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Singularities of the quad curl problem

Serge Nicaise*

September 19, 2017

Abstract

We consider the quad curl problem in smooth and non smooth domains of the space. We
first give an augmented variational formulation equivalent to the one from [25] if the datum
is divergence free. We describe the singularities of the variational space which correspond to
the ones of the Maxwell system with perfectly conducting boundary conditions. The edge and
corner singularities of the solution of the corresponding boundary value problem with smooth
data are also characterized. We finally obtain some regularity results of the variational solution.

AMS (MOS) subject classification 35Q60, 35B65
Key Words Fourth order problem, Maxwell system, singularities

1 Introduction

On a bounded domain € of R3, we consider the following system, called the quad curl problem in
[21, 25]

curl*u=f in Q,
(1.1) divu=0 in €,
uxn=(curlu) xn=0 on 99,

where f belongs to H(div = 0,Q) = {u € H(div, ) : div u = 0}.

This model problem arises in different applications, such as in inverse electromagnetic scattering
theory [5, 21, 25] or in magnetohydrodynamics [27]. Some numerical methods are proposed in
[25, 27, 13] and some error estimates are proved under some regularity assumptions. The H3
regularity of the weak solution is even assumed in [25, p. 190]. As mentioned in [25], such regularity
results are not available in the literature. Hence our goal is to prove such results in the case of
smooth and non smooth domains. For that purpose, in the spirit of [6], we first transform the
variational formulation from [25] into an augmented one. We show that this augmented problem
is well-posed and give its equivalence with the original one when the datum is divergence free.
The advantage of this augmented formulation is that its associated boundary value problem is
an elliptic system in the Agmon-Douglis-Nirenberg sense (but with unusual boundary conditions).
The drawback is, as for the variational formulation from [25], that the variational space is a priori
not a closed subspace of H2(2)? (except if the domain is smooth or under some very restricted
geometrical conditions, see below). Nevertheless in the case of a domain with point singularities or
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with corners and edges, we show that the singularities of this variational space are the ones of the
Maxwell system with the perfect conductor boundary conditions. According to the results from
[6], they are then fully described with the help of the singularities of the Laplace equation with
Dirichlet or Neumann boundary conditions.

In the case of smooth domains, even if the boundary conditions of our augmented problem are
unusual, they enter in the framework of elliptic systems and therefore, owing to the surjectivity of
a trace operator and an appropriate Green formula, we can deduce that the variational solution is
smooth if the datum is smooth. Conversely, for non-smooth domains, regularity results developed
for instance in [14, 11, 7, 16] cannot be directly applied to our system. Hence we here describe the
edge and corner singularities of the augmented problem by adapting the cascade method from [6]
(reduction to a lower triangular system). As in that reference, for the two-dimensional and three-
dimensional corner singularities, we find three types of singularities. Type 1 are exactly those of
the Maxwell system with perfect conductor boundary conditions, while those of type 2 or 3 are
fully different from the ones of [6]. The two-dimensional corner singularities are also characterized
with the help of the singularities of the Laplace equation with Dirichlet boundary conditions,
while in the three-dimensional case, new sets of singular exponents appear which are related to the
singularities of the Stokes system with Dirichlet boundary conditions. The three-dimensional edge
singularities are obtained with the help of two-dimensional singularities of the biharmonic operator
with Dirichlet boundary conditions, which are also well-known [24, 11] and of the two-dimensional
corner singularities.

The characterization of the edge singularities allows us to show that in polyhedral domains
the variational solution of the augmented problem is not in H3(2)? in general. But since our
problem is not easily localizable, we are not able to show that this variational solution admits a
decomposition into a regular part and an explicit singular one. We believe that such a result holds
but it requires more investigations. Conversely, in the case of domains with point singularities,
we can apply global regularity results in weighted Sobolev spaces described in section 8.2 of [16]
for instance. Such a result combined with our characterization of our variational space allows to
obtain a decomposition of the weak solution into a regular part and an explicit singular one. Un-
fortunately similar global regularity results in weighted Sobolev spaces are not available for fourth
order operators in polyhedral domains. This is again a question that merits to be investigated in
the future.

The paper is organized as follows: In section 2 we introduce some notations and some function
spaces. The augmented variational formulation is introduced in section 3, where its well-posedness
and its equivalence with the original problem are analyzed. Some regularity results of the varia-
tional space are also presented. The next section 4 is devoted to regularity results in the case of a
domain with a smooth boundary. In sections 5 and 6, we describe the edge and corner singularities.
Finally section 7 concerns regularity results in domains with point singularities.

2 Some notations and function spaces

In the whole paper € will be a bounded and simply connected domain of R3 with a connected and
Lipschitz boundary. Three cases will retain our attention:

Case 1. the domain has a smooth boundary;

Case 2. the domain has point singularities, i.e., the boundary is smooth, except at a finite
number of points ¢ € C, for which  coincides with a three-dimensional cone I'. in a sufficiently
small neighborhood of ¢. Such points will be called the corners of €;

Case 3. the domain has corner points and edges, namely the boundary is piecewise plane (i.e., its



boundary is a finite union of polygons). In such a situation, the boundary of € is smooth, except
at the corner points and along the edges. Hence we will denote by C the (finite) set of corners of €2,
and by & the (finite) set of edges. This means that in a neighborhood of a corner ¢, {2 behaves like
a three-dimensional cone I';, while near an interior point of an edge e, {2 behaves like a dihedral
cone C, x R. In this case we also say that €2 is a polyhedral domain.

For shortness, in the case 1, we set C = £ = (), while in the case 2, we set £ = ().

For a subset O of Q or of the unit sphere and a real number s, H*(O) is the usual Sobolev
space defined in O and for shortness we denote H*(0) = H*(0)3 and L?(0) = L?(0)3. The norm
(resp. semi-norm) of H*(O) (or H*(O)) will be denoted by || - ||s,0 (resp. |- |s,0); for s = 0, we
drop the index 0 and for O = ), we also drop the index 2. As usual H}(f2) is the subspace of
H'(Q) with a zero trace on the boundary. We further recall that

H(div,Q) = {ucL?*Q):divuc L*(Q)},
H(cur,Q) = {uecL?*Q):curl uecL*Q)},
Ho(curl,©2) = {ueH(cur,Q):uxn=0ondN},
)

Hy(curl, Q) N H(div, Q),
are Hilbert spaces with their natural norm. For further purposes, we set
H2(curl, Q) = {u € Hy(curl, Q) : curl u € Hy(curl,Q)},
which is again a Hilbert space with the norm
3 curs = a2 + || curlull? + | curl curl w2,
Let us denote by —Ap;, the Laplace operator with Dirichlet boundary conditions, defined by
D(—Apy) = {u € H}(Q) : Au € L*(Q)},

and
—Apjyu = 7AU,VU € D(*ADH).

It is well-known that this operator is a positive self adjoint operator, and that it is also an
isomorphism from D((—Ap;;)*) to D((—Api)*™1), for all s € R. In particular for s = %, as

D((=Api)2) = H(Q) and D((—Apy)~2) = H1(Q), for any g € H~1(Q), wy = (—Apir) g
belongs to Hg(£2) and is the unique solution of

/Qng -Vy = (9,y), Yy € Hy ().

For further uses, let us recall the following Green formulas

(2.1) /(Vu-v—l—udiv v) =0,Yu € H}(Q),v € H(div, ),
Q
(2.2) / (curl u-v —u-curl v) =0,Vu € Hy(curl,Q),v € H(curl, Q),
Q

see formula (1.2.17) of [9] for the first one and Remark 3.28 in [20] for the second one.



By Leibniz’s rule, one can show that for any (smooth enough) vector fields a and scalar field
q, we have

curl (qa) = gcurl a+ Vg x a,
V(a-x)=(rd, + 1)a+x x curl a,
curl (a x x) = (10, + 2)a — xdiv a,

curl (¢x) = Vg x x,
curl curl (¢gx) = (rd, + 2)Vq — xAq.
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Here and below, points of R? will be denoted by x (in the Cartesian coordinate system centred at
the origin) and r = |x| the distance from x to the origin, which is also the radial variable. Clearly,
O, will then mean the partial derivative with respect to r.

Note that the identity (2.7) is a direct consequence of (2.5) and (2.6).

Finally in the whole paper, the notation A < B is used for the estimate A < C B, where C
is a generic constant which does not depend on A and B. The notation A ~ B means that both
A < B and B < A hold.

3 Augmented variational formulation

The variational formulation of (1.1) from [25] consists in looking for u € Vj := {u € HZ(curl, Q) :
div u = 0} solution of

(3.1) /curlzu-curlsz:/f-V,VVEVb.
Q Q

This problem is well posed since the left-hand side of (3.1) is a coercive form on V (see Theorem
1 of [25]).

In order to relax the divergence free constraint in V[, we propose the following alternative
formulation. Introduce the space

(3.2) V= {u € H:(curl,Q) : div u € H}(Q)},
which is a Hilbert space with the norm
Hu”%/ = ”u”%,curl,ﬂ + ‘le llﬁ

The augmented variational formulation of (1.1) consists in looking for u € V solution of

(3.3) a(u,v) = / f-v,¥wvevy,
Q
where
(34) a(u,v) = / (curl curl u — Vdiv u) - (curl curl v — Vdiv v),Yu,v € V.
Q

Let us notice that a admits the equivalent expression

a(u,v) = | Au-Av,
Q



since for u € V, we have curl curl u— Vdiv u = —Au in D’(Q2)3 (and hence Au belongs to L*(Q)
as the sum of two elements of L2(()).

Before any further considerations, let us show that the space V' and the variational problem
(3.4) are invariant by translation and rotation.

Theorem 3.1 Let R be an orthogonal matrixz with determinant 1 and let ¢ € R? be fized. Let F be
the transformation from R? into itself defined by F(X) = RX+c, which corresponds to a translation
of ¢ and a rotation of R. Let Q= F=Y(Q). Then for any u € V, the vector field . defined by the
covariant transformation

(3.5) =R '(uoF)

belongs to R . .
V ={veH:(curl,Q) : div v € H}(Q)}.

Furthermore if u € V is a solution of (3.3), then & given by (3.5) is solution of
a(t, v) :/R‘l(foF)-57V<re v,
Q

where @ is defined as a with Q instead of .

Proof. It turns out that for a rotation matrix R the covariant and contravariant transforma-
tions coincide, hence by the chain rule, see for instance [4, p. 59-63], we have

div u = div 1, curl u = Reurl a,
V div u = RVdiv 1, curl curl u = Reurl curl ai.

The two assertions follow from these identities and the fact that u x n = 0 on 99 if and only if
axn=0ond) m

We now show that problem (3.3) is well posed and that it is equivalent to (3.1) is f is divergence
free.

Theorem 3.2 For any f € L2(Q), there exists a unique solution u € V of (3.3). The divergence
of this solution is the unique solution in HZ(Q) of

(3.6) / Vdivu-Vg= / (—Api) "t div fg,Vg € H}(Q).
Q Q

Hence in particular, it satisfies
(3.7) ~Adiv u= (—Apy) ' div f € H}(Q).

Consequently if £ is divergence free, then u is divergence free and is also the unique solution of
(3.1).

