By continuity, there exists ¢ for each
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sufficiently small deformation Js such that f g1, s = 0. If there is a Hamiltonian
transformation vs of the sphere such that v o £ is a HSLAG fibration with respect
to Jg, then v o £;, has constant curvature with exact Maslov form and it must be
a geodesic.

Now, we pick a particular variation Js, where each Js; induces the metric of
an ellipsoid of revolution with three distinct axis unless s = 0. Such surfaces are
known to have only three closed geodesics. Upto a rotation, we may assume that
none of the three geodesics agree with the equator of the starting round sphere.
This shows that vs is not close to the identity for s close to 0.

6.2. Positive perturbations. We start with a Kéhler manifold (M,w, Jy). Let
G be its group of Hamiltonian isometries. We consider a rigid HSLAG embedding
£: L — M asin Theorem A.

Let Gy be the subgroup of isometries of G preserving the image of £ : L — M.
In other words u € Gy if and only if uo (L) = ¢(L). We denote by G¢ the identity
component of Gy.

Using the notation of §4.6, we consider almost complex structures J € W
sufficiently close to Jy and the corresponding relatively HSLAG embedding ¢, :
L— Mon (M,w,J).

The modified volume functional vol : W — R is generally not G-invariant.
However Gy leaves £ = ((L) invariant by definition. It follows that the map ¥
defined at (4.2) is Gy-equivariant, and so is the map ¢ defined in Proposition 4.5.1.
In turn, the modified volume functional vol : W — R is Gy-invariant. Hence, the
modified volume functional may be understood as a map

voly : G/GY — R

defined by \;E;L]([U]) = \gl(u - J). By Proposition 4.6.1, critical points of this
functional correspond to HSLAG embeddings. Such critical points are generally
not non-degenerate. For instance, the choice J = Jy provides a constant function
vol;, since Jy is G-invariant and all critical points are degenerate.

Definition 6.2.1. An almost complex structure J € W is called a positive defor-
mation of Jy with respect to the rigid HSLAG ¢ : L — M if the corresponding
functional vol : G/GY — R admits a non degenerate local minimum. The subset
of W that consists of positive deformations is denoted W ™.

We have the following obvious result, by stability of non-degenerate local min-
imum:

Lemma 6.2.2. The set of positive deformations W of Jy is an open subset of
W, endowed with its C*"-topology.

The openness result does not insure that W7 is non-empty. Although we sus-
pect that it is never empty, we shall prove it under some reasonnable technical
assumptions:

Theorem 6.2.3. Let (M,w, Jy) be a Kdihler manifold and ¢ : L — M be a rigid
and stable HSLAG.

Then, the open set of positive deformations W C W of Jy is not empty.
Furthermore, there exists a smooth family of complex structure J; € W, defined
for s > 0, such that J, € W for all s > 0. In other words, Jy is in the closure
of W+,
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Notice that Theorem D is a less technical restatement of the above theorem.
Proof. Let Jg be a family of complex structures as in the above proposition.
Lemma 6.2.4. Under the stability assumption of Theorem 6.2.3, the functional

voly, : G/GY — R

admits non-degenerate local minimum at the identity for every s > 0 sufficiently
small.

Proof. The fact that vol admits a critical point at the identity is clear, since
¢:L— M is a HSLAG in (M,w, J).

The only thing to be proved is the fact that it is non-degenerate. Let u; € G
be a one parameter subgroup of G transverse to Gy, with ug = id and k € Ky a
corresponding Hamiltonian function such that %uthzo = X

Let Js; = uiJs and £y s = £y, : L — M be the corresponding solution, a
relatively HSLAG embedding, provided by the implicit function theorem as in
Proposition 4.5.1.

By definition £ 9 = ¢. We can switch our point of view using gs,t = ugols with
a fixed complex structure Js. By the second variation formula, we have

2

d _ ...

where h € H is the projection of %‘N(O, AR k on H. Expanding the above inner
product and integrating by part we obtain

<DJs];:’ k> + <DJsha h> + 2<DJS].C’ h>

For s > 0, since J; is provided by Theorem 5.1.1 and we have the non-degeneracy
property (3). The second term is non negative for s sufficiently small by the
stability assumption of ¢ : L — M into (M, w,Jy). The third term is controlled
by the first two terms since O Jsif converges to 0 as s goes to 0 and the eigenvalues
of Oy, are uniformly bounded from below in the direction h. Hence the second
variation of the volume must be positive for s > 0 sufficiently small. O

In conclusion, the complex structures .Js belong to W7 for s > 0 sufficiently
small. This completes the proof of Theorem 6.2.3. U

6.3. Invariant Lagrangian fibrations. We would like to extend the deforma-
tion theory of §4 to the case of a fibration. For this purpose, we choose to restrict
to the case of Gj-invariant fibrations in the sense of Definition 1.2.3. This tech-
nical assumption is not too demanding as it is satisfied by examples provided by
toric Kéhler geometry. We state few observations on Gj-invariant fibrations in the
following Proposition.

