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ABSTRACT. In 1972, V. Gallina and M. Omini of the Polytechnic of Turin proposed a phenomenological model for the
thermal diffusion in liquid metals, explaining the isotope separation as provoked by a thermal force which is arising when
a temperature gradient is established in the material. Here, we discuss this thermal force and its statistical origin from the
bulk. We will see that it can be considered as a force of the form F = — S grad T, that is as a thermal/entropic force
obtained from the derivative of the Helmholtz free energy with respect to the volume.

Introduction. With the works of Ludwig Boltzmann, physics and thermodynamics started
recognizing the stochastic and probabilistic aspect of natural processes. Besides introducing a
fundamental equation widely used for thermal and charge transport [1-5], Boltzmann linked the
second law of thermodynamics to the disorder of thermodynamic systems, proposing a fundamental
relation between entropy S and probability through the formula S = kg In W (kg is the Boltzmann's
constant and W is for Wahrscheinlichkeit, that is “probability” in German).

The Boltzmann formulation of entropy was fundamental for the “doctrine of energy and entropy” that
rules the thermodynamic world [6], a doctrine where the energy is deterministic and the entropy is
favouring randomness. In this framework of natural systems governed by energy and entropy, forces
can arise from the Helmholtz free energy A = U — T S, where U is the internal energy, T the
temperature and S the entropy. Such as the pressure, the mechanical force divided by a surface, is
coming from the derivative of internal energy U with respect to the volume, the same derivative of
the product T S is giving rise to the thermal and entropic forces. These are forces which are coming
from the statistical nature of the system, rather than from a particular microscopic interaction existing
in it [6].

Entropic forces had been proposed and used in [7,8] for the Brownian motion and for the elasticity
of polymers. For the Brownian motion, the force is in the form of a diffusional driving force or radial
force, which has a mean value <F,> = T<dS/dr>, where r is a radial distance [9]. We can understand
this mean value considering its dimensionality: the force is an energy - here given by the product TS
- divided by a length. However, besides the entropic force which is coming from a local variation or
gradient of entropy, we can have also a force in which it is appearing as the gradient of temperature
T multiplied by an entropy, that is ' = — S grad T. A thermal force of this kind is used for the magnetic
flux structures in superconductors [10,11]. In these references, this force is also considered as an
entropic force.

In the following discussion, we will show another example of such thermal force, which is concerning
the isotope separation in liquid metals driven by a thermal gradient. It was proposed in 1972, by V.
Gallina and M. Omini of the Turin Polytechnic in a phenomenological model for the thermal diffusion
in liquid metals [12]. In their study, the authors aimed giving a formula for the isotope separation in
a liquid metal, separation which is observed when a temperature gradient is established in the fluid
[13]. In fact, the approach and the related model proposed in [12] is more general: it embraces
completely the problem of thermal diffusion in fluids.
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The focus of authors was in investigating the force that is moving atoms through a liquid when there
is a thermal gradient in it. In a good approximation, this force has a simple expression: F= — kg grad
T, where T is the temperature. In this paper we will see that it can be consider as the thermal/entropic
force F =—Sgrad T, [10,11]. It means that this is one of the two partners of a pair of forces coming
from the derivative of T S with respect to volume, the other member being the entropic force F = —
TgradS.

Let us start discussing the thermal force appearing in [12].

The thermal force. The central part of Reference 12 is discussing the force responsible for the drift
velocity of particles in a temperature gradient. This drift of particles, appearing when a thermal
gradient exists, is an experimental fact. It appears in observed effects and named as thermodiffusion,
thermophoresis, thermomigration or Ludwig-Soret effect [14]. This phenomenon, which we find in
mixtures of particles where the different types of particles exhibit different responses to the
temperature gradient, has a number of practical applications. In fact, due to the different behavior,
the particle types can be separated. Several recent papers on isotope separation in silicate melts for
instance, are evidencing the present interest on this subject [15-18].

