N

N

The Generalized Finite Volume SUSHI Scheme for the
Discretization of Richards Equation
Konstantin Brenner, Danielle Hilhorst, Huy-Cuong Vu-Do

» To cite this version:

Konstantin Brenner, Danielle Hilhorst, Huy-Cuong Vu-Do. The Generalized Finite Volume SUSHI
Scheme for the Discretization of Richards Equation. Vietnam Journal of Mathematics, 2015,
10.1007/s10013-015-0170-y . hal-01317568

HAL Id: hal-01317568
https://hal.science/hal-01317568
Submitted on 18 May 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01317568
https://hal.archives-ouvertes.fr

Noname manuscript No.
(will be inserted by the editor)

The generalized finite volume SUSHI scheme for the
discretization of Richards Equation

Konstantin Brenner - Danielle Hilhorst -
Huy-Cuong Vu-Do

Received: date / Accepted: date

Abstract In this article, we apply the generalized finite volume method SUSHI to the dis-
cretization of Richards equation, an elliptic-parabolic equation modeling groundwater flow,
where the diffusion term can be anisotropic and heterogeneous. This class of locally con-
servative methods can be applied to a wide range of unstructured possibly non-matching
polyhedral meshes in arbitrary space dimension. As is needed for Richards equation, the
time discretization is fully implicit. We obtain a convergence result based upon a priori esti-
mates and the application of the Fréchet-Kolmogorov compactness theorem. We implement
the scheme and present numerical tests.
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1 Introduction

Let Q be an open bounded polygonal subset of IR? (d =2 or 3) and let T be a positive
constant; we consider the Richards equation in the space-time domain Qr = £ x (0,T):

3,6(p) —div (ks (6(p)K(Xx)V(p+2) ) =0. (1.1)

where p = p(x,t) is the piezometric head. The space coordinates are defined by x = (x,z) in
the case of space dimension 2 and x = (x,y,z) in the case of space dimension 3. The quan-
tity 6(p) is the water storage capacity, also known as the saturation, K(x) is the absolute

Konstantin Brenner
LJAD University Nice Sophia-Antipolis & Coffee team Inria Sophia-Antipolis - Méditerranée, France
E-mail: konstantin.brenner @unice.fr

Danielle Hilhorst
Laboratoire de Mathématiques, CNRS et Université de Paris-Sud, Orsay, France
E-mail: Danielle.Hilhorst@math.u-psud.fr

Huy-Cuong Vu-Do

Laboratoire de Mathématiques, Université de Paris-Sud, Orsay, France
E-mail: vdhuycuong @math.u-psud.fr



2 Konstantin Brenner et al.

permeability tensor and the scalar function k; is the relative permeability.

Next we perform Kirchhoff’s transformation. We define

Fs) = /O "k (6(1)) d,

and suppose that the function F is invertible. Then we set u = F(p) in Q7 and c(u) =
c(F(p)) = 8(p); it turns out that the function c is either qualitatively similar to the func-
tion 6 or has a support which is bounded from the left as in Figure 1-(b). We remark that
Kirchhoff’s transformation leads to Vu = k(6 (p))V p. The equation (1.1) becomes

() —div (K (x)Vae) — div (ke (e(u) K (x)¥2) = 0. (1.2)

We suppose that i € W1>(Q) is a given function and consider the equation (1.2) to-
gether with the inhomogeneous Dirichlet boundary

u(x,t) =d(x) ae.ondQ x(0,T), (1.3)
and the initial condition
u(x,0) = up(x) ae.in Q. (1.4
)
=l =
r u
(a) Typical saturation 0 (b) A profile of function ¢

Fig. 1 Typical saturation and its Kirchhoff’s transformation

We denote by (P) the problem given by the equations (1.2), (1.3) and (1.4). We shall
make the following hypotheses:
(#4) c € WH(IR), 0 < ¢ < Cpax, is a nondecreasing Lipschitz continuous function
with Lipschitz constant L;
(8) k. : IRY — IR" is a nondecreasing Lipschitz continuous function with Lips-
chitz contant L, , and 0 < k, < k, where k, is a positive constant, k,(s) > 0 for all s > 0;
(24) K is a bounded function from Q2 to M, (IR), where M;(IR) denotes the set of
real d x d matrices. Moreover for a.e. x in , K(x) is a positive definite matrix and there
exist two positive constants K and K such that the eigenvalues of K(x) are included in [K, K];
(4) ug € L7 () and 4 € WH=(Q).
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Fig. 2 Typical permeability

Definition 1 [Weak solution] A function u = u(x,1) is said to be a weak solution of Problem
(2) if:

(i) u—ﬁeL2(o T;HY(RQ));

(ii) eL""(O T;L*(Q));
(iif) / / u)oy dxdtf/ c(up)y(-,0) dx (1.5)
+/ /KVu Vl/fdxdt+/ / )KVz-Vy dxdt =0,

for all y € L?(0,T;H} (L)) such that y(-,7) = 0 and d,y € L*(Qr).

The discretization of the Richards equation was performed by means of the finite dif-
ference method by Hornung [17] and by means of the finite element method by Knabner
[19]; Kelanemer [18] and Chounet et. al. [4] implemented a mixed finite element method
and Frolkovic et. al. [15] applied a finite volume scheme on the dual mesh of a finite ele-
ment mesh. We refer to Eymard, Gutnic and Hilhorst [13] and to Eymard, Galloué&t, Gutnic,
Herbin and Hilhorst [8] for the study of the convergence of two slightly different numerical
schemes based upon the standard finite volume method.

In section 2.2, we introduce the SUSHI scheme, a finite volume scheme using stabi-
lization and hybrid interfaces which has been proposed by Eymard et. al. [9] and define the
approximate Problem (P 5,). We also present some relevant results which will be useful
in the sequel. In section 2.3, we prove an a priori estimate on the approximate solution in
a discrete norm corresponding to a norm in L (0, T;H(} (2)). Using these estimates and ar-
guments based on the topological degree, we prove the existence of a solution of Problem
(Pg.s;) in section 2.4. In section 2.5, we prove estimates on differences of time and space
translates. These estimates imply the relative compactness of sequences of approximate so-
lutions by the Fréchet-Kolmogorov theorem. We deduce the convergence in L? of a sequence
of approximate solutions to a solution of the continuous problem (P) in section 2.6. For the
proofs, we apply methods inspired upon those of [9] and [10]. In the last section we describe
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effective computations in the case of some well-known numerical tests which are often used
in literature. We also perform simulations for a realistic model at the end of section 2.7.

The discretization of Richards equation by means of gradient schemes, which include
the SUSHI method, has already been proposed by Eymard, Guichard, Herbin and Masson
[12], where they consider Richards equation as a special case of two phase flow; however,
they make the extra hypothesis that the relative permeability k, is bounded away from zero,
which is not satisfied in most geological contexts. Here we avoid this extra hypothesis by
performing Kirchhoff’s transformation.

2 The hybrid finite volume scheme SUSHI

In this section, we construct an approximate solution of Problem (P) corresponding to a time
implicit discretization and a hybrid finite volume scheme. We follow the idea of Eymard et.
al. [9] to construct the fluxes using a stabilised discrete gradient.

2.1 Space and Time Discretization

Let us first define the notion of admissible finite volume mesh of £ and some notations
associated with it.