Proposition 6.3.1. Let ¢; : L ~ M?" be a Lagrangian fibration with lo = ¢ and
t € B(0,¢) and such that L is compact.

1) If GY acts effectively on £(L) then G9 is a torus of dimension at most n.
¢ Yy ;
(2) If 4y is a G9-invariant fibration then G is a torus of dimension at most n.
)

(3) If G7 = T"™ then there exists a G7-invariant fibration by : L — M such that

ly = ¢ is a neigborhood of ¢(L).
(4) If (M, g,w,J) is a toric Kdihler manifold with momentum map p : M —
P CR", then {u~(p) |p € P} is a T"—invariant fibration.
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Proof. The first affirmation follows the observation that the orbit of G¢ in ¢(L)
must be isotropic, thus a torus, thanks to the formulas

dW(Xaa Xb) = —W([Xa, Xb]a ) = _W(X[a,b]a ) (61)

where X, is the vector field induced on M by a € Lie Gj. The second affirmation
is a consequence of the observation that in the case of G7-invariant fibration we
have G C G, and there is an open and dense subset of ¢t € B(0,¢) such that

7, acts effectively on 0 (L). For the third one, we consider the generic orbits
of G§ = T", which must be Lagrangian by the formula (6.1) above. The fourth

affirmation is obvious. O

Theorem 6.3.2. Let (M,w,Jy) be a Kdhler manifold and ¢ : L — M a rigid
HSLAG embedding, where L is a real torus.

Assume that non-trivial harmonic forms on L for the induced metric do not
vanish at any point. Then there exists a G§-invariant HSLAG fibration {; : L — M
such that ¢y = £.

Proof of Theorem 6.3.2. The compact group Gy preserves the image of £ : L — M.
Thus Gy has an induced action on L by diffeomorphism. This action also induces a
symplectic Gyp-action on T* L. The starting point of our setup to apply the implicit
function Theorem (cf. §4) requires the choice of a symplectic diffeomorphism
between a neighborhood of the image of £ in M and a neighborhood of the zero-
section in T*L. This symplectomorphism can be chosen to be Gy-equivariant.

We have a Riemannian metric g7, on L induced by g¢j,. Since G, acts isomet-
rically on (M, gj,), the induced action on (L, gr,) is also isometric. In particular,
G acts on the space H!'(L, gr) of harmonic 1-forms of (L, gy ). Since elements of
G are homotopic to the identity in Diff(L), they act trivially on the cohomology
of L, hence on the space of harmonic 1-forms H'(L, gr,).

One can construct a standard Lagrangian toric fibration

HY(L,g1) x L — T*L

given by («,z) — «a,. This construction is G, equivariant, by definition. Using
the Gy-equivariant indentification between a neighborhood of the 0-section of T*L
and a neighborhood of the image of ¢, we deduce a local lagrangian toric fibration

/KxL—M

where K is a Gy-invariant neighborhood of the origin in H'(L,gr). For K suf-
ficiently small, this map is indeed an embedding since by assumption, harmonic
1-forms do not vanish at any point. We use the notation /o, = #(c, -) in the sequel.

By definition £y = ¢ so it must be HSLAG. However £, may not be HSLAG for
a € K. By construction the fibration is Gg-equivariant and the action induced by
G is trivial on the parameter space o € K.

Using a version of the implicit function theorem with parameter as in Proposi-
tion 4.5.1, one can perturb each map Uy forac K by a Hamiltonian deformation,
provided K is sufficiently small, in order to get a relatively HSLAG Lagrangian
embedding. More precisely, there exists a smooth map

¢o: K —U,

with the notations of Proposition 4.5.1, such that the lagrangian embedding ¢,
defined by the 1-form « + dhg, where h, = ¢(«) is relatively HSLAG.
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By uniqueness of the solution of the IFT and the fact that G acts by isometries
on gj, we obtain that ¢ is a G equivariant map. In particular, the Lagrangian
fibration £, : L — M is also G-invariant.

The invariance of the metric also implies that the volume of £, is invariant
under the action of G. This forces the equation d*ay = 0 by the first variation
formula for the volume. Therefore, each £, must be HSLAG. U

6.4. Fibrations and positive perturbations. At this stage, all the tools nec-
essary to handle the case of HSLAG fibrations have been introduced.

Let 4, : L — M be a HSLAG toric fibrations into a Kdhler manifold (M, w, Jp),
with G its the group of Hamiltonian isometries. We are assuming that ¢; is G7 -
invariant.

We are assuming that J € W is a positive perturbation with respect to £ = /.
By stability of non-degenerate minimum, we deduce that J is positive with respect
to every {, for t sufficiently small.