In a first approximation, a particle with radius r in a solvent has a drift velocity w = F/(4znr) [12].
n is the coefficient of shear viscosity of the solvent. F is the force drifting the particle. To give an
expression of this force, in [12], the authors evaluated first the net force acting on an atom of a solid
lattice when it is subjected to a thermal gradient. Each atom of the lattice is a scatterer of thermal
waves (phonons). In the second quantization, the displacements of waves are considered as
quasiparticles, the phonons, having energy and momentum. If we consider an atom of the lattice, we
can imagine it in a local oscillatory motion. It becomes a phonon scatterer, exhibiting a cross-section
0(q,q’) for an elastic scattering in which a phonon having wave vector q is deviated into a phonon of
wave vector q'. In fact, this approach would be true only for an impurity scattering: in a perfect
lattice, we need at last three phonons involved in scattering processes. However, Gallina and Omini
are showing in [12], that using the general theory of phonon-phonon interactions, the same result is
obtained.

Fig. 1. An atom of the lattice as a scatterer, with transferred momentum equal to hi(Q — Q).

In the diagram of Fig.1, we can see that the momentum transferred to the atom is #(q — '), where 7
is the reduced Planck constant.

Adding the contributions of all the scattering processes, which are occurring in unit time, we have the
force imparted to the atom by the thermal vibrations. The result is:

B
E — ol 1
N %gqqu ﬂ'q ( )
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In (1), N is the total number of atoms, vq the group velocity, /q the mean free path and gq the deviation
from the Bose-Einstein equilibrium function. Since gq is proportional to the mean free path in the
relaxation-time approximation [5], we have a result independent of the phonon mean-free path.
Therefore, in this approximation, the net force turns out to be simply F= — kg gradT . This force has
no real effect if the atom belongs to the solid lattice, because this force is simply transmitted to the
centre of mass of the crystal. In a liquid, where the atom is not bound to any particular site of the
system, the force becomes a driving force, moving the atom towards the cold end of the sample [12].

Are we justified in using this force for an atom in the liquid, since it has been deduced for a solid?
[12]. In the reference, the authors are giving specific arguments for a positive answer. First, we have
a phenomenological argument: the thermal force only depends upon the atomic specific heat ¢ = 3k,
and this is a quantity which is presumed to be almost unaffected by the solid-liquid transition. Second:
consider an atom O in the cage of its neighbors. Imagine we have 2 atoms surrounding O. Since the
atom can move isotropically toward any of its X' surrounding, the probability of one of this atoms of
moving toward O is //2. Thus the atom O, at a certain instant, has the probability p = 1/2 of being
struck by one of its neighbors. The time required for an interaction with its i-neighbor, is ti = a/vi,
where a is the nearest-neighbor distance and vi the speed of i-atom.

After some passages, we can find that the mean force acting on O is [12]:

- 1 mv2 3kpT:
<Fg>=—=) —Ll;=—= B 2
o S a E, 2

In (2), G; isthe unitvector from O to i-neighbor. Ti is the temperature of the i-neighbor. Moreover,
T, =To +au; - VT . Therefore, if we have a statistical environment which is isotropic, we can
average on the solid angle:

<E, >_—aiijd93k8a(u VTG = —kgVT 3)

Let us consider again a particle moving in a solvent; if no other forces are present, the drift velocity
is given by:

—4m rW—kgVT =0 — W=-— )

As the authors are remarking, this force has not to be considered as due to a potential gradient, that
is, to an external action; it is a statistical force, originated from the bulk of the material, which
accounts for the possibility of an atom of making a random walk in the liquid.

To have (3), an atom which is vibrating at temperature T has an energy 3ksT. This is true in the
approximation of an atom considered as an Einstein harmonic oscillator. However, this energy has to
be modified when an anharmonicity exists [12].