Definition 2 (Space discretization) Let Q be a polyhedral open bounded connected subset
of IR and 0Q = §\Q its boundary. A discretization of 2, denoted by 2, is defined as the
triplet 2 = (A ,&, ), where:

1. .# is a finite family of non empty convex open disjoint subsets of Q (the “control
volumes™) such that Q = (Jxc 4 K. For any K € .#, let 9K = K\K be the boundary of K;
we denote by |K| the measure of K and d(K) the diameter of K.

2. & is a finite family of disjoint subsets of Q (the ”interfaces™), such that, for all
o € &, 6 is a nonempty open subset of a hyperplane of IRY and denote by |G| its measure.
We assume that, for all K € .7, there exists a subset &g of & such that K = Uges, 6.

3. & is a family of points of € indexed by .#, denoted by & = (Xk)ke.#» Such
that for all K € .#, xx € K and K is assumed to be xg-star-shaped, which means that for all
x € K, the inclusion [xg,X] C K holds.

For all o € &, we denote by x4 the barycenter of ¢. For all K € .# and ¢ € &k, we
denote by D s the cone with vertex xx and basis ¢, by ng s the unit vector normal to &
outward to K and by di o the Euclidean distance between xx and the hyperplane including
o. For any 0 € &, we define .#; = {K € .# : 0 € &}. The set of boundary interfaces is
denoted by &,,, and the set of interior interfaces is denoted by &;;.

We express the finite volume scheme in a weak form. For that purpose, let us first asso-
ciate with the mesh the following spaces of discrete unknowns

Xg={v= ((VK)KG.//h (Va)ceé"> vk €R,vs € R},
Xg0= {V €Xg:ve =0V0 € é‘:m}.

Definition 3 (Time discretization) We divide the time interval (0,7) into N uniform time
steps of length 8t = T /N, and we define by , = ndt where n € {0,...,N}.
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Taking into account the time discretization leads us to define the following discrete spaces

X3 =xy={h= (B g,y B € Xa},
X{‘;{O :Xgp _ {h _ (hn)ne{l,.»-,N}’hn S X@,O}

For the sake of simplicity, we restrict our study to the case of constant time steps. Never-
theless all results presented below can be easily extended to the case of a non uniform time
discretization.

2.2 Discrete weak formulation

We propose here a discrete scheme which is based upon the hybrid finite volume scheme
SUSHLI. It has been initially proposed for uniformly elliptic problems [9]. Schemes of this
type in the case of a parabolic degenerate equation have been recently analyzed in [1]. Re-
mark that this method can also be viewed as a mimetic finite difference or a mixed finite
volume method (see [1], [2], [7]).

After formally integrating the equation (1.2) on the cell K X (#,_1,t,) for each K € .#
and for each n € {1, ..., N}, we obtain

/K(c(u(x,tn)) —C(u(x7tn71))) dx —

-X /kr(c(u))KVZ~nK,o dydt = 0.

cESK In—1

tn
Y / / KVu - ng o dydt
th-1J0

<7

2.1)

For all K € .# and o € &k, the diffusive flux — / KVu-ng s dy and the convective flux
o

—/ kr(c(u))KVz-ng s dy are approximated by Fk () and Qg o(u), which are defined
belgw by (2.7) and by (2.16), respectively.

Before introducing the numerical scheme, we define the following projection operator:
let ¢ € C(Qr). We denote by Py ¢ the element of X, defined by {{(I)(XK, 9419 (X6, )}}
forall K € # and o € &.

Let Pgit and Pyug be the projections of boundary and initial functions in (1.3) and (1.4),

respectively; we present below a discrete weak problem (P g,):
The initial condition is discretized by

Wo— L / uo(x) dx VK € M. 2.2)
IK| Jx

For each n € {1,...,N} and for all K € ., find u" such that u”" — Pypii € X  satis-
fying

Z |K|(c(ug) — c(u’}(_l))vl( +0t(u" v)p +0t{u",v)p =0 WveXgy, (2.3)
Ke#
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where
wvyp:= Y Y Fgow)(vk —vo), (2.4)
Kell oeéy
and
wvo=Y Y Okow)(vk —vo). 2.5)
Ke i/ o€y

Let ﬁ‘;f =ud j —Pgii € X9 7.0 We rewrite the discrete equation (2.3) as

Y IK|(c(uf) - c(Ws Yk + 8t (@ V) + 8t (Pyit,v)p + 8t (u",v)g = 0. (2.6)
Ked

The discrete Problem (Py ;) is given by initial condition (2.2) and either the discrete
equation (2.3) or the discrete equation (2.6).

2.3 The approximate flux

The discrete flux Fx s is expressed in terms of the discrete unknowns. For this purpose
we apply the SUSHI scheme proposed in [9]. The idea is based upon the identification of
the numerical fluxes through the mesh dependent bilinear form, using the expression of the
discrete gradient

Z Z Fx.oc(w)(vk —vo) /ij (x)Vgv(x) dx Yv,w € Xg). 2.7
Ke#l 68k

To this purpose, we first define

1
Vgw = I Y lolwe—wk)nks VK €., YweXy. (2.8)

The consistency of formula (2.8) stems from the following geometrical relation:

Y lonko(xo—xx)" =|K|ld VK €., (2.9)

ocbk

where (X5 — XK)T is the transpose of X5 — Xg € IRY and Id is the d x d identity matrix.

Remark 1 The approximation formula (2.8) is exact for linear functions. Indeed, for any
linear function defined on Q by ¢(x) = G -x with G € IR?, assuming that ws = ¢@(X) and
wik = @(xg), we obtain we —wg = (Xg —Xg)TG = (X¢ — Xg)7 V; hence (2.8) leads to
Viw = V(p

‘We also remark that

Y longo= Y /nKGdy / (V1) dx =0,

cEbk cEbk

which means that the coefficient of wk in (2.8) is equal to zero. Thus, a reconstruction of
the discrete gradient solely based on (2.8) cannot lead to a definite discrete bilinear form in
the general case. Therefore we introduce the stabilized gradient

V[(p-w = VKW+R[(7O-W Nx o, (2.10)
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where

d
Ri.ow = L(WafwaVKw-(ngxK)). @2.11)
K.

We may then define V 4w as the piecewise constant function equal to Vgsw a.e. in the cone
Dgs
Vow(x) = Vg ow forae.x € Dgg. (2.12)

Note that, from the definition (2.11), in view of (2.9) and (2.8), we deduce that
old
Y MRK_GW ngo=0 VKe.. (2.13)
ocbk d

In order to identify the numerical fluxes Fx (w) through relation (2.7), we put the dis-
crete gradient in the form

Vikow= Y, (Wor—wg)yg’, (2.14)
G/GgK
with i
o] d ( o] ) : :
—Ngo+—|1—i5Nko (X6 —Xk) |0k if 6 =0,
yco" _ |K| K.,o dK,a ‘K| K,o ( o] K) K.,o
" Ll vd |Gl|n (Xg —Xg)n otherwise
— ’— — /e — Wise.
(K[ dy o K]0 TR
Thus

/KVQW(X) Kx)Vyv(x)dx= Y Y A% (wo — wi) (ver — VL),

ocsg 0'eék

with 0,0’ € & and

A= T TARNET AT = [ K

o"esg K,c"

The local matrices A,‘g"' are symmetric and positive, and the identification of the numerical
fluxes using relation (2.7) leads to the expression:

Frow)= Y AZ% (wg —wr). (2.15)

o'eéy
Next we consider the convective flux. To this purpose we first define gx ¢ = / KVz-
o
ng ¢ dy. Then the convective flux is defined as
Ok,0c(W) = —ki(c(Wk.6)) 8k.c VK € .M ,0 € &, (2.16)

where wi s satisfies the upwind-sort formula

_Jwx if gke <O,
e = { we  otherwise. (2.17)

Moreover, in view of the definition of ggs, we remark that

8K.c = —8Loc Vo € i, Ms = {KyL}' (2.18)
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2.4 The properties of the scheme

Next, we introduce some extra notations related to the mesh. Let & be a discretization of Q
in the sense of Definition 2. The size of the discretization & is defined by

ly = sup d(K)a
Ke#

and the regularity of the mesh by:

dK,G d(K)
Uy =max( max —=, max .
ok 1E6m AL o Kels,0€bk dg o

We will suppose in the sequel that [ < 1.

