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Abstract

We introduce an equivalence relation on the space W11(Q; S!) which classifies maps
according to their “topological singularities”. We establish sharp bounds for the dis-
tances (in the usual sense and in the Hausdorff sense) between the equivalence classes.
Similar questions are examined for the space W1P(Q;S!) when p > 1.

1 Introduction

Let Q be a smooth bounded domain in RY, N > 2. (Many of the results in this paper remain
valid if € is replaced by a manifold M, with or without boundary, and the case M = S! is
already of interest (see [14, 15]).) In some places we will assume in addition that € is simply
connected (and this will be mentioned explicitly). Our basic setting is

WhHQ;SY) = {u € WH(QR?) ~ WHH(Q;C); |u| =1 a.e.}.
It is clear that if u,v € W11(Q;S!) then uv € WH(Q;S'); moreover
if u, — u and v, — v in WH(Q;S") then u,v, — uv in W (Q;S). (1.1)

In particular, WH1(Q;S') is a topological group. We call the attention of the reader that
maps u of the form u = €% with ¢ € WH(Q;R) belong to W1(Q;S'). However they do
not exhaust Wh(€Q;S'): there exist maps in WH(Q; S') which cannot be written as u = e'?
for some p € WH(Q;R). A typical example is the map u(x) = z/|z| in Q =unit disc in R
This was originally observed in [4] (with roots in [29]) and is based on degree theory; see also
9, 12]. Set

E={uecWh(Q;S"); u = e for some ¢ € WH(Q;R)}. (1.2)

We claim that £ is closed in WH(Q;St). Indeed, let u, = ¢*" with u, — u in Whi.
Then Ve, = —1,,Vu, converges in L' to —uVu. By adding an integer multiple of 27 to
¢, we may assume that | [, ¢,| < 27]Q|. Thus, a subsequence of {¢,} converges in W' to
some @ and u = e'%.
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Clearly

1,1

E C O=(%; Sl)W : (1.3)

Indeed, if u € &, write u = ¢ for some ¢ € WH(Q;R); let ¢, € C°(Q;R) be such that
©n — @ in WHL Then, u, = e¥r € C*®(Q;S!) and converges to u in W1, However equality
in (1.3) fails in general. For example when 2 = {z € R?; 1 < |z| < 2}, the map u(z) = z/|z|
is smooth, but u ¢ &; as above the nonexistence of ¢ is an easy consequence of degree theory.
On the other hand, if  is simply connected, equality in (1.3) does hold since C=(;S') C &
(recall that any u € C*(€2;S') can be written as u = e with ¢ € C*°(Q;R)) and & is closed
in WhH(Q; Sh)).
To each u € W1(Q;S') we associate a number X(u) > 0 defined by

Y(u)=  inf / |V (ue™)| = 1nf/ |V (uD) (1.4)
EWLL(QR)

An immediate consequence of the definition is the relation ¥(u) = ¥(u). As explained in

Section 2 the quantity (u) plays an extremely important role in many questions involving

WH1(;SY); it has also an interesting geometric interpretation. Note that

u e € <= X(u) =0, (1.5)

and in particular (1) = 0. The implication == is clear. For the reverse implication, assume
that ¥(u) = 0, i.e., there exists a sequence v, € £ such that [, |V (u,)| = 0. Then (modulo
a subsequence) uv, — C in W', for some constant C' € S!; therefore v, — Cu in W and
thus u € € (since & is closed).

In some sense Y(u) measures how much a general v € WH(Q;S!) “deviates” from &.
More precisely we will prove that

<1nf/|Vu—v|<Z() (1.6)

with optimal constants. This will be derived as a very special case of our main result The-
orem 1.1. In order to state it we need to describe a decomposition of the space W11(Q;S!)
according to the following equivalence relation in W1(Q; S'):

u ~ v if and only if u = e’ v for some p € W (Q; R); (1.7)

in other words, u ~ v if and only if ¥(uv) = 0. We denote by £(u) the equivalence class of
an element u € W11(Q;S"), that is

E(u) = {ue™; p € WHH(QR) ).

In particular, £(1) = £. It is easy to see that for every u € Wh(Q;S!), £(u) is closed (it
suffices to apply (1.1) and the fact that £ is closed). In Section 2 we will give an interpretation
of the equivalence relation u ~ v in terms of the “topological singularities” of u and v. We
may rewrite (1.4) as

ve€(u

= inf /|W| (1.8)



Given ug, vy € WH(€; S1) the following quantities will play a crucial role throughout the
paper:

dw1(ug, £(vp)) := inf / |V (ug — v) (1.9)
V~VQ
disty11(E(up), E(vg)) := inf dy11(u,E(vg)) = inf inf / |V (u—v) (1.10)
u~UuUQ u~uUg v~VY
Disty11(E(ug), £(vg)) := sup dyra(u, E(vg)) = sup inf / |V(u—v) (1.11)
u~UQY u~ug VU0

so that disty1.1(E(ug), E(vg)) is precisely the distance between the classes £(ug) and £ (vy).
On the other hand we will see below, as a consequence of (1.13), that Disty1,1 is symmetric,
a fact which is not clear from its definition. This implies that Disty 1,1 coincides with the
Hausdorff distance

H — disty1a(E(ug), E(vp)) := max (Disty.1 (E(ug), E(vo)), Distyrra(E(vo), E(ug)))
between &(up) and E(vp). Our main result is

Theorem 1.1. For every ug,vg € WHH(Q; SY) we have
2
diStwl,l (S(U()),S(’UQ)) = —E(Uoﬁo) (112)
m
and
DiStwl,l (g(UO), g(U())) = Z(Uo@o). (113)

The two assertions in Theorem 1.1 look very simple but the proofs are quite tricky; they
are presented in Sections 4 and 5. The factor 2/7 in (1.12) represents the ratio of two
diameters of S!, each corresponding to a different metric: the first one computed using the
Euclidean metric and the second one using the geodesic distance. This interpretation will
become clear in the proof of Lemma 4.2 below.

A useful device for constructing maps in the same equivalence class is the following (see
Lemma 4.1 below). Let T' € Lip(S';S') be a map of degree one. Then

Tou~u, Yue W (Q;Sh). (1.14)

It turns out that this simple device plays a very significant role in the proofs of most of our
main results. It allows us to work on the target space only, thus avoiding difficulties due to
the possibly complicated geometry and/or topology of the domain (or manifold) 2. A first
example of an application of this technique is given by the proof of the following version of
the “dipole construction”; it is the main ingredient in the proof of inequality “<” in (1.13).

Proposition 1.2. (H. Brezis and P. Mironescu [12, Proposition 2.1]) Let uw € Wh1(Q;Sh).
Then there exists a sequence {u,} C E(u) satisfying

U, — 1 a.e., and im | |Vu,| = X(u). (1.15)
Q

n—o0
For completeness we present the proof of Proposition 1.2 in the Appendix.

A basic ingredient in the proof of inequality “>” in (1.13) is the following proposition
which provides an explicit recipe for constructing “maximizing sequences” for Disty1.1. In
order to describe it we first introduce, for each n > 3, a map T,, € Lip(S';S') with degT,, = 1
by T, (e?) = ¢ with 7,, defined on [0, 27] by setting 7,,(0) = 0 and

0 e (2jm/n? (25 + 1) 7/n?

m(6) = {—7(71—2), 0 (2 +1)n/n (2 +2)msm? = b~ (L16)
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Proposition 1.3. For every ug,vo € WH1(Q; SY) such that ug 7 vy we have

lim dWLl (Tn o 1107 5(U0))
n—00 Y (ugvo)

=1 (1.17)

and the limit is uniform over all such ug and vy. Consequently
DiStwl,l (5(U0), 5(1)0)) > E(Uoﬂo) (118)

As mentioned above, a special case of interest is the distance of a given u € W1(Q;S!)
to the class £. An immediate consequence of Theorem 1.1 is that for every u € W1(Q; S')
we have

2

—E(u) < dW1,1 (u,g) < E(u), (1.19)

s
and the bounds are optimal in the sense that

dW1,1 (u, g)

sup ———— = 1, 1.20

2 S 20
and

. dwl,l (U, 5) 2

f —————= = —. 1.21
Egéls Y(u) s (1.21)

There are challenging problems concerning the question whether the supremum and the
infimum in the above formulas are achieved (see §5.3).

Remark 1.4. Formulas (1.19)-(1.21) provide a sharp improvement of the inequality

1

§E(u) < dwii(u,&) < N(u), Yu € WH(Q;Sh), (1.22)
established in [12, Sec. 11.6].