Role of surfaces. Summing the thermal force over all the atoms of the sample, we should have F=
— Nksgrad T . For |grad T| = 1°C/cm and N=10%, we have F =~ 100 N. Why do we not observe this
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force? [12]. Let us see how the authors answered. In the case of a solid, we can have that on the wall
which is at higher temperature, there is an excess of phonon pressure with respect to the wall at lower
temperature. This extra pressure gives rise to a force directed along grad T, which is exactly
counterbalanced by the resultant of the thermal forces. In the case of a fluid, we can see that atoms at
the surface of the material give different pressures; there is a force on surfaces which is equal and
opposite to the thermal force [12].

X
Wall
S S S S S AN
O 0i0i0 O ©
Liquid 7

Fig. 2. Atoms at the surface of liquid.

For a liquid, let us take an atom of the liquid near the wall (Fig. 2). It makes a random oscillation in
a cage of the order of the atomic volume a3. The atom oscillates. If t is the period of the oscillation,
we can write vy £ = 2a, where vy is the average velocity normal to the wall. Whenever the atom arrives
at the wall, we assume an elastic reflection. The transferred momentum is 2mvy. If n is the number
density of atoms in the liquid, the total number of atoms facing the wall with surface X is naX. Then
the force on the wall is:

naxz- 2mv,

=nEZmv2 =nZkgT

where mv? :;m(vf+v§+vf)= kT (5)

T -To

In (6), we have that an unbalanced force on surfaces exists. However, the bulk thermal force balances
this surface force. It happens when the two walls at different temperatures have the same surface 2.
If we have different surfaces, we need to consider the role of the lateral surface, in order to have a net
force equal to zero. The conservation of momentum tells us that the net force must be zero.

Thermal and entropic forces. Let us consider the Helmholtz free energy A = U — TS, and its
derivative with respect to the volume V. Then, let us multiply this derivative by the surface ~. We
can consider a generalized force as F = X dA/dV = X dU/dV — X S dT/dV — T X dS/dV. The first term
is the pressure multiplied by the surface, that is, the mechanical force.

In the case that we assume the volume variation dV as equal to 2 dx, we have a force F given by three
terms, F = X p — SdT/dx — T dS/dx. Then, besides the term containing the pressure, we have the two
thermal/entropic terms.

Is the thermal force F = — N kg grad T previously discussed the term — S dT/dx ? The Boltzmann
constant has the dimensions of an entropy S; therefore, dimensionally [19], we have the thermal force
F=—-—NkisgradT as F = — S gradT, and a thermal/entropic force of this kind was used for the
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magnetic flux structures in superconductors [11,12]. However, we can find a more convincing reason
for a positive answer in [20]. In this paper, the Debye model is used instead of the Einstein model. In
the case of a phononic assembly, the bulk force is [20]:

[Pyt -y 2y @)

3
~ T
th,diff =—-3N kBVT X(e—j 0

D

If we are at low temperatures, the entropy S can be considered as S= C/3, where C is the heat capacity
[21]. In a Debye model [19]:

[P y4eY (e —1)2ay ®)

0

3
s~S _ankg| -
3 o

Then, the thermal force (7) given by Omini in [20], seems coincident with a thermal/entropic force,
in the abovementioned approximation. In fact, using (8) in (7), we have:

—

Fon,diff =—S VT 9)

Also in the case of Eq.3, we can repeat the same observation given above on heat capacity and entropy
and have a force F= — S grad T.

However, besides having the force F= — S grad T, when we derive the Helmholtz energy we can
have F= — T grad S too. It means that in the cases discussed in [12] and [20], this entropic force
could exist. It is possible because entropy is depending on temperature, and temperature is a function
of the spatial coordinates. Therefore a gradient of entropy exists and consequently an entropic force.
Since this force could be written as F' = — T (dS/dT) grad T, its effective role in the system requires
a further evaluation.

References

[1] Cercignani, C. (1975). Theory and application of the Boltzmann equation. Scottish Academic
Press. ISBN: 978-1-4612-6995-3.