Definition 4 Let & be a discretization of Q in the sense of Definition 2, and let 8¢ be the
time step defined in Definition 3. For v € X4, we define the semi-norm

2 o 2
|V|X9: Z Z —— (v —Vk)%,

Kel oy di.c

Forall h = {h"},cq1,.. Ny € X;’, we define the semi-norm

N
[h2s =Y Stl"%,,-
2 n=1

Let H 4(Q) C L*(Q) be the set of piecewise constant functions on the control volumes of
the mesh .. For all v € X4 we denote by I ,v € H () the piecewise function from Q
to IR defined by IT ,v(x) = vk for almost every x € K, for all K € . .

Let H% (2 % (0,T)) C L*(2 x (0,T)) be the set of piecewise constant functions on the
space-time control volumes. We denote by Hf;} : Xg’ — L*(Qr) the mapping

IS v(x,t) = vl forall (X,1) € K X (ty—1,t). (2.19)
We also define V& : X3' — L2(07)? by
VOv(x,1) = V" forall (x,1) € K X (ty_1,1,). (2.20)
Next, following [9], for all v € X4 we define the following related norm
IMlae= ¥ X loldxo(22Y) Qa1
Kell c€8 o

with dg = |dK‘0' +dL7o“7ng = |VK - VL‘ if A5 = {K,L}, and dg = dg.5,Dov = |VK| if
Ms = K. A result stated in [9] gives the relation

ITLavll o0 < VR, WvEXap. (2.22)

Lemma 1 (Poincaré like inequality) Let & be a discretization of Q in the sense of Defini-
tion 2. Let 1 > 0 be such that 1 < dk s /dr.c < 1/1 for all 6 € &y, where M = {K,L}.
Then there exists Cy only depending on d,  and 1 such that

Lyl 2@) < ULV 2.0 YV EXg, (2.23)
where ||ILyv||1 2,4 is defined by (2.21).
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Proof: In view of Lemma 5.4 in [9], for each p > 1 there exists ¢ > p only depending on p
and there exists a positive constant C only depending on d and 1 such that ||TT 4 V||4(q) <
CIIIL V|1 p.« for all v € Xp. We remark that for all g > p, then

ITLaVllir(@) <1219 PP 4] 1)
We set p =2 and C; = |2|(4~2)/24C to conclude the proof. O

Definition 5 Let Z be a discretization of Q in the sense of Definition 2, and let 6¢ be the
time step defined in Definition 3. We define the L>-norm of the discrete gradient by

o dK
||V@V(X)||§2<Q)d: Z Z Hip‘vl(,cwz \V/VEX@7

Ke i oceby d
and
St o ‘G‘dl( c 2 St
||V h(x,t) ||L2 =Ya&a) ) 2\ Vkoh"|* VheX,
n=1 Ke/ occék d

where Vi 5 and V4 is defined by (2.8)-(2.12).

Lemma 2 Let 9 be a discretization of £ in the sense of Definition 2 and suppose that there
exists a positive constant | such that g < U for all D; let 6t be the time step defined in
Definition 3.
(i) Then there exist positive constants Cy and C3 only depending on 1 and d such
that
Calvly, < Vo) |2y < G, ¥ € Xo

(ii) Moreover, we have

Caolhly < IVERXNII]2 g, < Calhlys,  Vh e XY

X61 Xét

Proof: We refer to Lemma 4.2 in [9] for the proof of (i). In view of the definition of the
semi-norm in the space Xg’ and the L2-norm of the discrete gradient, we deduce (ii). O

Lemma 3 Let 9 be a discretization of 2 in the sense of Definition 2 and suppose that there
exists a positive constant L such that gy < U for all 9; there exists a positive constant &
such that

(e > alvl, . (2.24)

Proof: In view of Hypothesis (.43) and Lemma 2, we also obtain

<v,v>p:/_QK(x)(ng(x))2dx
> K|[Vov(x)|agq)
> KOV, -

Setting oo = KC, permits to complete the proof. O

Definition 6 Let 2 be a discretization of £ in the sense of Definition 2 and let 8¢ be the
time step deﬁned in Definition 3. Let u‘;’ € Xg’ be a solution of Problem (P 5,). We say

that IT%u3! (x,1) is an approximate solution of Problem (P).
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We now state a weak compactness result for the discrete gradient.

Lemma 4 Let & be a family of discretizations of Q in the sense of Definition 2 and suppose
that there exists a positive constant | such that g < U for all 9 € F. Let (h Nges be a
family of unknowns such that

(i) h} € X! for all 9 € F and for all 8t € (0,1);

(ii) there exists C > 0 such that |h5’\X5, < Cforall 2 € ¥ and for all 8t € (0,1);

(iii) there exists h € L*(Qr) such that H‘S’ ha’(x, t) converges to h weakly in L*(Qr)
aslg, 0t — 0.
Thenh € L*(0,T,H}(RQ)) and V‘;fh‘;’ converges to Vh weakly in L*(Qr)? as 1y and 5t — 0.

Proof: We extend the functions IT ‘;}h‘;’ and V‘;’h‘;’ by zero outside of . In view of (ii)

of Lemma 2, there exists a function 7 € L2(IR? x (0,T))¢ such that up to a subsequence
V‘;’h‘;’ weakly converges to .7 in L>(IR? x (0,7))¢ as 15,8t — 0. We show below that
A =Vh.Let ¢ € C2(IR? x (0,T))¢ be given; we consider the term defined by

] T
ng/ / VR (x,1) - @(x,1) dxdt.
o= [ v ot

In view of the definition of V4 in (2.8)-(2.12) we infer that Tl9 ng + T3 , Where

. 1
- Zl& Y Y lolt —tmo- gk with 05 = grer [ 1/ (x,1) dxd,

and
17, N n "
=Y Y Rioh"ngo / o(x,t) dxdt,
23 In—1 DK‘O'

which by (2.13) yields

N

W =Y ¥ Y Koo [ [ o) —of) dxi.

n=1Ke.# 68k

Applying Cauchy-Schwarz inequality, we deduce that

@< (Lo ¥ Y e oy i)

=1 Ke c€é
S oeoK (2.25)

(Z Z Z Ifflc;ﬁ%: /D.K‘c((P_(P"K)dxdt‘z).

