
HAL Id: hal-01318155
https://hal.science/hal-01318155

Submitted on 29 May 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Inverse estimation of the permeability of porous
materials using experimental data via reflected waves at

low frequencies
A Berbiche, Mustapha Sadouki, Z.E.A Fellah, Erick Ogam, Mohamed Fellah,

Farid G. Mitri, Claude Depollier

To cite this version:
A Berbiche, Mustapha Sadouki, Z.E.A Fellah, Erick Ogam, Mohamed Fellah, et al.. Inverse estimation
of the permeability of porous materials using experimental data via reflected waves at low frequencies.
Journal of Applied Physics, 2016, 119 (014906), �10.1063/1.4939073�. �hal-01318155�

https://hal.science/hal-01318155
https://hal.archives-ouvertes.fr


Inverse estimation of the permeability of porous mate-

rials using experimental data via re�e
ted waves at low

frequen
ies.

A. Berbi
he

Laboratoire de Physique Théorique, Fa
ulté de Physique, USTHB, BP 32 El Alia, Bab Ezzouar

16111, Algérie.

Laboratoire de Physique Théorique, Fa
ulté de Physique, USTHB, BP 32 El Alia, Bab Ezzouar

16111, Algérie.

M. Sadouki

Fa
ulté des S
ien
es et Te
hnique, Université de Khemis Miliana BP 44225 Ain De�a, Algérie.

Z.E.A. Fellah and E. Ogam

LMA, CNRS, UPR 7051, Aix-Marseille Univ, Centrale Marseille, F-13402 Marseille Cedex 20,

Fran
e

M. Fellah

Laboratoire de Physique Théorique, Fa
ulté de Physique, USTHB, BP 32 El Alia, Bab Ezzouar

16111, Algérie.

F.G. Mitri

Chevron, Area 52 - ETC, 5 Bisbee Ct., Santa Fe, New Mexi
o 87508, United States.

C. Depollier

LUNAM Universite du Maine. UMR CNRS 6613 Laboratoire d'A
oustique de l'Universite du

Maine UFR STS Avenue O. Messiaen 72085 Le Mans CEDEX 09 Fran
e.

1

1. Present : MPEI, Krasnokazarmennaya 14 Mos
ow 111250 Russia.

1



An a
ousti
 re�e
tivity method is proposed for measuring the permeability or �ow resistivity

of air-saturated porous materials. In this method, a simpli�ed expression of the re�e
tion 
oe�-


ient is derived in the Dar
y's regime (low frequen
y range), whi
h does not depend on frequen
y

and porosity. Numeri
al simulations show that the re�e
tion 
oe�
ient of a porous material 
an

be approximated by its simpli�ed expression obtained from its Taylor development to the �rst

order. This approximation is good espe
ially for resistive materials (of low permeability) and for

the lower frequen
ies. The permeability is re
onstru
ted by solving the inverse problem using

waves re�e
ted by plasti
 foam samples, at di�erent frequen
y bandwidths in the Dar
y regime.

The proposed method has the advantage of being simple 
ompared to the 
onventional methods

that use experimental re�e
ted data, and is 
omplementary to the transmissivity method whi
h

is more adapted to low resistive materials (high permeability).
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I. INTRODUCTION

The a
ousti
 
hara
terization of air saturated porous media

1−5
is very important for the

predi
tion of sound propagation in su
h media. Indeed, these materials are widely used to redu
e

noise in buildings, vehi
les and air
raft.

Several non-a
ousti
 parameters

1,2,6
des
ribe sound propagation in air-saturated porous ma-

terials. The physi
s of a
ousti
 wave propagation in porous materials is di�erent depending on

the frequen
y domain. The high and low frequen
y ranges

1,2,6
are de�ned by 
omparing the

vis
ous and thermal skin thi
knesses δ = (2η/ωρ)1/2 and δ′ = (2η/ωρPr)
1/2

with the e�e
tive

radius of the pores r (ρ is the density of the saturating �uid ; ω the pulsation frequen
y ; Pr

the Prandtl number and η is the �uid vis
osity). The high frequen
y domain is de�ned when

the vis
ous

6
and thermal

1
skin thi
knesses are small 
ompared to the pore radius. Otherwise, it

is the low frequen
y domain. In the Dar
y's regime (�ow without inertial e�e
t) 
orresponding

to low frequen
ies

7
, the vis
ous stati
 permeability k0 is the most important parameter des
ri-

bing the vis
ous losses 
aused by the �uid/stru
ture ex
hanges. This parameter is related to the

spe
i�
 �ow resistivity

3,5 σ by the relation : k0 = η/σ. In the high frequen
y range, the main

parameters in this domain are the tortuosity

1
, vis
ous

6
and thermal 
hara
teristi
 lengths

1,3
.

Among the methods

3−5,7−24
developed to measure the permeability or the �ow resistivity,

we distinguish between the so-
alled dire
t methods

5,8−12
whi
h do not use sound waves, and

the indire
t methods

13−24
that use sound waves transmitted or re�e
ted by the porous material.