Finally, we turn in Section 6 to the classes in W'?(Q;S'), 1 < p < oo, defined in an
analogous way to the Whl-case, i.e., using the equivalence relation

u ~ v if and only if u = e*? v for some p € WH(Q; R). (1.23)

We point out that if u,v € W?(Q;S') are equivalent according to the equivalence relation
in (1.7), then from the relation ¥ = uv we deduce that

Vo = —mwV (uv) € LP(Q;RY); (1.24)

whence u ~ v according to (1.23) as well. When p > 2 and  is simply connected we have
Whe(Q;SY) = {u € WH(Q;SY); u = e for some p € WHP(Q;R)}, see Remark 1.10 below.
Therefore, the only cases of interest are:

(a) general Q and 1 < p < 2,

(b) multiply connected Q2 and p > 2.

In all the theorems below we assume that we are in one of these situations. The distances
between the classes are defined analogously to (1.10)—(1.11) by

distyie (E(ug), E(vg)) 1= uigffo vigfo IV (u— )| e (1.25)
and

Disty1.5(E(uo), E(vo)) := sup inf |V(u —v)| e (1.26)

g VU0

The next result establishes a lower bound for disty1,»:
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Theorem 1.5. For every ug,vg € WHP(Q;S'), 1 < p < oo, we have

: 2\ .
distyyie (E(ug), E(vg)) > (;) 1nf70 |Vw|| r(0)- (1.27)

wWAUYV

Remark 1.6. For p > 1 the infimum on the R.H.S. of (1.27) is actually a minimum; this
follows easily from (1.24) and the fact that W'? is reflexive.

Note that equality in (1.27) holds for p = 1 by (1.12). An example in [27, Section 4]
shows that strict inequality “>” may occur in (1.27) for a multiply connected domain in
dimension two and p = 2. We will show in §6.4 that strict inequality may also occur for
simply connected domains when 1 < p < 2. On the positive side, we prove equality in (1.27)
in the case of the distance to &:

Theorem 1.7. For every ug € WHP(Q;S!), 1 < p < oo, we have

: 2\ .
disty1.s(E(up), &) = (%) inf ||Vwl e ). (1.28)

w~UQ

Remark 1.8. When p > 1 we do not know general conditions on ug, vy € W'?(Q;S!) that
guarantee equality in (1.27) (a sufficient condition in the case of multiply connected two
dimensional domain and p = 2 is given in [27, Th. 4]).

On the other hand, when p > 1, Disty 1., between distinct classes is infinite:

Theorem 1.9. For every ug,vg € WP(Q;S1), 1 < p < 00, such that ug # vy we have
Disty1.(E(uo), £(vg)) = 0. (1.29)

Remark 1.10. There is another natural equivalence relation in WP(Q;S'), 1 < p < oo,
defined by the homotopy classes, i.e.,

u X v if and only if u = h(0) and v = h(1) for some h € C ([0,1]; W'?(Q;S)) .

Homotopy classes have been well-studied (see [10, 11, 22, 28, 30]). Clearly u ~ v = u X
(use the homotopy h(t) = ¢!=9%y). Note however that when 1 < p < 2 the equivalence

relation u ~ v is much more restrictive than u 2 v; for example let 2 =unit disc in R?, u(z) =
z/|z| and v(z) = (x — a)/|x — a|] with 0 # a € Q, then u ¢ v (in fact, disty1.1(E(u), E(v)) =
4la] > 0 by (3.17) below) while u X v, e.g., via the homotopy h(t) = (x —ta)/|x — tal, 0 <
t<1.

Part of the results were announced in [15].
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2 Further comments on X(u) and &(u)

Given a,b € C, write as usual a = a1 + a2, b = by +1by; we also identify a, b with the vectors
a = (a1,as)”, b= (by,b)T € R? and set

aANb=aiby — asb; = Im(db) € R. (21)

2.1 The distributional Jacobian Ju
For every u € WHH(Q; S') we consider u A Vu € L'(Q;RY) defined by its components

ou Ous ouq

(u A Vu); _U/\ﬁ_x] ulaxj—Uanj j=1,...,N. (2.2)
Since |u]? = 1 on Q we have

uI% + ng —0in Q, (2.3)
and thus

u A g—; = —@ug—::] in (2.4)
in particular,

lu A Vu| = |Vu| in Q. (2.5)
The following identities are elementary:

(uwv) A V(uwv) = u A Vu+v A Vo, Vau,v € WH(Q; S, (2.6)

e¥ ANV (e¥) =V, Vo e WHH{Q;R), :
UAVT = —uA Vu, Vu € WHHQ;SY). (2.8)

Finally we introduce, for every u € WH1(;S!), its distributional Jacobian Ju, which is an
antisymmetric matrix with coefficients in D’(€2; R) defined by

1[0 ou 0 Ju
= ) - = : 2.
When N = 2, Ju is identified with the scalar distribution
1[0 ou 0 ou 1
= Z — = —curl ) 2.1
Ju 5 {83:1 (u A 83:2) o, (u A 81'1)] 5 cur (u A Vu) (2.10)

From (2.6)—(2.8) we deduce that

J(uv) = Ju + Ju, Vu,v e WH(Q; S, (2.11)
J(@) = —Ju, Yu e W (Q;Sh), (2.12)
J(e¥) =0, Ve WH(;R), (2.13)
ie.,
J(u) =0, Vu € &, (2.14)



and thus

u~v= Ju=Ju. (2.15)
When €2 is simply connected the converse is also true, so that

un~v <= Ju=Ju; (2.16)
in other words,

E(u) = {v e WHH(Q;SY; Ju = Ju}. (2.17)
This fact is originally due to Demengel [20], with roots in [3]; simpler proofs can be found in
12, 9, 18].

In order to have a more concrete perception of the equivalence relation u ~ v it is

instructive to understand what it means when N = 2 and €2 is simply connected, for u,v € R
where

R = {u € WH(Q;S"); u is smooth in Q except at a finite number of points}.  (2.18)

The class R plays an important role since it is dense in W (Q; S') (see [4, 12]).
If w € R then

Ju=mY " d;d,, (2.19)
J

where the a;’s are the singular points of u and d; := deg(u, a;), i.e., the topological degree
of u restricted to any small circle centered at a;; see [8, 13, 12] and also [2, end of Section 6]
for the special case where u(z) = x/|z|. In particular, when u,v € R,

u ~ v <= [u and v have the same singularities

. . (2.20)
and the same degree at each singularity].
2.2 3(u) computed by duality
An equivalent formula to (1.4) is
Yi(u) = inf AVu—Vol. 2.21
W=t [ luavu-vy (2.21)

Indeed, from (2.6)-(2.8) we have ue " AV (ue ) = uAVu—Vy, and by (2.5), |V(ue )| =
lu A Vu — V|, which yields (2.21).
Next we apply the following standard consequence of the Hahn-Banach theorem:

dist(p, M) = inf |[p—ml|| = max{< & p>; e M ¢] <1}, (2.22)

where F is a Banach space, p € E, and M is a linear subspace of F (see e.g., [6, Section 1.4,
Example 3]). If we take E = L*(Q;RY), p = u A Vu, M = {Vy; ¢ € WHH{Q;R)}, then we
have

M+ ={£e L®(Q;RY); divé =0in Q and ¢ - v = 0 on 90}, (2.23)



where v is the outward normal to 9€2. Here the condition [div{ = 0 in 2 and -v = 0 on 09]
is understood in the weak sense [ [, £- Vi =0, Vo € WH(Q;R)], or equivalently, [[,§- Vo =
0, Vo € C°(Q;R)]. Inserting (2.23) in (2.22) yields

(u) = max{/g(u AVu) - & €€ M, |¢]li- < 1}. (2.24)

Next we assume that N = 2 and €2 is simply connected. We claim that for every u €
W (; 81,

S(u) = max{/g(u AVu) - VG ¢ € WE(Q:R) and V¢~ < 1}, (2.25)

where V(¢ = (—9(/0xq,0(/0xy).
Proof of (2.25). In view of (2.23)—(2.24) it suffices to show that

{€ € L®(QR?);diveé =0in Qand £ - v =0 on N} = {V(; ¢ € Wy™(Q;R)}. (2.26)
For the inclusion “2”, we verify that
/ V-V =0, Vo € C®°(Q;R);
Q

this is clear since curl(Vy) = 0 and ¢ = 0 on 0f.
For the inclusion “C”, we start with some ¢ € L*°(£2;R?) such that

/g-w:o, Vi € WHH(:R). (2.27)
Q
- & in Q)
Set & := . Then, by (2.27),
et ¢ {0, R\ o hem by (2:27)
5‘-V<1>:/§-V(<1>|Q) =0, V® € C}(R%;R). (2.28)
R2 Q

Thus we may invoke the generalized Poincaré lemma in R? and conclude that & = V+( for
some ¢ € WL°(R%R). Clearly, ¢ = (|o € WH*(;R), V(¢ = £ and ( is constant on 95
(since 0f2 is connected because (2 is simply connected). O

Remark 2.1. Equality (2.25) is originally due to [13, Thm 2| (with a much more complicated
proof).