n=1Ke/# o€

We deduce from formulas (4.11) and (4.12) in [9] the inequality

hg — g
(RK,chn)z < Zd((i) _|_‘u2|v h"|2>
h— h"
<2d(("e K - ),
= dxo \K|6,€(p dKG’ k)
which in turn implies that
|o|dk.c ‘ | 2‘G‘dl<ad |6|
9y hn A0 hn 7hn +2 lihn
g Regh') <20 (g — i)’ KL de o M
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(o2
Ly~ =i, <c

d
We remark that Z [oldk.o =1 and that 251 Z

5
oSk d|K| n=1 Ke.# ceéy “K.0 X7~
which yields
N
d
Yo ¥ ¥ 9k e <o 2a)c (2.26)
n=1 Ke# ceék d

By the regularity properties of the function @, there exists Cy only depending on ¢ such that

oldk
/ o(x,1) — @%) dxdt|<C(p6tlj| |d , which implies that
th—1 /Dk ¢
d ’"/ o(x,1) — @) dxdi? < 511 ' c2p
[oldiadt o, S x "
d
Since Z [oldk.o = |K], it follows that
(oI5 d
K
. 2 212
~ ¢k dxdi) < TIQICE. 2.27
Py M,WG&/ |, (o= o axar) <Ti@ICH. @21

From (2.25),(2.26) and (2.27), we deduce that lim T7;” = 0. Next, we compare T;” to T;”

]9,6[%0
defined by

N t”
T/ =Y68Y Y |o|(hy—hi)ngc- @y with ¢ =

n=1 Ke# océg

. dvydt.
6z|o| fnl/"’ 7

‘We have that

1 1P < (Lo X ¥ ST iR) (Lo E X loldvolet o)

n=1 Ke# ce&x YK n=1 Ke.#l ce&x
< \h|X5,Td\Q|C§,l_%,),

which leads to lgm O{ng 7,7} = 0. On the other hand, since
lg,6t—

N T
Y&y Y \G\h’,'(nKﬁa-(p’(’,:—/ /]H‘;}h%’(x,t) dive(x,1) dxdt,
0 R4

n=1 Kel ocebk

T
itfollows that lim 7,7 = / / ih(x,t)div(p(x,t) dxdt. Thus the function .7 € L*(IR? x
0 JRre

lj 8t—0
(0,7))¢ is a.e. equal to Vi in IR? x (0,T). Since h = 0 outside of €, we deduce that
h € L*(0,T,H{ (L)), and the uniqueness of the limit implies that the whole family V&A%
weakly converges in L?>(IR? x (0,T))? to Vh as Iy, 5t — 0. O
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3 A priori estimates

Lemma 5 Let 9 be a discretization of  in the sense of Definition 2, and let Ot be a
time step in the interval (0,T) in the sense of Definition 3. Let u‘;’ S X_g’ be the solution of

Problem (Py s,). Let ﬂ%’ = u‘;f — Pyii. There exists a positive constant Cs only depending on
K.k, T, Q, o as well as on ||c||p=(wr): [[uo[|z= () 18] z=(@) and ||d]ly1.~q) such that

% lyar < Cs, 3.1)
and
4% [fs <Cs. (3.2)

Proof: Setting v = @i" in the scheme (2.6) and summing over n € {1,...,N} implies

Y ¥ K etk ) (s~ (P

n=1Ke./#

N Y N 3.3)
+Y st i)+ Y St(Pyi, ") + Y St(u" i) =0,
n=1 n=1 n=1
which can be rewritten as
A]*A2+B[+B2+C:0, (3.4
where
_ N
A=Y ¥ IKIclu) el ) )
n=1Ke.#
_ N
A=Y ¥ IKI(clu) —clui ™)) (Poii,
n=1Kec.#
_ N
B = Zé[(fln,ﬁn>p, (35)
n=1
_ N
B, = ZSI(P@M,IZ">F,
n=1
N
C= Z&(u”,ﬂ")g

3
I
-

Next we define
un
O — c(ull )uly — / “ () dr.
0

Since c is nondecreasing, it follows that @¢ > 0 for all n € {1,...,N} and K € .# . Moreover,
we have that

0~ 0" = (clu) el )k + [ (ctug ) —e(o) )

where the last term is negative. Thus

N
A>2Y Y Kl(6p—-6p ") =Y |Kleg - Y |K|eg.
n=1Ke.# Ke# Ke#
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Note that ©Y is positive and @2 can be written

0
LtK
O = [ (clufe)=c(®))dv < 2l el m:

It implies that
—A1 <2|Q[Juol| =) llell =(r)- (3.6)

In view of the hypotheses (741) and (.4;), we obtain

|Aa| < 21Q1[|al = (@) el =(r)- 3.7)

We deduce from the coercivity property in Lemma 3 that

N
Bi>aY tlifx,. (3.8)

n=1

Applying first Holder’s inequality and then Young’s inequality, we deduce that there exists
a positive constant Cj; such that for all & > 0

N
|Ba| <Y 81KV 5Pyl 120 IV 2" |12y

n=1

1 A2 €] N I
STEICL@TKIIMI\WI.w(Q)+zgl&l(uv@u'qhz(md (3.9)

1

A2 81
SECﬁTKHMle,m(Q) + =

N
¥7a ~n |2
ZCSKnZ:%&Wn'X@.

As for the term C, we deduce from |gxs| < |6|K and Young’s inequality that for all
& >0

N
ICl=Y.6t ¥ ¥ lke(cluko))gxo(ik — )]

n=1 Ke# cebk

&Ké{ Y (Fr\/fIGTm)( F%my{—a;@)

IN
M=

=l ooy (3.10)
1 Y . oY =10l

<o Lo Y Y loldkk K+525t Y Y Kd—(uK—uG)
2,21 Ke octy n=1 Ke# cebx CKo

< 4o R+ 2RY sl
= 282 r ) Z Xg-

We deduce from (3.4) that

T
\

| =—-A+A,—B,—C,
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so that
B] S—A1+‘A2|+|Bz‘+|é|. 3.11)

We gather the inequalities (3.6)-(3.11). Then in view of Definition 4 of the space-time norm

~Ot

2
Ug

St
Xg

N
= Z 5t\ﬁ”|§/ we deduce that
n=1

G+ N
(a— #Kﬂu‘?} igt < 21Q[lelz=w) ([uol =) + il z=(a))

1

+ 281

[ d T
cﬁTK\|u||§V1.N<Q)+ET|Q\k, K.

Choosing & = o/(2C3K) and &, = o/ (2K) permits to complete the proof of Lemma 5. [

4 Existence of a discrete solution

Let u € [0,1] and "~ € X4; we consider the following extended problem. Find u"* € Xy
such that for all v € X4 o

uY K| (c(u';g“) (! ))vK + 8 W+ uSHW e =0. (4
Ken

It can be shown by a similar proof as that of Lemma 5 that the solution of the extended
problem (4.1) satisfies
Stlu"H %, < uCs < Ce. 4.2)

where Cg only depends on K,k,,T,Q,a as well as on llellz=(w)s ll#ollz=(): |4l = (@) and
l[allw1=(0)-

Theorem 1 (Existence of a discrete solution) The discrete problem (Py 5,) possesses at
least one solution.