The pra
ti
al implementation of the dire
t methods 
ould be both 
omplex and expensive.

In this paper we propose to measure the vis
ous permeability (and resistivity) by developing a

simple method using experimental data of transient waves re�e
ted from samples of air saturated

porous materials in a tube. The advantage of this method is the use of a simpli�ed expression

of the re�e
tion 
oe�
ient whi
h does not depend on the frequen
y or the porosity of the

material. Let us re
all that the 
lassi
al methods

19
using the re�e
ted waves requires the prior
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knowledge of the porosity of the material, using an expression of the re�e
tion 
oe�
ient whi
h

depends on the frequen
y and porosity. We show in this study that the proposed method is

espe
ially well adapted for resistive porous materials at low frequen
ies. In this approa
h, a

tube is used for the a
ousti
 propagation of transient waves. A single mi
rophone

7,19−21
is

used for the measurement of experimental signals, therefore, no 
alibration is required. Other

te
hniques use an impedan
e tube, in whi
h standing waves are generated, and where two

13−17

or three

18
mi
rophones are used for experimental measurements. In this 
ase, a 
alibration of

the mi
rophones is ne
essary for a good quality of the results. This a
ousti
 re�e
tivity method

is an alternative to the transmissivity method developed re
ently

7
, whi
h is adapted to porous

materials of low resistivity (high permeability).

II. EQUIVALENT FLUID MODEL

The most general and 
omplete theory for the des
ription of a
ousti
 propagation in porous

media is the Biot's

25
theory. This model treats both individual and 
oupled behavior of the frame

and pore �uid. Energy loss is 
onsidered to be 
aused by the vis
osity of the pore �uid as it moves

relative to the frame. The theory predi
ts two 
ompressional waves : a fast wave, where the �uid

and solid move in phase, and a slow wave where �uid and solid move out of phase. Generally,

when the sound wave propagates through a porous material saturated with air, the stru
ture

remains stationary and non-deformable with respe
t to the a
ousti
 ex
itation

1,2
. The vibrations

of the solid frame 
an often be negle
ted in the absen
e of dire
t 
onta
t with the sound sour
e,

so that the waves 
an be 
onsidered to propagate only in �uid. This 
ase is des
ribed by the

equivalent-�uid model

1,2,6,7
, whi
h is a parti
ular 
ase of the Biot model, in whi
h �uid-stru
ture

intera
tions are taken into a

ount in two frequen
y response fa
tors : the dynami
 tortuosity

of the medium α(ω) given by Johnson et al6, and the dynami
 
ompressibility of the air in the

porous material β(ω) given by Allard et al1. In the frequen
y domain, these fa
tors multiply the

4



density of the �uid as well as its 
ompressibility and represent the deviation from the behavior of

the �uid in free spa
e as the frequen
y in
reases. Spe
i�
ally, in the low frequen
y domain, the

vis
ous e�e
ts are important in all the pore volume, and the 
ompression dilatation 
y
le in the

porous material is slow enough to favor the thermal intera
tions between �uid and stru
ture

2
. At

the same time the temperature of the frame is pra
ti
ally un
hanged by the passage of the sound

wave be
ause of the high value of its spe
i�
 heat : the frame a
ts as a thermostat

2
. In addition,

the thermal 
ondu
tivity of the solid is high, and the ex
ess heat is immediately eva
uated by

the solid, whi
h therefore remains at the same temperature during the 
ompression dilatation


y
le

1,2
. In the Dar
y's regime

7,26,27
(very low-frequen
y approximation), the expressions of the

response fa
tors α(ω) and β(ω) when ω → 0 are given by the relations

26
:

α(ω) = − ηφ

ρk0jω
, β(ω) = γ. (1)

where k0 is the stati
 permeability, φ the porosity and γ the adiabati
 
onstant.

Consider a homogeneous porous material that o

upies the region 0 ≤ x ≤ L. A sound pulse

impinges normally on the medium. It generates an a
ousti
 pressure �eld p and an a
ousti


velo
ity �eld v within the material. These a
ousti
 �elds satisfy the following equivalent-�uid

ma
ros
opi
 equations (along the x−axis)1 :

ρα(ω)jωv =
∂p

∂x
,

β(ω)

Ka
jωp =

∂v

∂x
, (2)

where, j2 = −1, ρ is the saturating �uid density and Ka is the 
ompressibility modulus of the

�uid.

The in
ident pi(t) and re�e
ted pr(t) �elds are related in the time domain by the re�e
tion

s
attering operator

19,20 R :

pr(x, t) =

∫ t

0
R(τ)pi

(

t− τ +
x

c0

)

dτ. (3)

The temporal operator kernel R is 
al
ulated by taking the inverse Fourier transform of the
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re�e
tion 
oe�
ient of a slab of porous material given by (Appendix. A) :

R̃(ω) =

(

1− Y 2(ω)
)

sinh (jκ(ω)L)

2Y (ω) cosh (jκ(ω)L) + (1 + Y 2(ω)) sinh (jκ(ω)L)
, (4)

where :

Y (ω) = φ

√

β(ω)

α(ω)
, and κ(ω) = ω

√

ρα(ω)β(ω)

Ka
.