Finally we give a geometric interpretation for ¥(u) when Q C R? is simply connected and
u € R. We first need some notation. Given a,b € €2, set

do(a,b) = min{|a — b|, d(a, Q) + d(b,00)} = irrlf length(I' N Q), (2.29)

where the infr is taken over all curves I' C R? joining a to b. Clearly dq is a semi-metric on
() ; moreover

do(a,b) = 0 <= [either a = b or a,b € 0.

Thus we may identify 00 as a single point in €, still denoted 0.
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Given (a,d) = (a1, aq,...,a;,dy,ds, ..., d;) with a; € Q and d; € Z, Vj, we set
D=-> d (2.30)

and we consider the collection (ay,as, . ..,a;,982) in Q affected with the integer coefficients
(di,da,...,d;, D). We then repeat the points a;’s and 02 according to their multiplicities,
ie., di,da,...,d; and D, and we rewrite them as a collection of m positive points (P;) and
m negative points (N;), 1 < j < m (this is possible by (2.30)). Finally we define

L(e,d) = min X;da(Pj, No(), (2.31)
]:
where S,, denotes the set of permutations of {1,2,...,m}.

We are now ready to state our main claim:
Y(u) =27L(a,d), Vu e R, (2.32)
where the a;’s are the singular points of v and d; = deg(u, a;).

Remark 2.2. A variant of formula (2.32) where Q = S? (and thus 992 = 0)) appears originally
n [13], but the core of the proof goes back to [8].

Here is a sketch of the proof of (2.32). From (2.10) and (2.19) we have

I
— /(u AVu) -V = QWZde(aj), V¢ e Wy e (4 R). (2.33)
Q =

Set WhX (4 R) = {¢ € WH(Q;R); ¢ = const on N} and let ¢ € Wh (Q;R). From

const const

(2.33) applied to ¢ — ((0N2) we obtain

!
- /(u AVu) -V =27 (Z d;iC(aj) + DC(@Q)) : (2.34)
Q =

Combining (2.25) and (2.34) we see that

¥(u) = 27 max {Z (C(P)) = C(N7)); € € Wegnat (5 R) and || V(]| < 1}- (2.35)

j=1

Next we observe that for every ¢ : © — R the following conditions are equivalent:

¢ € Went (U R) and [[V¢]|z~ < 1 (2.36)
and

Thus (2.35) becomes
Y (u) = 27 max {Z (C(P;) — ¢(N;)); ¢ satisfying (2.37)} . (2.38)

J=1



Finally we invoke the formula

max {Z (C(P;) = C(N;)); ¢ satisfying (2.37)} = L(a,d) (2.39)

Jj=1

to conclude that 3(u) = 27 L(a, d).

Relation (2.39) appears originally in [8, Lemma 4.2]. The proof in [8] combines a theorem
of Kantorovich with Birkhoft’s theorem on doubly stochastic matrices. An elementary proof
of (2.39), totally self-contained, is presented in [5] (see also [7]); it is related in spirit to the
proof of the celebrated result of Rockafellar concerning cyclically monotone operators.

2.3 Optimal lifting

It is known (see [21, Section 6.2] and [19, 24, 12]) that every u € W1(Q;S!) can be written
as u = e with ¢ € BV(Q;R). In fact, there are many such ¢’s in BV and it is natural to
introduce the quantity

E(u) = inf {/ |Dgl|; ¢ € BV(;R) such that u = ew} . (2.40)
Q
Then,
E(u) = /Q (Vu| 4+ X(u). (2.41)

Formula (2.41) was originally established in [13] when N = 2 (and © = S?). The nontrivial
extension to N > 2 can be deduced from results of Poliakovsky [25], see also [12] for a direct
approach.

2.4 Relaxed energy
The relazed energy is defined for every u € WH1(Q;S!) by

R(u) = inf {liminf/ |V, |; u, € C(Q;SY), u, — u a.e. on Q} :
Q

n—oo

where the first inf means that the infimum is taken over all sequences (u,,) in C*°(€2; S') such
that u, — u a.e. on Q. [In general there is no sequence (u,) in C*(Q;S') such that u, — u
in W' unless Ju = 0. However, it is always possible to find a sequence (u,) in C*°(Q;S")
such that u,, — u a.e. on .] Assume that 2 is simply connected, then

R(u):/QWu\—l—E(u),

see [13] for N =2 and [12] for N > 3.

Remark 2.3. We did not investigate the natural question concerning a generalization of
Theorem 1.1 to BV (2;S') when the classes {€(u)} and the quantity ¥(u) are appropriately
adapted.
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3 Motivation

In order to illustrate the significance of the results of Theorem 1.1 it is instructive to explain
it in a special case involving maps with a finite number of singularities. Moreover, this allows
us to compare the problem to an analogous one involving the Dirichlet energy of S?-valued
maps on three dimensional domains, whose study was initiated in [8]. Since in both cases the
energy scales like length, one may expect similar results; as we shall see below the analogy
is not complete. We start with the problem in R3. Consider for simplicity Q = Br(0) C R3.
Analogously to (2.18) we consider the set R of maps in H'(£2;S?) which are smooth on €,
except at (at most) a finite number of singularities. With each k-tuple of distinct points
a = (ay,...,a;) € QF and corresponding degrees d = (di,...,dy) € Z* we associate the
following class of maps in R:

Ead = {u e C™ (ﬁ\ U{aj};82> : Vu € L*(Q) and deg(u, a;) = dj, Vj} : (3.1)

J=1

[Here, deg(u,a;) = d; means that the restriction of u to any small sphere around a; has
topological degree d;.] In the case where k = 0 the resulting class is C°°(€2;S?). There are
three natural questions that we want to discuss:

(i) What is the least energy of a map in &, 4 i.e., the value of

(2) = inf / |Vul? ? (3.2)
ue&, d
(ii) Consider two sets of distinct points in Q, @ = (ay,as,...,a;) and b = (by, b, ..., b)),

each with associated vectors of degrees, d € Z* and e € Z', respectively. What is the
H'-distance between &, 4 and & i.e., analogously to (1.10),

dist?1 (Ead, Epe) = inf inf /|V(u—v)|2? (3.3)

uGga,d vESb,e Q

i.e., what is the least energy required to pass from singularities located at {a] & j—1, with
degrees {d;}r_,, to singularities located at {b;},_,, with degrees {e;}\_,

(iii) Similarly, by analogy with (1.11), what is the value of

Dist}1(Ead, Ebe) = sup inf /|V(u—v)|2 ? (3.4)

= d vGEb e

Question (i) was originally tackled by [8]; their motivation came from a question of J. Er-
icksen concerning the least energy required to produce a liquid crystal configuration with
prescribed singularities. Quite surprisingly it turns out that the value of this least energy
can be computed explicitly in terms of geometric quantities. In the special case (3.2) their
formula becomes

2¢) = 8rL(a,d), (3.5)

where L(a,d) is defined as in (2.31).
On the other hand, it seems that Question (ii) was never treated in the literature. Using
the results of [8] one can show that if (a,d) # (b, e) then for every fized u € Eq 4 we have

dist g1 (u, Epe) > 0. (3.6)
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What is quite surprising is that for all pairs of classes we have
diStHl (ga,da gb,e) =0. (37)

The basic ingredient behind (3.7) is the following fact: for every pair of integers dy # dy we
have

inf{ \V(Fy — B) % F; € H'(S%S?),deg(F;) = d; for j =1, 2} =0. (3.8)
SQ

Formula (3.8) was established in [23] (see also [14] for generalizations) following the same
idea used by Brezis and Nirenberg [17] in the setting of degree theory in H'/2(S!;S!).