Proof. From (3.4), for any u € V, we have
a(u,u) = / | curl curl u — V div ul?
Q

= / | curl curl u|? + |V div u|? — 23‘[‘:/ curl curl u- Vdiv u.
Q Q



As curl curlu belongs to H(div,) and div u is in H}(Q2), by Green’s formula (2.1), we find that
/chrl curl u- Vdiva = 0.
This shows the identity
a(u,u) = /Q(| curl curl ul?> + |V div ul?),Yu € V.
Hence by Poincaré’s inequality in H{ (£2), we find that
(3.8) a(u,u) 2 /Q(| curl curl ul? + |Vdiv ul? + | div uf?),vu € V.
From Friedrichs’ inequality in X (€) (see Corollary 3.19 in [1]), we get
/Q | curl curl ul* > /Q(| curl curl u|? + | curl uf?),

because curl u belongs to Xy (€2). As u itself belongs to Xy (), applying again Friedrichs’ in-
equality in X (2), we find that

/(|curl uf? + | div uf?) Z/(|curl a2 + [div ul? + [u]?).
Q Q

The two previous estimates in the estimate (3.8) lead to the coerciveness of a on V', namely
2
a(u,u) 2 [[uly.

By Lax-Milgram lemma, we deduce the well-posedness of (3.3).
For the second assertion, it suffices to take in (3.3) a test function v = Vw,, with an arbitrary
g € HL(Q), where w, = (—Api;) " 'g. Note that w, also satisfies

—Awg =g,

in the distributional sense and hence div v = —g € H}(Q). Then we get

/(curl curlu — Vdiv u)-Vg:/f-ng.
Q Q

As curl curlu belongs to H(div, ) and is divergence free, by Green’s formula (2.1) in the left-hand
side, we find that

‘/QleV u- Vg = <d1V f;wg>H_1(Q),Hé(Q),

recalling that f is assumed to be in L?(Q). Since L?(f2) is the pivot space between H~1(Q) and
H(Q), we have

<diV f; wg>H71(Q),Hé(Q) = <d1V f; (_ADir)_lg>H*1(Q)ng(Q) = /Q(—ADir)_l(diV f)g



The two previous identities lead to (3.6). As this identity implies that
—Adivu = (—Apy,) "t div f,

in the distributional sense, we directly obtain (3.7) (since div f € H~1(Q)).

Finally if f is divergence free, the right-hand side of (3.6) is zero, consequenctly div u = 0, and
therefore u € Vy. Reducing (3.3) to test functions in V; leads to the fact that u is also solution of
(31). m

Corollary 3.3 For any f € L%(Q), the unique solutionu € V of (3.3) satisfies the boundary value

problem

Au=f in Q,
(3.9) divu=Adivu=0 on 0,
uxn=(curlu) xn=0 on d9,

Proof. By taking test functions v € D(Q2)? in (3.3), we directly find that
A?u = f in D'(Q).
The boundary conditions

divu=0 on 09,

uxn=(curlu) xn=0 on 09,
come from the fact that u is in V. Finally the boundary condition
Adiv u =0 on 09.

follows from the property (3.7). m
Before going on, let us notice that the boundary conditions

u xn = (curl u) x n =0 on 09,
in (3.9) implies
(3.10) curl u =0 on 0f.
Indeed, the first condition u x n = 0 implying
(curl u) -n =0 on 99,

combining this boundary condition with the second boundary condition (curl u) xn = 0, we obtain
that (3.10) holds.

It is easy to check that the system (3.9) is an elliptic system in the Agmon-Douglis-Nirenberg
sense, but its variational formulation is, a priori, not based on a closed subspace of H?(f2). Nev-
ertheless, let us show that its variational space V (and hence Vj) is indeed a subspace of H?(Q) if
the boundary of € is smooth and admits a decomposition into regular fields in H?(Q2) and singular
ones in the two other cases.



Lemma 3.4 If the boundary of Q is smooth, then V is a closed subspace of H2()). In the case 2
or 3, with the notations of sections 5 and 6 below (see also [6, §4]), we assume that

3 ) 1
(3.11) Ve€C, 3 ¢ Apirl'e) and 3 & Aneu(Te),
Ve € €, we €{§77 .
Then any u € V' admits the decomposition
(3.12> U = Upeg + Usging,

where Uyeg € H2(Q) while uging € V' \ H2(Q) is a sum of corner and edge singularities.

Proof. Fix u € V and v € Xy (). As div u belongs to H}(Q) and v is in H(div, ), Green’s
formula (2.1) yields
div udiv v = —/ Vdivu-v.
Q Q
Similarly as curl u is in Hy(curl,Q) and v is in H (curl, ), Green’s formula (2.2) leads to

/curlu~cur1\7:/0ur12u-\7.
Q Q

Taking the sum of these two identities, we deduce that u € V satisfies
(3.13) / (curl u-curl v +div udiv v) = / (curl® u — Vdiv u) - v, ¥v € Xn(Q).
Q Q

Therefore we can see u € V as the unique solution in Xx(Q) of (3.13). As curl®>u — Vdiv u
belongs to L2(£2), we can apply Theorem 4.7 of [6] to obtain a decomposition of u into a regular
field uyeg € H? (©) and a singular one Uging. Obviously in the case 1, this singular part does not
exist. m

Remark 3.5 If the assumption (3.11) does not hold, then a similar decomposition holds but with
e € H272(Q), for e > 0 small enough.

A direct consequence of the previous result is that in the case 2 or 3, V is embedded into
H?2(Q) if and only if the singular part is zero, and therefore if and only if the set of corner (resp.
edge) singular exponents Ay 1(I';) (resp. An1(WWe)) of problem (3.13) described in [6, §4] is empty.
But before stating such a result, let us show that if no edge singular exponent appears, then the
contribution of Aye,(T':) in the corner singular part disappears.

Lemma 3.6 In the case 2 or 3, with the notations of sections 5 and 6 below, assume that

(3.14) { VeeC, 5 & Apir(Te) and 5 & Aneu(Te),

Veeg,we<g.

Then u € V admits the decomposition (3.12) where uyeg € H?(2),
(3.15) Uging = 3 7 3 D denp, Vuph?,
ceC  Xe(—2,1):A\+1€AD(Te) P

Ne being a radial cut-off function equal to 1 near ¢ and zero in a neighbourhood of the other corner

points of 0, and for A € (—=2,1) such that A +1 € Api(Te), dexp € C and

(3.16) gz + > D ldeppl S llullv.

ceC he(—2,3):A+1€ADpi(Te) P



Proof. Using Lemmas 4.3 and 4.6 of [6] and since w, < 7, for all e € £, in the decomposition
(3.12), only corner singularities contribute to Uging, namely (again with the notations from section
6)

(3.17) Using = ch Z Zdi,l;,pvu%itl’p

c€C  Ae(—3,1)A+1€Apn(T,) P

Y > 3 d (T, x %),

ceC AE(—g,g)ﬁANeu(F/) p

where x. denotes any point of R? corresponding to the Cartesian coordinate system centred at c,

for A € (=32, 1) such that A+ 1 € Apy (), d§:71))\,p € C and for A € (—3,2) N Axeu(Te), dEQ;p eC.

But the essential boundary condition (3.10) implies that
(3.18) curl uging € H%(aQ).
From the previous splitting of ugine, we have

curl uging = Z Z Z dC A curl ( Vu’\D'l"rl’p)

ceC /\6(—575) A+1€Api(Te) P

+ Z Z ch . curl (nCVuiI’fu X xc) )

CEC )\6(_575) >\€ANeu(F ) p

By (2.3) and (2.5), we have

curl (nCVuIA)J{rl’p) = V. x Vupt P,
curl (chug’fu X xc) = A+ 1)Vu§’epu + V1, x (Vug’fu X X¢).

As ug';l’p is in H? far from ¢, we deduce that V), x Vu]):‘)'it,l’p belongs to Hz (9€). For the same
reason Vi, X (VUNP X x,) belongs to Hz (9Q). Hence the condition (3.18) implies that

3 3 ned (A + 1)V, € HE(99).

c€C xe(—1,1):2eANen(Te)

Since for each A € (—3, %) N Aneu(Te), Vugfu belongs to H*(99) if and only if s < A, we deduce
that dg\ =0 for all A € (—3,3) N Aneu(Te), all p, and all c. This means that (3.17) reduces to

(3.15) with dexp = d3 .
The estimate (3. 16) 1s relatively standard and is based on the open mapping theorem. For
completeness let us give its proof. Introduce the space

W = {(treg derp) € HA(Q) X CN ey + > 10 > D den, Vuptt e VY,
ceC  Xe(—32,3):A+1€ADi(Te) P

where N is the cardinal of the set of triples (¢, A, p) satisfying the above constraints. This space is
a Banach space with the norm

([ (reg, derp)lw = lltiregll2,0 + Z Z Z |dexpl,

ceC xe(—3,3):A+1€ADpi:(Te) P



because

A1,
[ > > denpyVups Pllv S (turegs desp) -

ceC  Xe(—2,3): A +1€Api(Te) P

Now introduce the continuous mapping

T:W =V (Ueg; derp) — Ureg + Zﬂc Z chyk,pvugiﬁl’p'

ceC  Ae(—2,3): A +1€Apu(le) P

Our first assertion means that 7' is surjective. Furthermore, T is injective because the functions
Vu]);i;l’p are linearly independent and do not belong to H?(2). Hence T is bijective and by the
open mapping theorem its inverse is also continuous, which proves (3.16). =

This result directly yields the

Corollary 3.7 With the notations of sections 5 and 6 below, assume that

(3.19) { veeC, (=53] N Apir(Te) =0 and § ¢ Ayeu(Te),
Vee &, we < 3.

Then V is continuously embedded into H%().

From point (b) of subsection 4.4.2 in [6], the assumption (3.19) holds if €2 is a convex polyheral
domain and w, < 7 for all edges e (recalling that the convexity of 2 implies that A > % for all
A € Aneu(Te)). As a consequence, the convexity of  is far from being sufficient to guarantee
the H? regularity of the solution of (3.3) (or (3.1)). Nevertheless, we always get the inclusion

V Cc Hzte (Q), with £ > 0 depending on the geometry of 2.

4 Regularity results in the smooth case

Even if system (3.9) is an elliptic system in the Agmon-Douglis-Nirenberg sense, it is a non standard
one and, to our best knowledge, the regularity H*(2) of its weak solution with f € L?(Q2) is not
directly available in the literature. Nevertheless, a priori error estimates are available owing to the
general theory of elliptic systems, leading to Fredholm property of the associated operator (see [16,
Thm 4.2.4]). Hence we are mainly reduced to study the cokernel of the associated operator. This
will be made via the surjectivity of the trace mapping from Lemma 4.1 below and the use of an
adapted Green formula.

In order to formulate the Fredholm property, we introduce the following operators: for any
¢ € N and u € H*(Q), if 7 is the standard trace operator, let us set

(4.1) Bu = ((yu) x n,y(curl u) x n,ydiv u,yAdiv u) ",
which clearly belongs to R’ := HéH(GQ) X HQ%M(@Q) x H3H(9Q) x H2+(09), where
L2(0Q) = {v € L?(09Q) : v -n = 0},

and for any s > 0,
H5 (09) = H*(0Q) N L2.(09).