Using the expressions (1) of the dynami
 tortuosity and 
ompressibility, we obtain the following

expression for the re�e
tion 
oe�
ient :

R̃(ω) =

(

1− C2
1ω
)

sinh
(

LC2
√
jω
)

2C1
√
jω cosh

(

LC2
√
jω
)

+
(

1 + C2
1jω

)

sinh
(

LC2
√
jω
) , (5)

where

C1 =

√

γρk0φ

η
, C2 =

√

γηφ

Kak0
(6)

By doing the Taylor series expansion of the re�e
tion 
oe�
ient (Appendix. B), when the fre-

quen
y tends to zero (ω → 0), we obtain :

R̃(ω) =

(

1

1 + 2C1

LC2

)

[

1− j
ω

ωc
+ ...

]

, (7)

where :

ωc =
3
(

1 + 2C1

LC2

)

2LC1C2

(

1 + 3C1

LC2
+ 3

C2

1

L2C2

2

) . (8)

As a �rst approximation, at very low frequen
ies, the re�e
tion 
oe�
ient (7) is given by the

�rst term :

R̃ =
1

1 + 2C1

LC2

=
1

1 + 2k0
Lη

√
ρKa

(9)

This simpli�ed expression of the re�e
tion 
oe�
ient is independent of the frequen
y and porosity

of the material, and depends only on its stati
 permeability.

Figure 1 shows the variation of the modulus of the re�e
tion 
oe�
ient (Eq. 5) with the porosity,
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for di�erent frequen
ies. In this �gure, a 
omparison is given between the two expressions of the

re�e
tion 
oe�
ients given by Eq.(9) and Eq.(5), respe
tively. It 
an be seen that for the low

frequen
ies, the two re�e
tion 
oe�
ients 
oin
ide.

The modulus of the re�e
tion 
oe�
ient (7) is given by

| R̃(ω) |=
(

1

1 + 2C1

LC2

)

√

√

√

√

(

1 +

(

ω

ωc

)2
)

(10)

Let us study the values of ω/ωc and | R̃(ω) | for various values of frequen
y and of �ow resistivity.

For the approximation (9) of the re�e
tion 
oe�
ient to be valid, it is ne
essary that ω/ωc be

very small 
ompared to 1. Table I shows values of ω/ωc and | R̃(ω) | for various values of

frequen
y and �ow resistivity for a porous medium of thi
kness L = 5
m and porosity φ = 0.9.

It 
an be seen that for the same value of the �ow resistivity, the values of | R̃(ω) | are almost


onstant and those of ω/ωc are small 
ompared to 1, espe
ially for low frequen
ies and high

resistivities.

Note that the "smallness" 
ondition obtained when ω/ωc ≪ 1 is di�erent from the one used in

the relations (1) of the dynami
 tortuosity and 
ompressibility. A

ording to what is postulated

in Ref. 27 and later mathemati
ally justi�ed in Ref. 28, the dynami
 tortuosity α(ω) 
an have

pole-expansion with one of the poles very 
lose to 0. This distan
e is the 'smallness' implied by

Eq. (1).

In the time domain, the expression of the re�e
tion operator de�ned by Eq. (3) is given by :

R(t) =

(

1

1 + 2k0
Lη

√
ρKa

)

δ(t), (11)

where δ(t) is the Dira
 fun
tion.

In the next paragraph, we 
ompare the expression (5) of the re�e
tion 
oe�
ient, with its

simpli�ed expression (9), using numeri
al simulations of signals (Eq. 3) re�e
ted by a slab of

air-saturated porous material.
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III. NUMERICAL SIMULATION

Consider two samples F1 and F2 of air-saturated plasti
 foam, having the same thi
kness

and porosity, respe
tively ; L = 5 
m, and φ = 0.9. The permeability of these two samples takes

two di�erent values. F1 is less resistive (more permeable) than F2. The international system

of units for permeability is m

2
. A pra
ti
al unit for permeability is the Dar
y (D), (1 Dar
y

=0.97× 10−12m2
). The permeability value of F1 is : k0 = 6185.6D ; (�ow resistivity : σ = 3000