Proof The extended problem (4.1) can be written as the abstract system of nonlinear equa-
tions
H(u"™ "™ 1) =0, 4.3)

where H is a continuous mapping from X¢ x X4 x [0,1] to X4. Indeed, setting vg = 1,v; =
0, for all L # K, vs = 0 for all o € &, we obtain the equation

Hg (c(u}?“),c(u}’{l), u%“, (u'é“)cegk,u) =0 forallK e .Z,
and setting vy = 0 for all K € .#,vs = 1 and vy» = 0 for all 6’ # o, we deduce the equation
Hs ((UEA)KE//{W ((“gu)oe&)KEJ//U ) ,u) =0 forall o € &y.
. Cs .
Setting r =2 5 we deduce from (4.2) that the system (4.3) has no solution on the bound-
ary of the ball B, of radius r for u € [0, 1].

Before pursuing the proof, we recall results due to [5, Theorem 3.1].
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Proposition 1 Let M = {(f,Q,y) with Q an open bounded set of R", f € C(Q) and
y¢ f(0Q)} and let d : M — Z be the topological degree. Then d has the following proper-
ties.

(dl)d(id,Q,y) =1 fory € Q.

(d2) d(f,R,y) =d(f,Q1,y) +d(f,2,y) whenever Qi and £, are disjoint open sub-
sets of Q such thaty ¢ f(Q\ (21UQy)).

(d3) d(h(t,-),82,y(t)) is independent of t whenever h: [0,1] x Q — R" and y : [0,1] —
IR" are continuous and y(t) ¢ f(t,dQ) for every t € [0,1].

(d4) d(f,9,y) # 0 implies f~'(y) # 0.

Next we denote by d(H (-,u"~', i), B, 0) the topological degree of the application H (-, "', )
with respect to the ball B, and the right-hand side 0. For u = 0 the system H(-,u"~',0) =0
reduces to a linear system with a positive definite matrix. Applying property (d1) in Propo-
sition 1, we obtain

d(H(-,u"',0),B,,0)=1.
Then, in view of the homotopy invariance of the topological degree (property (d3) in Propo-
sition 1) we have that

d(H(-u" " u),B,, 1) =d(H(-,u"',0),B,,0) forall uc[0,1].
As a result, in the case where y = 1 we have that
d(H(-,u" ', 1),B,,1) = 1.

Thus, by the property (d4) in Proposition 1, the system H(-,u" !, 1) is invertible. Then there
exists " such that H(-,u"~!,1) = 0 so that u$l = (u"),c(y
problem (Py s, ).

5 Estimates on space and time translates

In this section, we perform estimates on time and space translates of the discrete saturation.

5.1 Estimates on time translates

Let [s] denote the smallest integer larger or equal to s. We state without proof two technical
lemmas deduced from [13], which will be useful for proving the estimate on time translates.

Lemma 6 Let T > 0,7 > 0,8t > 0 and N be a positive integer such that T € (0,T) as well
as 8t =T /N. Let (Y")nen be a family of non-negative real values. Then

7e [42)/51 N
/ ydi <t ¥y
n=1

0 u=ri/sn+1

Lemma7 LetT >0,7>0,{>0,6:>0andN be apositive integer such that { € [0,7],T €
(0,T) as well as 6t =T /N. Let (¥")nen be a family of non-negative real values. Then

_¢ [(t+7)/61] N
/ = Y 0 <oy
0 n=[t/8r]+1 n=1
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Lemma 8 Let u ! be a solution of Problem (Py s,). There exists a positive constant C only
depending on U such that for all T € (0,T), there holds

T—1 2
/ / (T (x4 ) — (T (x,1)) ) dxdi < Coe.

t
Proof: Let p; = [ ] and g, = [ &], we obtain

"T—1T 2 T-7 2
| (e oo e ) dxe= [ ¥ (K| (clulf) —cluf)) ar
0 Ke#
5.1
Since c¢ is monotone and Lipschitz continuous, we deduce that

[ 8 (et -t e < |

Ke#

o X 1K (clu) —c(uf)) (=)
Ke#t

(5.2)
We substitute v = u” —u?" € Xg ( in the scheme (2.3) to obtain

K _ n—1 Dt qr
Py (et = ™)) (it — ) .
= —8t(u" uP —ul)p — St (U, uP —ult)g.

At first, we consider the first term on the right-hand side of (5.3). Applying Holder’s
inequality yields
(" uP —ut)p | (", uP ) p |+ | u ) |

K(|Vou'll 2(0ylIV2u™ [l 20y + KV ou"l| 2(0)a IV 2™ || 2()a
54

Since 2ab < a® + b* and in view of Lemma 2, one has
IVou 20y [V ou"ll 20yt + IV o |12 0)a [V ou" | 12(0)a
< IV 2 g+ 5 IVt 2 g+ Vil I
< Sy + S [, + Gl
Next, we consider the second term in the right-hand side of (5.3); in view of (3.10) with
= 0 — ) gl < {4 P gl + 1Yl
<d|Qk K + %mm %, + %E\u‘ﬂ 1Z,- 6

Taking the sum of (5.3) with respect to n from ¢; + 1 to p; and substituting (5.4) - (5.5)
yields

Y IKI(cl) = ) e = uif)

Ket
= v G+l o G+l & =2
<ok( Y Wk, + X ok, Y (Gl +delk?).
n=q;+1 n=q;+1 n=q;+1
(5.6)
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In view of estimates (5.2)-(5.6) and lemmas 6, 7 and 5, (5.2) becomes

[T E KI(et) - etwp))

Ke#

| /\

N
— C3+1 C%Jrl
tLR Y 81( 2, + =, + Gl 21

( 205+ 1)Cs +dT|Q[k, )

‘We obtain
T—7 2
/ / (T (x4 7)) = (Tl (x,1)) ) dxdi < Ce.
where C; = LCE((2C3 +1)Cs +dT|Q \17,2). O
We remark that there also holds that
/ Y \K| )) dr < 2,0l (5.7)
T—Tken

5.2 Estimates on space translates

In this section we prove an estimate in the L? norm of differences of space translates of the
discrete saturation. At first we state without proof the following result from [1].

Lemma 9 Let & be a discretization of Q in the sense of Definition 2 and let 1 > 0 be
such that 1 < dg o /dc < 1/1 for all 6 € &y, where M = {K,L}. There exist g > 2 and
Cg > 0 only depending on d, 2 and M such that

HLyw(x+y) = ILyw(X)| 2 ey < Gyl [T ywli 2,0
1g-2
2g—1

where p = we X%, w =0 outside Qr and || - ||1 2.« is defined by (2.21).

We will apply the result of Lemma 9 to IT9, or ”5’ . We first extend ITY, o 59’ by 0 outside Q7
and extend I , Pgyii by the boundary value 0uts1de Qr. Figure 3 shows how we proceed.

Lemma 10 Let 9 be a discretization of Q in the sense of Definition 2 and let 1 > 0 be such
that N < dk.c/dLe < 1/n for all 6 € &y, where Ms = {K,L}. There exist ¢ > 2 and Cy
only depending on d, 2 and M such that

le(TTSu (x-+y,1) —e(TT%uf (x,0) 2 rey < Col¥IP I 1.0 Vi € (ta-1,1a], ¥y € RY.
(5.8)

Proof: From the Lipschitz continuity of ¢ we have
(T ub (x+y,1)) = (T u (%,0)) || 2 ey < Lel T u (x+y,1) = T (x,1)]| 2 gy

We remark that H//{u@ (x+y,t)— H///uj( t)= H“;}ﬁ‘}’ (x+y,t)— H‘;’/ﬁ%’ (x,). Applying
Lemma 9, we deduce that there exists p > 0 such that

11308t (x4 y.0) — T3 (5, 2 ey < Coly P 1L 120 (5.9)
The inequality (5.8) follows from (5.9) by setting Co = CgL,. O
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I e

! 2

1| k5 = Pplio,

|
!
| /
!

| kg = Pplig,

Fig. 3 Extention of function .