Provided ¢ is rigid, using the implicit function theorem, we deduce a family
of Hamiltonian deformations /; , , of £; which are relatively HSLAG with respect
to the complex structures u - J for all w € G. Equivalently, u - £y, , is relatively
HSLAG with respect to J. For each t, there exists a non-degenerate local minimum
of the modified volume functional vol. Since it is non degenerate, we may choose
ut, depending smoothly on ¢ such that ut - ¢ p, ,, achieve such a local minimum of

vol.
By Proposition 4.6.1, u; - b p,,,, : L — M must be HSLAG with respect to J.
We deduce the following proposition:

Proposition 6.4.1. Let {; : L — M be a Gj-invariant HSLAG toric fibration in
a Kdhler manifold (M, w, Jy) such that £y is rigid.
For each positive almost complex structure J compatible with w and sufficiently

close to Jy, there exists a smoothly varying family of Hamiltonian transformations
vy such that vy o by is HSLAG with respect to (M,w,J).

Since we have a local smooth fibration, we readily deduce

Corollary 6.4.2. Under the assumptions of Proposition 6.4.1, there exists Hamil-
tonian transformations v such that v oty is a HSLAG toric fibration with respect
to (M,w,J).

This proves Theorem C.

REFERENCES

[1] V. Apostolov, D. M. J. Calderbank, P. Gauduchon, and C. Tgnnesen-Friedman. Hamiltonian
2-forms in Kéhler geometry. ii. global classification. J. Differential Geom., 68:277-345, 2004.

[2] O. Biquard and Y. Rollin. Smoothing singular constant scalar curvature Kahler surfaces and
minimal Lagrangians. Adv. Math., 285:980-1024, 2015.

[3] T. Delzant. Hamiltoniens périodiques et images convexes de I’application moment. Bull. Soc.
Math. France, 116(3):315-339, 1988.

[4] P. Gauduchon. An introduction to Kihler geometry. In preparation.

[5] V. Guillemin. Kaehler structures on toric varieties. J. Differential Geom., 40(2):285-309,
1994.

[6] D. Joyce, Y.-I. Lee, and R. Schoen. On the existence of Hamiltonian stationary Lagrangian
submanifolds in symplectic manifolds. Amer. J. Math., 133(4):1067-1092, 2011.



HAMILTONIAN STATIONARY LAGRANGIAN FIBRATIONS 27

[7] Y.-1. Lee. The existence of Hamiltonian stationary Lagrangian tori in K#hler manifolds of
any dimension. Calc. Var. Partial Differential Equations, 45(1-2):231-251, 2012.

[8] E. Lerman and S. Tolman. Hamiltonian torus actions on symplectic orbifolds and toric
varieties. Trans. Amer. Math. Soc., 349(10):4201-4230, 1997.

[9] Y.-G. Oh. Second variation and stabilities of minimal Lagrangian submanifolds in Kéhler
manifolds. Invent. Math., 101(2):501-519, 1990.

[10] Y.-G. Oh. Volume minimization of Lagrangian submanifolds under Hamiltonian deforma-
tions. Math. Z., 212(2):175-192, 1993.

[11] H. Ono. Hamiltonian stability of lagrangian tori in toric Kihler manifolds. Ann. Glob. Anal.
Geom., 31:329-343, 2007.

[12] R. Schoen and J. Wolfson. Minimizing volume among Lagrangian submanifolds. In Differ-
ential equations: La Pietra 1996 (Florence), volume 65 of Proc. Sympos. Pure Math., pages
181-199. Amer. Math. Soc., Providence, RI, 1999.

[13] R. Schoen and J. Wolfson. Minimizing area among Lagrangian surfaces: the mapping prob-
lem. J. Differential Geom., 58(1):1-86, 2001.

EVELINE LEGENDRE, UNIVERSITE PAUL SABATIER, INSTITUT DE MATHEMATIQUES DE TOULOUSE,
118 ROUTE DE NARBONNE, 31062 TOULOUSE, FRANCE
E-mail address: eveline.legendre@math.univ-toulouse.fr

YANN ROLLIN, LABORATOIRE JEAN LERAY, UNIVERSITE DE NANTES
E-mail address: yann.rollin@univ-nantes.fr



	1. Introduction
	1.1. The case of a single Lagrangian
	1.2. Toric fibrations

	2. Basic theory of HSLAG
	2.1. The Euler-Lagrange equation of HSLAG
	2.2. Hamiltonian isometries, rigidity and stability

	3. Examples of Lagrangians toric fibrations
	3.1. Kähler reductions
	3.2. Case of (CPn,FS) and Kähler toric manifolds

	4. Deformation theory
	4.1. Diffeomorphisms of the source space
	4.2. Group of isometries
	4.3. Lagrangian neighborhood theorem
	4.4. Vector bundles
	4.5. Implicit function theorem
	4.6. Residual isometry group action and killing the obstruction

	5. The volume functional
	5.1. Main technical result
	5.2. Some variational formulae
	5.3. Particular variations
	5.4. Other properties of the volume functional

	6. Deformation theory for local HSLAG toric fibrations
	6.1. Obstacles to overcome
	6.2. Positive perturbations
	6.3. Invariant Lagrangian fibrations
	6.4. Fibrations and positive perturbations

	References