10



Similarly for any u € H*(Q2) we denote by

Tu= (nx (yeurl Au) x n,n x (yAu) x n,yAu-n,yu-n)’,
Du = (yu,79nu,795u,795u) .

The system B alone is not a “Dirichlet” system (for each component of u) since Bu = 0 on
00 does not imply u-n = 0 on 99, but the full system (B,T) is a “Dirichlet” system as the next
Lemma shows. For shortness let us set

SO = H2(09) x H2(0Q) x H?(99Q) x H?(59).
Lemma 4.1 The mapping
(4.2) H'(Q) — R°x S°:u— (Bu,Tu)’
18 surjective.

Proof. We first notice that using a permutation matrix from C!6 into itself and for all x € 99,
the invertible relation

Qx:{ycC:y-nx)=0}xC—C>:(y,2)" = —y xn(x) + zn(x),
which yields Qx(u x n,u-n)" = u, there exists an invertible mapping P from R’ x S° to R :=
Hz (0Q) x H? (09) x H? (0Q) x Hz(dQ) such that

P(Bu,Tu)" = (yu,vycurl u x n,ydiv u,yAu,vcurl Au x n,~vdiv Au)T .
Hence it suffices to show that the mapping
M:H*Q) — R:u— P(Bu,Tu)’

is surjective. For that purpose, for all x € 99, if we denote by (71(x), 72(x)) two tangential vectors
to Q) at x such that the triplet {7 (x), 72(x),n(x)} forms an orthonormal basis of R3, then we
can notice that

2
Jdu
(4.3) curluxn = (nxdpu)xn+ Ezl(ri X 87'i> X n,
2 Ou
4.4 di = - Oy i .
(4.4) ivu n 8u+i§:1(7 3Ti)

This means that the pair (curl u x n,divu) is the sum of 9,,u and of tangential derivatives of u,
namely
(curl u x n,div u) = d,u+ Hyu,

where we can identify ((n x d,u) X n,n-9d,u) with d,u, because 9,u = (n x d,u) xn+ (n-J,u)n,

and we have set
2

Ju Ou
Hlu:Z(TiX 877'1) Xn,'f—i'aiTi)
i=1

11



which is only made of tangential derivatives of u. This observation implies that
Mu = (u,0,u+ Hyu, Au, 0,Au+ H;Au).
Since Leibniz’s rule yields

2
OnAu = Ad,u— (An-n)d,u — Z(An : Ti)@

i=1 O
we get
OnAu = 03u + Hy0,u + Hsu,

where the expressions

Hyu = (Hy— (An-n))u,
2

Hsu = - Z(An . Ti)%,

2
Hyu = Z ﬁu,

are only made of tangential derivatives of u.
In summary, we see that

Mu = Du + (0, Hyu, Hyu, (Hs + HHy)u + Hy0,u + H,0%u)

and consequently
Mu = (ho, hl, hQ, hg) € R,

if and only if
Du = (gOaglagQag?)) S R,

with the (invertible) relation

g0 = hy,

g1 = h; — Hihy,

g2 = hy— Hjhg,

g3 = hz— (H3+ HHy)hg — Hohy — Hhs.

As a standard trace theorem (see for instance [11, Thm 1.5.1.2]) shows that the mapping D is
surjective from H*(Q) onto R, M inherits the same property. m

Clearly there exist two 8 x 12 matrices @ and R of tangential differential operators such that
(4.5) Bu = QDu,Tu = RDu,Vu € H*(Q).

Let QT (resp. RT) denote the adjoint operator of @ (resp. R) in the sense that

Qu-v = / u-Qtv, Ru-v = / u-RTv,Yu e C®(00)'2 v e (C(002))5,
re) o9 0 1)
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where
(C=(00))% = {(v1,V2,V3,v4) € CZ(IN)® : v -n=vy-n =0}

Then we introduce the boundary operator
(4.6) P=R'B-Q'T.
We are ready to state the next Green formulas.

Lemma 4.2 For any u € H(Q), v € H?(Q2), we have

(4.7) a(u,v) = /QAQu-\_/

+ / (divAuv-n— Au-ndivv — curl Au- (v xn) — Au- (curl v x n)).
o9

Furthermore for any u,v € H*(Q), we have

(4.8) /AQu-wr/ Bu~T\7:/u~A2x7+/ Tu - Bv,
Q o Q oN

(4.9) /AZu-V:/u~A2\7+ Du - Pv.
Q Q oN

Proof. The first identity is a simple application of standard Green’s formulas (see for instance
the identities (1.2.17) and (1.2.22) in [9]). The identity (4.8) follows from the first one by noticing
that a(u,v) = a(v,u). The identity (4.9) is a re-writting of (4.8) by using the expressions (4.5)
and (4.6) and recalling the definition of @ and R*. m

Now for any ¢ € N, we introduce the operator

Ag: HY(Q) — HYQ) x R : u — (A%u, Bu),

which is clearly a linear and continuous operator. By Theorem 4.2.4 of [16], A, is a Fredholm
operator; its kernel consists of smooth functions and its cokernel is made of smooth functions
(v, v) solution of the homogeneous adjoint problem (4.10) described below. Concerning the kernel
of Ay, any u € ker A clearly belongs to V' and owing to (4.7), one obtains

a(u,u) = 0.

By the coerciveness of a, we deduce that u = 0 and consequently the kernel of A, is reduced to
{0}.

Let us go on with the characterization of the formal adjoint of A,. Comparing the identity (4.9)
with the identity (4.2.14) from [16], owing to the Definition 4.2.3 of [16], we see that the formal
adjoint of system (3.9) consists in (v,v) € C*(Q)3 x (C*°(9£))% solution of

Av=f in Q,
(4.10) { Pv+Qtv=g ondQ.

We now make the relationship between the kernel of this adjoint problem with the kernel of
Ap.

13



Lemma 4.3 (v,v) € C®(Q)? x (C*(0Q))% is a solution of

2 _ .
(4.11) { A*v=0 mn €,

Pv+QTv=0 onoQ,

if and only if
A%v=0 m €,
Bv=0andv=Tv on 0S2.

Proof. From the definition of P, for all u € H*(Q) and (w,w) € C*(Q)3 x (C>=(99Q))%, we have

Du~(Pw+Q+@)=/ Tu-Bw + Bu- (w — Tw).

oN o0

Hence for a solution (v,v) € C*®(0)3 x (C*°(9))% of (4.11), we get
0= Du- (Pv+ Q1) = / (Bu,Tu) - (T — TV, B¥) = 0,Yu € H*(Q).
a0 o0
The conclusion follows, as Lemma 4.1 implies that the range of the mapping (4.2) is dense in
(L2(69) x L2(0Q) x L2(Q) x L2(0Q))°. m
Corollary 4.4 If (v,v) € C®(Q)? x (C*(0Q))% is a solution of (4.11), then (v,v) = 0.
In conclusion we have proved the next result.

Theorem 4.5 For all ¢ € N, the operator Ay is an isomorphism.

Corollary 4.6 Let f € HY(Q), with £ € N, then the weak solution u € V of (3.3) belongs to
H4+£(Q).

Proof. By Theorem 4.5, there exists a unique solution u € H*(Q2) of (3.9). But due to (4.7),
we have

a(u,v) :/f-V,VVEV.
Q

Since u belongs to V, this means that u is the unique weak solution of (3.3). m

5 Edge singularities

In this section, we assume that (2 is a polyhedral domain. Our goal is to describe the edge
singularities of problem (3.9). Let us then fix an edge e of 2, hence near an interior point of e,
up to a translation and a rotation, €2 behaves like W, = C. x R where C. is a two-dimensional
cone centred at (0,0) of opening w, € (0,27), with w. # 7. Below we will also use the polar
coordinates (r,0) in C, centred at (0,0). Let us recall that the set Ap;.(Ce) of singular exponents
of the Laplace operator with Dirichlet boundary conditions in C. is defined by

Apin(CL) = {Zi ke Z\ {0}).
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For convenience, when no confusion is possible, we will drop the index e. Asusual, for A € C, the
edge singularities are obtained by looking for a non-polynomial solution u = r* ZqQ:O(ln )904(0)
(hence independent of the 3 variable) of (cfr. Theorem 3.1 and (3.9))

A?u=F in C x R,
(5.1) divu=Adivu=0 on 0C x R,
uxn=(curlu) xn=0 ondC xR,

F = (f, f3) being a polynomial in the x1, zo variables. In this way, we see that the third component
ug satisfies

AQU3 = f3 in C,
(5:2) { uz = % =0 ondC,

while the pair v = (u1,u2), made of the first two components of u, satisfies

Av=f in C,
(5.3) divv=Adivv=0 ondC,
vet=curlv=0 on OC,
which is the two-dimensional version of (5.1) .
The singularities of problem (5.2) are described in [11, Chap. 7] for instance (see also [24]),
where it is shown that a function ug of the form r*¢(6) is a solution of (5.2) with f3 = 0 if and
only if A is a root of

(5.4) sin?((A — Dw) = (A — 1)?sin w.

It is shown in [8, §5.1] (see also [11, Lemma 7.3.2.4]) that the strip R € [%, 2] does not contain
roots of (5.4) except A = 1 if w € (0,27), while the strip A € [1 — T,1 + ] does not contain
roots of (5.4) except A =1 if w € (0, 7). The case when f3 is a non-zero polynomial corresponds
to integer exponents and will be treated below.

As in [6], the singularities of system (5.3) are obtained by introducing the scalar variables
q = div v and ¥ = curl v. In this way, we find the equivalent system

(5.5a) A%g =divf in C, with ¢ = Ag =0 on 9C,
(5.5b) Acurl v = —VAgq in C, with ¢ =0 on 9C,
(5.5¢) curl v=1,divv=¢in C, with v-t =0 on 9C.

5.1 Non-integer exponents

If X is not an integer, then f = 0 and three types of singularities appear for system (5.5):
Type 1: ¢ =0, v» = 0 and v general non-zero solution of (5.5¢).
Type 2: ¢ =0, 1 general non-zero solution of (5.5b) and u particular solution of (5.5¢).
Type 3: ¢ general non-zero solution of (5.5a), ¥ particular solution of (5.5b) and u particular
solution of (5.5¢).
The singularities of type 1 correspond exactly to the singularities of type 1 in [6, §5.b], where
it is shown that X is such that A +1 € Ap;,-(C) and v = V® with & = r*T1sin((A+1)6), as \ € Z.
Let us now analyze the singularities of types 2 and 3.

Lin the whole section, except in the last Theorem 5.8, when the operators V, div, curl and A are applied to
functions of the variables 1 and z2, they correspond to the two-dimensional operators
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Lemma 5.1 Ifw # 37”, X &€ Z is a singular exponent of type 2 of the system (5.3) if and only if
A—=1€ Ap;(C). Ifw= 3L, there is no non-integer singular exponent of type 2 for system (5.3).

Proof. For a singularity of type 2, as ¢ = 0, by (5.5b), ¢ satisfies
Acurl ¢ =0 in C, with ¥ =0 on 9C.
Since A curl ¢ = curl Ay, we deduce that there exists a constant ¢ such that
Ay =cin C.