Theorem 2 Let % be a family of discretizations of Q in the sense of Definition 2 such
that there exists L > Ug for all 9 € F and let 8t € (0,1). The family (C(H(Zug))gey
of approximate saturations is relatively compact in LZ(QT). In particular, there exists a
subsequence of {c(IT%u3!)}, which we denote again by {c(IT%u3!)}, and a function & €
L?(Qr) such that {C(H%ug)} converges strongly to © in L*(Qr) as 1y and 8t tend to zero.
Proof: In view of Lemma 10, integrating in time we obtain
ot 8 ot 8 2 2|2 u 2
le(IT5ug (x+y,1)) — c(ITug (x,1))| ) SGolyl™ 3, StILa (12,05

L2(RYx (0,7
n=1

which by the inequality (2.22) and Lemma 5 yields
&t 8 &t 8
HC(H//l/“Q;(X"‘Yat)) _C(H {“é(xvt))‘|L2(md><(07T)) <V C5C9|Y|p-
We combine this result with Lemma 8 to obtain
S8t & S8t 6
e (T3t (x +y.1 + 1)) — (5 ()| 2 e 0.1
8t 8 &t 8
+ HC(H//,/“é(X"‘Yat)) - C(H//t/“@t(xvt))‘|L2(mdx(()7T))

<Cio(|7|' +yI?),

where C10 = max(\/C5C9, vV C7).
Moreover we recall that ||c(Hf/’/u‘Zj’)H

8t 6 ot 8
§||C(H//;“9}(X+Y>t+f))_C(H,//t/ugf(x‘i‘YJ))”LZ(]RJX((),T))

2
L2(RYx(0,T

Kolmogorov compactness theorem we deduce that the sequence {c(IT f/}u‘;’)} is relatively
compact in L?(Qr). Thus, there exists a © € L?>(Qr) and a subsequence of {C(H‘/S/}u‘;’)}
which converges to ¥ strongly in L?>(Qr) as I and 8t tend to zero. O

y < QT ||¢|7 ) Applying the Fréchet-

Lemma 11 Ler .% be a family of discretizations of Q in the sense of Definition 2 and let
ot € (0,1). Let (H‘/S/’/usg’)gey be a sequence of approximate solutions of Problem (Py s,)
such that {ITS,ul!} converges to it weakly in L*(Qr) and {c(IT%uS!)} be a sequence of
approximate saturations which converges to a limit ¥ strongly in LZ(QT) and a.e. in Qr as
ly and 8t tend to zero. Then ¥ = c(i).
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Proof: We deduce from the monotonicity of ¢ that for all ¢ € L?(Qr)

/ / )—c H///Mg)> (¢ (H///u@)) dxdt > 0.

Because of the weak convergence of IT9, oy @ ; and the strong convergence of ¢(IT%u o ) re-

spectively, the expression above tends to / / c(¢)— ) (¢ —ii) dxdt. Let 6 > 0 and set
Jo Ja
¢ =i+ 6(% —c(ir)); we obtain

5// (+8(0 —c(@)) 9 ) (8~ (@) dxds > 0.

We divide the inequality above by § and let & — 0. This implies that

,/OT/Q (c(ﬁ)fﬂrdxdtzo,

so that ¢(&1) = ¢ a.e. in Q7. O

6 Convergence

Theorem 3 Let .7 be a family of discretizations of £ in the sense of Definition 2 such that
there exists L > g for all 9 € F. Let 8t € (0,1) and let (u‘;t)_@eg be a family of solution
of Problem (Py 5,). Then

(i) There exists a function i € Lz(Q) and a subsequence of {H‘;’{u‘zjf , which we
denote again by {I"I///u9 which converges to 12 weakly in L*(Qr) as 1,8t — 0;

(ii) There exists a subsequence of {c(IT ///u j)} which converges to c(ii) strongly in
L*(Qr) as 15,8t — 0.

Moreover ii is a weak solution of Problem (P), i — L*(0,T;H}(R2)) and V‘;’u‘;’

converges to Vii weakly in L*(Qr)¢ as 1,8t — 0.

Proof: Estimate (3 1) together with the discrete Poincaré inequality (2.23) imply that
the sequences{IT%u3'} and {V%u3'} are bounded. Thus there exists 7 in L*(Qr) and a
subsequence of {IT%, o 5’} which we denote again by {IT% ///u % }» which converges weakly
to i in L2(Qr) as lg,5t — 0.

Let ﬂ‘;’ = uj Pyi. 1t is easy to see that I1 4 Pyii converges to # strongly in LZ(.Q) as

ly — 0. We deduce that
Mm%l ~a=ia—a inL*(Qr)asly,dt — 0. 6.1)

It follows from Lemma 4 that i € L*(0,T; H} (22)) and that V%/i#3! converges weakly to Vi
in L*(Qr)¢ as I, 8t — 0. Moreover V3! Py ii converges to Vu strongly inL?(Q)asly —0
[13, Lemma 4.4]. Thus we deduce that

V3% +V3Pyi — Vi+ Vi inL*(Qr) as Iy, 8t — 0, (6.2)

or else
V38 —~ Vi inL*(Qr)asly, 8t — 0, (6.3)

and that i — i € L*(0,T; H} (Q)).
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By Theorem 2, there exists a function & € L?(Q7) and a subsequence of {c(IT %u%’)}
such that c(H%u%’) converges to ¥ strongly in L?(Qr) as 5 and &t tend to zero. Also ap-
plying Lemma 11 we deduce that ¥ = c(i).

Next we prove that i is a weak solution of Problem (P). We first introduce the function
space

= {q/ e C(Qx[0,T)),y =00ndQ x [0,T],y(-,T) = o}. (6.4)
Let y € ¥ and set v = Pyy(X,1,—1) in (2.3). Taking the sum on n = {1,...,N}, we obtain
Tr +Tr + TQ =0, with
K] (eoei) = el ™) ) i ta-),
5l/ KV@M" -V@P@W(XJ,,,O dx, (6.5)
Q

=Y Y ¥ kleluko))gko (Wxkit1) ~ YiXartar) ).

n=1 Ke# occég

Time evolution term

Let p" = c(u}) and ¢" = y(Xg,1,). Adding and subtracting Z IK|pY¢" in the expression
Ke.#

of Ty, we deduce that

Y K =Y Y Kl = Y K+ Y Kl

Mz

I}VZIKE/// :}V:IKGA/// Ken Ke#
=Y Y kip'd ' =Y Y IKlp'g = Y K%+ Y IK|pNgY (6.6)
n:lN Ke# n=1Ke.# Ken Ken
-Y Y K@ ¢ - Y K+ Y KIpVeY.
n=1Ke# Ke# Ken

As aresult, we deduce that Ty = A; — Ay — A3 where

A=Y |K|c(ug)w(xk,iy),
Ke#

Ary="Y |K|e(uf)w(xx,0),
Ke#
N

A=Y Y [Kle(u) (Wi ta) = wlxicta-1))-
n=1Ke.#

Since y(x,ty) = y(x,T) = 0, the first term A; vanishes.
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Next we add and subtract Z / c(u)w(x,0) dx to the term A, and compare Ay with
Ke.n 'K

/ c(up(x))y(x,0) dx. This yields
Ja

Ay — /Q (o (X)) w(x,0) dx
— ¥ Kleuyxe.0) dx— ¥ [ c(uf)y(x.0) dx

Ket Ken 'K
" KGZ.////KC(M%)W(X’ 0)dx /Q c(uo(x))y(x,0) dx

:Kg,%/l{c(u%)(‘l/(xmo) - W(X,O)) dx
+ ) /K(C(u(l)()—c(uo(x))> y(x,0) dx.