As for Question (iii), the “dipole removing” technique of Bethuel [3] (with roots in [8])
can be applied to derive the upper bound

Dist71(Ea,a, Eve) < 8L(e, f), (3.9)
where
c=(a1,...,a5,b1,....0) € Q" and f = (di,...,dp, —ey,...,—¢) € ZFT. (3.10)

We suspect that equality holds in (3.9).

It is possible to associate with every w € H'(;S?) a “natural” class £(u), in the spirit
of (2.17). Formulas (3.7) and (3.9), as well as their extensions to arbitrary classes &(u),
E(v), are established in [16]. We also present in [16] evidence that equality holds in (3.9) by
establishing the following analogue of (1.20):

2 o0 (). Q2
sup sup A (4, C*(557)) =1. (3.11)

a,d u€€q 8rL(a,d)
d#0

Next we consider similar questions for W1(Q;S'). For simplicity let 2 = Br(0) C R2.
By analogy with (3.1), for @ = (ay,...,a;) € Q% and d = (dy, ..., dy) € Z* we consider the
following class of maps in R:

k
Ead = {u e C™ <§\ U{aj};Sl> ; Vu € LY(Q) and deg(u, a;) = dj, Vj} . (3.12)
j=1
The analogous questions to (i)—(iii) are then:

(i’) What is the value of

S = inf /|Vu|? (3.13)
Q

ue&,,d

(ii’) For any pair @ € QF, b € Q! and associated vectors of degrees, d € Z* and e € Z' what
is the Whl-distance between &, 4 and Ep,

disty1.1(Ea,d, Ebe) = inf inf /|V(u—v)| ? (3.14)
Q

uega,d Uegb,e

(iii") What is the value of

Disty11(Ea.d, Ebe) := sup inf /[V(u—v)|? (3.15)
Q

uega’d Uegb,e
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The answer to Question (i) is given by the results in §2.2. Indeed, setting uqq(¢) =

E e a \ Y
( ] ) , we get from (2.32) that
=1

Si) = Y(taa) = 27L(a, d), (3.16)

which is completely analogous to (3.5). [Here we used the density of &, 4 (for the Wh!-
topology) in &(uq.q) (see [4, 12]).]

On the other hand, the situation with Question (ii’) is completely different. In contrast
with (3.7), here disty1.1(Eq.d,Epe) is strictly positive when (a,d) # (b,e). The explicit
value of this infimum can be computed in terms of geometric quantities. Actually, (1.12) of
Theorem 1.1 asserts that

2
diStwl,l ((c/’a,d, gb,e) = ; Z(ua,d ﬂb@) = 4L(C, f), (317)

where ¢ and f are given by (3.10). Indeed, the last equality in (3.17) follows from (3.16)

when applied to the map ug g Up . Which has singularities precisely at the points {c; fﬂ, with
k41

associated singularities {f;}71]. Similarly, the second part of Theorem 1.1, (1.13), asserts

that

sup inf / V(u—v)| = 3(taqaTpe) = 27L(c, f).
Q

uESa’d Uegbye

We also present an interpretation of Theorem 1.1 when 2 C R?. Fix two disjoint smooth
closed oriented curves I'1,I's C 2 and consider for j = 1,2

&, = {ue C*(Q\TI';SY); Vue L'(Q) and deg(u,I';) = +1}

(deg(u,I';) = 4+1 means that deg(u, C;) = +1 for every small circle C; C Q\ I'; linking T';).
In this case Theorem 1.1 asserts that

inf inf / V(u—v)| = 4iréf area(S N ),
Q

uegrl ’UEEFQ

where igf is taken over all surfaces S C R? such that S =T'; UT,, and

sup inf / |V(u—v)|=2m i%f area(S N Q).
Q

ue.Spl ’UESF2

For more details on this case, see [1, 8, 12].

4 Proof of (1.12) in Theorem 1.1

4.1 A basic lower bound inequality

We begin with a simple lemma about composition with Lipschitz maps; it provides a very
useful device for constructing maps in the same equivalence class, or in the class £(1).

Lemma 4.1. Let T € Lip(S';S') be a map of degree D. Then

Tou~uP, Yue W (Q;Sh. (4.1)
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Proof. Since T'(z)zP is a Llpschltz self-map of S! of zero degree, there exists g € Lip(S'; R)
such that T'(2)zP = . The function ¢(z) = g(u(z)) belongs to WH1(Q; R) and satisfies
T(u(z)) = (u(z))Pe 5’3) and (4.1) follows by the definition of the equivalence relation. [

The next simple lemma is essential for the proof of the lower bound in (1.19).

Lemma 4.2. For any w € WH(Q;S') we have

[ 190w =101 25w) (4.2
Proof. As in [27], we define T : S* — S! by

T(e"¥) := e with 6 = 0(p) = 7sin(¢/2), Vo € (—m, 7], (4.3)
so that

e — 1] = 2|sin(p/2)| = %W\ (4.4)

Clearly T is of class C! and its degree equals one. We claim that
2
V(lw—1])| = ;|V(Tow)| a.e. (4.5)

This is a consequence of the standard fact that, if F € Lip(S';R*) n C*'(S'\ {1}) and
w e WhH(Q;S1), then F ow € Wh1(Q;S') and, moreover,

F(w)Vw  ae. in [w# 1]
0 a.e. in [w = 1]

V(Fow):{

Integration of (4.5) leads to

[ ww-1=2 [ jv@owl (46)

By Lemma 4.1, we have (7T o w) = ¥(w), and therefore (4.2) follows from (4.6). O
Corollary 4.3. For every u,v € WH(Q;S') we have

/Q V()| > Z5(u). (4.7)

Proof. Setting w = wv and applying (4.2) yields

/\Vu—v|>/\V]u—v|\—/\V]w—ll]> =Y (uv). O

4.2 Proof of (1.12)

We begin by introducing some notation. For an open arc in S* we use the notation

Ala, B) = {€”; 0 € (a, B)} (4.8)

for any o < 3. We shall also use a specific notation for half-circles; for every ¢ € S' write
¢ = €' with ¢ € (=7, 7] and denote I(¢,—¢) = A(p, p + 7). Note that

2€I((,—() <= Ce€l(-z2). (4.9)
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For each ¢ = e € S! define a map P, : S' — I(¢, —() by
if 2 = ¢ € I(C, -
Pc(Z) _ 2y ~ 1 z=e"c (Ca C) : (410)
29 = 2z, if 2 ¢ I(¢,—()

so that for z ¢ I(¢,—(), P:(#) is the reflection of z with respect to the line ¢, = {t(; t € R}.
Next we state

Proposition 4.4. For every u € WH(Q; S') we have

/Sl (/Q|V(u—PCou)|dx) dC:4/Q|Vu|dx. (4.11)

Proof. For each ¢ € S! set v; := Prou. By Lemma 4.1, v; € £(1), since deg P = 0. We note
that

o, it 2 € I(¢, —0)
z—P(z) = {Z—CZZ 2 I(C—0) (4.12)

Set w¢ 1= u — v¢. Using (4.12), we find that for every ¢ = e’ and a.e. x € Q2 we have

() = 0, if u(x) € 1(¢,—()
ver(a) {vw)—@vmx), it u(z) ¢ 1(¢,—0) (419)

Therefore, for a.e. x € €2 we have

0, if u(z) € 1(¢,—()

2| cos(6 — )| |Vu(z)|, if u(z)=e? ¢ I1(C,—C) (4.14)

Ve (@) = {

Indeed, we justify (4.14) e.g. when ¢ = 1. In view of (4.13), we have to prove that
VImu(z)| = |Reu(z)||Vu(z)| for a.e. z. (4.15)
If we differentiate the identity |u|*> = 1, we obtain
ReuV(Reu) +ImuV(Imu) =0 a.e.;

this easily implies (4.15).
Using (4.9) we find that, with u(z) = € and

Az) = {p € (=m 75 u(z) & I(e", =€)},

we have

/Sl /Q Ve ()| dz d¢ :[:AXA(x)(W)2|COS(9—QD)HVu(x)\dxdgo
= [1vu@i([ 2leosto - plagyaz =1 [ [Vuto)la,

which is (4.11). Here we have used f:ﬂ 2| cos(0 — )| de = [ 2| cost|dt = 4. O

The identity (4.11) is a key tool in the proof of “<” in (1.12). For the convenience of the
reader we shall present first the slightly simpler proof when vy = 1.
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Proof of “<”in (1.12) for vy = 1. By Corollary 4.3 we have

inf dy1a(u, (1)) > zZ(uo).
m

u~UQ

Use (1.4) to choose a sequence {u,} C &(up) with lim, e [, |[Vu,| = X(ug). Use Propo-
sition 4.4 to choose ¢, € S! such that