As At behaves like 7273 and we look for a non-integer exponent A, ¢ has to be zero. Therefore 1)
is solution of

(5.6) Ay =01in C, with ¢ =0 on 0C.

This means that a non-zero solution 1) exists if and only if A — 1 € Ap;-(C) and
Y =1 "tsin((A — 1)6).

Now by (5.5¢), v has to satisfy

(5.7) curl v =r*"Lsin((A — 1)8),div v =0 in C, with v-t =0 on 9C.

But we readily check that the function vq = (—x29, x17)) satisfies

1

1
curl vg = 1.

Therefore by setting vi := v — v, (5.7) is equivalent to

(5.8) curl vi =0,div vi = —divvg in C, with v; -t =0 on 9C.

As C is simply connected, there exists a scalar function ® such that vi = V® so that (5.7) reduces
to

(5.9) A® = —divvy in C, with ® =0 on 9C.

As div vy = 72" 1x(0) for some smooth function x, we deduce that this problem has a solution ®
in the form r*1p(#) if and only if A + 1 does not belong to Ap;.(C) or A+ 1 belongs to A p;,(C)
but

(5.10) / " (0) sin((A+ 1)0) d = 0.

We now notice that A — 1 and A + 1 both belong to Ap;,(C) if and only if w = Z or 2F. Hence if

wé {3, 37”}, we find a solution ® and hence v. Otherwise, if w = 37’7, then easy calculations show
s

that (5.10) does not hold, and therefore A is not a singular exponent. Note that the case w = 5
leads to integer exponents and is here excluded. m

Lemma 5.2 If w # 37“, A € Z is a singular exponent of type 8 of the system (5.3) if and only if
(5.11) A—=1€Api(C) or A —3 € Ap;r(C).

Ifw= 37“, A € Z is a singular exponent of type 3 of the system (5.3) if and only if \—1 € Ap;(C).
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Proof. For a singularity of type 3, ¢ = 7*~1Q(#) is a general solution of (5.5a), i.e.,

(5.12) A%¢=01in C, with ¢ = Ag =0 on 0C.

By the results from [22, §3.2.2], a non zero solution ¢ exists if and only if either A — 1 belongs to
Apir(C) and Q(0) = sin((A — 1)8) or A — 3 belongs to Ap;-(C) and Q(#) = sin((A — 3)0).

Let us now treat the two cases separately.
a) If A\—1 € Ap;-(C), then ¢ is harmonic and therefore, we can take 1) = 0. Hence (5.5¢) becomes

curl v =0,div v =r*"1sin((A — 1)8) in C, with v-t =0 on 9C.
As before this means that v = V® with
(5.13) A® =" Lgin((A —1)0) in C, with ® =0 on dC.

A solution ® = r**1p(0) always exists. Indeed either A + 1 € Ap;-(C) and then it is direct, or
A+ 1€ Ap;-(C) and its existence follows from the orthogonality property:

/w sin((\ — 1)0) sin((A + 1)0) df = 0.
0

b) If A — 3 € Ap;(C), then ¢ is no more harmonic, but

Ag = 4(X — 1)Spir,
with Spiy = r* 3 sin((A — 3)8), hence (5.5b) becomes

curl Ay = —4(X — 1)V Spy; in C, with ¥ =0 on 9C.

But simple calculations show that

VSpir = — curl Sneu,
with Sneq = 773 cos((A — 3)6). Consequently

curl Ay = 4(A — 1) curl Syey in C,
and since A is not an integer, v is solution of
Ath) = 4(A — 1)SNeu in C,; with ¢ =0 on 0C.

If A\ —1¢ Ap;(C), we find ¢ in the form 7*~1¥(6), otherwise (which holds if and only if w €

Z,3%}) we do not find a solution in this form since

/ cos((A — 3)0) sin((A — 1)8) d # 0.

0

In the first case, by (5.5¢c), v has to satisfy

(5.14) curl v =1,div v=¢ in C, with v-t =0 on 9C.

As vg = )\%rl(—xgw, x11)) satisfies curl vg = 9, by setting v := v — vy, (5.14) is equivalent to

(5.15) curl vi = 0,div vi = ¢ — divvg in C, with vi -t =0 on 9C.
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As C is simply connected, there exists a scalar function ® such that v; = V® so that (5.15) reduces
to
Ad =g —divvy in C, with ® =0 on 9C.

As before, we deduce that this problem has a solution in the form r**1p(6) if either A+ 1 does
not belong to Ap;.(C) or if A+ 1 belongs to Ap,,(C) with the constraint

(5.16) /0 " 90(0) sin(A +1)0) d0 = 0,

since an easy calculation shows that

A—1
q—divvy =71 (sin((/\ —3)0) — M(’“)g\ll(e)) .
The second case holds if and only if both A —3 and A+ 1 belong to Ap;-(C), which is possible
only if w = L, for j =1,---,7 and in that case, A = 3 + 47.’“, with k € Z*. In such a situation, we
have to check if (5.16) holds or not. To do so, as A — 1 is not in Ap;-(C), we notice that

(A = D) (og((2 = B)w) — cos(A - D),

(0) = a|(cos((A — 3)0) — cos((A — 1)0)) + sn((h—1)w)

with o = m. This expression and simple calculations allow to show that (5.16) holds, if w = jf,
for j = 3,5 or 7. Since the other cases are excluded, the proof is complete. m

5.2 Integer exponents

If X is a non negative integer, again three types of singularities appear for system (5.5):

Type 1: ¢, ¥ polynomial and v general non-polynomial solution of (5.5¢).

Type 2: ¢ polynomial, ¢ general non-polynomial solution of (5.5b) and u particular solution of
(5.5¢).

Type 3: ¢ general non-polynomial solution of (5.5a), 1 particular solution of (5.5b) and u par-
ticular solution of (5.5¢).

The singularities of type 1 are treated in [6, §5¢], where it is shown that A is such that A+ 1 €
Apir(C)\ {2} and v = V@ with ® = r* T (Inrsin((A + 1)8) + 0 cos((A + 1)8)) + px, where py, is a
polynomial of degree .

Let us go on with the other singularities. First for any n € N, we define Q™ as the space of
homogeneous polynomials of degree n, and set Q™ = {0} if n is a negative integer.

Lemma 5.3 A € N\ {0,1,2} is a singular exponent of type 2 of the system (5.3) if and only if
A—1€ Ap;-(C). X €{0,1,2} is not a singular exponent of type 2 of the system (5.3).

Proof. For a singularity of type 2, as ¢ € Q*~1, by (5.5b), 1 satisfies
Acurl ¥ € Q** with ¢ = 0 on dC.
Since A curl ¢ = curl Ay, we deduce that

Ay e Q2 with ¢ = 0 on 9C,
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if A >3 and
Ay =0 with ¢» =0 on 9C,
it A< 3.

In the first case, a non-polynomial solution ¢ exists if and only if A — 1 € Ap;-(C) (see [7,
§13.C]). Now by (5.5¢), v has to satisfy

curl v=1,divv=¢in C, with v-t =0 on 9C,

and the arguments of the end of the proof of Lemma 5.1 allow to conclude the existence of such a
V.

The case A = 1 yields ¢» = 0, while in the case A = 0 (resp. 2), a non-zero solution v exists if
and only if —1 € Ap;,-(C) (resp. 1 € Ap;-(C)), which is excluded by the assumption w, # 7. ®

Lemma 5.4 )\ € {0,1} is a singular exponent of type 3 of system (5.3) if and only if A —3 €
Apir(C). 2, 8 and 4 are not a singular exponent of type 3 of system (5.3). A € N with A > 5 is a
singular exponent of type 8 of system (5.3) if and only if (5.11) holds.

Proof. For a singularity of type 3, ¢ has to be a general non-polynomial solution of (5.5a), i.e.,
A%q e Q*°, with ¢ = Ag =0 on dC.

For A < 4, this reduces to (5.12) and by the proof of Lemma 5.2, a non-zero solution ¢ exists if
and only if A —1 € Ap;(C) or A — 3 € Ap;(C). The case A — 1 € Ap;,.(C) is either excluded or
gives rise to a polynomial solution g. The case A — 3 € Ap;-(C) gives a non polynomial solution
for A\=0or 1.

If Ais > 5, we consider the mapping

A?:{qgeQ t:q=Ag=00n0dC} = Q P :q— A%

As {g € Q' :q= Aq=0o0n09C} and Q*~° have the same dimension, this mapping is onto if
and only if it is injective. Since the injectivity holds if and only if (5.11) does not hold, we find a
non-polynomial solution ¢ if and only if (5.11) holds.

The existence of ¢ and v is obtained with the help of the arguments of the proof of Lemma
52. m

Let us finish this subsection by looking at the integer singular exponents of problem (5.2).

Lemma 5.5 )\ € N is a singular exponent of problem (5.2) if and only if X is a root of (5.4).

Proof. For A € N with A < 3, the right-hand side f3 of (5.2) is a polynomial if and only if f3 = 0.
Hence A is a root of (5.4) and the question is whether ug is a polynomial or not.
For A =0 or 2, ug is in the form

us(r,0) = 1 (c1 + 20 + c35in(26) + ¢4 cos(26)),

with ¢; € C, i =1,2,3,4. But ¢y is different from zero, otherwise the boundary conditions in (5.2)
would imply that wug is zero. Consequently us is not a polynomial.
For A =1, us is in the form

(5.17) ug(r,0) = r(cysinf + ca6sin 0 + c3 cos § + c46 cos ),
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with ¢; € C, i = 1,2, 3,4. For the same reason as before, we can check that (cg,c4) # (0,0), whence
ug is not a polynomial.

Finally 3 is not a root of (5.4), because w is different from 7 and 27.

In the case A € N with A > 4, one easily shows that the set

QZ%Dir ={veQ@:v=0,v=00ndC}
has the same dimension than @*~*. Therefore the operator
Q22,Dir — QA74 LU — A2'LL,

is bijective if and only if A is not a root of (5.4). As the kernel of the above operator is not reduced
to zero, a non-polynomial solution of (5.2) with f3 € Q*~* always exists. m

5.3 Conclusion

Up to now we did not take into account the regularity constraints on u coming from the augmented
variational formulation. For that purpose, we introduce the sets

L} (C*):={ve L} (C):veL*(CnB(0,R)),VYR > 0},
H} (C*):={ve H..(C):ve H(CNB(0,R)),YR > 0},

their vectorial form being defined in the same way. Hence the additional constraints on the solution
u of (5.1) are

ucL? (C%),curl u € L (C*),curl curl u € L}, (C*) and div u € H..(C*).