N m

−4
s), and of F2 ; k0 = 61.86D (�ow resistivity : σ = 3.105 N m

−4
s) . In this paragraph,

a 
omparison between simulated re�e
ted signals 
omputed with di�erent expressions of the

re�e
tion 
oe�
ients (Eqs. 5 and 9) is given for the samples F1 and F2. We show under whi
h


onditions we 
an use the simpli�ed expression of the re�e
tion 
oe�
ient (Eq. 9), instead of

using the more general expression (frequen
y dependent, Eq. 5). Fig. 1 shows a 
omparison

between two simulated re�e
ted signals 
omputed with di�erent expressions of the re�e
tion


oe�
ients for sample F1. The frequen
y bandwidth of the in
ident signal used for this �rst

numeri
al simulation is (300-600)Hz. The �rst signal (solid line) 
orresponds to the simulated

re�e
ted signal using expression (5) of the re�e
tion 
oe�
ient, and the se
ond one (dashed line)

using the relation (9). We note that for this frequen
y range (300-600)Hz, the re�e
ted waves

predi
ted by the two terms of the re�e
tion 
oe�
ient are signi�
antly di�erent. An important

shift is observed between the two signals ; 40% for the amplitude, and 0.6% for the phase. By

making the same 
omparison with sample F2, whi
h is less permeable than F1, the results

given in �gure 2 show a slight di�eren
e between the two simulated signals (shift of 10% for the

amplitude, and of 0.05% for phase). We 
an 
on
lude that the approximation (9) of the re�e
tion


oe�
ient is mu
h more a

urate when the porous medium is less permeable (more resistive).

Another test is performed by taking an in
ident signal with lower frequen
ies (40-70)Hz.

The re�e
ted signals 
al
ulated from equations (5) and (9), are 
ompared in �gures 3 and 4,

for samples F1 and F2, respe
tively, in the frequen
y domain (40-70)Hz. These 
omparisons
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show a very good agreement, sin
e it is pra
ti
ally impossible to distinguish between the two


urves 
orresponding to F1 and F2. Indeed, the simpli�ed expression of the re�e
tion 
oe�
ient

given by equation (9) is developed in very low frequen
ies. This study showed that the simpli�ed

expression (9) gives the same results as expression (5) for the lower frequen
ies, espe
ially for the

less permeable (more resistive) materials. It would be more advantageous to use the simpli�ed

expression (Eq. 9) of the re�e
tion 
oe�
ient, sin
e it does not depend on the frequen
y or

porosity, and is simpler.

IV. INVERSION OF EXPERIMENTAL REFLECTED DATA

The study presented in the previous se
tion shows that the re�e
tion 
oe�
ient at low fre-

quen
y range 
an be simpli�ed to an expression whi
h is independent of frequen
y and porosity.

This approximation of the re�e
tion 
oe�
ient is even more valuable when the porous medium

is resistive, i.e., with low permeability. Therefore, the simpli�ed expression of the re�e
tion 
o-

e�
ient depends only on the permeability of the material. In this part of this work, we show

how to 
hara
terize a porous material saturated with air in the low frequen
y regime, by solving

the inverse problem using experimental data of re�e
ted waves. The simpli�ed expression of the

re�e
tion 
oe�
ient will be used to obtain the permeability of the porous medium.

The basi
 inverse problem asso
iated with a slab of porous material may be stated as follows :

from the measurement of the signals re�e
ted outside the slab, the obje
tive is to 
hara
terize

the medium. Our aim is to determine the stati
 vis
ous permeability k0 of the material by solving

the inverse problem for waves re�e
ted by the slab of porous material. The inverse problem is

to �nd the permeability of the material whi
h minimizes the fun
tion

U(k0) =

∫ t

0

(

pr(x, t)− prexp(x, t)
)2

, (12)

where pr(x, t) is the re�e
ted wave predi
ted by Eq. 3 and prexp(x, t) is the experimentally

determined re�e
ted signal. The analyti
al method of solving the inverse problem using the
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onventional least-square method is tedious. A numeri
al solution of the least-square method


an be found whi
h minimizes

U(k0) =

i=N
∑

i=1

(pr(x, ti)− prexp(x, ti))
2, (13)

wherein pr(x, ti)i=1,2,...N is the dis
rete set of values of the simulated re�e
ted signal and prexp(x, ti)i=1,2,...N

is the dis
rete set of values of the experimental re�e
ted signal.

The experimental setup

19
is shown in Fig. 5. The tube length is adaptable to avoid re�e
tion,

and to permit the propagation of transient signals, a

ording to the desired frequen
y range.

For measurements in the frequen
y range (20-100)Hz, a length of 50m is su�
ient but it is

useful to use an ane
hoi
 devi
e pla
ed at the end of the pipe. It is not important to keep the

pipe straight ; it 
an be rolled in order to save spa
e without perturbations on experimental

signals. The tube diameter is 5 
m (the 
ut-o� of the tube fc ∼ 4kHz). A sound sour
e Driver

unit "Brand" 
onstituted by loudspeaker Realisti
 40-9000 is used. Tone-bursts are provided by

Standard Resear
h Systems Model DS345-30MHz synthesized fun
tion generator. The signals

are ampli�ed and �ltered using model SR 650-Dual 
hannel �lter, Standford Resear
h Systems.

The signals (in
ident and re�e
ted) are measured using the same mi
rophone (Bruel & Kjaer,

4190). The in
ident signal is measured by putting a total re�e
tor

19
in the same position as the

porous sample.