2
/|v<un—P<noun>| s—/wun\,
Q T™JQ
2

implying that lim,, . dy1a(u,, E(1)) = %E(U()). O
Next we turn to the general case.
Proof of “<”in (1.12) for general vy. By (4.7) we have
disty11(E(uo), E(vo)) > (2/7) L(ugv),

so we need to prove that this is actually an equality. By Proposition 1.2 there exists a
sequence {w,} satisfying w,, ~ ugt for all n, lim,_,., w, =1 a.e., and

/ V| = S(tugTo) + £, (4.16)
Q

with €, 0. By Proposition 4.4 we get

/ / \V(w, — P; ow,)|drd( = 4/ |Vw,|de = 4(X(uglp) + €5)- (4.17)
st /o 0

Hence, there exists ¢, € St = {z = ¢"; § € |-, 0]} such that

4
[ 19t = P own)l+ [ (9w = P own)] < 5 (Slum) +2,)
Q Q

By (4.7) we have

2

2 53 (ugo) < min ( [ 196w = P owl, [ VG- g0 wn>|) ,
™ Q Q

and thus

lim / IV (w0 — P, 0 wy)| = 25 (ugT). (4.18)
Q T

n—o0

Passing to a subsequence, we may assume (, — ¢ € SL. Therefore, P;(1) = 1. Denote
F, = P, ow,. Since w, — 1 a.e., we have lim,_, F,, = lim,,,oc P ow, = 1 a.e., and it
follows that

F, —w, — 0 a.e. (4.19)
For any v such that v ~ vy we have vF, ~ vy, vw, ~ ug and
2
25 (ugto) < / IV (0F, — vw)| < / V(Ey = wy)| +/ V0|[Fy — . (4.20)
m Q Q Q
From (4.18)-(4.20) we deduce that

2
lim [ |V(@E, —vw,)| = ;Z(uoio),

n—o0 0

and the result follows. O
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5 Proof of (1.13) in Theorem 1.1

5.1 An upper bound for Disty 1.1
This short subsection is devoted to the proof of the following

Proposition 5.1. For every ug, vy in W51(Q,S') we have,

Distyy1.1(E(up), E(vg)) = sup dyra(u, E(vg)) < X(ugTp).

u~UQ

(5.1)

Proof. We adapt an argument from [12]. By Proposition 1.2 there exists a sequence {w,} C
WH(Q; S satisfying w,, ~ ugUp, wy, — 1 a.e., and lim, o [, [Vw,| = E(ugty). For a given

u € E(up) define v,, = uw, for all n. Then, v, ~ vy and
(. E(w)) < [ V0 =v)| = [ V(a1 =)
Q Q

§/|1—wnHVu\+/]an|—>2(u060).
Q Q

5.2 A lower bound for Disty i1

We begin with the following elementary geometric lemma.

Lemma 5.2. Let z; and 2 be two points in S' satisfying, for some ¢ € (0,7/2),
dsi(z1,29) € (g, — ¢).

If the vectors vy, v, € R? satisfy
v; Lz, 5=1,2,

then
o1 = va| > (sine)lvy], j = 1,2,

and in particular

sin® e
o=l > (255 ) (o o).

Note that the inequality (5.5) can be viewed as a “reverse triangle inequality”.

Proof. From the assumptions (5.2)—(5.3) it follows that
< 1,09 >< (cose)|vy||val,
and then
[v1 — v2|® > |01]? + |va]? — 2(cos €)|v1]|va] > (sine)?|v;]?, 7 =1,2.

An immediate consequence of Lemma 5.2 is
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Lemma 5.3. Let v,u € WH(Q;S') and denote, for e € (0,7/2),

A ={z € Q; da(u(x),v(z)) € (e,m—¢)}
= {x € Q; 2sin(e/2) < |u(x) — v(x)| < 2cos(e/2)}.

Then
\V(u —wv)| > (sine)|Vaul a.e. in A.. (5.7)

Proof. Since v 1 v,, and u L u,, a.e. on 2 for i =1,..., N, we may apply Lemma 5.2 with
21 = u(x), 20 = v(x),v1 = Uy, (x) and vy = v, () to obtain

Uy, — va,|* > (sine)?|u,,|?, ae in A, i=1,..., N.
Summing over ¢ yields (5.7). O

The next lemma is the main ingredient in the proof of Proposition 1.3.

Lemma 5.4. Let u,u,v € WH(Q; S, e € (0,7/20) and A. as in (5.6). Assume that
lu(z) —u(z)| <e, VaeQ. (5.8)

Then,

V(o — )| > (1 — 62)S(vT) — 2/ V. (5.9)

Ae e

Proof. Note first that (5.8) implies that @ ~ w. Indeed, the image of the map u @ is contained
in an arc of S' of length< 2arcsin(g/2), so there exists ¢ € WH(Q; R) such that u = e*u.
Hence, setting w := v/u = vu and w := v/u, we have also w ~ w. Consider the map

W=ulv—u)+1=w+(1-1u/u). (5.10)
By the triangle inequality,
VW] =V (a(v — )| < 2[Val +[V(v—u)],

whence

/ V(v —u)| 2/ VW] —2/ |Vul. (5.11)
As As AE
By (5.8), |[W —w| = |1 —u/u| = |u—1u] <ein Q. Hence

W] =1 <|W —w| <e in Q, (5.12)
and also
W —w|=|u—ul <e in Q. (5.13)

Consider the map W := W/|W|, which thanks to (5.12) belongs to W(2; S'). Furthermore,
again by (5.12),

W —w| < [W = W|+|W —w| <2 in Q, (5.14)
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implying in particular that

W e E(w). (5.15)
Combining (5.14) with (5.13) yields

(W — @] < 3¢ and dgi (W, @) < 6¢ in €. (5.16)
A direct consequence of (5.12) is the pointwise inequality in €2

VW[ > (1 —¢)|VW]|,

which together with (5.11) yields

Vw—)|>1—¢) [ |[VW|=2[ |Vul (5.17)
Ae Ac Ae

Since
A ={z e w(z) € Ale,m — &) UA(r +¢,2m —e)} (see (5.6) and (4.8)),

we deduce from (5.16) that
B.:={z€Q W(z) € A(Te,m — 7e) U A(r + T¢, 27 — Te)} C A.. (5.18)

For each ¢ € (0,7/2) consider the map Kj; : S' — S! defined by

1, it —0<0<9
Ky(e) i e (6-0)/(m—28) ifo<b<m—0 (5.19)
' —1, fr—6<O<m+6 '

6171'(0771’75)/(71'72(5)7 if + 5 S 0 <2r —9§

Clearly Kj € Lip(S%;S') with ||Ks|le = /(7 — 26) and deg(Ks) = 1. Therefore, by (5.15)
and Lemma 4.1

wy = K’;E o W c 8(w) (520)
Note that by definition, Vw; = 0 a.e. on Q\ B, so by (5.18) and (5.20) we have
/ VW[ > / IVW| > (1— 55)/ V| = (1— 58)/ V| > (1= 52)S(w). (5.21)
Ae B: B Q
Plugging (5.21) in (5.17) yields
Vw-a)>1~-¢) [ [VIW|-2[ |Vyl
Ae B: Ae

(5.22)
> (1—¢e)(1 —5e)X(w —2/ |Vu| > (1 —6e)2 —2/ |Vul,

and (5.9) follows. ]

The next result is a direct consequence of Lemma 5.4.
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Corollary 5.5. There ezists a universal constant C such that for every ¢ > 0 we have
n>1/e* = / V(T ou) —v| > (1 —Ce)S(uv), Yu,v € WH(Q;Sh). (5.23)
Q

Proof. We shall use two basic properties of T},:

—1
dsi(x, T, (x)) < %, VeSS (5.24)
1T,| >n—2a.e. inS. (5.25)

Clearly it suffices to consider e < m/20. Hence for n > 1/&? we can apply Lemma 5.4 with
u := T, owu (thanks to (5.24)). By (5.25) we have

V(T ou)| > (n —2)|Vu| a.e. on Q, (5.26)

so combining (5.7) and (5.9) gives (recall that A. is defined in (5.6)):

_ 2
/AE V(T ou—v)| > (1—06e)%(uv) — m/AE V(T 0u—v)]

> (1 — 62)%(up) — n% V(T 0w —v)];
Ae

this leads easily to (5.23). O
Proof of Proposition 1.3. Recall (see (5.1)) that

Distyy11(E(ug), E(vg)) = sup dya(u, E(vg)) < L(ugtp), (5.27)

u~UQ

and in particular, Vn > 3,

dy1a (T}, 0 ug, E(vg)) < X(ugby). (5.28)
On the other hand, from Corollary 5.5 we know that, Ve > 0, Vn > 1/&%

dw11 (T, 0 ug, E(vg)) > (1 — Ce)X(ugty). (5.29)
We conclude combining (5.28) and (5.29).
Proof of (1.13). Use (1.18) and (5.27).