In terms of v and ug, this means that

(5.18) uz € L2, (C*), Auz € L}, (C*),

and

5.19 vel? (C*),curlve H (C*),divve H- (C).
loc loc loc

These constraints eliminate some of the singular exponents highlighted before. Indeed the first
constraint in (5.18) or (5.19) yields ®A > —1. The consequences of the other constraints are
summarised in the next Theorem. Before, let us set

Sp:={A € C: \is aroot of (5.4) with R\ > 1},

Sq = {)\ER\{l} :A>—land A +1 EADZ'T(C)},
Sy:={AeR\{2}: A>1and A\—1€ Ap;(C)},

Sy(w) = A € R\ {2,3,4} : A> 1 and A— 3 € Apun(C)}, if w # 37”

while S5(2F) = 0.
Theorem 5.6 The set of singular exponents of system (5.1) with the constraints (5.18) and (5.19)
18

Sb @] Sl U SQ U Sg(w).
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Proof. For uz, we have to see the consequence of the second constraint in (5.18). But we notice
that Aus behaves like 7*~2 hence it is in L2 (C*) if either R\ > 1 or (A = 1 with Aug = 0). In

loc
this second case, easy calculations from (5.17) yield

Auz = 2r_1(02 cos @ — ¢y 8inb).

Since the functions cos § and sin § are linearly independent (in L?(0,w)), we have
/ ez cos @ — cysinf|* df > 0,
0

because (ca,c4) # (0,0). Consequently r~!(cacosf — cysinf) cannot be in LZ (C*), hence this
singularity has to be excluded.

For v, the second and third constraints in (5.19) mean that
qc€ Hll()P(C’*) and ’l:b € Hlloc(é*)'

This yields no more constraint than A > —1 for the singularities of type 1. Otherwise, for singu-
larities of types 2 or 3, this implies that A > 1, hence the conclusion.

Corollary 5.7 For any s > 2, there is no edge singular exponent associated with e € £ in the strip
RA € (1,5 1] if and only if we < %.

Proof. For the set Sy, this follows from [8, §5.1] which shows that for w,. € (0,7), any root A of
(5.4) such that RA > 1 satisfies RA > 1+ 7-. Now any A € Sy is given by

k
A=-Z 1,
We
with £ € N*. Hence we find the condition
— >SS
We
Similarly any A € Ss is given by
km
A= —+1,
We
with £ € N* and we find here the condition
s > 5 —2.
We
Finally, if w, # 37”, A € S5 is given by
k
A="Z13,
We

with k € Z* such that k£ > — 2:6 . Since we have already found the constraint w. < %, the quantity
—2% is larger than —% > —1. Hence only positive integers k have to be considered and for such

k, we have
k
A=243>1 435543
We We
]
From this result we will deduce that in the case of a polyhedral domain, the variational solution

of problem (3.3) does not belong to H3(£2) in general, namely we show the next result.
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Theorem 5.8 Assume that Q is a polyhedral domain. Then there exists F € H=Y(Q) NV’ such
that the solution u € V' of

(5.20) a(u,v) =F(v),Vv eV,
does not belong to H3(Q).

Proof. We first show that there always exists an edge e such that w. > 7. Indeed for a fixed
corner ¢ of €2, consider the section G of the cone T', which coincides with Q near ¢ (see section 6
below). This section has N, corners which correspond to the edges e;, i = 1,--- , N, of  having

c as extremity. Then by the local Gauss-Bonnet theorem, we have
Nec
Zwei = (Ne = 2)7 + |Gel,
i=1

where |G| is the area of G.. Hence wpax = max;—1,... n, We, satisfies
Ncwmax Z (Nc - 2)777
and since N, > 3, we get Wmax > 5, which proves the assertion.
If one edge e has an opening w, > 7, by Lemma 3.4 (see also Remark 3.5), any element of V'
is even not in H?(€2). Hence we can now assume that € has one e € £ such that § <w, < % and

2
for shortness, set A = 7~ — 1, which belongs to (1,2]. From our previous considerations, we know

e

that the function U» = (V3 (r**!sin((A +1)8)),0) " is an edge singularity of our problem along
e 2. To localize it, we fix a cut-off function ny depending only on 7 and another cut-off function
71 depending only on the xz-variable (the edge one) such that 71 = 1 near an interior point of e.
Both are fixed with a sufficiently small support such that ngn; is zero on all faces of 2 except the
two ones having the edge e in common.

In that way we consider 79m; U which does not belong to V because by (2.3)

)

(5.21) curl (770771U)‘) = (771V2770,7]063771)T x U

which is not zero on the boundary of Q2. Hence we need to correct it appropriately. Therefore we
look for r € H3(Q) such that

r=20 on 012,
divr=0 on 0,
curl r x n = curl (nyn; U*) x n on 0.

But using the expressions (4.3) and (4.4) on each face, this system is equivalent to

r=0 on 01,
n-o,r=20 on 012,
(n x 9,r) x n = curl (nym; U*) x n on 9.

This means that it suffices to require that

{r:O on 0f,

(522) Opr = curl (nonlU’\) xn on Of).

2In this proof, the index » means the two-dimensional version of the differential operator, if no index is used then
it is the standard three-dimensional operator
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But the identity (5.21) implies that the restriction of curl (n9m; U) x n on each face F of Q belongs
to H? (F)NH)(F) and its tangential derivatives are in Hz (F)3. Consequently by the trace theorem
from [10], there exists r € H3(f) satisfying the boundary conditions (5.22).
Therefore the function
u)‘ = Uo’r]lU)\ —r

belongs to V but not in H3(£2) because 797, U* belongs to H?(£2) but not to H?(Q) since A € (1, 2].
It then remains to show that it is the solution of problem (5.20) with an appropriate right-hand
side. But Leibniz’s rule and the fact that U* is harmonic imply that

A(nOmU’\) = 27]18T7708TU’\ + 771A27;0U’\ + noagmU)‘.

The assumption A > 1 guarantees that 79027, U belongs to H2(f2) and since U* is smooth far
away from the edge, we deduce that A(nn; U) belongs to H2(Q2). With the regularity of r, Au’
then belongs to H'(Q2). Now for v € V, curl v belongs to Xx(f2) and div v is in H{(f2), and
Green’s formulas (2.2) and (2.1) lead to

/ Au’ - curl curl v = / curl Au? - curl v,
Q Q

/Au)“Vdivv:f/div Au? div v.
Q Q

The difference of these two identities directly furnishes (5.20) with
F(v) = —/ (curl Au* - curl v + div Au? div v),
Q

which is indeed in H-1(Q)NV’. =

Remark 5.9 For F € H }(Q) NV’ the maximal regularity that the variational solution u of
(5.20) can have is H?(Q2) because A%?u = F in D'(Q)3. Theorem 5.8 asserts that such a maximal
regularity does not hold in general. Furthermore if Q2 has an edge e with an opening w, € [%, %),
then similar arguments show that there exists f € L2(Q) such that the solution u € V of problem
(3.3) does not belong to H*(Q).

6 Corner singularities

In the case 2 or 3, let ¢ be a corner of €2, I'. be the three-dimensional cone which coincides with £ in
a neighbourhood of ¢ and let G, be its section with the unit sphere. For shortness, if no confusion
is possible, we will drop the index ¢. As usual we denote by (r, 1) the spherical coordinates centred
at c. Then we look for corner singularities u in the form u = r*U(¥), with A € C such that
RN > —1 and U € L?(G), which is solution of

A’u=0 inT,

(6.1) divu=Adivu=0 on OT,
uxn=(curlu) xn=0 ondl.
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As in [6], we introduce the auxiliary variables ¢ = div u and ¥ = curl u and can re-write the above
system in the equivalent form

(6.2a) A?¢=0inT, with ¢ = Ag=0 on dT,
(6.2b) Acurl ¢p = —=VAgq,divy =0in ', with ¢p =0 on OT,
(6.2¢) curlu=1,divu=g¢in T, withuxn=0 on JT.

Then as in section 5, three types of singularities appear:
Type 1: ¢ = 0, ¥» = 0 and u general non-zero solution of (6.2c). This case corresponds to
singularities of type 1 in [6] and are described in Lemma 6.4 of [6].
Type 2: ¢ =0, ¥ general non-zero solution of (6.2b) and u particular solution of (6.2c).
Type 3: ¢ general non-zero solution of (6.2a), ¥ particular solution of (6.2b) and u particular
solution of (6.2c).

Remark 6.1 The general case where the right-hand side in the first identity of (6.1) is replaced by
a polynomial F of degree A — 4 is not treated here because for A < 4, divF = 0 (which corresponds
to (6.2)) and the knowledge of the corner singular exponents in the strip R\ € (—2,5) allows to
analyze the regularity H*T2(Q) of our solution up to s+ 2 < 6.5, which is more than the expected
maximal regularity with a datum in L2?(Q2). Furthermore the knowledge of the corner singular

exponents of (6.1) allows to state regularity results in weighted Sobolev spaces (see section 7).

The singularities of types 2 and 3 are fully different from those from [6] and are described below.
For that purpose, we recall the corner singularities of the Laplace operator with Dirichlet (resp.
Neumann) boundary conditions in T', see [11, 7, 6] for instance; as well as the corner singularities
of the Stokes system with Dirichlet boundary conditions in T, see [8, 18, 17, 19]. We first denote by
L2 (resp. LY°") the positive (resp. non-negative) Laplace-Beltrami operator with Dirichlet (resp.
Neumann) boundary conditions on G. Recall that Lgir and Lgeu are self-adjoint operators with a
compact resolvent in L?(G), hence we denote by o(L2") and o(LY") their respective spectrum.
Then we make the following definition.

Definition 6.2 The set Ap;;(T') of corner singular exponents of the Laplace operator with Dirichlet
boundary conditions in I is defined as the set of A € C such that there exists a non-trivial solution
¢ € Hy(G) of

(6.3) A(r*p(9)) = 0.

We denote by ZJ,. the (finite) set of such solutions and fir a basis {ug’i’; gg;‘”, with Npiy(A) €
N\ {0}. Similarly, the set Anen(I') of corner singular exponents of the Laplace operator with
Neumann boundary conditions in T' is defined as the set of A € C different from —1, such that
there exists a solution p € HY(G) of (6.3) with Neumann boundary conditions:

On(r*p) =0 on IT.

We denote by Z3,, the set of such solutions and fix a basis {ug’fu}ggf“(k), with Nnew(A) € N\ {0}.

Due to the relation
A = (r9,)* + (r0,) + Ag,

for any A € C and ¢ € H'(G), we have
(6.4) A(rip) = 2L,
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where
(6.5) L)y =Agp+ XA+ 1),

with Ag the Laplace-Beltrami operator on G. Consequently, the sets Ap;(I') and Aneun(I) are
related to the spectrum of L2 and LY as follows (see |6, Lemma 2.4]):

1 1 .
Api(T) = {—ii\/N‘FZZHEU(Lg”)}a

MvealD) = {=g 4\ fn+ 7 € o(LE\ (0},

For A € Ap;(T'), the elements of Zgir are related to the set Vp;, (A) of eigenvectors of Lgir associated
with g = A(A + 1) via the relation

Ziie = {re 1 9 € Vo (M)}
The same holds for A € Aneu(I'), namely
Zléfeu = {7)\90 tp e VNeu(/\)}a

where Ve () is the set of eigenvectors of LYY associated with u = A(A + 1).

Remark that for A ¢ Ap;, ('), the operator £()) is an isomorphism from Hg(G) into H~1(G),
we then denote its inverse by Lpi(\) L.