The inverse problem is solved for four 
ylindri
al samples of plasti
 foam M1, M2, M3 and

M4 (M1-M4) of a diameter of 5 
m. Their porosities and thi
knesses are given in Table II. The

permeability values obtained by 
lassi
al methods

5,10,7,19,20
are marked by ∗ in Tables III, IV, V

and VI. The permeability is inverted using experimental signals re�e
ted by the porous material

samples (M1-M4). The variations in the 
ost fun
tion present one 
lear minimum 
orresponding

to the solution of the inverse problem. Figs 6-9 show the variation of the 
ost fun
tion U when

varying the permeability in di�erent frequen
y bandwidths, for the samples (M1-M4). The results

of the inverse problem are summarized in Tables III, IV, V and VI, in whi
h inverted values of

10



permeability are given for di�erent frequen
y bandwidths (not marked values). A 
omparisons

between inverted permeability values obtained using the simpli�ed expression (Eq. 9) of the

re�e
tion 
oe�
ient and its general expression (Eq.4) are given in Tables III, IV, V and VI. The

average values of these inverted data are marked by ♯ in Tables III-VI, for ea
h porous sample.

From these tables, it 
an be seen that the inverted values of permeability obtained using the

simpli�ed expression of the re�e
tion 
oe�
ient (Eq. 9) are 
lose to those obtained using its

general expression (Eq.4). In addition, the averaged values of the optimized permeabilities (k0)

are also 
lose to those obtained using 
lassi
al methods (marked by ∗).

We noti
ed that the experimental data for the lower frequen
ies 
ontain mu
h more noise

relative to other measures. This is why we de
ided to expand the measures on small frequen
y

bands (40-120)Hz, where the approximation of the re�e
tion 
oe�
ient is still valid. These small

frequen
y bands have been used in the inversion pro
ess to tra
e di�erent minimization 
urves,

in the aim to obtain an good average value for the inverted permeability. The mu
h higher

frequen
ies for whi
h the approximation of the 
oe�
ient re�e
tion is not valid were not taken

into a

ount in the inversion.

The standard deviations of the experimental inverted values of the permeability are eva-

luated in Table VII for samples M1-M4. From this table, we 
an see that sample M3 has the

smallest standard deviation 
ompared to the other samples. Indeed, sample M3 has the lowest

permeability value, and is therefore the most resistive material. We also see from Table VII

that as long as the samples are resistive (with low permeability), the standard deviation is low.

This experimental study shows that the inversion on the experimental data is parti
ularly good

and a

urate as the medium is more resistive, and thus less permeable. This result 
on�rms the

validity of the theory of the re�e
tion 
oe�
ient that we developed in the previous paragraph.

A 
omparison between an experimental re�e
ted signal and simulated re�e
ted signal is given

in Figs. 10 (a-d) for the optimized values of the inverted permeabilities of the porous samples

(M1-M4), respe
tively. The frequen
y bandwidth of the in
ident signals is (40-60)Hz. It 
an be
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seen that the agreement between experiment and theory is good for all the samples, espe
ially

for the most resistive materials (M1) and (M3). This 
omparison has also been 
arried out in

other frequen
y bandwidth for higher frequen
ies(90-120) Hz, in Figs. 11 (a-d), for samples (M1-

M4), respe
tively. In this 
ase, the agreement between experiment and theory for the M2 and

M4 foams (less resistive and therefore more permeable) is not as good as it is with samples M1

and M3. This 
omparison of experimental and theoreti
al data of the re�e
ted waveform shows

that the inversion results are best suited for the most resistive materials and at low frequen
ies,

whi
h are the ne
essary 
onditions for applying the proposed method.

This method is 
omplementary to the one using transmitted waves

7
. Its advantage is that it

is well suited to porous resistive materials (low permeability), while the transmission method

7
is

better for low resistive materials (high permeability). Moreover, in this approa
h, the knowledge

of the porosity of the material is not ne
essary as is the 
ase of 
lassi
al methods

19
using the

re�e
ted waves.

V. CONCLUSION

In this paper, an experimental determination of the vis
ous permeability is given by solving

the inverse problem using experimental re�e
ted signals. The model is based on a simpli�ed

expression of the re�e
tion 
oe�
ient obtained by Taylor expansion when the frequen
y tends

to zero. The simpli�ed expression of the re�e
tion 
oe�
ient is independent of frequen
y and

porosity, thus making the inversion pro
ess straightforward. Four plasti
 foam samples having

di�erent values of permeability are tested using this proposed method. The results are satis-

fa
tory espe
ially for resistive porous materials and for the lower frequen
ies, whi
h are the

ne
essary 
onditions for using this model. This method opens new perspe
tives for the a
ousti



hara
terization of resistive porous materials whi
h are generally di�
ult to 
hara
terize using

transmitted waves

7
. The transmission method is more adapted for less resistive porous materials.