5.3 About equality cases in (1.19)

It is interesting to decide whether there exist maps u € W1 (€Q; S') for which equality holds in
any of the two inequalities in (1.19). Consider the following properties of a smooth bounded
domain Q in RV, N > 2:

(P1) There exists u € WHH(Q; S') such that

/ |Vu| = X(u) > 0. (5.30)
Q

(P2) There exists u € WHH(Q; S') such that

i (u, £(1)) = S(u) > 0. (5.31)

20



(P3) There exist u € WH(Q; S') with X(u) > 0 and v € £(1) for which

/Q IV(u—)| = dyiai(u, (1)) = X(u). (5.32)
(P3) There exists u € WHH(Q; S') such that
dy (1, E(1)) = %m) S 0. (5.33)

(P%) There exist u € WH(Q; S) with X(u) > 0 and v € £(1) for which

/Q V(= 0)] = dyrn (1, (1)) = 25 (u). (5.34)

™

Very little is known about domains satisfying any of the above properties. The unit disc
Q = B(0,1) in R? is an example of a domain for which (P;) is satisfied. Indeed, for u = x /||
it is straightforward that

+(2) >, |

whence (P;) holds. In view of the following proposition we know that (P3) is also satisfied
for Q@ = B(0,1) in R%

Y (%)‘ (see also [13, 12))

Proposition 5.6. Properties (Py) and (P}) are equivalent. More precisely, let u € Wh1(Q;S!)
with X(u) > 0. Then, the following are equivalent:

(a) u satisfies (5.30).
(b) There exist uo € £(u) and v € E(1) such that / V(o — v)| = 25(u).
QO i

Proof of “(a) = (b)”. Use Proposition 4.4 to find ¢, € S such that v = P, ou € &(1)
satisfies

s (0, 60) < [ V(=) < 2 [ [90] = Z5(), (5.35)

and the result follows, with uy = u, since by (1.21) we have

dypia (1, E(1)) > %E(u). (5.36)

Proof of “(b) = (a)”. Let up and v be as in statement (b). Set wq := uov, so that wy ~ uy.
By assumption and (4.2) we have:

“S(w) < [ 1V(uo =1l = [ 1Vuo— oDl < [ V=)= ZS(). (637

Set wy := T owy, where T': S* — St is given by (4.3). By Lemma 4.1, w; ~ wg ~ ug, and by
(4.6) and (5.37) we obtain that

J vl =3 [ 19 = 1) = S a
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We do not know any domain €2 in R? for which (5.30) fails and we ask:

Open Problem 1. Is there a domain Q in RY, N > 2, for which property (P;) (respectively,
(P3)) does not hold?

It seems plausible that if € is the interior of a non circular ellipse, then (P;) and (Pj3) fail.
We also do not know whether properties (P3) and (P3) are equivalent.

Concerning properties (Py) and (P3) we know even less:
Open Problem 2. Is there a domain 2 for which (P3) holds (respectively, fails)?

We suspect that (Ps) is satisfied in every domain, but we do not know any such domain. In
particular, we do not know what happens when 2 is a disc in R2.

6 Distances in W?(Q;S!), 1 <p < o0

Throughout this section we study classes in W1P(Q;S!), where 1 < p < oo and Q is a
smooth bounded domain in RY, N > 2. We give below the proofs of the results stated in
the Introduction.

6.1 Proof of Theorem 1.5

Proof of Theorem 1.5. The result is a direct consequence of the following analog of Corol-
lary 4.3: for every u,v € W'?(Q;S') we have

2\ .
9= o)l > () inf [l (61)

The proof of (6.1) uses an argument identical to the one used in the proofs of Lemma 4.2
and Corollary 4.3. Indeed, we first note that

[v=op= [ 19(u-hp= [ [9(uw - 1), (©:2)
0 0 Q
Next, by (4.5) we have
2\" 2\"
/ IV(Juv — 1|)|P = (—) / V(T o (uv))P > (—) inf/ |Vw|P. (6.3)
Q T Q ) wuv Jo
The result clearly follows by combining (6.2) with (6.3). O

6.2 Proof of Theorem 1.7

We shall need the following technical lemma.

Lemma 6.1. For every wy € WP(;S') we have

. 2\ .
Jnt 190w = Dl = (2) jnt [Vl (64
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Proof. The inequality “>” follows from (6.3) (taking v = 1) so it remains to prove the reverse
inequality. The argument is almost identical to the one used in the proof of [27, Prop 3.1];
we reproduce the argument for the convenience of the reader. We shall need the inverse
S:=T71of T:S'— S! that was defined in (4.3). It is given by:

S(e?) = e, with ¢ = 2sin~'(0/7), VO € (—=, 7).

This map belongs to C(S'; SH)NCY(S'\ {—1};S') but it is not Lipschitz. We therefore define,
for each small € > 0, an approximation S. by:

S.(e"?) = e with ¢ = 2sin~" (J.(0/7)), VO € (=, 7], (6.5)
where J,. satisfies:

Jo(£1) = £1, J(£1) =0,
J.(t) =1t, for |t| <1 —-¢,
0 < J.U(t) < ¢, for |t] <1, (6.6)
Co g
D <2 for1- S < <1
< L - <<
for some positive constants cy,cy,cy (independent of ). Clearly S. € C'(S';S') with

deg(S:) = 1, so by Lemma 4.1, for any w € £(wy) we have w. := S; ow € E(wp). Since
1S.(e?) — 1| = 2|J.(0/7)| it follows from (6.6) that

% (15.(e) — 1)| < €, V0, Ve, (6.7)
Put A = {r € Q: w(x) € A(—r(1 — &), 7(1 —£))}. By (4.5),

Vlw. — 1| = %|Vw[ ae. on A,
while, by (6.7),

|V|w: — 1|| < C|Vw| a.e. on .

Therefore, by dominated convergence,

2 p
lim/ V]w. — 1|7 = (—) /|Vw|p,
e=0 Jo ™ Q

and since the above is valid for any w € £(wy), the inequality “<” in (6.4) follows. O
The next lemma is the main ingredient of the proof of Theorem 1.7.

Lemma 6.2. For every w € WP(Q;S!) and 0 < § < 1 there exist a set A = A(w,d) C Q
and two functions wo, w; € WP(Q; SY) such that:

(i) wy = 1wy in Q\ A;

(1) wo = wy in A;

(7ii) wy € E(w) and wy € E(1);

(i0) [ 19w — wo)lP < (1+Cy) fo |V — 1]

(v) JoIVwilP = [ [Vwol? < C(,p) [, [Vw]?.
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Proof. Let I denote the open arc of S', I := A(2r —6,27) = {€ : 0§ € (2 —6,27)}, and let
A :=w (I). Define T : S* — S! by

o 1m0/ (25 =), ifo<o<2r—9§
1(e”) = (—1)em@-Cr=0)/5  ifor —§ < <on

Note that the image of T}, restricted to the arc S*\ I is S!, and that S! is covered counter-
clockwise. Similarly, on the arc I, the image of T} is S!, covered again counterclockwise. It
follows that deg(7}) = 1. Next we define Ty : S* — S! by P_; o T} (see (4.10)), or explicitly
by

To(e®) Ti(e?), if0<0<2mr—§
e = :
° Ti(e?), if2r—§<6<2m

Clearly deg(7p) = 0. Define wq := Ty o w and wy := T o w.