Now let us recall that V1 is the tangential component of the gradient on the unit sphere, while
divy is the adjoint of —V 7, namely for a distribution u, we define

(divy u, @) = —/ u- Vrypdo, Vo € D(G).
a

Further for a vector field ¢ defined on G, we denote by v, = 1 - ¥ its radial component, while
Y =1 — 1,9 is its angular component.
For any ¢ € H}(G) and any X\ € C, we recall that

(6.6) V(rte) =gV,
where for shortness, we have set

9N = Vo + Apd.
Similarly for v € H}(G) and any A € C, we notice that

(6.7) div (r*v) = r* " td(\)v,
(6.8) curl (r'v) = r*“le(\)v,

where we have set
dN)v =divpvyr + (A+2)v- 9, c(A\)v=Vr x v+ A xv.

Let us go on with the description of the corner singularities of the Stokes system with Dirichlet
boundary conditions in T.
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Definition 6.3 The set Ag(I") of corner singular exponents of the Stokes system with Dirichlet
boundary conditions in T is defined as the set of A € C such that there exists a non-trivial pair
(v,p) € HY(G) x L*(G) solution of

A(r? v( ) +V
(6.9) { div (v (1)) =

(r=1p)=0 inT,
0 in I

For X\ € As(T), we denote by Vs()), the space of non-trivial solutions (v,p) € HY(G) x L*(G) of
(6.9).
Due to the relations (6.4), (6.6), and (6.7), we see that (6.9) is equivalent to
Ls(A)(v,p) = (0,0),
where we have set
Ls(N)(v,p) = (Agv+AA+1)v +g(A = 1)p,d(A)v).

As before, for A ¢ Ag(T), the operator Lg()) is an isomorphism from H} (G) x L?(G) into H™1(G) x
L?(G), see [17, Thm 5.2.1], hence we will denote its inverse by Lg(\)~!.
We also need to introduce two subsets of Ag(T"), namely

Asg(T) = {AeAs(T): A+2¢ Api(T)},
Ase(T) = {AeAs(T): A+2 € Api(T'), and satisfying
(g, p0) € Vs(A) \ {0} : (9 - c( M)y, T)e = 0,Y7 € Vpir (A + 2)}.

The first case is a generic one, while the second one is an exceptional one.
We are now ready to characterize the corner singularities of type 2.

Theorem 6.4 A complex number A, with R\ > 1/2 is a corner singular exponent of type 2 if and
only if A\ —1 € A®(T) := Agy(T) U Age(T).

Proof. For a singularity of type 2, as ¢ = 0, by (6.2b), 1 = r* 1y, with 1, € L?(G) satisfies
(6.10) Acurl ¢ =0,divep =0in T', with ¢» =0 on OI.
This implies that curl 4 is regular in I'. As A curl ¥ = curl A, we deduce that
curl Ay =0.

Therefore there exists p such that
(6.11) AYp=—-VpinT,
with p = 25 (A%) - x if A # 2, due to (2.4), otherwise (see the identity [6, (6.11)])

p(r,9) =1~ 1p(d),

with ¢ € L% (G). As A¢p = —curl curl 4, p is regular in I' and since Ay belongs to H™(X)
(where ¥ = {z € T : |z| € (1,2)}), by Corollary 1.2.2 of [9], we deduce that p € L?(X). Hence, in
both cases, we have

p=1""2po(¥)
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with Po € L2(G)
By (6.10) and (6.11), we deduce that the pair (¢,p) = (r*"14py,7*"2pg) is solution of the
Stokes problem

AYp+Vp=0 inT,
(6.12) divy =0 in T,
P =0 on JI'.

Hence a non-trivial solution exists if and only if A — 1 belongs to Ag(T").
Once v is known, it remains to find u solution of (6.2¢) with ¢ = 0, namely

curlu=1,divu=0in T, with uxn=0on JI'.

But (2.5) yields
curl (¢ x x) = (A4 1),

and therefore

curl (u — %Hw x x) = 0.

Hence there exists a scalar field = = r*1¢ with ¢ € H}(G) such that

1
u— —— xx=VE.

A+1
The divergence free property of u then gives
1
A=E = —)\+1div('«,b X X) :—)\+1(x~curl ),
which is equivalent to
1
LOA+1)=———h,

A+1
where h is given by (recalling (6.8) and the definition of %)

h=19-c(A— L,

with 0 # (¥, po) € Vs(A—1). Therefore we need to distinguish between the case A+ 1 in Ap;(I")
or not. In the case A+1 ¢ Ap;.(T'), corresponding to the case A\—1 € Agy(I"), there is no condition
on h, and no additional condition on A is needed to find £ and then u. In the case A+ 1 € Ap;,(T),
¢ exists if and only if h satisfies the orthogonality condition

(h,T)G = O,VT S VDir<)\ + 1),

which corresponds to the condition A — 1 in Ag.(T"). m
To describe the corner singular exponents of type 3, we clearly need to characterize the non
trivial solutions of (6.2a).

Lemma 6.5 A non zero solution ¢ = r”Q(9) with v € C and a function Q defined on G of
(6.13) A%2q=0inT, withq=Ag=0 on OT

exists if and only if either v € Apy(T) or v — 2 € Api(T). In the first case, Q belongs to Vpir(v),
while in the second case L(v)Q belongs to Vpi(v — 2) if v # 3.
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Proof. If ¢ is a solution of (6.13), by setting s = Ag, we get the equivalent lower triangular system

(6.14a) As=0inT, with s =0 on JT,

(6.14Db) Ag=sin ', with ¢ =0 on JI'.

Hence two types of singularities appear:

Type 1: s =0 and we have to find a general non-zero solution g of
Ag=0inT', with ¢ =0 on JT'.

Therefore v belongs to Ap;;(I') and @ belongs to Vpi, (V).

Type 2: s is a general non-zero solution of (6.14a) and ¢ is a particular solution of (6.14b).
Since s = r¥~2S, with a function S defined in G, we find that v — 2 belongs to Ap; (') and
S € Vpir(v — 2). Now ¢ is solution of (6.14b) if and only if

(6.15) L(v)Q =S in G, with Q =0 on 9G.

If v # 1, a solution Q of (6.15) always exists since either v € Ap;,(I') and then Lp;, (v) is invertible
or v € Ap; (") and a solution exists since S is orthogonal to any element of Vp;, (V).
Notice that
LW)S=(L(v)- Ly —2)S=22v—-1)S,
hence if v # %, a solution @ of (6.15) is given by ﬁS.

Ifv= %7 as by assumption v — 2 = —% belongs to Api (I'), then % is also in Ap;(T"). Since in
that case, S does not satisfy the orthogonality relation, ¢ exists in the form r%(ln rS + ), with
Y € H3(G), see Theorem 4.22 of [23]. m

Before stating our result about corner singular exponents of type 3, let us introduce the following
sets:

Agg(r) = {)\ eC \ As(r) A—2¢ ADir(F)}7
Age(r) = {)\ S As(r) tA—2¢€ ADir(P) such that 35 € VDir(>\ — 2) \ {0} :
(VS x 9, 9)a = 0,%(sh,p) € Vs(—(A+ 1)}

These sets will be used in the construction of 1 in case of singular exponent of type 3, for the

construction of u, we further need the following subsets:

Asg o) = {AeA3e(D): A+2¢& Apu(D)},
ASe,g<F) = {)\ S Age(r> A+ 2 ¢ ADir<F)}-

As in the case of singularities of type 2, if A in Azg(T") (resp. Aszc(I")) is such that A +2 € Api (),
the situation is more delicate and we need to define

Agge(T) = {X € Agy(T") : A+ 2 € Ap;r(I') satisfying (6.16) below },
Azee(I) = {X € Ase(T') : A+ 2 € Ap; (') satisfying (6.17) below }.

(6.16)3S € Vpir (A —2) \ {0} : (1g, po) = Ls(N) ™ (V7S x 0,0) satisfies
(- (N, T)a = 0,Y7 € Vpir(A + 2).

(6.17)3(S, (x,p)) € Voir(A — 2) x Vs(A)\ {0} : (¥, p0) = Ls(\) "' (V1S x 9,0) + (x, p) satisfies
(0 - (Mg, T)a = 0,97 € Vpir(A + 2).
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Here is our result about corner singular exponents of type 3.

Theorem 6.6 A complex number A with R\ > % is a corner singular exponent of type 3 if and
only Zf A—1e€e A(g) (F) = ADir(F) U A3q7q(F) U A3976(F) U Age,g(r) U A367€(F).

Proof. Let ¢ = 7*71Q be a solution of (6.2a). Then owing to Lemma 6.5 either A — 1 € Ap;,(T')
and Q € Vpir(A — 1) or A — 3 € Ap;, (') with Ag=7*"3S and S € Vpi(A —3) if A\ — 1 # %

In the first case, Ag = 0 and therefore as particular solution of (6.2b) we can chose ¥ = 0.
Consequently (6.2¢) reduces to

curlu=0,divu=¢in I, withuxn=0on JI.

The first condition and the boundary condition allow to write u = V(r**lp), with ¢ € H}(G),
and the divergence constraint div u = ¢ becomes

LA +1)p=QinG.

This problem has always a solution because in the case A + 1 € Ap;,(T'), @Q is orthogonal to any
element of Vpi (A + 1).

Let us go on with the second case, namely, when X\ — 3 € Ap;,(T"). First we notice that we can
assume that A — 1 # % Indeed if A — 1 = %, then A — 3 = f% which by assumption belongs to
Apir(T), but then % belongs to Ap;;(I") as well, and by the first case, we have previously shown
that it generates the corner singular exponent %

As A —1# %, problem (6.2b) becomes

(6.18) Acurl ¢ = —V(r*739),div ¢ = 0 in T, with ¢» = 0 on T,
with S € Vpi (A — 3). But due to (2.5), we have
curl (V(r*738) x x) = (rd, + 2)(V(r*739)) = (A = 2)V(r*739).

Since —1 does not belong to Ap;(I'), A cannot be equal to 2, therefore replacing S by —(A — 2)5,
which is still in Vp; (A — 3), we get

curl (Agp — V(r*725) x x) = 0.
Consequently there exists py € L?(G) such that

(6.19) Ay = V(r*738) x x — Vp.

where p = —r*~2p,. This property and (6.18) imply that the pair (1, p) is solution of the non-

homogeneous Stokes system

AYp+Vp=V([r*39) xx=r*3VrSxd inT,
(6.20) div ¢ = 0 inT,
Pp=0 on OI.

Again we need to distinguish between the case A — 1 € Ag(T") or not.

1. If A =1¢ Ag(T"), then (¢, p), in the form described above, exists and is unique. This precisely
means that A — 1 belongs to Azy(I").