Ke#

Applying hypothesis (1), we deduce that

2= [ cluo(x))w(x.0) d

SHCH > ‘W(X 70)_W(X70)‘ dx
1~(R) KEZ%/K K 6.7)
0 _
e T 6~ w)yx0) dx

Since y € C2(Q x [0, T]), there exists a positive constant C}, which only depends on y, T
and 2, such that

Y [ Iwer.0) - w(x,0)) < 2ctls.
Kes

We conclude that the first term on the right-hand side of (6.7) converges to zero as /4 tends
to zero. By the definition of u% in (2.2), the second term on the right-hand side of (6.7) tends

to zero as [y tends to zero. Finally Ay — / c(up(x))w(x,0) dx as Iy, Ot tend to zero.
Q

N

t’l
Next, we add and subtract Z Z / / c(u )0y dxdt to the difference
n=1Ken ' n-1 7K

T p
A3—/0 /Qc(u(x,t))a,u/dxdt,

to deduce that
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A37/0T/90(12(X,t))8,l//dxdt

:i /K (1) (W 10) = (k11 ) ) IKE////ZI"]/KC(@)a,det

/ /C(uk atl//dxdt—// (x,1))0, v dxd

, /Q clule) (v xs.) — Ay (1)) dxds

+i %/t/ () ~ e(a(x,1)) )y (x,1) dxd.
Thus .
Ay — /0 /Q c(@(x,1))9,w dxdi]

g x / | letutlianw s — i s ©.9)

/ /|c W) — c(a(x,1))||9hw(x,1)| dxd.
n= 1K6/// In—1
For all x € K and for all K € .#, we have

10w (xk,1) = Ay (x,1)| < CYlg,

where Cg’ is a positive constant. Since c¢ is bounded, the first term on the right-hand side
of (6.8) tends to zero as ly, 6t tend to zero. Since c(I1 ‘;’[ %) strongly converges to (@) in

L?(Qr), the second term tends to zero as [, 8t tend to zero. Thus A3 — / / i(x,1)) 0y dxdt

as [y, 6t tend to zero. We conclude that

Tr — — / / i(x,t)) oy dxdr — /Qc(uo(x))l//(x,O) dx aslg,6t—0. (6.9)

Diffusion term r

Next, we consider the diffusion term Ty in (6.5). Adding and subtracting / / K(X)V‘S@’u‘;’ (x,1)-
0 Ja :

Vy(x,t) dxdt yields

Ty — /T / K(x)Vi(x,1)- Vy(x,1) dxdt
—Zst / KVl - Vo Poy(x, i 1) dx— / / K(x)VEu (x,1) - Viy(x,1) dxdt
+/ /K (VU (x.1) - Vr(x, 1) dxdtf/ /K(x)w(x,t).w(m) dxd
/l" | KOV 5.0)- (VoPowix.in-1) = Vy(x.n)) dxds

In—1

+/ /K V‘;tugxt) Vﬁ(x,t))-Vl//(x,t)dxdt. oo
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Since V‘zjtug (x,) weakly converges to Vi in L?>(Qr), the second term on the right-hand
side of (6.10) tends to zero as [y, 8t tend to zero.

We denote by T the first term on the right-hand side of (6.10). We have that

7| Z/,,, l/K Vol (%,0)- (Vo Pow(x,ta 1)~ Vy(x,1) ) dxdr

(6.11)
<Z | K||Vﬂ %)l 20y V2P W (X, tn-1) = VY (X,1)]| 120
n=1 n—1
together with
IVoPoy(X,tn1) = VW (X,1)|| 1=yt SIVoPrW (X t0—1) = VY (X,tn-1) | =) 612

+ VY (X, t01) = VY (X,0)]| 1= (0)a
In view of the regularity of y there holds
VY (X, ta1) = VY (%,0)| =) < CF 81,
where C;" is a constant.
In view of [9, Lemma 4.4], we have ||V Py y(X,th—1) = VY(X,ty—1)| 1= (0)e < C; where
' is a positive constant. As a result, the term ||V 4Py y(X,t,-1) — Vy(x,1)[| = (o)« tends

to 0 as Iy, 6t tend to zero. In view of Lemma 2 and estimate (3.2), the first term on the
right-hand side of (6.10) tends to zero as /4, 8t tend to zero. We conclude that

T
TF%/ /K(x)Vﬁ(x,t)~Vl//(x7t) dxdt aslgy,0t — 0. (6.13)
0 Jo

Convection term ;

Finally we prove that the convection term Ty tends to — / / ky(c(@))K(x)Vz-Vy(x,t) dxdt
0 Ja

as [y, 6t — 0. For this purpose, we introduce the following two terms

N
To=Y 06 Y ¥ klc(up)gxoV(Xe ta 1),

n=1 Ke.# c€bk

N (6.14)
=360 Y Y k(c(ug))exoW(Xe,tn1)-
n=1 Keul ccé
We show below that lylg& 0|TQ — (TQ2 - TQ])| =0.
To—(T5—Tp)
N
:Z o1 Z ki(c(uks))8Ko (V/(XK,tnq) - l[/(xg,t,,,l))
n=1 Ke.# océg
N
- Z& Z Z kr(c(uk))gks (W(XK,lnq) - W(Xg,tn,l))
n=1 Ke.# ocecék
N
“Y5 Y Y o (Wikt 1)~ WKt 1 ) (Ke(cluio)) — kilc(i)) ).
n=1 Ke/ cebg

(6.15)
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We denote by Ty the term on the right-hand side of (6.15). Since |gk ¢| < K|0/|, using the
Cauchy-Schwarz inequality, we deduce from the Lipschitz continuity of the functions &, and
c that

. N _ 2
(To <Y 6t ¥, ¥ lold, K (w(xk.tu-1) = y(xo.tu-1) )

n=1 Ke/# ocebk

é E E —l | c u"m, —kr(C M"K ?
tKe.%/crez?K d‘“ (kr( ( )) kr( ( )))
(6.16)

Z Y dIDks| KW (xk,ta—1) — W(Xo,t—1)|?

Ke s oeék

IN
. = .
iMz = 1=

sty Y LZL%rJi |(u';mfu¢()2.