12



This study shows that the re�e
ted waves are a good tool for the a
ousti
 
hara
terization of

resistive porous materials in the low frequen
y range (Dar
y's regime).
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APPENDIX A :REFLECTION AND TRANSMISSION COEF-

FICIENTS

The expression of a pressure wave in
ident plane, with unit amplitude, at normal in
iden
e

is given by :

pi(x, t) = e−j(κx−ωt), where κ =
ω

c0
= ω

√

ρ

Ka
,

κ is the wave number of the free �uid. In the medium (I) (x < 0), the movement results from

the superposition of in
ident and re�e
ted waves (Fig. 12) :

p1(x, t) = e−j(κx−κt) +Re−j(−κx−ωt), (14)

where R is the re�e
tion 
oe�
ient. A

ording to Eq. 2, the expression of the velo
ity �eld in

the medium (I) wrote :

v1(x, t) =
1

Zf

(

e−j(κx−ωt) −R(ω)e−j(−κx−ωt)
)

, where Zf =
√

ρKa. (15)

In the medium (II) 
orresponding to the porous material, the expressions of the pressure and

velo
ity �elds are :

p2(x, t) = A(ω)e−j(κ(ω)x−ωt) +B(ω)e−j(−κ(ω)x−ωt), (16)

v2(x, t) =
1

Z(ω)

(

A(ω)e−j(κ(ω)x−ωt) −B(ω)e−j(−κ(ω)x−ωt)
)

(17)

In these expressions A(ω) and B(ω) are fun
tion of pulsation for determining, Z(ω) and κ(ω)

are the 
hara
teristi
 impedan
e and the wave number, respe
tively, of the a
ousti
 wave in the

porous medium. These are two 
omplex quantities :

κ(ω) = ω

√

ρα(ω)β(ω)

Ka
, Z(ω) =

√

ρKaα(ω)

β(ω)

Finally, in the medium (III), the expressions of the pressure and velo
ity �elds of the wave

transmitted through the porous material are :

p3(x, t) = T̃ (ω)e−j(κ(x−L)−ωt), (18)

v3(x, t) =
1

Zf
T̃ (ω)e−j(κ(x−L)−ωt), (19)

14



where T̃ (ω) is the transmission 
oe�
ient. To determine the 
oe�
ients of re�e
tion and trans-

mission, the 
ontinuity 
onditions are written to the interfa
es x = 0 and x = L of the porous

medium :

p1(0
−) = p2(0

+), p2(L
−) = p3(L

+), v1(0
−) = φv2(0

+), φv2(L
−) = v3(L

+). (20)

Using expressions (20) and relations (14-19), we obtain the following relations between A(ω),

B(ω), R(ω) and T (ω) :

1 +R(ω) = A(ω) +B(ω), T̃ = A(ω)e−jκ(ω)L +B(ω)ejκ(ω)L,

1−R(ω) = φ
Zf

Z(ω)
(A(ω)−B(ω)) , T̃ (ω) = φ

Zf

Z(ω)

(

A(ω)e−jκ(ω)L −B(ω)ejκ(ω)L
)

.

The solution of this system of equations gives the expressions of the re�e
tion and transmission


oe�
ients :

R(ω) =

(

1− Y 2(ω)
)

(1 + Y 2(ω)) + 2Y (ω) coth (jκ(ω)L)

T̃ (ω) =
2Y (ω)

2Y (ω) cosh (jκ(ω)L) + (1 + Y 2(ω)) sinh (jκ(ω)L)
,

where :

Y (ω) = φ

√

β(ω)

α(ω)
.

15



APPENDIX B : TAYLOR EXPANSION OF THE REFLECTION

COEFFICIENT

The re�e
tion 
oe�
ient R̃(ω) is given by (5) :

R̃(ω) =

(

1− C2
1jω

)

sinh
(

LC2
√
jω
)

2C1
√
jω cosh

(

LC2
√
jω
)

+
(

1 + C2
1jω

)

sinh
(

LC2
√
jω
) ,

=

(

1− C2
1jω

1 + C2
1jω

)







1

1 + 2C1

√
jω

(1+C2

1
jω)

coth(LC2

√

jω)
,







where C1and C2 are given by Eq. 6.

The Taylor series expansion in the vi
inity of zero of

(

1−C2

1
jω

1+C2

1
jω

)

,

2C1

√
jω

(1+C2

1
jω)

and coth(LC2
√
jω),

gives :

(

1− C2
1jω

1 + C2
1jω

)

= 1− 2C2
1jω +O([jω]2),

2C1
√
jω

(

1 + C2
1jω

) = 2C1

√

jω − 2C3
1 (jω)

3/2 +O([jω]5/2), (21)

and

coth(LC2

√

jω) =
1

LC2
√
jω

+
1

3
LC2jω − 1

45
L3C3

2 (jω)
3/2 +O([jω]5/2).