2. In the case when A—1 € Ag(T), the right-hand side of (6.20) has to be in the range of the Stokes
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system, which means that (V1S x 9,0) belongs to ker Lg(A — 1)*. As Ls(A —1)* = Lg(—)), see
[17, p. 149], we get the condition

(V1S x 9,)c = 0,¥(3p, p) € Va(—=N),

which precisely means that A — 1 belongs to As.(I"). As in the previous theorem, we then get

(1/)07170) = ‘C’S(/\ - 1)_1 (VTS X 197 0) + (XO’ q0)7

with (xo, @) € Vs(\ — 1).
Once we have (1, p) in hand, we look for u solution of (6.2c). As in the proof of Theorem 6.4,
we then get

1 _ A1
u 7A+1¢XX—V(T £),

with £ € H}(G). The divergence constraint div u = ¢ becomes

1 1
A(r)""lf) =q-— i1 div(ep x x) =g — m(x - curl ),
which is equivalent to
1
LOA+1D)E=Q - ——h
O+ 1E=Q -1 h,

where, in its full generality, we have
h=19-c(A— L,

where
(%0,p0) = Ls(A = 1)1 (V1S x 9,0) + (X0, 90)-

Consequently if A + 1 ¢ Ap;(T'), no more constraint is needed (corresponding to the case A — 1 €
Asg 4(T) or to the case A — 1 € Age 4(I')). On the contrary if A+ 1 € Ap;(T), @ — /\%Hh has to be
orthogonal to the elements of Vpi, (A4 1). But since we have assumed that A — 1 # %, Q is already
orthogonal to that space, therefore it remains to impose this orthogonality property on h, which
leads to the additional constraint A —1 € Agg(I') or A—1 € A3 (I'). m

Finally as in subsection 5.3 we have to take into account the constraint that the singular
functions have to be locally in V. This leads to the following set of singular exponents (see
Theorems 6.4 and 6.6)

A = {/\ERI)\+1EAD11~(F) Wlth)\>—g}

1
U {AeC:A—1e AT UAB() with RA > 3

For each A € A, we will fix a basis {SA”’};V:(?), with N(A) € N\ {0}, of the set of linearly
independent solutions of system (6.2).

Remark 6.7 As usual, the minimal regularity near the corner c is related to the minimal value
of the real part of the elements from A. Analytical and/or numerical results about the set Ap;.(T')
(resp. Ag(T")) are available in [26, 2, 7, 15, 3] (resp. [8, 18, 17, 19]). Such results can be used to
obtain informations on the sets A (I") and A®)(T).
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7 Some regularity results for domains with point singularities

To end this paper we want to prove some regularity results for domains with point singularities
(case 2). Note that standard localization procedures do not work in our setting since our differential
operator is of order 4 and since the multiplication by a cut-off function is not stable in V, in the
sense that if u € V and 7 is a smooth function, then we do not automatically have nu € V.
Hence again we use global regularity results in weighted Sobolev spaces for domains with point
singularities described in section 8.2 of [16]. We restrict ourselves to this case, because such results
are not available for fourth order operators in polyhedral domains.

We first recall the usual weighted Sobolev spaces of Kondratiev type. For any ¢ € N and 8 > 0,
we set

VAQ) = {u e L2 (Q) : ro~HBIDBy e L2(Q), V|8 < ¢},

loc

which is a Hilbert space with its natural inner product and norm || - ||z,o. The vectorial version
will be denoted by V(). We directly check that if u € VX(Q2), then d;u belongs to V{=1(Q2), for
all j = 1,2 or 3, with the estimate

(7.1) [105ulle—1,0 S llullea-

Furthermore owing to Lemma 6.1.2 of [16], if u € V£(Q), then its trace yu on 9N satisfies
ro=(t=2)~yy € L2(0€)) with the estimate

(7.2) I~ Dyulpq S flu

ta-
Now for a corner ¢ of 2, we introduce the operator pencil C(\) defined by
C(\) :H*G) = L*(G) x R(G) :u— C(Nu= (L —2)L(\)u, B(\)u),
where R(G) = H2(8G) x HA(G) x H3(0G) x H3+(8G), and
BOu = (1) x 1,7(c(A) 1) x 1, 7d(\) u, y£(A — 2)d(\w) T,
recalling the definition (4.1) of B and the relations (6.4), (6.7), (6.8) and
A%(rra) = AL\ — 2)L(M\)u.

Since our starting system is elliptic, according to the considerations from section 8.2 of [16], the
operator C()\) has the following properties.

Theorem 7.1 The operator C(A) is a Fredholm operator for all A € C and is an isomorphism
except for a countable number of isolated points which are the corner singular exponents described
in the previous section. Further in any double sector

{A e C: RN <ISN},0 >0,
C()) is an isomorphism except for a finite number of points.

Now we can state our first regularity result.

Theorem 7.2 Assume that the line RA = % is free of corner singular exponents. Then the operator
Ag is an isomorphism from V3() into V5(Q) x BV3(£).
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Proof. Owing to Theorem 8.2.1 of [16], the operator Ay is Fredholm from V3(Q) into V9(2) x
BV3(9); its kernel consists of functions only in V3(£2) and its cokernel is made of functions (v, v)
solution of the homogeneous adjoint problem (4.10) such that v € V4(Q) and v is smooth far from
the corners. But owing to a local version of Lemma 4.3, if (v, v) is in the cokernel of Ay, v belongs
to the kernel of Ag.

Hence the conclusion follows if we show that the kernel of Ay (as operator from V3(2) into
VI(Q) x BV5(Q2)) is reduced to zero. So let us fix u € V3(Q) such that

A2u=0 1inQ,
Bu=0 on 0f).

Since

CP(Q\C) = {v € C*(Q) : v =0 in a neighborhood of the corners}

is dense in V3'((2), we can fix a sequence of functions u,, € C§°(Q\ C)3, n € N such that
(7.3) u, — uin V3(Q), as n — oo.

Hence applying Green’s formula (4.7) we get

(7.4) a(u,,u,) = / A%u, -4,
Q
+ / (div Au,u, -n — Au, -ndiva, — curl Au, - (@, x n) — Au, - (curl @, X n))
o0

As V3(Q) is continuously embedded into H?(f2), the left-hand side of this identiy tends to a(u, u)
as n goes to co. Hence it remains to pass to the limit in each term of the right-hand side. For the
first term, we notice that (7.3) implies that

r~2u, — r~?uin L*(Q), as n — oo,

r?A%u,, — r?A%uin L?(Q), as n — oo,
and consequently, by Cauchy-Schwarz’s inequality we deduce that
/ A*u, -, — / r?A%u- (r~2a) =0, as n — oo.
Q Q
Similarly, using (7.1) and (7.2), (7.3) implies that

r3u, - r fuin L2(09), as n — oo,
r? div Au,, — 77 div Au in L2(99), as n — oo,
and as before we deduce that
/ div Au,u, -n — divAuua-n =0, as n — oo.
o0 o0

The same argument applies to the other boundary terms and yields

/ (div Au,u, -n— Au, -ndiva, —curl Au, - (1, xn) — Au, - (curl @, x n)) — 0, as n — oo.
aQ
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This means that we have shown that
a(u,u) =0,

and since u belongs to V', we deduce that u=0. =
With this result in hand we can use the comparison Theorem 8.2.2 of [16] which directly leads
to the

Theorem 7.3 Let ¢ € N and f € R such that B — ¢ < 2. Assume that the lines RA = % and

RA=(—-0+ % are free of corner singular exponents. Let ug € V3() be the unique solution of

2 _ .
(7.5) { Acug =1 in Q,

Buy=g on 0Q,

with £ € Vg(ﬂ) and g € BV2+4(Q), Then uy admits the decomposition

(7.6) Uy = ug + Z Z Z ke pSM,

c€C NEAS<RAL—B+5 P

where ug € Vg+4(Q) and for allc€ C, N € A : % <RA<L—(B+ g and p, kexp € C.

We now exploit this result to get a decomposition of the variational solution u € V' of (3.9)
(with f € L2(2)) into a regular part and a singular one. Before we need a variant of Lemma
3.6 where the regular and the singular parts are orthogonal for the inner product induced by the
sesquilinear form a. In a first step as nCVugitl’p are not in V', we need to correct them.

Lemma 7.4 For allc € C,A € (—2,3) : A+ 1 € Api(Te) and all p, there exists rc, € V3(Q)
such that

(7.7) Uc,A,p = ncvug—;l’p —Teap
belongs to V.

Proof. For shortness, set S = nCVuIA)J{rl’p and drop the indices ¢, A and p. As 7 is a radial function,

we see that

Sxn = 0onod,
divS = 0 on 0.

Unfortunately (curl S) X n is not zero on the boundary, because (2.3) yields
curl S = Vi x Vupy,.
But as Vn is Z€ero near ¢ and far from ¢ and as up;, is smooth far from ¢, we deduce that curl S
belongs to C§°(Q\ C)3.
Therefore we look for r € V3(£2) such that

r=0 on 0F),
divr=0 on 0,
curlr x n = (curl S) xn on 9N.
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Indeed by the expressions (4.3) and (4.4), this system is equivalent to

r=0 on 012,
n-o,r=0 on 0F),
(nx dpr) xn=(curl S) xn on ON.

This means that it suffices to require that

(7.8)

r=0 on 01},
Opr = (curl S) xn  on ON.

By the property curl S € C5°(Q\ C)3, the existence of r € V2(Q) satisfying the two boundary
conditions (7.8) follows. Indeed applying Theorem 1.5.1.2 of [11] in a smooth domain Q which
coincides with € except in a small neighborhood of the corners we get a function ¥ € H?(Q)
satisfying (7.8) on the boundary of Q. We get the desired function by multiplying T by a cut-off
function which is equal to 1 on the support of curl S and equal to 0 near the corners. m

Now we notice that the estimate (3.16) implies that H2(2) NV is a closed subspace of V', hence
we can define the projection P on H?(Q) NV with respect to the inner product a. Let us further
set K =(I - P)V.

Lemma 7.5 Under the assumptions of Lemma 3.6, any u € V' admits the decomposition (3.12)
where Uyeg € H2(Q) NV, and using € K is given by

(79) Using = Z Z Z dc,)\,p(l - P)UC,A,pa

ceC Xe(—32,1): A +1€ADi(Te) P

where for A € (—%7 %) such that A+ 1 € Apir(Te), denp € C. Consequently Ureg and Uging are

orthogonal, namely
a(Uyeg, Using) = 0.
Proof. Let u be fixed in V. According to Lemma 3.6 u admits the decomposition

— E : A+1,p
U = Upeg + ch Z dc,)\,pvu[)ir ,

ceC  Ae(—32,3):A+1eApu(Te) P

with Ueg € H?(Q) and dexp in C. Hence by the previous Lemma, we have

u= uﬁéé + Z Z Z dexpUcp;

ceC Ae(—3,3):A+1€ADi:(Te) P

ul(‘éé = Ureg + Z Z Z dc)\,prc,k,p

ceC Xe(—2,3):A\+1€ADi(Te) P

with

which clearly belongs to H2(£2). But it also belongs to V because u is in V as well as all U, ,. We
get the orthogonal decomposition by splitting U,  , into the sum of PU, », and of (I — P)U, x .
|

We are now ready to state the main result of this section.
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Theorem 7.6 Let £ € N and 5 € R such that 8 — £ < 0. Assume that the lines RA = % and
RAX=(—-0+ g are free of corner singular exponents. Assume further that % € Aneu(Te), for
all c € C. Let u € V be the unique solution of (3.3) with f € Vg(ﬂ). Then it admits the next
decomposition

(7.10) u = ug+ )y ( 3 3 kenp SN

c€C  NEAL<RA<—B+E P

+ Z ch,k,p(lf P)UC,A,;D>,

Ae(—32,1)A+1€ADi(Te) P
where ug € V§+4(Q); keap € C and deyp € C.