Properties (i)—(ii) are direct consequences of the definition of wg,w;. The fact that
wo € £(1) and wy € E(w) (i.e., property (iii)) follows from Lemma 4.1. Since Ty and T} are
Lipschitz maps (actually, piecewise smooth, with a single corner at z = ¢37=9)) the chain
rule implies that

(m/0) [V, a.e. in A

V| = [V | < ’
V| = | 7~U1|_{(7T/(27T_1))|Vw|7 a.e. in 2\ A

whence property (v). Finally, in order to verify property (iv) we first notice that on Q\ A
we have
W= w, Wy = wi = Q ow,

where Q(e*) := e¥7/(27=9) for § € (0,27 — §). Therefore,

[t == [ W —wp = [ V-l = [ @
Q o\A oA oA

O
< (1+(Jp5)/ Viw—1]|" < (1+Cp5)/|ww—1||f’.
O\A Q

We are now in a position to present the

Proof of Theorem 1.7. In view of Theorem 1.5 we only need to prove the inequality “<” in
(1.28). For any w € £(up) we may apply Lemma 6.2 with a sequence 9,, — 0 to obtain that

(€ (o), E(1) < inf [[V]w = 1l|zs(e

and the result follows from Lemma 6.1. ]

6.3 Proof of Theorem 1.9

We next turn to the unboundedness of the Disty1,,-distance between distinct classes.
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Proof of Theorem 1.9 when uy = 1. For every n > 1 let

Uy, = €™ (we write z = (z1,...,2n)),
so clearly u,, € C*(;S') C £(1). We claim that
li_)m dwip(Un, E(vg)) = 00, (6.8)

which implies of course (1.29) in this case. Fix asmall e > 0, e.g., ¢ = 7/8. For each v € &(vp)
let w, := T, v and define the set A, as in (5.6), with © = u,. Note that |Vu,(z)| =n, z € Q,
so by Lemma 5.3 we have

|V(u, —v)| > nsine a.e. in A.. (6.9)
Therefore,
/ |V (u, —v)|P > |Ac|(sine)Pn? = ¢1| AcnP. (6.10)
Ae

Using (5.5) instead of (5.4) in the computation leading to (6.9) yields
sin €

9 = o)l 2 (55°) (9wl +1901) 2 (%3

We set @, := K. ow, (see (5.19)) and recall that K. € Lip(S';SY), || K.|o = 7/(7 — 2¢) and
deg(K.) = 1. We have w,, € E(vg) and Vw,, =0 a.e. in Q \ A.. By (1.4),

g
/ |an]—/|an| > ¥(uo). (6.12)

Using Holder inequality and (6.12) gives

/ IV, > <‘[A8 WZE”') > (X(vo))? (6.13)

sine

) |Vw,|, ae. in A.. (6.11)

| APt A
Since |Vw,| > (1 — 2¢/7)|Vw,| on Q we obtain by combining (6.11) and (6.13) that
o> 2
/AE IV (u, —v)P > At (6.14)
whence,

Vp-1) —-1/(p—1)
|AL| > b/ ®” </A IV (u,, — v)v’) . (6.15)

Plugging (6.15) in (6.10) finally yields

V(= 0)P > esn”™,
Ae

and (6.8) follows.

Proof of Theorem Theorem 1.9 in the general case. Consider an arbitrary uy € W1P(Q; S!).
We set u, := "1 ug € E(ug). By the triangle inequality,

V(e —ugv)| = |V (To(un — v))| < |V (up —v)| + 2| V).
Therefore,
IV (tn = v)l|Lri) = V(™ = Tov)||ee) — 2/ Vol Lr(e),

and the result follows from the first part of the proof. ]
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6.4 An example of strict inequality in (1.27)

Proposition 6.3. There exist a smooth bounded simply connected domain € in R? and
o, Vo € Ny<pen WHP(Q;SY) such that

2
distyie (E(up), E(vg)) > (—) inf ||Vw| e, V1<p<2. (6.16)
T

w~UQVQ

Proof. The construction resembles the one used in the proof of [27, Proposition 4.1] (for a
multiply connected domain and p = 2), but the details of the proof are quite different.

Step 1. Definition of €2, and ug, vg
Consider the three unit discs with centers at the points a_ := (=3,0),a := (0,0) and ay :=
(3,0), respectively:

B_ :=B(a_,1), B:= B(a,1) and B; := B(ay,1).
For a small € € (0,1/4), to be determined later, define the domain €. by

Q. :=B_UBUB; U{(z1,22); 21 € (—3,3), 22 € (—¢,¢)}. (6.17)

Figure 1: The domain 2. (before smoothing)

Hence, B is connected to B_ and B, by two narrow tubes (see Figure 1). We can enlarge
Q). slightly near the “corners”=the contact points of the tubes with the circles, in order to
have a smooth {2.. But we do it keeping the following property:

(2. is symmetric with respect to reflections in both the x and y-axis. (6.18)

For later use we denote by €2, and €_ the two components of Q. \ B (with Q, C {z; Re z >
0}). We define the maps ug, vo € [);<pep W'P(;S") by

we(5=0) (5) (i) v (20 (3) (55) o
wo = Uy Tp = —. (6.20)

Step 2. Properties of energy minimizers in &€ (wy)
We denote by W, € W*(;S') a map realizing the minimum in

SE = wiilio vaHLP(QE)' (621)

26



Note that the minimizer W, is unique, up to multiplication by a complex constant of modulo
one. This follows from the strict convexity of the functional:

0=, 7 ()

over p € WP(Q; R). (6.22)
We next claim that

x \|° x
VI— < VIV P < IVIV.|P < Vi
B || B Q. B |z

for some constant C'. Here and in the sequel we denote by C' different constants that are
independent of ¢ and p. Indeed, the first inequality in (6.23) is clear since the restriction of
W, to B belongs to the class of x/|z| in B, and the latter map is a minimizer of the energy
in its class (see Remark 6.5 below). For the proof of the last inequality in (6.23) it suffices
to construct a comparison map w € E(wy) as follows. We first set w = x/|z| in B. Then
extend it to Q, N {z; < 1+ &} in such a way that w = ( (for some constant ¢ € S') on
Q. N{xy =1+ ¢}. Such an extension can be constructed with ||[Vw| p~ < C, whence

/ V@l < Ce2.
Qin{z1<l+e}

In the remaining part of Q,, namely Q, N {z; > 1+ ¢} we simply set w = (. We use a
similar construction for w on Q_, and this completes the proof of (6.23).
We shall also use a certain symmetry property of W.. We claim that:

p

p

+ Ce?, (6.23)

We(z) = —-W.(—2z) in Q.. (6.24)
Indeed, since W.(—z) is also a minimizer in (6.21), we must have
W.(—z) = e W.(x) for some constant « € R. (6.25)

Write
— 674\1/5 ( z
V[/(€ = —
||

Plugging (6.26) in (6.25) gives

_ez‘llg(—:c) (i) = '™ elq’a(l’) (i) ,

whence e(Ve(=2)=¥e(@) — ¢ Tt follows that W, (—z)— V. (x) = const in .. Since ¥ (—z)—
U (x) is odd, it follows that the constant must be zero. Hence W .(—x) = U.(x) a.e. in €,
e'* = —1 and (6.24) follows from (6.25).

The main property of W, that we need is the following: there exists (. € S' such that

) , with ¥, € WHP(Q_; R). (6.26)

W, — (| < coe¥? on By, (6.27)
[W. + | < coe?? on B_. (6.28)

In order to verify (6.27)—(6.28) we first notice that we may write W, = ¢'®< in Q. N {x; > 1}.
Using (6.23) and Fubini Theorem we can find t. € (1,3/2) such that the segment I. =
{(te, z2); wy € (—¢,¢)} satisfies

VO |P = | |[VIWLIP < Ce2

I I
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By Holder inequality it follows that |®.(z;) — ®.(22)| < Ce?? for all 2y, 2, € I.. Hence, there
exists a. € R satisfying

1D.(2) — a| < Ce¥P Yz e L. (6.29)
We claim that (6.29) continues to hold in G, := Q. N {zy > .}, i.e.,
®.(z) — .| < C¥P, V€ G- (6.30)

Indeed, defining

P.(x) := max (o — C/P, min(®e (v), ac + C*7))

and then W, := e we clearly have e \VWEF” < Jo. VWP, with strict inequality, unless
(6.30) holds. Setting (. := e, we deduce (6.27) from (6.30). Finally, using the symmetry
properties, (6.18) of Q. and (6.24) of V., we easily deduce (6.28) from (6.27).

Step 3. A basic estimate for maps in W1P(S!; St)

The following claim provides a simple estimate which is essential for the proof. The case
p = 2 was proved in [27, Lemma 4.1] and the generalization to any p > 1 is straightforward.
We include the proof for the convenience of the reader.