We have

2C1
√
jω

(

1 + C2
1jω

) coth(LC2

√

jω) =
2C1

LC2
+

2

3
C1C2L

(

1− 3C2
1

L2C2
2

)

jω +O([jω]2),

and

1

1 + 2C1

√
jω

(1+C2

1
jω)

coth(LC2
√
jω)

=
1

1 + 2C1

LC2

− 2

3

L2C2
2C1

(

1− 3C2

1

L2C2

2

)

(

1 + 2C1

LC2

)2 jω +O([jω]2) (22)

Using Eqs. (21) and (22), one �nds

R̃(ω) =

(

1

1 + 2C1

LC2

)



1− 2

3

LC1C2

(

1 + 3 C1

LC2
+ 3

C2

1

L2C2

2

)

1 + 2C1

LC2

jω +O([jω]2)



 .

whi
h is equivalent to Eq. 7.
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Table I. Values of (ω/ωc) and | R̃(ω) | for di�erent values of frequen
y and resistivity, the

thi
kness is �xed to L = 5cm.

30 Hz 50 Hz 70 Hz 100 Hz 200 Hz 300 Hz

σ (Nm−4s) ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ |

3000 0.113 0.155 0.189 0.157 0.264 0.159 0.377 0.165 0.755 0.193 1.132 0.233

104 0.048 0.379 0.080 0.380 0.112 0.381 0.160 0.383 0.320 0.398 0.480 0.420

105 0.025 0.859 0.042 0.860 0.059 0.860 0.084 0.862 0.168 0.871 0.252 0.886

106 0.023 0.984 0.039 0.984 0.054 0.985 0.078 0.987 0.156 0.996 0.233 1.01

400 Hz 500 Hz 600 Hz 700 Hz 800 Hz 1000 Hz

σ (Nm−4s) ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ | ω/ωc | R̃ |

3000 1.509 0.280 1.887 0.330 2.264 0.382 2.642 0.436 3.016 0.492 3.774 0.604

104 0.641 0.450 0.801 0.485 0.961 0.525 1.121 0.569 1.281 0.615 1.601 0.715

105 0.336 0.906 0.420 0.932 0.504 0.962 0.588 0.996 0.672 1.035 0.840 1.122

106 0.311 1.030 0.389 1.056 0.467 1.086 0.545 1.120 0.623 1.159 0.778 1.247
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Table II. Porosities and thi
knesses of the samples M1-M4.

Material M1 M2 M3 M4

Thi
kness (
m) 2.6 5 4.15 4.9

Porosity 0.85 0.95 0.8 0.98
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Table III. Chara
teristi
s of sample M1 obtained by solving the inverse problem using the

general and simpli�ed expression (Eq. 4 and 9) of the re�e
tion 
oe�
ient (not marked), either

by 
lassi
al methods (marked by ∗), or by taking an average of the inverted values (marked by

♯).

Frequen
y bandwidths(Hz) (40-60) (50-70) (60-80) (70-90) (80-100) (90-120)

k0 (Eq. 4) Darcy 672.68 568.30 757.73 835.05 734.53 734.53 717.66

♯
720

∗

k0 (Eq. 9) Darcy 672.68 568.30 757.73 835.05 730.00 729.53 715.54

♯
720

∗

σ (Eq. 4) Nm

−4
s 27508 32650 24490 22220 25260 25260 25857

♯
25773

∗

σ (Eq. 9) Nm

−4
s 27508 32650 24490 22220 25420 25436 25934

♯
25773

∗
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Table IV. Chara
teristi
s of sample M2 obtained by solving the inverse problem using the

general and simpli�ed expression (Eq. 4 and 9) of the re�e
tion 
oe�
ient (not marked), either

by 
lassi
al methods (marked by ∗), or by taking an average of the inverted values (marked by

♯).

Frequen
y bandwidths(Hz) (40-60) (50-70) (60-80) (70-90) (80-100) (90-120)

k0 (Eq. 4)Darcy 2536.1 2024.2 2171.0 3131.4 2610.7 2690.7 2527

♯
2900

∗

k0 (Eq. 9)Darcy 2536.1 2103.1 2250.0 3131.4 2690.7 2690.7 2567

♯
2900

∗

σ (Eq. 4) Nm

−4
s 7320 9163 8539 5930 7101 6890 7348.3

♯
6398

∗

σ (Eq. 9) Nm

−4
s 7320 8820 8240 5930 6890 6890 7339.7

♯
6398

∗
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Table V. Chara
teristi
s of sample M3 obtained by solving the inverse problem using the

general and simpli�ed expression (Eq. 4 and 9) of the re�e
tion 
oe�
ient (not marked), either

by 
lassi
al methods (marked by ∗), or by taking an average of the inverted values (marked by

♯).

Frequen
y bandwidths(Hz) (40-60) (50-70) (60-80) (70-90) (80-100) (90-120)

k0 (Eq. 4)Darcy 618.55 541.23 657.21 594.1 594.3 568.67 595.6

♯
630

∗

k0 (Eq. 9)Darcy 618.55 541.23 657.21 599.22 599.22 579.89 599.2

♯
630

∗

σ (Eq. 4) Nm

−4
s 30000 34280 28230 30960 30960 32000 31072

♯
29455

∗

σ (Eq. 4) Nm

−4
s 30000 34280 28230 30960 30960 32000 31216

♯
29455

∗
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Table VI. Chara
teristi
s of sample M4 obtained by solving the inverse problem using the

general and simpli�ed expression (Eq. 4 and 9) of the re�e
tion 
oe�
ient (not marked), either

by 
lassi
al methods (marked by ∗), or by taking an average of the inverted values (marked by

♯).