Proof. The assumption 5 — ¢ < 0 implies that Vg(Q) is embedded into L2(), therefore problem
(3.3) has indeed a unique solution u € V. Then according to Lemma 7.5, u admits the decomposi-
tion (3.12) where ueg € H2(Q)NV, and uging € K (given by (7.9)). Using a similar decomposition
for v = Vieg + Vsing With vieg € H?(Q)NV and Vsing € K, (3.3) is equivalent to

(7.11) (Ureg; Vieg) = / £ Vieg, Vieg € HX(Q) NV,
Q
and the finite linear system
(712) a(using,vsing) = / f- Vsing,Vvsing c K.
Q

Now by Theorem 7.3, there exists a unique solution uy € V3(£) of

{ AQU.() =f in Q,

(7.13) Buyg=0 on 09,

which admits the decomposition (7.6) with ug € Vf;+4(Q) and k¢ xp € C.

As ug belongs to H?(2) and satisfies Buy = 0 on 91, it belongs to H2(Q) N V. Hence it
remains to show that

(7.14) a(ug, Vieg) = /Qf “ Vregs VVieg € H*(Q)NV.

Indeed since the solution of (7.11) is unique, we will deduce that uy = Uyeg, Whence the decompo-
sition (7.10) for u.

For an arbitrary vies € H?(2) NV, we transform the left-hand side of (7.14) by using the
decomposition (7.6). First for the term a(ug, Vyeg), as ug belongs to H4(2), we can apply Green’s
formula (4.7) to get

(715) a(uR,vreg) = / AQUR'Vreg
Q
—|—/ (div AUpVies -1 — Aup - ndiv Vies — curl Aug - (Vieg X n) — Aug - (curl Vyeg X n))
aQ

For the term a(S*?, Vieg), for one A € A, and p, we denote by h) , = —ASMP and recall that hy ,
is in H? far from ¢ and Ah, , = —A28MP is zero near the corner c. Consequently one has

/ (curl®> =V div)hy p - Vieg = lim [ (curl® =V div)hy , - Vieg,
Q

e—0 Q.
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where Q. = {x € Q: r(x) > ¢}. Now applying Green’s formula in €., we find that

/ (Curl2 —Vdiv)hyp - Vieg = lim (/ (curl hy , - curl vyeg + div hy , div Vieg)
Q QE

e—0
+ / (curl hy - (Vyeg X 1) — div hy p Vyeg - n))
Q.

But vy being in H?(2) by the Sobolev embedding theorem, v,z belongs to CO’%(Q) and since
Vieg X I = 0, we deduce that v,cg(c) = 0 and
[Vieg(x)| S 77

A—3

Since curl hy , and div hy , behaves like r near ¢, we deduce that

1

‘ / (curl hy p - (Vieg X 1) —div hy p Vieg - 1) | < A =s,
oQ.N{r=¢}
and since R\ — % > 0, we get
lim (curl hy - (Vyeg X ) —div hy , Vieg - ) = 0.
=0 0Q.N{r=c}

Further as divhy , = —div ASM? is zero on V N 9N with a sufficiently small neighborhood V/
of the corners, vieg X 1 =0 on 2 and with the previous property, we deduce that

lim (curl hy - (Vieg X 1) — div hy p Vyeg - D) = — div hy p Vyeg - 1.
e—0 80, o0

On the other hand as div v,eg € H{(Q) and curl v € H(Q)3, by Hardy’s inequality we
deduce
r 1 div vieg € L2(Q) and 7t curl vy € L2(Q).

This implies that
1in(1) (curl hy ,, - curl vyeg + div hy , div Vieg) = / (curl hy ,, - curl vyeg + div hy , div Vieg),
=0 Jo. Q

and therefore we have proved that

(7.16) / (curl2 —Vdiv)hy p - Vieg = / (curl hy ,, - curl vyeg + div hy , div Vieg)
Q Q

— / div hy p Vieg - 1.
o)

At this stage we again have to integrate by parts in the first term of this right-hand side. For
that purpose, we fix a cut-off function n with a support included in V' and such that n = 1 near
the corners. The previous considerations show that 7 div v,eg € Hg(Q) and ncurl vyeq € HJ ()3,
since D(R) is dense in H{ (), there exists a sequence d,, € D(Q) (resp. w,, € D(2)3), n € N such
that

dy, = ndiv Vyeg in H(}(Q), as n — 0o,
3

w,, — neurl vieg in Hg(Q)?, as n — oo.
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Hence
/Q(curl h) , - (ncurl vieg) + div hy ,(ndiv vieg)) = nh_}n;o Q(curl h) , - w, +div hy , d,),
and by Green’s formula, we deduce that
/Q(curl h) , - (ncurl vyeg) + div hy ,(ndiv vieg)) = lim A h, , - (curl w, — Vd,).
As h, , belongs to L?(§2), we can pass to the limit in this right-hand side and deduce that
(7.17) /Q(curl hy - (necurl vieg) + div hy ,(ndiv vieg))

= / hy , - (curl (neurl vieg) — V(7 div vieg)).
Q

As (1 —n)div vieg and (1 —n) curl vyeq are in H' and is zero near the corners, we can directly
apply Green’s formula to get

/(curl hy, - (1 —n)curl vieg) + div hy ,((1 — 1) div vyeg))
Q
= / hy p, - (curl ((1 — n) curl Vieg) — V(1 — 1) div Vieg))-
Q
This identity with (7.17) implies that
/ (curl hy - curl vieg +div hy p div vieg) = / h) p, - (curl curl vyeg) — Vdiv vieg).
Q Q
Inserting this identity in (7.16), we have shown that
/(curl2 —Vdiv)hyp - Vieg = a(S”\’p, Vieg) — / div hy p Vyeg - .
Q a0

This identity with (7.15) and the expression (7.6) lead to

(7.18) a(ug, Vieg) = / A%y “ Vreg —l—/ div AugVyeg - 1
Q a0

/ f- ‘_’regv
Q

due to (7.13). This proves (7.14). m

References

[1] C. Amrouche, C. Bernardi, M. Dauge, and V. Girault. Vector potentials in three-dimensional
nonsmooth domains. Math. Meth. Appl. Sci., 21:823-864, 1998.

[2] A. E. Beagles and J. R. Whiteman. Treatment of a re-entrant vertex in a three-dimensional
poisson problem. In [12], pages 19-27. Springer—Verlag, 1985.

37



13

[4]

[5]

16]

17l

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

A. E. Beagles and J. R. Whiteman. General conical singularities in threedimensional poisson
problems. Math. Meth. Appl. Sci., 11:215-235, 1989.

D. Boffi, F. Brezzi, and M. Fortin. Mized finite element methods and applications, volume 44
of Springer Series in Computational Mathematics. Springer, Heidelberg, 2013.

F. Cakoni and H. Haddar. A variational approach for the solution of the electromagnetic
interior transmission problem for anisotropic media. Inverse Probl. Imaging, 1(3):443-456,
2007.

M. Costabel and M. Dauge. Singularities of electromagnetic fields in polyhedral domains.
Arch. Rational Mech. Anal., 151:221-276, 2000.

M. Dauge. Elliptic boundary value problems on corner domains, volume 1341 of Lecture Notes
in Mathematics. Springer—Verlag, Berlin, 1988.

M. Dauge. Stationary Stokes and Navier-Stokes systems on two- or three-dimensional domains
with corners. I. Linearized equations. SIAM J. Math. Anal., 20(1):74-97, 1989.

V. Girault and P.-A. Raviart. Finite element methods for Navier-Stokes equations, Theory
and algorithms, volume 5 of Springer Series in Computational Mathematics. Springer, Berlin,
1986.

P. Grisvard. Théorémes de traces relatifs & un polyédre. C. R. Acad. Sci. Paris Sér. A,
278:1581-1583, 1974.

P. Grisvard. FElliptic Problems in Nonsmooth Domains. Pitman, Boston—London—Melbourne,
1985.

P. Grisvard, W. Wendland, and J. R. Whiteman, editors. Singularities and constructive
methods of their treatment. Lecture Notes in Mathematics, vol. 1121. Springer—Verlag, Berlin—
Heidelberg-New York-Tokyo, 1985.

Q. Hong, J. Hu, S. Shu, and J. Xu. A discontinuous Galerkin method for the fourth-order
curl problem. J. Comput. Math., 30(6):565-578, 2012.

V. A. Kondrat’ev. Boundary value problems for elliptic equations on domains with conical or
angular points. Trudy Moskov. Mat. Obshch., 16:209-292, 1967. In Russian.

V. Kozlov and V. Maz’ya. Spectral properties of operator pencils, generated through elliptic
boundary value problems in a cone. Funkcionalnit analis i ego priloshenija, 2:38-46, 1988. In
Russian.

V. A. Kozlov, V. G. Maz'ya, and J. Rossmann. FElliptic boundary value problems in domains
with point singularities, volume 52 of Mathematical Surveys and Monographs. American Math-
ematical Society, Providence, RI, 1997.

V. A. Kozlov, V. G. Maz’ya, and J. Rossmann. Spectral Problems Associated with Corner
Singularities of Solutions to Elliptic Equations. Mathematical Surveys and Monographs, 85.
American Mathematical Society, Providence, RI, 2001.

38



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

V. A. Kozlov, V. G. Maz’ya, and C. Schwab. On singularities of solutions of the Dirichlet
problem of hydrodynamics near the vertex of a 3-d cone,. J. Reine Angew. Math., 456:65-97,
1994.

V. Maz’ya and J. Rossmann. Elliptic equations in polyhedral domains, volume 162 of Mathe-
matical Surveys and Monographs. American Mathematical Society, Providence, RI, 2010.

P. Monk. Finite element methods for Mazwell’s equations. Numer. Math. Scientific Comp.
Oxford Univ. Press, New York, 2003.

P. Monk and J. Sun. Finite element methods for Maxwell’s transmission eigenvalues. STAM
J. Sci. Comput., 34(3):B247-B264, 2012.

S. A. Nazarov, A. Stylianou, and G. Sweers. Hinged and supported plates with corners. Z.
Angew. Math. Phys., 63(5):929-960, 2012.

S. Nicaise. Polygonal Interface Problems, volume 39 of Methoden und Verfahren der mathe-
matischen Physik. Peter Lang GmbH, Européischer Verlag der Wissenschaften, Frankfurt/M.,
1993.

J. Seif. On the Green’s function for the biharmonic equation on an infinite wedge. Trans.
Amer. Math. Soc., 182:241-260, 1973.

J. Sun. A mixed FEM for the quad-curl eigenvalue problem. Numer. Math., 132(1):185-200,
2016.

H. Walden and R. B. Kellogg. Numerical determination of the fundamental eigenvalue for the
Laplace operator on a spherical domain. J. Eng. Math., 11:299-318, 1977.

B. Zheng, Q. Hu, and J. Xu. A nonconforming finite element method for fourth order curl
equations in R3. Math. Comp., 80(276):1871-1886, 2011.

39