Claim. For anyp > 1, let f,g € WYP(S1;S) satisfy:

deg f=degg =k # 0 and [(f — g)(()| =n >0,

for some point ¢ € St. Then,

. 27713
— gl > . 6.31
[1i-ar= 25 (6:31)
Proof of Claim. Set w := f — g = w; + wws. We may assume without loss of generality
that w(1) = (f — ¢g)(1) = ne. Since deg(g) # 0, there exists a point 6; € (0,27) such that
g(e) =1, whence wy () = —t1 for some t > 0. Holder’s inequality, and a straightforward

computation yield

p p p P
/ |w,|p2/ Wy > (nﬂf) U AU )i
st st 011)_ (27T — el)pil

- p—1 =1’

and (6.31) follows. O

Remark 6.4. We thank an anonymous referee for suggesting a simplification of our original
argument for the proof of the Claim, and for pointing out that it holds under the weaker
assumption: either f or g has a nontrivial degree.

Step 4. Conclusion
Consider two sequences {u,} C E(up) and {v,} C E(vg) such that

T}Lnolo ||V(un - Un)HLP(Qe) = diStWLp(g(uﬂ)7g(UO>)' (632)

By a standard density argument we may assume that u,,v, € C*°(Q. \ {a_, a,a,}) for all n.
Assume by contradiction that

distyrs (£ (o), £(v0)) = (%) S. = (%) min [V 1sa,y (see (6.21)) (6.33)
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By (6.33) and (6.23) there exists a constant Cy such that

J = Q) e ()]

Set w,, := u, U, and note that by the same computation as in (6.2)—(6.3) we have

[ VG0l > [ Sl -ubl = (2) [ oy (2) s @)

(recall that 7" is defined in (4.3)). Combining (6.32),(6.33) and (6.35) yields that w,, := Tow,
satisfies

+ Coe?, Vn > ng(e). (6.34)

lim ||V, tr.) = S,
n—00

and up to passing to a subsequence we have

W, = lim w, in W"(Q;S"), (6.36)

n—o0

where W, is a minimizer in (6.21). Recall that W, is unique up to rotations; the particular
. in (6.36) is chosen by the subsequence. For any ¢ € S* we have max(|¢ — 1, [¢ +1]) > v/2.
In particular, for (. associated with W, (see (6.27)-(6.28)) we may assume without loss of
generality that

¢~ 1= V2. (6.37)
By (6.36) and Egorov Theorem there exists A, C (). satisfying

|A.| < e and w, — W, uniformly on €. \ A, (6.38)
again, after passing to a subsequence. Combining (6.38) with (6.37) and (6.27) yields

@, — 1] > V2 —2coe on By \ A., V> ny(e),
and choosing € < (v/2 —1)/(2¢;) guarantees that

|w, — 1] >1 on By \ A., Yn > ny(e). (6.39)

Going back to the definition of 7" in (4.3), we find by a simple computation the following
equivalences for e = T'(e*¥) (with § € (—m,m)):

IT(e?)—1| > 1 <= |0]| = 7|sin(p/2)| > 7/3 <= | —1] = 2|sin(p/2)] > 2/3. (6.40)
Using (6.40) we may rewrite (6.39) in terms of the original sequence {w,}:
|tup, — vn| = |w, — 1] > 2/3 on By \ A., Vn > ny(e). (6.41)
Consider the set
A ={re(1/2,1); 0B(as,r) C A.}. (6.42)

By (6.38) we clearly have ¢ > |A.| > (1/2)|A:| - 27, whence

A< S (6.43)

>]
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For n > ny(e) we have: on each circle 9B (ay,r) with r € (1/2,1) \ A. there exists at least
one point where |u,, — v,| > 2/3. Thus we may apply the Claim from Step 3 with n := 2/3,
f= u"‘@B(a+ " and g := U”‘(?B(m_ , o obtain by (6.31) (after a suitable rescaling):

/%(a+ ) IV (up, — v) [P > 2(rm) P (;)p > (2m) (%)p = . (6.44)

Integrating (6.44), taking into account (6.43), yields

/ IV (ty — )] > /(1/21 N LB . —u)lP > (1/2 £ /7). (6.45)

In addition, by (1.27), applied to u,

[ 196 -up= (2)

= () ()

The inequality (6.46) clearly contradicts (6.34) for n large enough if € is chosen sufficiently
small. [

|B, U”}B’ we clearly have

p

p

+ (1/2 —e/m)vp, Vo> ny(e). (6.46)

Remark 6.5. In the course of the proof of Proposition 6.3 we used the following fact:

Let 1 < p < 2 and let  be the unit disc. Set ug(z) := z/|z|, Va € Q. Then

/|Vu|p > / Vul?, Y € &(up). (6.47)
Q Q

We sketch the proof for the convenience of the reader.

Let u € E(ug). Let C, := {z; |z| = r}. Since we may write u = €“ ug, with ¢ € W1?, for

a.e. 7 € (0,1) we have u‘CT € WhH?(C,;S') and deg <u‘07.> = 1. This implies that for a.e.
€ (0,1) we have

/|Vu|2/ |u|:/ |u/\u|2/ umz:%:/ uo/\uoz/ |Vug|. (6.48)
C’r ™ s CT C”‘ T

In case p = 1 integration over r € (0,1) of (6.48) yields (6.47). In case 1 < p < 2 we use
(6.48) and Holder inequality, and then integration over r yields

' d 2
/|Vu\p > 27r/ - 5 Tp = / |Vug|P, and (6.47) follows.
- 0

rp—1

Examining the equality cases for the inequalities in (6.48) (and in Holder inequality when
1 < p < 2) we obtain in addition the following conclusion: equality holds in (6.47) if and
only if

(i) for 1 < p < 2, u = e"*uy for some constant «;

(ii) for p = 1, u(re??) = ¥ where ¢ € WH1([0, 27];R) satisfies p(27) — ©(0) = 27 and
¢ >0 a.e. on [0,27].

The difference between (i) and (ii) is the main reason why for the same ug and vy as in the
proof of Proposition 6.3, we have the strict inequality (6.16) for 1 < p < 2, while for p = 1
the equality (1.12) holds.
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Remark 6.6. Consider the maps u; := x/|z| and v; := 1 in Q. (as in the proof of Propo-
sition 6.3). By Theorem 1.7 we have disty15(E(u1),E(v1)) = (2/7)infyens, |V ry)-
Therefore, we have

disty1.p (E(u1), £(v1)) # disty1(E(uo), E(vo))

although w177 = ugvy. This shows that in general it is not even true that disty1.,(E(u), E(v))
depends only on £(uv) when 1 < p < 2. A similar phenomenon occurs when (2 is multiply
connected and p = 2 (see [27, Remark 4.1]); a comparable argument works for p > 2.

Appendix. Proof of Proposition 1.2

Proof of Proposition 1.2. We fix a sequence &, \, 0 and use (1.4) to find a sequence {v,} C
E(u) such that

/ |Vo,| < X(u) + &,, Vn. (A1)
0
For 6 € [0,27) define ¥, 4 € Lip(S*;S*) by

e (H20p=0)/en) - if » = e € A0 — ,/2,0 + £,/2
Yoo { (0 —en/ /2) (A.2)

1, if 2 ¢ A0 —¢,/2,0+¢,/2)

Clearly deg ¥, o = 1, so setting w, 9 := ¥, 9 o v,, we have, by Lemma 4.1, w, g ~ v, ~ u.
Moreover,

) @2r/en) [Vup(2)], ifv,(x) € A0 —€,/2,0 +€,/2)
Viono(2)| = {0, i on(2) ¢ A0 —£0/2,0 + £0)2) (A.3)
Set A, (z) :={0 € [0,2n);v,(z) € A0 —€,/2,0 +,/2)}. We have

27 )
/ /|an,9|dxde:—”/ ]an(x)HAn(ac)\dx:%r/ V0, (A4)
0 Q En Jq 9)

and

| Mo # a0 = [ 14,@)]de = 2, 0. (A5)

Combining (A.1) with (A.4)-(A.5) yields

27
/ (’{U}n’g 4 1}|/el/? +/ ]an,9|> do < |Q|? + 21(2(u) + &,). (A.6)
0 Q
From (A.6) it follows that there exists 6,, € [0,27) such that
[{wno, # 1}/ +/ Vwno,| < 1901 &,/2/(2m) + S(u) + en;
Q

so clearly a subsequence of u,, := w, g, satisfies (1.15).
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