Frequen
y bandwidths(Hz) (40-60) (50-70) (60-80) (70-90) (80-100) (90-120)

k0 (Eq. 4)Darcy 5613.4 3943.3 4360.8 3943.3 4195.1 4702.6 4460

♯
4500

∗

k0 (Eq. 9)Darcy 5613.4 3943.3 4360.8 3943.3 4360.8 4778.4 4500

♯
4500

∗

σ (Eq. 4) Nm

−4
s 3310 4700 4250 4700 4417 3943 4219.2

♯
4123.7

∗

σ (Eq. 9) Nm

−4
s 3310 4700 4250 4700 4250 3880 4181.7

♯
4123.7

∗
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Table VII. Standard deviation of permeability.

Materials Permeability k0 (Darcy) Standard deviation

M1 717,66

♯
77.22

M2 2567

♯
512.58

M3 599.2

♯
35.62

M4 4500

♯
573.83
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FIGURE CAPTIONS

Fig. 1. Variation of the modulus of the re�e
tion 
oe�
ient with porosity.

Fig. 2. (Color online) Comparison between simulated re�e
ted signals 
orresponding to Eq.(5)

(solid line) and Eq.(9) (dashed line), for the sample F1.

Fig. 3. (Color online) Comparison between simulated re�e
ted signals 
orresponding to Eq.

(5) (solid line) and Eq. (9) (dashed line), for the sample F2.

Fig. 4. (Color online) Comparison between simulated re�e
ted signals 
orresponding to Eq.

(5) (solid line) and Eq. (9) (dashed line), for the sample F1, in the frequen
y band (40-70)Hz.

Fig. 5. (Color online) Comparison between simulated re�e
ted signals 
orresponding to Eq.

(5) (solid line) and Eq. (9) (dashed line), for the sample F2, in the frequen
y band (40-70)Hz.

Fig. 6. Experimental setup of a
ousti
 measurements.

Fig. 7. (Color online) Variations of the 
ost (minimization) fun
tion with the stati
 permea-

bility k0 for di�erent frequen
y bandwidths (sample M1).

Fig. 8. (Color online) Variations of the 
ost (minimization) fun
tion with the stati
 permea-

bility k0 for di�erent frequen
y bandwidths (sample M2).

Fig. 9. (Color online) Variations of the 
ost (minimization) fun
tion with the stati
 permea-

bility k0 for di�erent frequen
y bandwidths (sample M3).
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Fig. 10. (Color online) Variations of the 
ost (minimization) fun
tion with the stati
 permeabi-

lity k0 for di�erent frequen
y bandwidths (sample M4).

Fig. 11-a. (Color online) Comparison between the experimental re�e
ted signal (dashed line)

and the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample

M1 in the frequen
y bandwidth (40-60)Hz.

Fig. 11-b. (Color online) Comparison between the experimental re�e
ted signal (dashed line)

and the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample

M2 in the frequen
y bandwidth (40-60)Hz.

Fig. 11-
. (Color online) Comparison between the experimental re�e
ted signal (dashed line) and

the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample

M3 in the frequen
y bandwidth (40-60)Hz.

Fig. 11-d. (Color online) Comparison between the experimental re�e
ted signal (dashed line)

and the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample

M4 in the frequen
y bandwidth (40-60)Hz.

Fig. 12-a. (Color online) Comparison between the experimental re�e
ted signal (dashed line)

and the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample

M1 in the frequen
y bandwidth (90-120)Hz.

Fig. 12-b. (Color online) Comparison between the experimental re�e
ted signal (dashed line)

and the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample
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M2 in the frequen
y bandwidth (90-120)Hz.

Fig. 12-
. (Color online) Comparison between the experimental re�e
ted signal (dashed line) and

the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample

M3 in the frequen
y bandwidth (90-120)Hz.

Fig. 12-d. (Color online) Comparison between the experimental re�e
ted signal (dashed line)

and the simulated re�e
ted signals (solid line) using the re
onstru
ted value of k0, for the sample

M4 in the frequen
y bandwidth (90-120)Hz.

Fig. 13. Problem geometry.
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Fig. 1
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Fig. 2
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Fig. 3
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Fig. 4
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Fig. 5
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Fig. 6
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Fig. 7
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Fig. 8
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Fig.9
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Fig. 10
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Fig. 11-a
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Fig. 11-b
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Fig. 11-
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Fig. 11-d
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Fig. 12-a
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Fig. 12-b
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Fig. 12-
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Fig. 12-d
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Fig. 13
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