Ke il ceéy

It follows from the definition (2.17) that (u% — ut)? < (ul — u'})?, which together with
Definition 4 and estimate (3.2) implies that the second term on the right-hand side of (6.16)
is bounded. In view of the regularity properties of ¥ we deduce that (T"Q)2 < C}f’ 12@. As a
result, we have

1 Tp— (T2 —T))| = 0. 6.17
1/313;0|Q (Q Q)| ( )

Next we consider term TQI. Because of the regularity of v, it is easy to see that (TQ1 - Tgl) —0
as [y — 0 where

Mz

/ KVZI//IIK(; d')/

1 665"1(

8t Y kil
Ken

5t Y kilc(u)) / div(K(x)Vzy(x,1)) dx
Ke#

n

IO

n=1

—/ / ky (c(IT%uS!))div (K (x) Vzw) dxd.
Since ¢(IT9, o ug) converges to c(iz) strongly in L?(Qr), we have that

T} = / / ko (c(i0)div(K(x)Vay)dxdi  as Lo, 81 — 0. (6.18)

Next we consider term TQ.

5= 25’ Y kle(ug)) w(xk,ta1) / KVzngs dy

n=1 Ke# o€k
N

—Yor Y k,(c(u;))w(xK,tn,l)/div(K X)Vz) dx
n=1 Ke# K

—/ /k (c(IT%ul!))div (K (x)V2) [1% Py w dxdt,

where I_I‘;;le,l/(x t) = y(xk,t,—1) for all (x,#) € K X [t,—1,t,). Since c(H‘;;uj) converges
to c(it) strongly in L?(Q7) and since H | Py converges to y strongly in L?(Q7 ), we deduce
that

TQ—>/ /k ))div(K(x)Vz)y dxdt  aslgy, 8t — 0. (6.19)
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We remark that div(K(x)Vzy) = div(K(x)Vz) v + K(x)VzVy. It follows from (6.17) -
(6.19) that

T
@ﬁ—//mmmm@Wwam as Iy, 81 — 0. (6.20)
JO 0

From (6.5), (6.9), (6.13) (6.20), we deduce that i satisfies the weak form (1.5) for test
functions y € . Finally, we deduce from the density of the set ¥ in the set

w = {y € 12(0,T:H}(Q)), 9w € L™(Qr), (-, T) =0}. 6.21)

that i is a weak solution of the continuous problem (P) in the sense of Definition 1. O

7 Numerical tests
7.1 The Hornung-Messing problem
The Hornung-Messing problem is a standard test (cf. for instance [13]). We consider a hori-

zontal flow in a homogeneous ground = [0, 1}2 and set T = 1. Its characteristics are given
by

0(y) 7% /2 —2arctan®*(y) if y <0,
V= =2 /2 otherwise,

_[2/(1+y)? ity <O, _

ko (w) = { 2 otherwise, K(x) =1Id.
An analytical solution is given by
—s/2 ifs <0,
_ K
px21) ftan(e 1) otherwise, .1
eS+1

where s = x —z—t. The problem after Kirchhoff’s transformation is given by Problem (1.2)
with "
7% /2 —2arctan*(—) if p<O0,

c(u)—@(p)—{ 2—u

n2/2 otherwise,
where
2p(x,z,1)
u(x,z,t) = ¢ 1+ p(x,z,1)
2p(x,z,1) otherwise.

if p<O, 7.2)

We apply the SUSHI scheme using an adaptive mesh driven by the variations of the sat-
uration. We prescribe the Neumann boundary condition deduced from (7.2) on the line x =0
and an inhomogeneous Dirichlet boundary condition elsewhere. We use an initially square
mesh, which is such that each square can be decomposed again into four smaller square
elements. Whereas the standard finite volume scheme is not suited to handle such a non-
conforming adaptive mesh, the SUSHI scheme is compatible with these non-conforming
volume elements.

We introduce the relative error in L?>(Qr) between the exact and the numerical solution

err(u) = ””exact _”_@.Et”LZ(QT)

; (7.3)

||“exact ”LZ(QT)
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Fig. 4 Saturation at# = 0.1 second and at t = 0.4 second. The medium is unsaturated on the right-hand side
of the space domain where 0 < 4.9348 and fully saturated elsewhere.

Mesh N ly Ny | err(u) err(c(u)) eoc(u)
Uniform | 25 0.2 85 240-1072 | 1.60-1075 | -
Uniform | 100 | 0.1 320 | 6.09-1073 | 4.13-10°% | 1.98
Uniform | 400 | 0.05 1240 | 1.53-1073 | 2.90-10°° | 2.00
Uniform | 1600 | 0.025 | 4880 | 3.76-1075 | 1.83-10°° | 2.02
Adaptive | 200 | 0.143 | 302 | 5.62-1073 | 3.67-10°° | -
Adaptive | 800 | 0.071 | 1232 | 1.32-1073 | 2.19-107° | -

Table 1 Number of time steps N, mesh size [, number of unknowns N, the error on the solution err(u),
the error on the saturation err(c(u)) and the experimental order of convergence eoc(u).

as well as the experimental order of convergence

' _ log(err(u;)/err(uiy1))
eociy1(u) = log(h@i/h@iﬂ) , (7.4)

where u; is the solution corresponding to the space discretization %;. Table 1 shows the error
using a uniform square mesh with various mesh sizes and time steps in the four first lines.
Note that the scheme is only first order accurate with respect to time; therefore in order to
obtain second order convergence we choose ¢ proportional to h%]. We also compare the
error for the approximate saturation using a uniform mesh and an adaptive mesh with a
similar number of unknowns. In both cases: about 300 unknowns (line 2 - line 5) and 1200
unknowns (line 3 - line 6), the adaptive mesh compared to the fixed one provides slightly
better results for the saturation c(u). The observed computational gain in relative error is
rather small (about 10 —20%), which is due to the fact that the area of high gradients of c is
comparatively large.

7.2 The Haverkamp problem

We consider the case of a sand ground represented by the space domain Q = (0,2) x (0,40)
on the time interval [0,600]. The parameters are given by [16]



The generalized finite volume SUSHI scheme for the discretization of Richards Equation 27

x 10
03 9( ) 4 9 ( ) ’
2 0 k.(p) a
g
035
a
0z 7
6
015 5
(il b
005
P i+ P
] - -
o
A0 150 100 1] ] a0 o 150 A0 20 150 10 &0 u a0 100 150 200

Profiles of saturation 6(p) and permeability ,(p) in the Haverkamp problem.
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Fig. 5 Parameters in the Haverkamp problem.

6,— 6, .
— 46, ifp<O,
6(p)=4 1+japlf
6 otherwise,
K; .
——  ifp<O,
kr(6(p)) =4 1+|Ap|
K; otherwise,

where 6; = 0.287, 6, = 0.075, a = 0.0271, = 3.96, K, = 9.44e — 3, A = 0.0524 and
Y =4.74. From 0 and K, we have tabulated suitable values for the functions ¢ and K.
We have taken here the initial condition p = —61.5, a homogeneous Neumann boundary
condition for x = 0 and x = 2, the Dirichlet boundary condition p = —61.5 for z = 0 and
p = —20.7 for z = 40.

We use an adaptive mesh and the time step ¢ = 1 to perform the test. Figure 6-(a)
represents the pressure profile at various times. In this test, no analytical solution is known.
Therefore we compare our numerical solution with that of Pierre Sochala [22, Fig. 2.6, p.
35] which is obtained by means of a finite element method. Our results are quite similar to
his. Figure 6-(b) shows the time evolution of the mesh at different times corresponding to
the pressure profiles in Figure 6-(a).
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Fig. 6 Time evolution of the pressure p and the adaptive mesh in the Haverkamp problem.
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