[2] Succi, S. (2001). The lattice Boltzmann equation: for fluid dynamics and beyond. Oxford
University Press. DOI: 10.1016/S0997-7546(02)00005-5

[3] Omini, M., & Sparavigna, A. (1995). An iterative approach to the phonon Boltzmann equation in
the theory of thermal conductivity. Physica B: Condensed Matter, 212(2), 101-112. DOI:
10.1016/0921-4526(95)00016-3

[4] Omini, M., & Sparavigna, A. (1996). Beyond the isotropic-model approximation in the theory of
thermal conductivity. Physical Review B, 53(14), 9064. DOI: 10.1103/physrevb.53.9064

[5] Sparavigna, A. C. (2016). The Boltzmann equation of phonon thermal transport solved in the
relaxation time approximation — I — Theory. Mechanics, Materials Science & Engineering Journal, 3,
1-13. DOI: 10.13140/RG.2.1.1001.1923

[6] Miiller, 1. (2007). A History of thermodynamics: The doctrine of Energy and Entropy, Springer
Science & Business Media. ISBN 978-3-540-46226-2

MMSE Journal. Open Access Www.mmse.xyz


file:///F:/N5/mmse.xyz

Mechanics, Materials Science & Engineering, July 2016 — ISSN 2412-5954

[7] Neumann, R. M. (1980). Entropic approach to Brownian movement. American Journal of
Physics, 48(5):354. DOI: 10.1119/1.12095.

[8] Neumann, R. M. (1977). The entropy of a single Gaussian macromolecule in a noninteracting
solvent. The Journal of Chemical Physics 66(2):870. DOI: 10.1063/1.433923

[9] Roos, N. (2014). Entropic forces in Brownian motion. American Journal of Physics, 82(12), 1161-
1166.

[10] Huebner, R. P. (1979). Magnetic flux structures in superconductors, Springer Verlag. DOI:
10.1007/978-3-662-02305-1

[11] Pengcheng Li (2007). Novel transport properties of electron - doped superconductors Pro.
xCexCuQO4-5, UMD Theses and Dissertations.

[12] Gallina, V., & Omini, M. (1972). On thermal diffusion in liquid metals. Il Nuovo Cimento,
8B(1):65-89. DOI: 10.1007/bf02743508

[13] Ott, A. (1969). Isotope separation by thermal diffusion in liquid metal. Science, 164(3877):297.
DOI: 10.1126/science.164.3877.297

[14] Platten, J. K. (2006). The Soret effect: a review of recent experimental results. Journal of applied
mechanics, 73(1):5-15. DOI: 10.1115/1.1992517

[15] Huang, F., Chakraborty, P., Lundstrom, C. C., Holmden, C., Glessner, J. J. G., Kieffer, S. W., &
Lesher, C. E. (2010). Isotope fractionation in silicate melts by thermal diffusion. Nature,
464(7287):396-400. DOI: 10.1038/nature08840

[16] Richter, F.M. (2011). Isotope fractionation in silicate melts by thermal diffusion. Nature,
472(7341):E1. DOI: 10.1038/nature09954

[17] Goel, G., Zhang, L., Lacks, D. J., & Van Orman, J. A. (2012). Isotope fractionation by diffusion
in silicate melts: Insights from molecular dynamics simulations. Geochimica et Cosmochimica Acta,
93:205-213. DOI: 10.1016/j.gca.2012.07.008

[18] Bindeman, I. N., Lundstrom, C. C., Bopp, C., & Huang, F. (2013). Stable isotope fractionation
by thermal diffusion through partially molten wet and dry silicate rocks. Earth and Planetary Science
Letters, 365:51-62. DOI: 10.1016/j.epsl.2012.12.037

[19] Sparavigna, A. C. (2015). Dimensional equations of entropy. International Journal of Sciences,
4(8):1-7. DOI: 10.18483/ijsci.811

[20] Omini, M. (1999). Thermoelasticity and thermodynamics of irreversible processes. Physica B,
270:131-139. DOI: 10.1016/s0921-4526(99)00172-6

[21] Peter Atkins, P., & De Paula, J. (2014). Atkins’ Physical Chemistry, OUP Oxford. ISBN
9780199543373

MMSE Journal. Open Access Www.mmse.xyz


file:///F:/N5/mmse.xyz

